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On Minkowski space... Morawetz estimates

o ds? = —dt? + dr? + r’dw?

o 1= at? - A

o Conserved energy: If Ou = 0, then [[u/(¢, -)||3 = ||/ (0, -)||3.
@ Morawetz estimate, n > 4: If Ou = 0, then

// Wu]Qd:rdt+//’3u dadt < (0, )12
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Localized energy estimates

@ More generally, n > 4: If Ou = 0, then
1)~ 22 + 1162) = Pull 22 S (0, <)o

@ Prove via a positive commutator argument...

/OT/Du(f(r)aru 5 1fi) )d dt.

o Commutator yields

F @ + L gt - L (o0 10 LY 2

Jason Metcalfe (joint work with Parul Laul)



Localized energy estimates

e Want f'(r) >0, f(r) >0, —fAf( ") > 0, and f(r) bounded.

@ An estimate then follows from Cauchy-Schwarz, a Hardy
inequality, and conservation of energy.

e E.g. choose f(r)=r/(r+27), 7 >0.

@ Similar estimates available for small, asymptotically flat

perturbations of Minkowski space and for asymptotically flat,
time-independent perturbations.
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Hyperspherical Schwarzschild space-times

1 4+ n dimensions. Set d = n — 3.

(1 4+ n)-dimensional hyperspherical Schwarzschild space-times:

) rd+1 2, pd+1y ! s 9
S

ds? = —(1= 2 ) + (1= 2 ) dr® 412w

Oy = V0a

In these coordinates,

(]

rgt! ! 2 ,.—(d+2) ratt d+2
Oy = (1= 257) O+ @20, (1 - 25 )20, 7.
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Conserved energy and photon sphere

@ Conserved energy, coming from the Killing vector field d;:

d+1, 1

Bl = [[(1-T51) (@107

rff“ 2 21| . .d+2
+ (1= 27 ) (0r0)? + W92 142 dr duo.

@ Trapping: At the event horizon r = rs. Also at the photon
sphere rd+! = &f3pd+l,
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Localized energy estimates

If Oy = 0, then

d+1
/ {er (1= 27 ) @ 0)+eu | Mo +ens? | 12 dr deo dt < ELG](0).

Here
1
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Commutator

@ Multiplier

d+1 1 d+1
£ (1= 27 )0r6 + 5 (1 = Zg ) r 0,642 ()

o Commutator

F) (1= ) @)+ (

1
I(f)= —17"_(“2)

X {87' (1 - :gi)rdw& (1 — ﬁ)r_(d”)@.(rd“f(r))}
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Multiplier construction

d+2__,.d+2 d+1__,.d+1

_r Tps _ T —Tq
o g(r)= Atz h(r) = log d+1rdl1*
2 S

o First attempt

d+2 rpsrg“

g9(r) + d13 rdz (r).

@ Smoothing function, o = 5—

1 ex+l 1
— i SGernoT — o TS —l/e
o) = T, —1/e <2 <0,
x—ﬁx?’—}—g)gﬂxi 0<z<a,
8a
159 T > o
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Multiplier construction

o () = 9lr) + 43 25 a(h(r)).

e fis not C? across h(r) = —1/e. The resulting boundary term
has a coefficient which is O(d¢).

@ The desired properties when —1/¢ < h(r) <0 and h(r) > «
are straightforward to verify.

o Checking the sign of f and f’ is straightforward everywhere.
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Bounding I(f)

d+ 2
I(f) = T (dr2d+2 + (d + 3)rdtipdtt _ (g + 2)27‘§d+2)
d+1)(d +2) rpsrdt?
2 T2d+6
(d+1)2(d +2)(d +5) rpsrdtt "
4(d + 3) pd+s ¢ (h(r))
(d+1)3(d +2) rpsrd*t? 1

_ "
4(d + 3) rd pdtl _ pdtl a” (h(r))-

(rpat =T )a' (h(r))

(
+ a4
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Near the event horizon

"
1 pdtl_pd+l

o Key term ————"— (h(r))
® Set r_y/. so that h(r_,.) = —1/e.
@ Use the Fundamental Theorem of Calculus...

Tve o (d 1) (d 4 2) rpsrd T,
/TS (T )6t ar

= O(de) bdy term.
e Computing derivative and using Cauchy-Schwarz the
unfavorably signed a’’ term can be controlled by the a” term,

the (0,¢)? term coming from f’(r), and a O(é¢) boundary
term.
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r_1/. boundary term

o ¢(r) = — [ 0:(¢) dr
@ Using Cauchy-Schwarz...

d+1. 2

(0P s [ e+ ro(i- B @

T_1/e

Jason Metcalfe (joint work with Parul Laul)



