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Dirichlet problem

e 0=0?-A
@ K C R” bounded, smooth boundary, star-shaped
°
Ou = Q(u, v, u"), (t,z) € Ry x RM\K,
ulox = 0,
u(0, -)=¢ef, Owu(0,-)=c¢g
e Say f,g € C°(R"™), satisfying compatibility conditions.
@ () vanishes to second order at 0

@ Question: Long-time existence...
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Keel-Smith-Sogge method

@ Set
Z:{&L',ij:l'jak—.fkaj :0<1<n, 1§j<k‘§n}
@ Energy estimates

lu'(2, )2 < [lu'(0 H2+/ 1Buls, -)ll2 ds

@ Localized energy estimates

log(2 +T) 2| (w) ™|l 5 + (&)~ ||z

T
S, )l [ [Buls. )l ds
0
@ Weighted Sobolev estimates
1Al Lo (R<|z)<2R) S R~(n=1/2 Z 1 Z%P L2(R/2<|2|<4R)-

|0t‘§n;2
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Keel-Smith-Sogge method

@ Similar estimates have been proved for small perturbations of
[J which allow one to similarly handle quasilinear equations.
e Idea of proof, n = 4, Ou = (dyu)%:
o Set M(T) =

« —3/4/ 7
> jaj<t0 SWPo<e<r 1(Z00) (¢, )|z + [ {2) > (Zow) |z -
o By the estimates above,

<g+/ 10, ZPud, Z%ul|5 dt
0 |[J‘|<u|oz\<10

Set+ > @) Nz 3 = e+ (M(T))?
la]<10
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With u dependence

@ Shorter lifespan is expected, based on boundaryless results of
Lindblad, Hormander

e n =3, Du and Zhou showed T, 2
obstacles.

e n =4, Du, M., Sogge, and Zhou showed almost global
existence (1 2 exp(c/e)) for star-shaped obstacles.

~

1/€? outside star-shaped
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Variant of the localized energy estimate

Roughly, for the n = 4 proof,
(log(2 + 1)~/ {w) w3
Se+ /O )2, Mipire dt
which follows from

12l =1y S 1Bl p2n/ct2) (jz1<1) + 2= 220|112 (o> 1)-
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Improved lifespan

With the additional assumption that 92Q(0,0,0) = 0, the works of
Lindblad (n = 3) and Hormander (n = 4) suggest that a longer
lifespan should be possible.

e n = 4, M.-Sogge, Global existence for star-shaped obstacles.
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Generalized estimate

Roughly, forn =4 and 0 < vy < 1/2,

J _1—
72wl 2 S e+l 0wl gz

@ A special case of the weighted Strichartz estimates of
Hidano-M.-Smith-Sogge-Zhou and Fang-Wang.

ot

S (0, )l a1

P or2 ™
Lt,'er

+ |let=5 4170

L, L3

11 11
for2§p§oo,5—5<7<%—5,§<1—7<%.
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Global existence

o If Ov =3 a;0;G with vanishing initial data, then

T
)™ 200l S NGO, )l - 1+/ IG(t, -)]|2 dt.

@ Use a similar argument for long-time existence with

M(T) = 7 sup [(Z2°u)(t, )l +Ilx) 7 (Z2%u) 3
|| <20

—1/2—-26
+ ) TP 20

for0 <6 <1/8.
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