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The Strauss conjecture

e 0=02-A
°
Ou = |ulP, (t,z) € Ry x R",
{u((), D=¢ef, Owu(0,-)=¢g
e Say f,g € C(R™).
@ Question: For which p is there a global solution for &
sufficiently small?
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The Strauss conjecture

e 0=07-A

U(O, ) = €f, atu(o’ ) = &g
o Say f,g € C2°(R").

@ Question: For which p is there a global solution for &
sufficiently small?

{Du = |ulP, (t,z) € Ry x R,

@ Answer: There are global solutions for ¢ sufficiently small
provided p > p. where p. > 1 is the positive root of

(n—1)p2—(n+1)p.—2=0.

Jason Metcalfe



Outline The Strauss conjecture Main estimate - case Exterior domain es

Exterior domain problem

o Let £ C {|z| < R} C R™ be a bounded set with smooth
boundary. Set 2 = R"\K.

@ Look at
Ou = |ulP, (t,z) e Ry xQ,

(Bu)|an = 0,
U(O,'):f, 8tu(07'):g
e Either B = I (Dirichlet boundary conditions) or B = 0,
(Neumann boundary conditions)

@ Is there similar small data global existence?

Jason Metcalfe



Outline The Strauss conjecture Main estimate - free case Exterior domain estir

Geometric assumption

@ We assume that a localized energy estimates holds for 2.
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Geometric assumption

@ We assume that a localized energy estimates holds for 2.

o If
Ou=F, (t,z)e Ry xQ,
(Bu)|an = 0,
u(0, ) = f, 90, -) =g,
supp f,supp g,supp F'(t, - ) C {|z| < Ro},
then

(1 B gy + 1000t )

o0
<1120 + llgll22 + /0 1F (s, )| ds
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The Strauss conjecture

Main Theorem

Theorem (Hidano-M.-Smith-Sogge-Zhou)

Let n = 3,4, and suppose that () satisfies the localized energy

estimates. Then for p. < p < ”H , u exists globally if f, g satisfy
the relevant compatibility cond/tlons and

n 2
Z 1Z fll gy + 12%9 grr—1 <, T=5 7,1
o] <2 P

for ¢ sufficiently small.
@ Here

{Z}y =10, Qr =xj0p, —x,0; : 1<i<n, 1<j<k<n}
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Exterior domain es

Weighted Strichartz estimate

For
Ou=F, (t,z)e Ry xR",
U(O,):f, atU(O,'):g,
and for 2 < p < o0, and 7 satisfying
1

D P .
2 2 TSy

1 1 <
2 p "
we have

e

. . o
sz S I lgll ot [l =517

Lirire’
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Weighted Strichartz estimates - cont.

z_ndl_y ‘ < ‘ ‘ H 2yl ‘
A e (IR (i
) nq n_ntl
o Notice that [[x|™ 2" ulP|[pr = [llz[2 7 ~Tul[Z,.
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Weighted Strichartz estimates - cont.

B < I/l st le 500
H|x|2 P U LfLIT}La ~ ||f”Hv+Hg”val+ ’$| 2 F L%L}La
. nq n_ntl_
o Notice that |||z|"2 T Y ulP|p = [||lz]27 7 Tull},.
@ Proof:
o lllal e Plg] s < llpllygems —252 < <.

—5,1 _1
o |llz]*ePloll 2 SNIDI 202, 5 <s<3.
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Exterior domain estimates

Abstract Strichartz estimates

Theorem (Hidano-M.-Smith-Sogge-Zhou)
Let (X,,q) be such that X is a localizable normed function
n—3 n—1

space, ¢ > 2, vy € [—T, T} and

@ The localized energy estimate holds
@ /fOv=0o0nR; xR" then

[oll g x @, xrny S 1000, )l g + 185000, )l g7

@ /IfOu=0, (Bu)|lsgn =0 in Ry x Q, then

lullzaxqo,1yx) S w0, )l g + 195w (0, )l g1
then |[ull o xr, xa) S 140, )l gy + 19:u(0, )l g1
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Abstract Strichartz estimates - cont.

Corollary
Let (X,v,q), (Y,1—~,q4) be admissible. Then,

ullzaxmy <o) S N6(0, )l gy H10eu(0, )l o +1Bull oy e, ey
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Abstract Strichartz estimates - cont.

Corollary
Let (X,v,q), (Y,1—~,q4) be admissible. Then,

ullzaxmy <o) S N6(0, )l gy H10eu(0, )l o +1Bull oy e, ey

@ (Strichartz estimates) X = L, with
=8 —y=3+E -2 2407

1 n—1
R 7

ESHLN

r 1 7? —
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Main exterior domain estimate

ot

S Ui+l |l 207

~Y
LYIP L2 LIL1L2

@ Still need a local-in-time exterior domain analog.

@ We shall use a modification that makes this nearly trivial.
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Main exterior domain estimate

ot

s S U+l o+ [l 207

LPLIPL2 L{LLLZ

@ Still need a local-in-time exterior domain analog.

@ We shall use a modification that makes this nearly trivial.

° Fory-n(%—i> set

’,,LH q/h’

Allx = Vel qr<ory + | '
12llx = 1Al Lo (gla1<2ry) + || 22 LPL2 ({|z|>2R})
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