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Schwarzschild space-time

2M 2MN -1
e ds® = 7<1 — —)dtQ + (1 — —) dr® + r?dw?
r T
2M

-1 2M
o O, = —(1 - 7) o2 + r*Zar(1 - 7)7-2& 1720, -9,
@ Unique spherically symmetric solution to Einstein's equations
(Birkhoff)
e Trapping at r = 2M (event horizon), » = 3M (photon sphere)

o 0 Killing vector field, timelike for r > 2M.
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Kerr space-time

o Axially symmetric, rotating black holes

o ds? = gy dt* + g1 dt dd + grr dr® + gpe do* + gep d6?
A —a?sin? 6 2Mrsin? @ p?

@ gy = PR Jtp = — aTa grr =N

2 22 _ 2N 2

re 4+ a°)* —a*Asin“ 0 .
9¢>¢>:( )p2 sin?f,  gop = p*.
A=7r2—2Mr+a® p?>=r>+a%cos?h.

(]

Domain of outer communication r > r,

ry =M+ VM? — a2
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Price's law
@ Decay of linear waves? [u = 0, compactly supported Cauchy
data
@ On Minkowski space (1 + 3 dimensional),

ul S ¢+ )7 =)™
@ On Schwarzschild, e.g., Price’s conjecture:
lu| S (t+r) "t —r) 72
Recent proofs: Donninger-Soffer-Schlag, Tataru

Rely heavily on the background being stationary
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Permissible metrics

o g Lorentzian metric, O, = |g|~'/20;¢" |g|"/?0;

@ t = const space-like

@ g =m+ gir + 9sr, m Minkowski metric, g;- spherically
symmetric and ~ 1/r, gsy ~ 1/r2.

@ We also allow exteriors R x R3\{|z| < Ro} where
R x {|x| = Ry} is outgoing space-like.
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Permissible metrics

g Lorentzian metric, O, = |g|~'/29,9" |g|'/?0;

t = const space-like

g =m+ g + gsr, m Minkowski metric, g, spherically
symmetric and ~ 1/r, gsy ~ 1/r2.

@ We also allow exteriors R x R3\{|z| < Ro} where

R x {|x| = Ry} is outgoing space-like.

Vector fields: Z = {0, 0;, 2 = x;0; — x;0;, S = t0; + 10, }.
We use u<,, to denote the collection Z%u where |a| < m.

Change of coordinates:

1
Du~Du+ 92u+u — (V?u + Vu
g 742
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Localized Energy Estimates (Minkowski)

su,p(u<r>*1/2u’HLgJ,<R+XMW+u<r>*3/2uHng<R+X{mzm))

J
S0, )2 +Z 1)/ Oullrz, (ry x{r)m2ry)-
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Localized Energy Estimates (Minkowski)

su,p(u<r>*1/2u’HLga,<R+XMW+u<r>*3/2uHng<R+XMW)

S0, )2 +Z 1)/ Oullrz, (ry x{r)m2ry)-

—1/2
o ||ull e = sup||(r) " ull Lz (R {jal~2i)
J

o ullpm = |Vullre + [(r) " ull e

o [Ifllze =Y 12 fllez exqlopa)
J
@ Minkowski space estimate:

[ullpr S [[Vu0)|lz2 + [|Bull Le-
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Weak Localized Energy Estimates

-1
lullLey, = 10 =x)Vulle + [[(r) ullLe
Ifllees = Xl + (1= x) flle-

Jason Metcalfe



Weak Localized Energy Estimates

lullzey, = (1 =) VaullLg + (r) " ullLe
Ifllees = Xl + (1= x) flle-

@ We say that the weak local energy decay property holds if

lull ey, S IVu(0)]lz2 + 10gull e, -
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Weak Localized Energy Estimates

lull ey, = I(1 = x)VullLe + [(r) " ullLe
Il = IXFlleza + 10 =) flle-

lull e = D N0%ulligy, Il per = Y 10°Fllee-

|a| <k la|<k
@ We say that the weak local energy decay property holds if
lullLey, < IVu(0)|lz2 + [Dgull e, -
@ More precisely,

BLE Sk |[Vu(0)
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Weak Localized Energy Estimates

lull ey, = I(1 = x)VullLe + [(r) " ullLe
Il = IXFlleza + 10 =) flle-

lull e = D N0%ulligy, Il per = Y 10°Fllee-

|a| <k la|<k
@ We say that the weak local energy decay property holds if
lullLey, < IVu(0)|lz2 + [Dgull e, -
@ More precisely,

BLE Sk |[Vu(0)

e Corollary:

[ullLpr S IVuO) g + [Ogull L
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Stationary local energy decay

@ We say that the stationary local energy decay property holds if
on any time interval [to, 1] and & > 0

[ull L e 1) Sk Vulto)ll ge + [[Vu(to)| g
+ ”DE]UHLE*JC[t(),tl] + ||atuHLE07k[t(),t1]'
@ The loss (due to possible trapping) is replaced by the d;u
term in the right.

@ This is a more robust estimate. It holds much more generally
than the weak local energy decay provided 0 is timelike near
the trapped set.
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Main theorem

Theorem (M.-Tataru-Tohaneanu)

For a permissible metric g which satisfies the stationary local
energy decay property, assume

Ogu=0, u(0)=mup, 0u(0)=1u
where ug, w1 are compactly supported. Then

1 1
’ Vu(t,z)| S k——
Wi —ny VIl R

where k = ||u<p||LE1-

u(t, z)| S &
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Main theorem

Corollary

If additionally g satisfies the weak local energy decay property,

then r can be replaced by ||Vu(0)|| g+ for some k, and thus Price’s
law holds.
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Main theorem

Corollary

If additionally g satisfies the weak local energy decay property,
then k can be replaced by ||Vu(0)|| g+ for some k, and thus Price’s
law holds.

Corollary

Price’s law holds for Kerr space-times with a < M.
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Applications to nonstationary spacetimes

Theorem (M.-Tataru-Tohaneanu)

Let g be a permissible metric. Let x,s be a smooth cutoff function
which selects a small neighborhood of {r = 3M}. If

‘aa[glw - (gS)/w” < 5<7'>_‘a|_, 0< ]04] <1,

for € sufficiently small, then the k = 0 stationary local energy
decay property holds.
If additionally

0% St 1< ol <k+1

then the full stationary local energy decay property holds.
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Price’s law for perturbations of Kerr

Theorem (M.-Tataru-Tohaneanu)
If, in addition to the above,

Xps‘aa[g/w - (gK)lw” < Ca(t)y 0< |CV’ <1,

where c,, € L}, then the weak local energy decay holds.
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Price’s law for perturbations of Kerr

Theorem (M.-Tataru-Tohaneanu)
If, in addition to the above,

Xps|0% (g — (9K) ]| < ca(t), 0 < af <1,
where c,, € L}, then the weak local energy decay holds.

Corollary

Price’s law holds for a class of time-dependent perturbations of the
Kerr metric with a < M.
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1 1
@ Recall: Ou ~ 3VU<1 + U<z =: F.
r - T -

lu(t, z)| S

@ Let w be the radial solution to
e It suffices to estimate |w|, which we can do via the one

dimensional reduction:
r+t—s
/ / (s,p)dpds.
|r— t+s\
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Initial decay bound

o We need

/ pH (s, p)dpds
. DtT

< log(t—r)
(t—r)?

@ We dyadically decompose the region of integration: p ~ R.

e (t—1)/8 < R < t: The bound follows using only
Cauchy-Schwarz.

@ 0 < R < (t—r)/8 We apply the Fundamental Theorem of
Calculus along the integral curves for S.

75 (1) HllLe + 1(r)*SH]|LE)-

N
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Initial decay bound

@ More precisely, if v ,(7) is the integral curve corresponding to
S (parametrized by time) with 7, ,(0) = (s, p), then

HOup O <5 [ HOuplr )P dres, [ S plr)Pdr

@ Integrating over the dyadic region, we obtain
/ |H|?dsdp < Y / |H|* + |SH|*ds dp.
Dirn{p~R} ~R

@ From this, the first decay result follows from Cauchy-Schwarz
and summation over R.
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Iteration 1

log (t — )

log (t —r)
lul < 7||u<n||LE1 Vul < >3/2|| U<nl|Lpr

£t —r)'/? G
Key tools for the improvement away from the light cone:
@ Sobolev embedding: With C<T/2 (1,27 x {|z| < T/2},

]l

Leo(cT/?) ST Z HSZQ]w”LEl €2y
145<2

@ Stationary local energy decay.
e For the time boundary terms, the fundamental theorem of
calculus is again applied along the integral curves of S.
e For the 0; error term, one can obtain decay by passing to .S
and utilizing that supports are away from the light cone.
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Iteration 1

Key tools for the improved gradient bound:

o Off the light cone, e.g.,

Vw|]? < M——|Sw|® + —(\vxw| — |o,w]?)

1
(t—r)?
@ Integration by parts:

/ﬁ(me\Q—\@th)dacdt/Dwﬂwdmdt—;/(ﬂﬁ)dexdt.
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lteration 2
log (t — r) log (t — r)
ul < ————F|lu<y, . Vul § ———F5Ju<n .
S S sl (9l S 22 ol

@ Using the previous bounds in the one dimensional reduction,

jul < Wuumm.

@ Argue as in Iteration 1 to improve the bound for r small, and
to obtain an improved gradient bound.
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lteration 3

log? (t — )

log? (t — ) |
: e =?

lul <
t{t —r)

lusnller,  [Vul S [usnllLer-

@ As above, it suffices to prove the first bound with the ¢ decay
replaced by r decay.

@ One dimensional reduction does not suffice. It misses a
cancellation.

@ The worst contribution to the one dimensional reduction
contains a derivative which we can exploit via the following
lemma.
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lteration 3

Lemma

For a smooth f supported in {% <r <t} with

1
3(t —r)log? (t —r)’

IS+ 1Qf [+ {E =)o fI S -

the forward solution u to Llu = Oy f satisfies

1

u S ——.
| |Nt<t—r)2
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Iteration 4

lul S ——llu<nllier, VUl S ———5llunllLe-

t{t —r) (ry(t —r)
@ In essence, the arguments of Iteration 3 are repeated.

This completes the proof of the main theorem.
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Localized energy estimates on Schwarzschild

592(121\4)1@2“28 (1f—) 2o+ ¥ ¥

(—Dgu){()(l—%)ﬁu ;( 2M

Integration by parts:

T 1 oo T
a(r)Orudiu dx‘ +§ 20 (r*a(r))(Ou)u dw‘o

// 17% )(9,u)? dV+// .
T O S
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Localized energy estimates on Schwarzschild

a(r) =r—2 ((7“ —3M)(r +2M) + 6M*? log<r _]V?M)) =7 2R

Replace by a.(r) = r]ﬁgflf(ffR)

This gives estimates for norm

[ (o + (1= 20) (0 + [IFuP) + ) av.
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