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Waveguide

® Q[0 R“denotes a nonempty, bounded
domain with smooth boundary.
% Waveguide: R"xQ
® D'Alembertian on (t,x,y)OR, xR"xQ :
O=0>-(A+A,)
@ Boundary conditions:
« Dirichlet:  #(t, %, Y)| 0 =0

= Neumann: 9 u(t,x, y)| 0

oo

Wave and Klein-Gordon Equation

(I:|+m2)u =Qu,u',u'"")
u(0,x,y) = f(x,y), 0,u(0,x,y)=g(x,y)
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Q s quadratic in its arguments. u'= Dm,yu

Assume that

Fx,y)=g(x,y)=0, IxI>B
Hf‘ 8‘ <€

HV(R"%Q)

+
HY(R"xQ)

Global Existence for Dirichlet
Boundary Conditions

Theorem 1 [M.-Sogge-Stewart]: Suppose that
m=0 and n=>3. Assume that the Cauchy
data (f,g)OC"(R"xQ) are as above and
satisfy the relevant Dirichlet compatibility
conditions. Then (1) with Dirichlet boundary
conditions has a global smooth solution if N is
sufficiently large and & is sufficiently small.

Previous Work

@ Lesky-Racke first obtained this result when
nz5
» Relieson L7 — [""*™ decay estimates for the

linear equation that are reminiscent to those of
Marshall-Strauss-Wainger

= Use the arguments of Shibata-Tsutsumi to show
global existence.
% Here, we obtain results that are sharp in
terms of the dimension.

# Let's restrict our discussion to the n=3 case.

Idea of Proof

# Prove linear estimates in the boundaryless
case that are independent of the mass term.

# Project onto the eigenspaces to prove linear
estimates in the waveguide. Since there are
no zero eigenvalues in the Dirichlet case,
these estimates enjoy 0(¢™?) decay (vs. the
usual o(t™) decay for boundaryless wave
equations).

# Use these a priori estimates and energy
estimates, as in Klainerman, to show global
existence




Invariant Vector Fields

{r.t=t0.0.0,:0<j<ks<n}
Q,=x0,-x0,; l<j<ks<n
Q, =x,0,+10,; l<k<n

{r}={r.Jod.}

Linear Estimates (Boundaryless)

Proposition: Suppose that ¥ OC”(RxR?Y)
satisfies u(¢,x) =0, <2B where B is a fixed
positive constant. Suppose (I:IRm + 1 )u =0
for |x1>t=B, Then thereis a constant
depending only on B so that when p=21:

sup £ Lu(t, x) | (See, e.g., Hérmander)
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Spectral Theory Review

@ Since the domain is compact with smooth
boundary, we know that the spectrum of -4,
is discrete and nonnegative. Moreover, if
H,,=0,wehave 0<A <A <.

@ Let E;:L'(Q) - ’(Q) denote the projection
onto the jth eigenspace. Thus,

~D,Eh(x) = AEh(x), hOL(Q)

and >
HhHZ(Q) = ;HEJ}‘HE

Spectral Theory Review
@ Weyl formula gives A= =23,
@ Thus, for ROC*(Q) ,

A+ )™ |EH|, <c|d-ng)E;h

Q) Q)

=C|E, (1 -ny)n
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% Elliptic Regularity:
a

> [oca|, , sc > |
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a?AQhHLZ(Q) + CHh
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Spectral Theory
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_ 2(Q)
&

HZN osu(t, x|, SCWZ;;:SN 0 0% x0|,
1A<1
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Main Estimate

Proposition: Fix B and suppose u0C”(RxR*xQ)
satisfies u(t,x,y)=0,7<2B and (@+m*Ju(.x.y)=0
if |xI>t—B. Suppose alsothat m>(0 and
u(t,x,y) =0, ydoQ, Then,
£ Pu(t, x, y)|
<C Z Z sup 2"Hr”(l:|+m2)u(r,lj

1<\ BI+5+(5d+4)/2 k012 28 1n[2B 1]
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Proof of Main Estimate

It suffices to consider T ” = af
Use Sobolev estimates in the y-variable
Project onto the eigenspaces

Use the estimate for the boundaryless case
which is uniform in the mass term

@
@
@
@

@ When convenient, we write: x, =¢,x,,; =y,

Energy Estimates

3+d .
If W solves (|:|+m2)w+ ZV’k (t,x,y)0,0,w=F,

J-k=0
w(t,x,y)=0, yO0Q; w(t,x,y)=0, t<2B
vanishes for large |xI, and ZI y*1=1/2 | then
D"""W(I’ DHZ +mHW(I’DHz

SCepr2 Si 0.y (5,0 dsmns,[j
0 ijk=0 0

ds

Energy Estimates

and, using elliptic regularity,

reg, . wi, DHZ +m

rewe. 0,
< Cexp[j2 i 0.y (.0 dsj > j Ir2.F(s.0]ds
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Proof of Theorem 1

@ Using local existence theory, one can reduce
to the case of vanishing initial data.

@ The proof of Theorem 1 follows using a
standard continuity argument (of Klainerman)
which uses a coupling between the pointwise
estimate and the energy estimate.

# When m=0, we use Poincaré’s lemma to get
Jwez, D], < o, wi, O

Neumann boundary conditions

@ Two new challenges:

= Since — A, has zero eigenmodes for Neumann
boundary conditions, the previous arguments do
not work for wave equations ( m =0 ).

= Without further assumption, the energy integral
method fails. We, thus, introduce a natural
Neumann nonlinear compatibility condition on the
quasilinear terms.

Neumann nonlinear compatibility
condition

% We first expand our nonlinear termin (1) as
follows:

OGuu' 1)
= Z A0ud 0,u+u ZA’kajaku +R(u,u')
0k <3+d 0<jk<3+d

#Here, R(u,u') is a quadratic function.




Neumann nonlinear compatibility
condition

@ The necessary assumption is:

> A*EN S, =0 and D AKES, =0
0< jk,I<3+d 0< j,k<3+d

if .émOX

where

= (&,$,m):9=(0,0,0,0,v,,v,,...v,),
EF=0,nF=0,y00Q

Neumann nonlinear compatibility
condition

# In order to prove the energy estimate
mentioned previously in the Neumann case,
werequire "y (,x,y)E, =0,if y00Q,

0<j.k<3+d

#=(0,00,0v,(y).....v, (3). {W(»)=0

# When applying this with
3+d
yrxy) =Y Al O u+uA”
=0
as we do, we see that the Neumann nonlinear
compatibility conditions suffices.

Global Existence for Neumann
Boundary Conditions

Theorem 1 [M.-Sogge-Stewart]: Suppose that
m>0 and n=3. Assume that the Cauchy
data (f,g)UC"(R"*Q) are as above and
satisfy the relevant Neumann compatibility
conditions. Moreover, assume that (1)
satisfies the Neumann nonlinear compatibility
condition. Then (1) with Neumann boundary
conditions has a global smooth solution if N is
sufficiently large and € is sufficiently small.

Neumann-wave equations

@ We can handle some simplified equations
using techniques developed by Keel-Smith-
Sogge and M. for wave equations in exterior
domains.

# In particular, let's look at:
Ou= o, u) (3)

# Then, we have...

Existence for Neumann-wave
equations

Theorem 3 [M.-Sogge-Stewart]: Assume that
the initial data are as in Theorem 2. Then, if
n=4, (3) with Neumann boundary conditions
has a global solution if & is sufficiently
small. If n=3 and & is sufficiently small,
then there is a constant ¢ so that if
T, =exp(c/ &) then (3) has a solution
uDC([0,T.)%XR*xQ) |

Proof of Theorem 3:

@ The proof uses arguments similar to those of
Keel-Smith-Sogge and M. for wave equations
in exterior domains.

@ The main linear estimate is the following
weighted mixed norm estimate (due to Keel-
Smith-Sogge). It follows easily from the local
version which can be shown using arguments
reminiscent to those of Smith-Sogge.




Linear (Boundaryless) Estimate

# If 4 is smooth, has vanishing initial data, and
vanishes for large I x! for any fixed time, then

T ) 1/2
(In(2 +T))”2(J. H<x>_”2u'(s,x)‘ dxdsj
<@ 2 )ucs. 0l as

@ For n 23, the constant is independent of
©=0

Local (Boundaryless) Estimate

IOH,B(SKe"’mf)(t,[iH;(R”)dt < CI,,‘J}({)‘Z(‘[IZ +EVIE

If ( B i}s a fixed smooth function supported in
IxI<1

% The above follows from Plancherel’s and
Cauchy-Schwarz. (See Smith-Sogge)

# By Duhamel’s, this implies that the previous
estimate holds over |xI<1

# The general estimate follows from scaling.

More remarks

@ Using a similar argument involving
projections onto the eigenspaces, one can
extend the weighted mixed-norm estimate to
waveguides.

# To illustrate the iteration argument of Keel-
Smith-Sogge which uses this estimate, let’s
prove almost global existence for a similar
nonlinear wave equation in Minkowski space.

Main estimates

@ Energy inequality: t
Ju ., <Ju'(0.5], + [ |DuCs.0]
0
@ KSS mixed norm estimate:
172 , t ‘ ‘
<x> ! L(04xRY) = CHu (0’5”2 +CI[HD"(5’5”2‘15

% Weighted Sobolev estimate:
Hh L” (R/2<IXISR) s CR?I‘;HZG}!

5|

2ds

(In@2+1)"?

12 (R/4<IXIS2R)

Keel-Smith-Sogge Argument
Ou=(@>-Du=0u'), (1, x)ORXR’
u(0,0= f, 0,u(0,0=g

Assume that we have small initial data.

Y [oiecr] + X |oi07e

lal+ <10 lal+ <9
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We will show that there is a solution in [0, Ts]xR3
for T, =exp(c/&). Here

{Z}Z{B,,BVQ =Q, :1Sj<k£n}




