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Abstract

We consider n-person, generic, quasi-concave games with continuous action spaces
and in which the payoff of a player depends on her own action and the sum of the
actions of opponents. We study a discrete-time, stochastic adjustment process (the
better-reply dynamics) in which players move towards better replies. Our main result
is a sufficient condition for this process to converge globally to a Nash equilibrium of
the game. This condition requires that actions be either locally strategic substitutes
or locally strategic complements for all players at each Nash equilibrium that is
locally asymptotically stable under an associated deterministic, adjusted best-reply
dynamics. We provide an example of a 2-person game with a unique Nash equilibrium
at which the derivatives of the best-reply functions have different signs and in which

the better-reply dynamics does not converge to the equilibrium.



1 Introduction

In his study of duopoly, Cournot [4] introduced the noncooperative equilibrium later
generalized by Nash [14], [15] and investigated its stability under a version of the
best-reply dynamics in which firms alternate changing output from its current level
to a best reply to the opponent’s level. The more recent literature has studied several
versions of the best-reply dynamics both in the framework of oligopoly models and in
the more general setup of a noncooperative game. The focus of most of this literature
has been on finding conditions that guarantee either the global or the local asymptotic
stability of a Nash equilibrium. The general message is that these conditions are very
strong, especially when global stability of a particular Nash equilibrium is required,
since in this case they must imply uniqueness of the Nash equilibrium. (See Al-
Nowaihi and Levine [1], Dastidar [5], and Vives [23] for results on convergence of the
continuous-time version of the dynamics and Gabay and Moulin [9] and Moulin [18]
for results on convergence of the discrete-time dynamics.)

In this paper we are interested in studying global convergence to Nash equilibrium,
but we do not require that the equilibrium be unique. Instead, we study conditions
under which the system eventually settles in an equilibrium, without imposing that
all possible paths converge to the same equilibrium. This is only the first of several
differences between our approach and the rest of the literature on the best-reply
dynamics. A more fundamental difference is that we look at stochastic, rather than
deterministic, adjustment processes. In our model players have status quo actions.
Players are randomly selected, one at the time, to sample new actions. When a
player is selected to sample, she randomly draws one of her available actions and
only changes her status quo to the sampled action if this improves her payoff (i.e., if
the move constitutes a single-player improvement). We call the stochastic process so
generated the better-reply dynamics, because players move from their current actions
to a better reply, not necessarily a best reply; even though players move in the
direction of their best replies, they can overshoot or undershoot them.

Our better-reply dynamics can be viewed as a simple stimulus-response model
of the behavior of boundedly rational players. It can be seen as a formalization of
results from experimental research in economics and psychology showing that players’

behavior gravitates towards actions that have been successful (see Roth and Erev



[21]). Our dynamics is related to the recent literature on learning in games (see
Fudenberg and Levine [8] for a survey). However, the focus of this literature is on
how players may learn to play a mixed strategy Nash equilibrium in a finite game
(often with only two players), while we focus on convergence to a pure strategy
Nash equilibrium in a game with continuous action spaces and several players. A
distinguishing feature of our model is that the bound on players’ rationality and
knowledge is more severe than in most of the learning literature. The better-reply
dynamics is consistent with a player not having precise knowledge, or memory, of her
own and her opponents’ payoff functions and past actions.

A standard criticism levied against the deterministic, best-reply dynamics first
studied by Cournot is that when a player moves to a best reply to her opponents’
current actions, she acts as if her opponents never changed their actions, in spite of
collecting repeated evidence that actions do change. This criticism is less pertinent
to our model, because our players need not know the actions of their opponents or
their own best-reply functions. Our players simply experiment new actions and make
definite changes after experiencing an increase in payoff.

A version of the better-reply dynamics studied in this paper was first introduced
by Friedman and Mezzetti [7]. They noticed that in finite games having the weak finite
improvement property (weak FIP), the better-reply dynamics globally converges to a
Nash equilibrium. The weak FIP requires that starting from any action profile there
exists a finite path of single-player improvements that leads to a Nash equilibrium
of the game. Friedman and Mezzetti [7] showed that finite supermodular games and
generic, continuous, two-person, quasi-concave games have the weak FIP.

The focus of our analysis is on a class of n-person, noncooperative games that we
call playing-against-the-sum (PAS) games. In a PAS game the payoff of each player
is a function of the player’s own action and of the sum of the actions (or, equivalently,
the mean action) of the other players. We take the players’ action spaces to be closed
intervals on the real line and assume that a player’s payoff is a quasi-concave function
of her own action. We restrict attention to games in which, for each player, the slope

of the best-reply function is bounded below by —1.! The class of playing-against-the-

'In most PAS games such an assumption is not very restrictive; for example, in the Cournot
model it requires that the difference between price and marginal cost is a decreasing function of the
firm’s output.



sum games contains many interesting games from economics and political science.
A wide class of oligopoly games, including Cournot’s original model, models of the
private provision of a public good, models of the joint exploitation of a common
resource, collective actions models, and macroeconomic models with catching-up-
with-the-Joneses are all examples of PAS games.

After describing the model in the next section, in Section 3 we introduce a deter-
ministic, continuous-time, adjusted best-reply dynamics. While of limited indepen-
dent interest, this dynamics will prove useful in the proofs of our main results. Then,
in Section 4 we study the stochastic process generated by the better-reply dynamics.
We provide a sufficient condition for the better-reply dynamics to globally converge
to a Nash equilibrium of almost all playing-against-the-sum games. This condition
is that actions be either strategic substitutes or strategic complements for all players
(i.e., the derivatives of the best-reply functions have the same sign) at all Nash equi-
libria that are asymptotically stable under the adjusted best-reply dynamics defined
in Section 3. Note that this sufficient condition is a local condition, actions need to
be either strategic complements or strategic substitutes only at the Nash equilibria.
Furthermore, actions are allowed to be strategic substitutes at some equilibria and
strategic complements at other equilibria; we only need to rule out equilibria where
actions are strategic complements for some players and strategic substitutes for other
players.

In Section 5 we provide an example of a 2-person game with a unique Nash
equilibrium at which the derivatives of the two best-reply functions have different
signs; we show that in such a game the stochastic process generated by the better-
reply dynamics does not converge to the equilibrium. This demonstrates that our
condition on the derivatives of the best reply functions at the Nash equilibria cannot
be easily relaxed; without it the better reply dynamics may fail to converge.

In Section 6 we prove that playing-against-the-sum games have the weak finite
improvement property. This implies that any discretization of a game with a con-
tinuous action space also has the weak FIP and that in such a discretized game the
better-reply dynamics converges to an action profile that is close to a Nash equi-
librium of the original game. At first, it may seem puzzling that with a discrete

state space global convergence requires less stringent conditions (actions need not be



strategic complements or substitutes at a Nash equilibrium). The puzzle is easily
resolved by noting that although a discretized version of the non-convergent example
of a 2-person game described in Section 5 would converge to the Nash equilibrium,
the average time that it takes to converge goes to infinity as the discretized version
converges to the continuous game.

Section 7 contains some concluding remarks. There we argue that our conver-
gence results for the stochastic better-reply dynamics are considerably stronger than
existing results on the convergence of the deterministic best-reply dynamics. Proofs

of several technical results are in the Appendix.

2 The Model

We study n-person games g = (N, A,U) where each player i € N = {1,...,n}
has a one dimensional, compact, convex strategy set A; C R, and a payoff function
U; : A — R that is twice continuously differentiable in a € A = A; x ... x A,, and
strictly quasi-concave with respect to a; € A;.2 U = (Uy,...,U,) is the payoff profile
of the game. We assume that for all i+ € N the payoff function U; only depends on

player i’s own action and the sum of the actions of the opponents:
Uz(a) = Ui(ai, E,i), where E,i =a1+...+a;,_1+ a;i1 + ...+ ap. (1)

Note that if n = 2, any strictly quasi-concave game satisfies Condition (1). Let

Y =aj;+...+ a, and denote by Ay, the set of all admissible sums ¥, i.e.,
As ={a1+as+ ... +a,: a0, € A; forall ie N}

The partial derivative of U; with respect to a;, OU;/0a;, must have the same form as

U;; that is, it must depend on a; and X _;. It is thus possible to define a function D;

2Note that U; being twice continuously differentiable implies that the partial and cross partial
derivatives of U; are bounded on A. Furthermore, since A is compact, they obtain a maximum and
a minimum; the maximum coincides with the least upper bound and the minimum with the greatest
lower bound.



that depends on a; and ¥ as follows

Di(a;, ) = Z—Z:(ai, Y —a;). (2)

Thus, for example, if U;(a;, X_;) = aa; + fa? +vX_; + 6X2, + na;X_; then 0U; /da; =
a+ 20a; +n3_;, and D; = a; + (20 — n)a; + nX.

Let B : A — A, with B(a) = (Bi(a_1),...,Bn(a_,)), denote the best-reply

correspondence of g, wherea_; € A_;, = Ay X ... X A;_ 1 X Ajy1 X ... x A,. At an

interior solution, for any given a_; the best response function B;(a_;) = B; (X_;) is

an implicit solution to the equation
D; (Bi(:), Bi(+) + £-;) = 0. (3)

If for some a_; we have D;(a;,a; + X_;) # 0 for all a; € A;, then B; is simply the
right endpoint of A; if D; > 0, and the left one if D; < 0. Strict quasi-concavity of
U; with respect to a; € A; implies that: (i) B; is continuous and single-valued (i.e.,
the implicit equation (3) has, at most, a unique solution for all a_;; at this solution
U; attains its maximum) and (ii) player i’s payoff declines as a; moves away from
Bi(a_;). This latter property and differentiability of U; imply that for all a; € A; and
all ¥ € Ayx:

Di(ai7 E) >0 if a; < BZ(E,J, Di(ai7 E) <0 if a; > Bl(E,l) and (4)

d.Di(CLi7 E) N 8Di(ai7 E) i 8Di(ai7 E)
dai N 8ai 0

where A? is the interior of A;. We also make the additional assumption that the

<0 if a;=B;i(2_;) € AY, (5)

partial derivative of D; with respect to its first argument, a;, is negative everywhere;
that is, for all a; € A; and all ¥ € Ay:

(‘9Di(ai, Z) . 82Ui(ai, E—z) _ 82Ui(ai,2_i)
da; da? Da;0%_;

)

< 0. (6)

Note that this does not imply, and is not implied by, the concavity of U; with respect
to a;. For example, if U;(a;, X ;) = aa; + fa? +y3_; + 6X%, + na;X_;, then this

assumption requires 23 < 1, while concavity would require § < 0. In many games



Condition (6) is not very restrictive; together with Condition (5), it implies that the
slope of the best-reply function of each player is bounded below by —1

dE_i N dDi(ai, Z)/da, N dDi(ai, E)/dal

—1> -1 for a; = Bz(E—z)

Note that dD;(a;,%)/0a; is a continuous function of a; and X_; (since U; is twice
continuously differentiable) and thus attains a maximum in the compact set A; since
the function must be negative, it follows that the value at the maximum must be
negative. Thus, dD;(a;, ¥)/0a; must be bounded away from zero. Note also that, if
Ui(a;, X_;) is concave in a;, supermodularity of U;(a;, ¥._;) implies but is not implied
by Condition (6).

Definition 1 The game g = (N, A,U) is a playing-against-the-sum (PAS) game if
foralli € N: (a) A; C R is compact and convex; (b) U; : A — R is twice continuously
differentiable in a € A and strictly quasi-concave with respect to a; € A;; (c¢) U; satisfy
Conditions (1) and (6).

Here are some examples of playing-against-the-sum games.

Example 1. Consider a homogeneous product, Cournot oligopoly with n firms.
Let a; be the output level of firm ¢ and X be total output. P(X) is the inverse demand
function and C; = Cj(a;) is the cost function of firm . Then the payoff, or profit,

function of firm ¢ can be written as

and its derivative with respect a; is

dai

Condition (6) requires that the difference between price and marginal cost be a de-

creasing function of a firm’s output

0D;(a;, X)

_ p! M.
2, = P'(%) — C/(a;) < 0.



Condition (5) implies that
P"(Z)ai + QPI(Z) — OZ”(CLZ) < 0, for a; = Bl(a_,) (7)

Note that concavity of U; would require that Condition (7) hold for all a;.

Example 2. Consider a differentiated product, price competition oligopoly. As-
sume that the demand ¢; for the output of firm ¢ is a decreasing function of ¢’s price
a; and an increasing function of the average price of its competitors ¥_;/(n — 1);
that is, ¢; = ¢;(a;,2_;/(n — 1)) with 0¢;/0a; < 0 and 0q;/0X_; > 0. Let Ci(q;)
be the cost function of firm ¢, with C; > 0 and C; > 0 for all ¢ € N, and
define the function Q;(a;,¥) = ¢(a;, (X — a;)/(n — 1)). Note that 9Q;/0a; =
0q;/0a; — (0q;/0X_;) /(n — 1) < 0 and 0Q);/0% = 0g;/0%_; > 0.

The profit function of firm ¢ can be written as
Ui(a) = a;Qi(a;, ¥) — Ci(Qi(ai, X))

and the function D; is

dai

in(ai7 E)
dai ’

= Di(ai, E) = Qi(ai7 E) + (ai - CZ(Ql(aH E)))

where

dQi(a;, %) _ 0Qi(ai, %) n 0Qi(ai,X) _ 0gi(a;, (X —ai)/(n - 1))

dai 8ai 15) 8&1' <0

Concavity of U; would require that for all a; and all X

dD;(a;, %) _ »dQ; '\ dQ; ' 9*Q; *Q; 9*Q;
da; N (2 Ci dai) da; (=) da? +2826’ai + 0332 <9,

while Condition (6) requires that

8D1(a“ E) _ 1" dQ;\ 00Q; dQ; ’ 82Q1 82Q1
da; (1 ¢ da; ) Oa; " da; (@ =C) da? * 0%0a; <0

If, for example, the demand functions are linear, ¢; = a; — v;a; +1;%_;/(n — 1) where



a;, v; and n, are positive constants, then
*Q; 32Qi>
= ()’

(82@ a?@) (azczi L, 20,

a2 | 0%0a; 9a2 | “ovoa | 0%

and (4), (5) and (6) hold.

Example 3. Consider a collective action problem. Each of n players privately
chooses a; at a cost C;(a;) (a; could be i’s private provision of a public good, or her
private use of a common resource). The sum of individual choices determines the

benefit V;(3) to the player. Thus, player i’s payoff function is

and the function D; is

dUi(a) = Dj(a;, X) = V/(2) — Ci(a).
dai
Then dD;(a;, %)
i\ Qi — — ("
o, Cila) <0,

and (6) is satisfied provided cost is a convex function of effort. Concavity of U; would
require

V/(S) - CY(a) < 0.

Example 4. Consider an economy with catching-up-with-the-Joneses. There are
n consumers (players) and a single consumption good produced from labor with a
linear technology (one unit of labor I; produces one unit of the good). Letting a; be

i’s consumption, player i payoff function is
Ui (a,l;) = Vi((a; = 2/n)?) = Ci(Li).

with V/ < 0 and C! > 0. Each of n players chooses consumption a; and labor [;
subject to the budget constraint a; = [;. Replacing the budget constraint into U we

can write i’s payoff as

Ui(a) = Vi((a; — £/n)?) — Ci(a;).



Then, the function D; is

dgiv;(.a) = Dj(a;, X) = 2(a; — Z/n)n

—Vi((a; — B/n)?) - Cia)

Hence,

D) 0P L (o — ) + s — SV (s~ B )) — Cl)

and a sufficient condition for (6) to be satisfied is that V; be a concave function,

V" <0, and C; be a convex function, C; > 0.

3 A Globally Convergent, Deterministic Dynam-

ics in Continuous Time

We are interested in studying the convergence properties of a stochastic, discrete time,
adjustment process, called the better-reply dynamics, in which each player randomly
samples among her available actions and only changes her status quo to the sampled
action if this improves her payoff. Before proceeding to study the better-reply dynam-
ics, in this section we take a small detour and study a deterministic, continuous-time
dynamics. While of limited interest in its own right, this dynamics will prove very
useful in the proofs of our main results.

The standard formulation of the continuous-time, deterministic, best-reply dy-

namics in a game g = (N, A, U) is the following system of n differential equations:
Cii :Bi(a,i) — Qy, 1= 172,...771. (8)

Using Liouville’s Theorem, Corchon and Mas-Colell [3] established global convergence
of the dynamics to a Nash equilibrium of the game provided n = 2 (under the
assumption that B;(a_;) is a Lipschitz function). They also pointed out that for
n > 3 convergence need not occur; there are games with payoff functions that yield
chaotic dynamics (e.g., if the differential equations in (8) are Lorenz’s equations; see
Guckenheimer and Holmes [11]). This simply follows from the fact that, without

restrictions on the payoff functions, any dynamical system can be generated as the



best-reply dynamics of some economic game.

In fact, Corchon and Mas-Colell considered the more general system:
Cii = ,LLZ(BZ(CL_Z) —ai), 1= 1,2,...,n, (9)

where 1, > 0 are positive constants.
Suppose, instead, that we allow p,; to be a function that depends on the vec-
tor a, but still require that p,(a) > 0 for all a € A. If a_; remains constant and

u;(a)(Bi(a_;) — a;) is a Lipschitz function, then the equation

d; = p;(a)(Bi(a—i) — a;) (10)

still yields a; — B;(a_;) as t — oo; that is, player ¢ moves towards his best reply. We
will call any such dynamics a continuous-time, adjusted best-reply dynamics.

In this section, we show that for playing-against-the-sum games, there is a choice
of functions y,(a) which yields global convergence to a Nash equilibrium of the game
g for any number of players n.

If equation (6) holds, then for any 3 € Ay there is (at most) a unique solution

a; = a;(X) to the implicit equation:

Denote this solution by M;(X); if equation (11) does not have a solution in A; (i.e.,
D;(a;, %) # 0 for all a; € A;) then let M;(X) be the right endpoint of the interval A;
if D;(a;,>) > 0 and the left endpoint otherwise.

We want to consider the following system of differential equations:
di:Mi(Z)—ai, ’i:1,2,...,n, (12)

or, in vector notation:

a= M) —a. (13)

We claim that M;(X) — a; and B;(a_;) — a; have always the same sign.
Lemma 1 Let g be a playing-against-the-sum game. For all a € A, we have: (a)

10



(M;(¥) — a;) (Bi(a—;) — a;) 2 0, and (b) Bi(a—;) = a;, if and only if M;(X) = a;.

Proof. If Bij(a_;) = a; then (a) holds. Consider any a° € A with B;(a®;) > a.
Condition (4) guarantees that for any given X%, = 37 af, if Bi(a;) > af, then
Di(a?,a? + %) = Dy(a? %) > 0. Equation (6) implies that for any given X0, the
function a; — D;(a;, X°) is decreasing. So, if M;(3°) = M;(a) + X9,) were less than
or equal to a?, it would follows that D;(M;(%°%), %) > D;(a?, %%) > 0. This implies
that equation (11) does not have a solution, and that M;(3°) is equal to the right
endpoint of the interval A;. Thus, M;(X°) > a?, which is a contradiction (note that
B;(a®;) > a? implies that a? is to the left of the right endpoint of the interval 4;). It
follows that @) < M;(X°). A similar argument can be made for the case a? > B;(a?;).

This concludes the proof of part (a) of the lemma.
If B;(a_;) = a;, then it must also be M;(X) = a;, since by (11) for all a_;:

M;(B;i(a—;) +¥_;) = Bi(a_y),
while if M;(3) = a;, then B;(a_;) = a;, since by (3) for all ¥
Bi(X — M;(%)) = M;(%).
This concludes the proof. m

We can use this lemma to establish that equation (13) defines a continuous-time,

adjusted best-reply dynamics for the game g. Define the function yu,(a) by

M;(X) — a;
(q) = /1~ " f = B.a_; 14
,LLZ(CL) Bi(a_i) Y or a; 7é z(a z) ( )
o M(S)—a 1—dM,/ds
,LLZ(CL) aialé?(la,i) Bi(a,i) — a; 1 oF @i Bl(a 1)7 ( 5)

where the second equality in equation (15) follows from L’Hopital’s rule. Lemma 1
implies that y,;(a) > 0 for all a such that B;(a_;) # a;. To see that if a; = B;(a_;)
then y,;(a) > 0 also holds, note that the implicit function theorem and equations (4),

11



(6) and (11) imply?

Let f(a) be a Lipschitz function and recall that, given a system of ordinary differ-

9 we can think of the unique solution

ential equations @ = f(a) with initial condition a
a(t), with a(0) = a°, as the trajectory of the system starting at a°. Any point a € A
with the property that there exists a sequence t1, o, ... such that lim,, . a(t,) = a
is called an w-limit point of the trajectory a(t); the set of all such points is called the
w-limit set of the trajectory a(t). If the w-limit set of the trajectory a(t) contains a
single element a* € A, then a* is a stationary point (i.e., f(a*) = 0) and if the system
starts at a” then it will converge to a*; lim; ., a(t) = a*. The system of ordinary
differential equations a = f(a) globally converges to an equilibrium, if for all a® € A

the w-limit set of the system with initial condition a®

is a singleton.

If it is globally convergent, then from any given initial state a® the system con-
verges to an equilibrium a*; limy .. a(t) = a*. Note that global convergence of a
system does not imply that the system has a unique equilibrium or stationary point.
Rather, it means that starting from any initial position an equilibrium is eventu-
ally reached. Cycling or chaotic dynamics are ruled out. We now show that the
continuous-time, adjusted best-reply dynamics defined by (13) globally converges to

some Nash equilibrium of the game g.

Theorem 1 Let g = (N, A,U) be an n-person, playing-against-the-sum game. Then
the continuous-time, adjusted best-reply dynamics defined by equation (13) globally

converges to a Nash equilibrium of g.

Proof. If we sum the system (13) we obtain a differential equation for ¥. Namely:
=) M(Z) -3
i=1

This is a single ordinary differential equation satisfying a Lipschitz condition, since

dM;  9D;/d%

> — 0D;/da;

3At a value of X at which equation (11) does not hold M; equals one of the endpoints of the
interval A; and dM;/d¥ = 0.

12



and the numerator is bounded (see fn.2) while the denominator is bounded away
from zero by Condition (6). Because one dimensional autonomous equations cannot
exhibit oscillations, it follows that given any initial condition :° the trajectory ¥(t)
is monotonic. Since Y(¢) is also bounded, it follows that there is ¥ (3°) € Ax such
that

Yoo (X°) = lim X(2).

t—o00
This implies that for any i € N: M;(X(t)) — M;(X5(X2°)) as t — oco. Hence, for large
¢ the system (13) with initial condition a® € A, such that Y | a = X°, becomes:

i = Mi(Zoe(2%) — a4 i(t,59), i=12,....n,

where the functions h; satisfy h;(t,X°) — 0, as t — oo. This immediately yields
that for all i € N, a;(t) — M;(2(X°)) as t — oo; that is, the w-limit set of the

0

system (13) with initial condition a(0) = a” contains a single element a* € A and

for all i € N, af = M;(X*), where X* = > af. Lemma 1, part (b), then implies

i=1"""

af = B;(a*;) for all 7 € N; that is, a* is a Nash equilibrium of g. =

The intuition behind the global convergence of the adjusted best-reply dynamics
defined by equation (13) is simple. By adding up the n differential equations in (13)
one obtains a single ordinary differential equation in . Such an equation cannot

exhibit any cyclic or chaotic behavior.

4 The Better-Reply Dynamics: Convergence Re-

sults

In this section we formally define the better-reply dynamics in discrete time and
study its convergence properties in playing-against-the-sum games. We assume that
the probability that the randomly selected player i samples a strategy belonging to
any subset E of A; is positive if E has positive Lebesgue measure. Formally, we
associate with the strategy space A; of player ¢ a probability measure P; defined on
the Borel subsets of A;. For any Borel set £ C A; the number P;(E) expresses the
likelihood that player ¢ samples a strategy that belongs to £. The only condition we

13



impose on P, is that for any open interval I C A; we have P;(I) > 0. Note that this
does not exclude singular measures; that is, the measure P; can have one or more

points x where P;({z}) > 0.

Definition 2 THE BETTER-REPLY DyNAMICS. Consider a continuous game g =
(N,A,U). Let P; be a probability measure on the Borel subsets of A; such that for any
open interval I C A;, P;(I) > 0. At each discrete time period t there is a status quo
action profile at. A single player i € N is randomly selected, with all players having
positive selection probability. Player i randomly samples action a¥ € A; according
to the probability measure P;. If UF(a'\aP) > Ul (a') then a'\aF becomes the new
status quo, a™™ = a'\aP. If U} (a'\aF) < UF (a') then the status quo does not change,
t+1

attl = qt.

The process described in Definition 2 is essentially the same as the one defined
by Friedman and Mezzetti [7], except that they had finite strategy spaces and re-
quired all players to have the same probability of being selected to sample a new
strategy and all strategies to have the same probability of being sampled. Note that
the experimentation of a new strategy on the part of the player sampling at time ¢
has no effect on the other players. In particular, it does not affect the payoff that
other players associate with their status quo action. The simplest way to justify this
assumption is to think of time as a continuous variable, with players experimenting
new actions at (possibly random) discrete points in time. When a player is sampling
a new strategy at time t, she has experienced the same payoff for the time interval
(t — 1,t) and views it as the status quo payoff.

We will derive results that hold for almost all, transversal PAS games. We now
make it clear what we mean by a transversal game. Let a* be a Nash equilibrium of
a game g = (N, A,U) and Bj(a*,) be the derivative of player i’s best reply function
at a*. Player i and j’s best reply functions at a* are said to be transversal if they
are not tangent; that is, if Bj(a*;)Bj(a*;) # 1. The game g is called a transversal
game if at all Nash equilibria a*, Bj(a*;)B}(a*;) # 1 for all i and j # i (ie., if
the best-reply functions of all pairs of players are transversal). Transversal games
have a finite number of equilibria (equilibria are isolated). Let S(n,q) be the set of
n-person, transversal, PAS games with ¢ equilibria, a', ..., a? (we can unambiguously

order equilibria by putting a”~! < a? for all h, a™' < a} if a"~* = a?,...). Consider
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the map £ : S(n,q) — R™ that associates to each game g € S(n, q) the vector s of
the slopes of the best-reply functions at the Nash equilibria of g:

st= (Bi(ZL),...,BL(SL,),...,Bi(Z)), ..., BL(2L,)) .

Let I(€;) be the range of £7; clearly I(£}) is a subset of R™® with nonempty interior.
We will say that a property P holds for almost all games in S(n, q) if there exists a
subset I* of I(£}) such that (i) 1(£;) N I* has zero Lebesgue measure in R™, and (ii)
the property P holds for all games g with §(g) € I*. A property holds for almost all
transversal, n-person PAS games if it holds for almost all games in S(n, q), for all q.

Let a\z; denote the n-tuple (ay,...,a;_1,T; @41, ..,a,) € A. The strategy pro-
file a\z; € A is a single-player improvement over a € A if and only if the payoff
to player ¢ is higher under a\z; than under a: U;(a\z;) > U;(a). The following
lemma shows that for almost all transversal PAS games there is a finite sequence of

single-player improvements that ends arbitrarily close to a Nash equilibrium.

Lemma 2 The following property holds for almost all transversal, n-person, playing-
against-the-sum games g = (N, A,U). Given any r > 0 and any strategqy profile a°,
there is a finite sequence of single-player improvements that starts at a® and ends

inside a ball of radius r around an isolated Nash equilibrium a* of the game g.

Proof. Since the game g is transversal it follows that the set of Nash equilibria
is finite. Take r > 0 and any a° € A. If a° is not already contained in a ball of
radius r around a Nash equilibrium, consider the dynamics (13) for the game g with
initial condition a(0) = a°. By Theorem 1, there is a time 7' > 0 such that for
all t > T, the trajectory a(t) lies in some neighborhood V, contained in a ball of
radius r around a Nash equilibrium a*. The only possible instance in which a* is not
an isolated, asymptotically stable equilibrium of (13) is if (13) has a stable manifold
converging to an unstable Nash equilibrium, and a® belongs to such a manifold (i.e., it
belongs to a trajectory converging to an unstable equilibrium).? In such an instance a
small deviation (say by player ¢) from the trajectory a(t) leads to another trajectory

that converges that an asymptotically stable, isolated equilibrium of (13). Since,

4 A stable manifold of an unstable equilibrium a*, if one exists, has the property that for all points
a in the manifold "1, a; = > 1, af = T*.

1=
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as we shall see below, we can always replace the continuous dynamics with a finite
sequence of single-player improvements, it is always possible to find a single-player
improvement that leads away from a trajectory belonging to a stable manifold of
an unstable equilibrium. Hence it is always possible to reach a neighborhood V.
contained in a ball of radius r around an isolated, asymptotically stable equilibrium
of (13).

To replace the continuous dynamic with a finite sequence of single-player improve-
ments, we will use a simple Euler scheme to approximate the integral curve a(t). Take

an integer Z € N and consider the Z-th approximation aZ(t) of a(t) defined as follows:

t, = 2T, z2=0,1,..., 7

a?(0) = a(0)=a°

a?(t.1) = a?(t:) + 7 [M (i af(t.)) — a”(t.)] 2=0,1,...,Z2—1
aZ(t) = ad?(t,), for t,<t<t,

(16)

As Z — oo, a?(t) converges to a(t) uniformly on [0, 7. In particular there is a Z

large enough for which a?(T) € V,. If we show that for each z = 0,1,2,... 7 there

is a finite single-player improvement path from a?(t,) to a?(t,,1) then we are done,
because the existence of a path from a?(0) = a° to a?(tz) € V, follows.

To show that there is an improvement path from aZ(t,) to a?(t.,1), take:

yU — aZ (tz)

yho= gyl 4 ehg [Mh (Z?:l aiz(tz)) — af(tz)] , h=1,2,...n.

Here e;, is the n-dimensional vector whose h-th element is 1 and all other elements
are zero. Since My is a continuous function, Z can be chosen large enough to make
My, (307, aZ(t.)) as close as desired to My (-7, y) and a?(t.) as close as desired
to a?(t,41).This implies that
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By Lemma 1, we have

[Mh <§; y?) ~Yn

This implies that the move from 3"~! to y” by player h is in the direction of his best

By, <Z y?) — y;’;‘] > 0.

i#h

reply; that is, it is a single-player improvement. This completes the proof. m

Lemma 2 will be used as the main ingredient in Theorems 2 and 3 to show that
with probability one the better-reply dynamics ends up arbitrarily close to a Nash
equilibrium of a PAS game. We now present another lemma that will prove useful
in studying the convergence properties of the better-reply dynamics. Consider the

function 7 defined for any a € R™ and for 3, # 0, i = 1,...,n, as follows:

Lemma 3 (a) The function v : R™ — R is bounded from below with greatest lower
bound equal to 0 if and only if B; >0 fori=1,....,n and > . 0,/(1+ ;) < 1. If
the second inequality is strict, then v has a unique global minimum at (0,0,...,0).
(b) If 0 > B, > —1, fori=1,...,n, then the function v is bounded from above with
least upper bound equal to 0. If the second inequality is strict, then v has a unique
global mazimum at (0,0,...,0). (c¢) If n = 2, then v is bounded from above with least
upper bound equal to 0 if and only if 0 > 3,, + = 1,2 and 3,8, < 1. If the second

inequality is strict, then v has a unique global mazimum at (0,0).
Proof. See the Appendix. =
In the next lemma we provide sufficient conditions for the local convergence to a

Nash equilibrium of a playing-against-the-sum game of almost all paths generated by

the better-reply dynamics of Definition 2.

Lemma 4 Let g = (N, A,U) be an n-person, playing-against-the-sum game. Con-
sider a Nash equilibrium a* of g. Let 3; be the first derivative of the best-reply func-
tion B;(X_;) of player i evaluated at a*. Assume that either (a) 5, > 0 for all i and
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Yo Bi/ (14+6;) <1, or (b)0 > B, for all i. Then there exists a neighborhood V
of the Nash equilibrium a* such that almost every path a',a® a3, ... generated by the
stochastic process described in Definition 2 that starts in' V' stays in V' and, moreover,

limy, o a" = a*.

Proof. Consider a Nash equilibrium of g. By changing coordinates we can assume,
without loss of generality, that this equilibrium is at the point (0,0,...,0) € R™. For
action profiles a sufficiently close to the equilibrium, we can linearize the best-reply
function B; of each player and write B;(X_;) = 3,%X_;. Thus, a move by player i from
a = (ay,a9,...,a,) toa = (ay,as,...,a;_1,0;,Gir1,.-.,a0,) is payoff improving if and
only if

@ — B35 4] < ai — B; 5.

Geometrically, this means that to improve her payoff player ¢+ must move to a point
on the line segment parallel to the vector e; = (0,0,...,1,0,...,0) (with 1 in the i-th
position), with one endpoint at a = (a;, a—;), the middle point at (8;_,;a;,a—;)
and the other endpoint at b = (b, a—;) = (26; ;4 a; — ai,a—;). Consider now the
function ~ defined in equation (17), assuming (3; # 0; we claim that y(a) = v(b). We

will check this claim for i = 1; we have:

n

Y(b) —(a) = ﬁil (26,221 —a1)* — d}] — QZ (26,21 — a1) a; — ara;]

= 46,%%, —4a;¥ 1 —46,3%, +4a; 2| = 0.

Now suppose we are in case (a) in the statement of the theorem; that is, 3; > 0
foralli=1,...,n. and > 3,/ (1+ 3;) < 1. Then, for any given a_;, the function
a; — (a) is quadratic in a; and goes to +o00 as |a;| — co. Hence, since y(a) = v(b),
for all points d on the line segment connecting a and b we have y(d) < ~y(a) with
strict inequality if d is inside the segment; a single-player improvement by any player
i reduces the value of .

We now show that there exists a neighborhood V' of the Nash equilibrium (0, .. ., 0)

such that if a® € V then almost all paths a°, a',a?, a3, ... generated by the stochastic
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process described in Definition 2 stay all the time in V. Moreover

lim a® = (0,0,...,0).

k—o0

Let the neighborhood V' be given by {z : v(x) < ¢} for some ¢ > 0. It follows that any

3,... of the stochastic process with a® € V is associated with a

infinite path a®, a', a2, a
nonincreasing sequence of real numbers y(a®), y(at), v(a?),v(a®),... and thus a* € V,
for all k. Note that in this sequence we have infinitely many times a strict inequality,
since if a* # (0,0,...,0) then there is a positive probability that one of the players
samples a strategy that improves his payoff, hence for some n > k, v(a"™) < v(a™).
By Lemma 3 the sequence v(a®),v(a'), ... is bounded from below, since the function
7 reaches its strict, global minimum at (0,0). Hence it must converge.

To see that limy_,, a® = (0,0,...,0), assume to the contrary that lim_,., a* = a,
with v(a) = m > 0. Since a # (0,0, ...,0), there is p > 0 and € > 0 such that with
probability of at least p the stochastic process moves from a to a point b for which
v(b) < v(a) — €. Because of the continuous nature of the game, it must also be true
that with probability of at least p the stochastic process moves from a* to b, where
a* is any point on the path converging to a that is sufficiently close to a. It follows
that the probability that the function v stays above m along a path of the stochastic
process is zero. Since this is true for any m > 0, for almost any path v goes to zero
and therefore limy, .., a® = (0,0,...,0).

In case (b) in the statement of the theorem, first note that (5) and (6) imply that
B; > —1 for all 7. Then we can apply Lemma 3 and the proof is similar to the proof

of (a), except that we need to use the function —v in place of v. m

Two sets of conditions guarantee the local convergence to a Nash equilibrium
a* of almost all paths generated by the better-reply dynamics. The first condition
is that all the derivatives (3, of the best-reply functions evaluated at a* have the
same sign; that is, actions are either locally strategic substitutes or locally strategic
complements. The second condition is >, 3,/(1 + ;) < 1. Note that if 3, < 0
for all i € N this condition is automatically satisfied, because (5) and (6) guarantee
that 3, > —1 for all i € N. Let C; be the derivative of the M; functions defined in
equation (11), evaluated at a*. Equation (11) implies that C; = 3,/(1 + (3;), hence
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B; > —1 is equivalent to C; < 1. Furthermore, > " | 3,/(1 + 3;) < 1 is equivalent
to > ., C; < 1. This condition is sufficient for a* to be locally asymptotically stable
under the deterministic, continuous-time, adjusted best-reply dynamics defined by
equation (13).> Tt is interesting to note that, together with the derivative of the
best reply functions having the same sign, > " 3,/(1 + ;) < 1 is also sufficient
to guarantee the local convergence of almost all paths of the better-reply dynamic
described in Definition 2. Note also that if 0 > 3, > —1 for all ¢, or 3, > 0 for all ¢
and Y 3,/(1+ ;) < 1, then at the equilibrium a* the best reply functions of all
players are transversal, since it must be 3,3, < 1 for all 4, j.

The next theorem applies Lemma 4 to 2-person, quasi-concave games. It shows
that in such games the better-reply dynamics of Definition 2 globally converges to
a Nash equilibrium provided that actions are either locally strategic substitutes or
locally strategic complements at all Nash equilibria that are asymptotically stable
under the adjusted best-reply dynamics (13). The theorem does not require that
condition (6) be satisfied (i.e., the slope of the best-reply functions need not be
bounded below by —1), and thus does not require that the game be a PAS game as
described in Definition 1. It requires, however, that the game be transversal, so that

Nash equilibria are isolated.

Theorem 2 Let g = ({1,2}, A,U) be a transversal, quasi-concave, 2-person game.
Suppose that By(a)B(at) > 0 (i.e., the derivatives of the best-reply functions of
players land 2 have the same sign) at each Nash equilibrium a* of g such that
B (a3)/ (14 By(a3)) + By(ay)/ (1 + Bh(a})) < 1. Then, regardless of the initial po-

sition, for almost any path a',a® a®,... generated by the stochastic process described

*

in Definition 2 we have: limp_,o a" = a

qg.

, where a* is a Nash equilibrium of the game

Proof. Consider the best-reply dynamics (8):

Cil = Bl(ag)—al (18)

do = Bs(ay) —as,

SIf 3", C; > 1 then a* is unstable, while if > ;" ; C; = 1 then a* could be either stable or
unstable.
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with initial condition (a;(0),a2(0)) = a'. It follows from Liouville’s theorem (see

Corchon and Mas-Colell (1996)) that the w-limit set of this system is a Nash equilib-
rium a* of ¢ and that for almost any initial condition (a;(0),a2(0)) the point in the
w-limit set is a stable equilibrium (a stable manifold of an unstable equilibrium is at
most one dimensional).5 By approximating the system (18) with an Euler scheme as
in the proof of Lemma 2, we can then argue that for any neighborhood V' of a* there
is a positive probability p > 0 that the stochastic path a',a?, a3, ... generated by the
better-reply dynamics will eventually end up and stay in V. If by W we denote the
union of a set of small neighborhoods of all stable equilibria of the system (18), then
there exists an integer k£ and a number p > 0 such that regardless of our initial position

3 ...,a" generated by the better-reply dynamics leads to W with

the path a', a2, a
probability at least p. Once a path is in W, it stays there indefinitely. On the other
hand if a* ¢ W then again with probability at least p the path a®, a**1 a**2, ... o%*
leads to W. It follows that eventually almost every path ends in W.

We have shown that the better-reply dynamics leads with probability one to an
arbitrarily small neighborhood of a stable equilibrium a* of the system (18). We
now show that a* is a stable equilibrium of (18) if and only if B/ (a%)/ (1 + B(a})) +
Bl(a})/ (1 + Bi(a})) < 1 (which is equivalent to a* being asymptotically stable under
the adjusted best-reply dynamics (13)). To see this, consider the linearization of (18)

around a*:

a; = Bj(ay)az —a (19)

dy = Bj(ai)a; — as.
The stability of a* under (18) implies that the eigenvalues of the linearized sys-
tem (19) must be non-positive. The characteristic equation of (19) is (1 + \)? =
Bi(a3)Bj(at) and thus the linearized system has a zero eigenvalue, A = 0, if and
only if B/ (a%)Bj(a}) = 1, which is ruled out by the assumption that the game g is
transversal (Bj(a3)B,(af) # 1 at all Nash equilibria). Thus, the equilibrium a* of
(18) is stable if and only if Bj(a3)Bj(a}) < 1. Finally note that Bj(a})B5(af) < 1is
equivalent to Bj(a3)/ (14 Bi(a3)) + Bj(a3)/ (1 + Bj(a7)) < 1.

6The equilibrium a* is stable if for every neighborhood V of a* there is a neighborhood V/ C V/
of a* such that every trajectory a(t) with a(0) in V’ is defines and in V for all ¢ > 0.
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Now suppose that the inequality Bj(a3)Bj(aj) > 0 also holds. Then Lemma 4
applies and for almost any path a',a?, ... in a small neighborhood of a* generated
by the better-reply dynamics described in Definition 2 we have limy,_,c a* = a*. This

concludes the proof. m

When there are more than two players, the analog of Theorem 2 holds for playing-
against-the-sum games. The stochastic better-reply dynamics described in Defini-
tion 2 globally converges if actions are either locally strategic substitutes or locally
strategic complements for all players at all Nash equilibria that are asymptotically
stable under the deterministic, continuous-time dynamics defined by equation (13).
To use Lemma 4 in the proof, we also need to add the technical assumption that
S Bl/(1+ Bj) # 1 at all asymptotically stable equilibria of the dynamics (13).”
Note that actions are allowed to be strategic substitutes at a Nash equilibrium and
strategic complements at another equilibrium, as we only need to rule out equilibria
where actions are strategic complements for some players and strategic substitutes

for other players.

Theorem 3 Let g = (N, A, U) be a transversal, n-person, playing-against-the-sum
game. Suppose that at each Nash equilibrium a* that is asymptotically stable under
the adjusted best-reply dynamics defined by equation (13): (a) >.¢_ Bi(a*;)/[1 +
Bi(a*;)] # 1, and (b) the derivatives of all the best-reply functions have the same sign.

3 ... generated

Then, regardless of the initial position, for almost any path a',a?,a
by stochastic process described in Definition 2 (the better-reply dynamics) we have:

limy, .o a® = a*, where a* is a Nash equilibrium of the game g.

Proof. First we must argue as in Lemma 2 that, starting from any nonequilibrium
point, the path a!,a?, a3, ... will eventually end up in some neighborhood V of a
locally asymptotically stable equilibrium a* of the system (13). Once there we can
apply Lemma 4 to conclude the proof. (Recall that at an asymptotically stable equi-
librium of (13) it must be "1 | B!/(1+ Bl) < 1; hence )" | B;/(1+ B}) # 1 at such
an equilibrium implies >  Bj/(1+ B}) <1.) =

"Note that this assumption is satisfied by almost all games.
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Theorem 3 is the main result of the paper. Why is global convergence obtained
and why do we need actions to be either strategic substitutes or strategic complements
around a Nash equilibrium? An intuitive explanation consists of two parts. First,
in PAS games the stochastic process generated by the better-reply dynamics leads
close to a Nash equilibrium of the game with probability one. This is because the
process will eventually follow a path close to a trajectory of the adjusted best-reply
dynamics. Since the adjusted best-reply dynamics can be reduced to a single ordinary
differential equation, it must converge to an equilibrium. Second, if around a stable
equilibrium of the adjusted best-reply dynamics actions are strategic substitutes, then
an increase in action by player ¢ tends to induce player j to reduce her action, this
in turn tends to induce player ¢ to increase her action, etc. Similarly, if actions are
strategic complements, then an increase in action by player ¢ tends to induce player
j to also increase her action, which in turn induces 7 to follow with another increase,
etc. Thus, if actions are either strategic substitutes or strategic complements near
a Nash equilibrium, there is a tendency for each player to always move in the same
direction. On the contrary, if actions are strategic substitutes for player ¢ and strategic
complements for player j, then after an increase in action by player i, player j will
tend to increase her action, which will tend to induce player ¢ to reduce her action,
which will induce j to also reduce hers, etc. When the derivatives of the best reply
functions have different slopes at a Nash equilibrium, there is no tendency for each
player always to move in the same direction. In the next section we will present an
example that shows that the better-reply dynamics of Definition 2 need not globally
converge when the derivatives of the best-reply functions at a Nash equilibrium have
different signs.

Consider again the examples introduced in Section 2.

Example 1. In the case of a homogeneous product, Cournot oligopoly, the slopes

of the best-reply functions are:

P"(S)a; + P'(S)

Bz{(a—i) = _P”(Z)ai + QP’(Z) — Cll/(az)

Thus, (7) implies that at a Nash equilibrium a* all B}(a*;) have the same sign pro-
vided that either P"(X*)a; < —P'(X*) or P"(¥*)a; > —P'(¥*) for all i. A sufficient
condition for this to be satisfied is P”(X*) < 0 (i.e., at the total output level corre-
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sponding to a Nash equilibrium the slope of the inverse demand function is decreasing)
in which case all B}(a*;) have a negative sign.
Example 2. In a differentiated product, price competition oligopoly, the slopes

of the best-reply functions are:

8Q1 11 dQ; ’ 9%Q; 9%Q;
Clda +( C)<Ba82+622>

o o) % o) (53 - 208 + 20)

a

Bi(a_;) = —

A sufficient condition for them to have the same (positive) sign at a Nash equilibrium

a* is

0a; 0% 0%?

Note that if, for example, the demand functions are linear, then this condition holds

(82621.(@;‘, E*) I 82@1'(@;"7 E*)) > 0.

globally.
Example 3. In a collective action problem, the slopes of the best-reply functions

are

Vi'(®)
VI'(5) = Cf(ai)

Thus, they have the same (negative) sign at a Nash equilibrium a* provided each

Bi(a_;) = —

player’s marginal benefit function is decreasing in ¥*, V(3*) < 0.
Example 4. In an economy with catching-up-with-the-Joneses, the slopes of the

best reply functions are

B{(a,-) _ ;anl)vl/(( E/n)2) + %(ai _ E/n)QV;”((ai - E/n)g) |
i 2(n 1 V/(( —%/n)?) + 4(?2;21)@1, —/n)2V((a; — £/n)2) — C"(a;)

They have positive slope at a Nash equilibrium a* provided V/'((a} — £*/n)?) < 0
and C(a}) > 0.

In the next example, the slopes of the best-reply functions of the two players have
different signs.

Example 5. There are two players; player 1 is an anti-conformist, player 2 is a

conformist. Each player chooses an action a; € [—1,1]. The payoff functions are

Ui(a) = —(a1+ Ba2)?,
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Us(a) = —(Byar —as)”.

where 1 > 3, > 0 and 3, > 0. The functions D; are

dU

d;(a) = Di(a1,X) = =2(a1 + B1a2) = =2(1 — By)ar — 26,5,

1

dUs(a

dZi ) - Ds(az,¥) = 2(Bya1 — az) = —2(1 + fy)az + 23,3

Then, for i = 1,2
M < O’
Gai

and (6) is satisfied. Note also that the functions U; are strictly concave (hence also
strictly quasi-concave) in a,;. Finally, since B;(az) = —f,a2 and By(a1) = [ya1, we
have Bj(az) = —f3, <0 and Bj(a;) = 5, > 0.

5 An Example of Non-Convergence of The Better-

Reply Dynamics in Discrete Time

In this section we construct an example of a 2-person, quasi-concave game g with
a unique Nash equilibrium a* = (0,0) at which the derivatives of the best-reply
functions have different signs. We know that in this game the continuous-time, deter-
ministic, best-reply and adjusted best-reply dynamics defined by (8) and (13) globally
converge to a* (see Corchon and Mas-Colell [3] and Theorem 1). We now show that,
on the contrary, for almost all paths a', a?, ... the stochastic process described in Def-

inition 2 does not converge to the equilibrium. First we introduce a needed lemma.

Lemma 5 Let py, p,,... be an infinite path of a discrete time Markov process with
r > p; > 0.2 Suppose the probability law governing the stochastic process in the

interval (0,71) satisfies the following inequalities:

1
P (ﬁ > 224) > =, (20)
Py 4

8The stochastic process considered in this lemma may depend on some hidden, time-varying
variables, provided that their values do not influence the validity of inequalities (20) and (21).
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P (% < 5) < & forany e>0. (21)
t

Then for almost all path py, p,, ... there exists T such that pp > r.

Proof. See the Appendix. m

Now we are ready to construct our example, a variation of Example 5 at the end
of Section 4. The strategy set of each player i = 1,2 is A; = [-2,2]. Let 5;,0, >0

and define the best-reply functions of the players as follows:

—Biay  for ay € [—5—11, 5%} , Bya1 for a; € [—6—12, 51—2} ,
By(ag) = _251;/66—1_(11272 for as > ﬁ%’ By(ar) = %J%%H for a; > 5—12,
_2+B1a2—26; 1 2+Bya2—20, _1
551 for a; < 5 551 for a; < -

Let the utility function of each player be the square of the Euclidean distance from
the best reply. This defines a two-player, continuous game ¢” having a unique Nash
equilibrium at the point a* = (0,0). If 5, < 1, then condition (6) is satisfied and the
game is a PAS game. In this game the continuous best-reply and adjusted best-reply
dynamics defined by (8) and (13) always converge to a*. Also, around the equilibrium
the game has linear best-reply functions with B}(0)B5(0) = —(3,5, < 0.

We will show that in the game g%, if the evolution of the action profile a follows
the stochastic process described in Definition 2 (the better-reply dynamics), then play
will not converge to the Nash equilibrium a*. For simplicity we will suppose that each
player’s sampling probability is uniform on A; = [—2,2] and that the probability that
each player is selected to sample a new strategy is 1/2. We will denote with a®),
with d(t) > t, the first action profile different from a' in a path of the process, and
with P(a®™® € S C Ala® = a) the probability that a®® belongs to the set S given

that a = a' (i.e., a is the status quo at time t).

Theorem 4 In the game g%, consider the stochastic process generated by the better-
reply dynamics described in Definition 2. Assume that each player’s sampling proba-
bility is uniform on A; = [—2,2] and that the probability that each player is selected to
sample a new strategy is 1/2. For all 8, > 0 there exists 3° > 0 such that if 3, > (°,
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then for almost all paths a',a?,. .., with a* # (0,0), the stochastic process does not

Bz(al)

B (a,)
A®)
r
ATD AT
er
A(r) AZ(r)
-r Aeé(r) .‘gr | T Ag3(r) r
A Al

Ay(0) /

Figure 1: The set A(r) ={a € A: p(a) =r}.

converge to the Nash equilibrium a* of g”.

Proof. Define the distance p(a) of a point a = (a1,a2) € [—2,2] x [—2,2] from the

origin (0,0) by

By letting p, = p(a?) and p, ; = p(a®®), where a?®) is the first action profile different
from a' in a path of the stochastic process described in Definition 2, we can define a
new process that keeps track of the evolution of the distance p. Let A(r) = {a € A :
pla) =r}, A~(r)={a € A:p(a) <r}and AT(r) = {a € A: p(a) > r}. Define \A"

as the Lebesque (or uniform) probability measure over A®): then we have

P(Pt+1

P(Pt+1

<

>

slp,=r1) = /( )P(ad(t) € A= (s)|at = a)d\™,
A(r

slpe =) = /( )PW@ € A*(s)|a’ = a)d\'?.
A(r

p(a) = max{lai|, |az}.
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Let V = {a : p(a) < €"} be a small neighborhood of the point (0,0). To prove
our claim about nonconvergence we need to show that almost all paths starting in V'
leave V; that is, there is T' for which a” ¢ V. To establish this we will show that the
probability law of the process governing the evolution of the distance p satisfies the
inequalities in Lemma 5.

V'> 0 small enough so that in the neighborhood

First note that we can take ¢
V around (0,0) the game has linear best-reply functions. Second, recall that if a’
is the prevailing strategy profile, then the strategies that improve player 1’s payoff
are the strategies belonging to the interval I;(a") with endpoints a} and —25,a} — a},
while the strategies improving player 2’s payoff are the ones in the interval I5(a') with
endpoints a} and 28,a} — db.

We will begin by showing that in V we have P(p,,, > 22'r|p, = ) > 1/4 for all
r with €¥ > r > 0 and hence equation (20) holds. Suppose p, = r, or equivalently
at € A(r). Let Ay(r) = {a € A(r) : |ai| = r} be the vertical sides of the square A(r)
in R? (see Figure 1) and A*V(" be the Lebesque (or uniform) probability measure
over Ag). Observe that

1
P(pry1 = 224T|pt =r)> 5/ P(a?® ¢ A+(2247“)|at = a)d\v (),
Ay (r)

We will show that for 8, > 2% + 2+ 3, it is P(a®® € At(22'r)|at € Ay(r)) > 1/2
and hence P(p,,, > 2%'r|p, =) > 1/4. For 8, > 22" + 2 + 3, we have

26,1 — ab — 22'r . 2841 — 2a}
20841 — 2a} 28,1 — 2ab + 26,4k + 21|’

P(a®® e A*(2¥'7)|a! € Ay (r)) >

where the first term is the probability that ag(t) > 22 given that player 2 is the first

to move, and the second term is the probability that player 2 is the first to move. It
follows that P(a®® e A*(2%'r)|at € Ay (r)) > 1/2 provided that

2 (2527” —ab — 224r> > 28,7 — 2al + ‘251@ + 2r| , or

Byr > 2%+ |ﬁ1a§ + 2r|
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which holds if 8, > 22" + 2+ 3,. This completes the proof that in V equation (20)
holds.

It remains to show that equation (21) also holds in V. Take a' € A(r), so that
p, = r. We need to show that P(p, ., < er|p, =r) < & for all ¢V > r > 0 and
all 1 > e > 0. The only way the distance from the origin can decrease rapidly, that

is pq < er, isif |af| < er for some ¢ = 1,2, and player j # ¢ moves to a;.l(t) with

a?(t) < |af|. Let
Al(r) = {a€A(r):0<a] <eranda)=r},
AXr) = {a€A(r):a} =rand 0 <a} <er},
AXr) = {a€A(r):al =rand —er <ay <0},
Ar) = {a€A(r):0<dl <erandd=—r},
A(r) = {a€Alr): —er <ab <0andab = —r},
Al(r) = {a€A(r):a} =—rand —er <a} <0},
Al(r) = {a€A(r):al=—rand 0 <ab <er},
AYr) = fa€A(r): —er <af <0anday =r},

(see Figure 1). Let A2 be the uniform probability measure over Al(r); and observe

that .
3 _ iy
Plon Serlp =1 =Y [ P e A (enla’ =0 23)
i=1 7 Aelr

There are four different cases. (1) If either a € Al(r) or a € A5(r), then we have

2er 2¢e

P(a'® € A~ t=a) < : 24
(™ € (er)la’ =a) < (r+er)+ (2a} +206,r) < 1+ 23 (24)

(2) If either a € A%(r) or a € A%(r), then we have

2er er
Pa™™ e A~ t=aq) < =

(@ el =) < g s T r v 20w (¥ Bar + (Br h
5

which is less than e provided that 5, > |3, — 1|e.
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(3) If either a € A3(r) or a € A7(r), then we have

2er 2e
P(a®™ € A~ t=a) < . 26
(@™ e A(er)la’ =a) < (20897 — 2a5) +r +er = 1+ 205, (26)
Finally, (4) if either a € A%(r) or a € A%(r), then we have
2
P(a™® € A= (er)|at = a) < & (27)

< E.
(2Byaf +20) + 213 —af] ~
Adding up the left hand sides of equations (24) and (26) we obtain

2e N 2¢e
1+26, 14206,

1
<2 for (4> 4_ﬁ1
Thus, for a sufficiently large 3, equation (23) implies that P(p, , <er|p, =) < 2.
This completes the proof that equation (20) holds in V.

Applying Lemma 5 to the stochastic process governing the evolution of the dis-
tance of the state of the system from the origin, we see that for any (0,0) # o' € V and
for a sufficiently large k, a"** ¢ V. Hence we cannot have (0,0) = a* = lim; ., a’.

This concludes the proof. m

Lemma 2 shows that there is a positive probability that in the game g% discussed
in this section the stochastic process described in Definition 2 enters any small neigh-
borhood U of the equilibrium (0,0); Theorem 4 shows that it is also the case that
almost any path of the process will leave the neighborhood U. This explains why in
Theorem 2 we must impose the condition Bj(a%)B5(at) > 0 at a Nash equilibrium a*
to guarantee that the system globally converges.

Theorem 4 is related to a result by Gale and Rosenthal [10]. They studied a
model with an experimenter and an imitator. At each point in time, the experimenter
samples new actions and moves to a better response, while the imitator adjusts her
action towards the current action of the experimenter. The experimenter’s (player
1) best-reply function is B; = 7as, where v could be positive or negative. Gale
and Rosenthal [10] showed that if 7 is negative (and sufficiently small) then the
system leaves any sufficiently small neighborhood of the unique Nash equilibrium

(0,0) with probability one, while if 7 is positive then the system globally converges
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to the equilibrium. To relate this result to our model, note that we can think that
the imitator acts as if her best-reply function were By = a;. Then, applying our
better-reply dynamics, we would also obtain global convergence when v > 0 and no

convergence for a sufficiently small, negative ~.

6 The Better-Reply Dynamics for Finite Games

So far we have considered games with continuous strategy sets. In reality, we often
model discrete games as being continuous to simplify the analysis. For example, even
though in many instances a firm is only able to produce goods and price in discrete
units, we express the relationship between price and demand of a good as a continuous
function and we let the quantity demanded and the price be real numbers. In this
section we show that there are important differences in the convergence properties of
the better-reply dynamics with a discrete and with a continuous state space.

First, in Section 6.1 we demonstrate that almost all playing-against-the-sum games
have the weak FIP; that is, starting from any action profile there is a finite sequence of
single-player improvements that leads to a Nash equilibrium. In Section 6.2 we show
that this implies that in any sufficiently fine discretization of almost all PAS games the
better reply dynamics converges in finite time to a point arbitrarily close to a Nash
equilibrium. Thus, weaker conditions are needed to guarantee global convergence
to Nash equilibrium with discrete than with continuous strategy sets (with discrete
strategy sets actions need not be strategic complements or substitutes at the Nash
equilibria that are stable under (13)).

6.1 The Weak Finite Improvement Property

Recall that the strategy profile a\z; € A is a single-player improvement over a € A
if and only if U;(a\z;) > U;(a). Friedman and Mezzetti [7] introduced the following

definition.

Definition 3 The game g = (N, A,U) has the weak finite improvement property
(weak FIP) if from all action profiles a € A there exists a finite sequence of single-

player improvements that ends in a pure strateqy Nash equilibrium.
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The weak FIP should be contrasted with the finite improvement property (FIP) as
defined by Monderer and Shapley [17] (they proved that any finite ordinal potential
game has the FIP). A game has the FIP if any sequence of single-player improvements
ends after a finite number of steps; that is, if there are no single-player improvement
cycles. In contrast, a game with the weak FIP can have single-player improvement
cycles, provided that there is a single-player improvement leading out of any such
cycle. See Friedman and Mezzetti [7] for an example of a game that has the weak
FIP, but not the FIP.

Friedman and Mezzetti [7] proved the following theorem.

Theorem 5 Any transversal, 2-person, quasi-concave game g = ({1,2}, A,U) has
the weak FIP.

Recall that, by definition, all quasi-concave 2-person games that satisfy condition
(6) are playing-against-the-sum-games. We will extend Theorem 5 by showing that
almost all transversal, n-person, playing-against-the-sum-games also have the weak
FIP. We begin with a lemma that deals with 2-person games with linear best-reply

and M; functions:

Bi(a;) = Biay (28)
Mi(al—i—ag) = Ci<a1+a2)

where (; and C; are constants and C; = 3,/(1+ (3,), i = 1,2, j # i.

Lemma 6 Let C be the set of all pairs Cy,Co with C; <1 and C; + Cy < 1 and let
g = ({1,2}, A,U) be a transversal, 2-person game with best-reply and M; functions
giwven by equation (28) with (C1,Cs) € C.° For almost all (Cy,Cs) € C (i.e., with
the possible exception of a subset of C having zero Lebesque measure) the following
claims hold: (a) Given any action profile a® = (a9,a3) and any number 0 € (—1,1),
there exists a finite sequence of single-player improvements {ao, al,... ,aT} such that
al +al = 6(ad+ad). (b) If = 0, the sequence {a°,a',...,a”} can be chosen so

that a* = (0,0).

9Note that the game g is transversal. For 2-person games the best reply functions at a Nash
equilibrium are transversal if and only if 5,65 # 1, or equivalently C; + Ca # 1.
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Proof. See the Appendix. =

Let £(a) be the line in R? with slope —1 which intercepts the segment with end-
points a® and —a® at the interior point a@. Part (a) of Lemma 6 says that it is possible
to find a single-player improvement path that starts at a® and reaches a point a? on
the line /(a) after T steps. Part (b) says that if the line goes through the origin we
can choose a? = (0,0); that is, there is a single-player improvement path from a°
to the Nash equilibrium (0,0). The lemma is needed in the proof of the following

theorem, which is the main result of this section.

Theorem 6 Almost all transversal, n-person, playing-against-the-sum games g =

(N, A,U) have the weak finite improvement property.

Proof. First note that by Lemma 2 a finite number of single-player improvements
are sufficient to move the n players from an arbitrary starting point a° to a ball of
any given radius r > 0 around an isolated Nash equilibrium a*. We now proceed
by induction. We know from Theorem 5 that every transversal, 2-person, playing-
against-the-sum game has the weak FIP. More precisely, the proof in Friedman and
Mezzetti [7] shows that from any small neighborhood of an asymptotically stable
Nash equilibrium there is a finite, single-player, improvement path leading to the
equilibrium. Suppose that almost all transversal, (n — 1)-person, playing-against-the-
sum games have this property. We will show then that the property must also hold
for n-person games.

Consider a transversal, n-person, playing-against-the-sum game g. By Lemma 2,
from any starting point a’, we will reach a point a” that lies in a neighborhood V;
around an asymptotically stable Nash equilibrium a*. By changing coordinates we
can assume, without loss of generality, that the Nash equilibrium a* is at the origin:
a* = (0,...,0). Since r is arbitrary, we can choose it small enough so that the players’
payoft functions are closely approximated by quadratic functions. This implies that

the best-reply functions are of the form

Bi(a_;) ~ 3,5 (29)
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which in turn implies that

dai

= Di(a;, X) ~=v; (6;X — (1 + 3;)a:)
where , is a constant. Then, by equation (11), the M; functions are

Bi
1+ 8,

M;(X) = % where C; = (30)
Quasi-concavity of U; (Condition (5)) implies , > 0, while condition (6) requires
v;(1+ 3;) > 0. Hence we have 3, > —1 and 1 — C; = 1/(1+ 3;) > 0, or, equivalently,
C; < 1. Furthermore, since a* is asymptotically stable under the dynamics defined
by equation (13), it must be ", C; < 1.

We need to show that from a” there is a finite sequence of single-player improve-
ments leading to (0,...,0). Note that """  C; <1 implies that there are at least two
players ¢ and j such that C; + C; < 1; without loss of generality, we will assume that
Cpn-1+ C, < 1. Furthermore, since transversality of the game ¢ implies 3, 03, # 1
or, equivalently, C,_; + C,, < 1, it must be C,,_1 + C,, < 1. Define a new game
g=1{{1,2,...,n—1}, A;, [71> with (n — 1) players as follows. The first n — 2 players
are as in game g; that is, the strategy sets are A; = A; and the payoff functions are
ﬁi(&},fi_i) = Ui(a;,a_;) for i = 1,2,...,n — 2. Player (n — 1) in g has the strategy
set .an = A,_1+ A,, and his payoff function is:

2
- Co1+C, <2 _
Un-1(a) >~ fi, 1 — < : a; — an—l)

1— Cn—l — Cn 1
where 11, is a constant. Letting i_(n_l) = Z;:f aj, the best-reply function of
player (n — 1) in g is given by:
jang ~ Cnfl + Cn =
Bh 1(a_(n_1)) = Y (n-1)-
1(@--1) = 7 —C ., _C.
Let a” be the strategy profile in g corresponding to a” in g: @" = (af,...,al_y,al_4)
= (al,...,a’_,,al,_, +al). Note that @" is in a small neighborhood of the (n — 1)-

dimensional zero vector, which is a Nash equilibrium of the game g. Hence, by the
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induction hypothesis, there is a finite sequence S of single-player improvements in
g starting at a” and leading to (&"1‘, e ,Ejib_l) = (0,...,0). Observe that each step
in this sequence in which the improving player is ¢ < n — 1 also corresponds to an
improvement for player i in game g. Next, consider a step, say from a to b = E\gn,l, in

the sequence S in which the improving player in gis (n—1). Let a,_1 = a®_;+a%. We

will show that we can find a finite sequence S in g going from (ay, ...,y 2,a2_;,a%)
to (ay,...,an_2,al ;,al), where al | +al = b, 1, in which at each step either player

(n — 1) or player n improves her payoff.
First, note that the payoff of player (n—1) in game g must have improved in moving
from a to E; that is, gn_l must be closer to player (n — 1)’s best reply §n_1(&',(n,1))

than a,,_;. This implies that

bn,1 — )\’C\L/nfl + (1 — )\) <2§n,1(5,(n,1)) - Ein,1>

Cor+Cn <
= Ma)_,+ay)+(1—N) [21 — C':—1 — OnE_(n_l) — (a)_1+a)| (31)
Co1+Cn =
= 2A\=1)(ad_, +ad) +2(1 - N1 0;1 — 5 S-n-)

for some A € (0, 1), where 2§n_1(5_(n_1)) —a,,_1 is the point on the line going through
a1 and §n_1(5,(n,1)) whose distance from En_l(&“,(n,l)) is the same as a,,_1. Next,
consider the 2-person game 5 ={{n—-1,n}, X1 x X, {Uy_1,U,}) derived from g
by forcing players i = 1,...,n — 2 to play actions a; and by changing the n — 1 and

n coordinate as follows:

Cnflif(nfl) = a. — Cnif(nfl)
]-_Cn—l_cn " " 1_Cn—1_0n‘

(32)

Tn—-1 = Ap—1 —

The strategy spaces in § are X; = A; — C¥(n1y/(1 = C,_y — Cy). Using (29), (30)
and (32), simple algebra shows that the best reply and the M; functions in /g?\ are:

&
1-G;

Bi(z;) = z; i,j=n—1,n, i ]

Mi<mn71 + xn) = Ci(xnfl + xn) Z7] =n— 17”7 { # .]
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Let 22, and z¥ be the actions corresponding to a® ; and a2 under the new

coordinates, and let §,_; correspond to b,_;. By equations (31) and (32)

~ - 'g B Cn1+C,
Yn—1 = Op—1 1— Cnfl — Cn

i,(n,l) = (2)\ — 1) (CE?L_l + 332)

Since (2A—1) € (-1, 1), Lemma 6 then implies that for almost all games 3 there exists
a finite sequence S of single-player improvements from (z°_,,2°) to (zZ_,,zT), where
ol 2l = (20-1) (x%_l + x%) This sequence corresponds to a sequence S in game g
going from (dy, . .., dn_2,a°_;,a%) to (a1, ..., dn_2,a’_,a7T), where al_, +al = b,_;.

The profile (Ei’{, o ,’d;';fl) in g corresponds to the profile (0,...,0,a,_1,a,), with
ap—1 + a, = 0, in g. Thus, combining the sequences S and S we obtain a finite
sequence of single-player improvements in the game g going from a” to some profile
0,...,0,a,_1,ay,), where the projection (a,_1,a,) of this profile on the last two co-
ordinates is in a small neighborhood of (0,0). Since (0,0) is a Nash equilibrium of
the 2-person game g derived from g by forcing players i = 1,...,n — 2 to play action
a; = 0, we know from Theorem 5 that there is a finite sequence S of single-player
improvements in g leading to (0,0). Each step of the sequence S corresponds to an
improvement by either player (n — 1) or player n in game g and thus there is a fi-
nite sequence of single-player improvements in g going from (0,...,0,a,_1,a,) to the

Nash equilibrium (0, ...,0). This concludes the proof. m

We will use Theorem 6 to show that in any sufficiently fine, finite discretization
of almost all continuous, playing-against-the-sum games ¢, the better-reply dynamics
described after Definition 3 converges in finite time to a point arbitrarily close to a

Nash equilibrium of g.

6.2 The Better-Reply Dynamics

We begin by modifying the better reply dynamics described in Definition 2 to fit the

case in which the strategy space of each player is finite.

Definition 4 THE BETTER-REPLY DYNAMICS FOR FINITE GAMES. Consider a
finite game g* = <N JAF UF > At each discrete time period t there is a status quo

action profile at. A single player i € N is randomly selected, with all players having

36



positive selection probability. Player i randomly samples an action af € AF, with
all the elements of A having positive probability of being sampled. If Ul (a*\a¥) >
UF (a') then a'\aF becomes the new status quo, a*** = a'\a?. If UF (a*\aF) < U} (a?)

then the status quo does not change, a'*! = a'.

The weak FIP is an important property in the study of adaptive dynamics in finite
games. If the game ¢ is finite and has the weak FIP, then the better-reply dynamics
of Definition 4 will converge to an equilibrium of g.

We now discretize the strategy sets of a continuous game g. In order not to
introduce artificial instability, we assume that all the actions corresponding to a Nash
equilibrium in the original continuous game are available to players in the discretized

version.

Definition 5 Let A; = [a;,@;] be the strategy set of player i in the continuous game
g=(N,A,U). We say that a partition a;, = a) < a} < a? < ... <all =a; of A; ise-
fineif forallh=1,..., H: ‘a? — a?‘l‘ < e. We call a finite game g¥ = <N, AF, UF>,
where AT = AT x ... x AL an e-fine discretization of the continuous game g if
the following properties hold. (a) Each set AI is an e-fine partition of A;. (b) If
a* = (a%,...,a’) is a Nash equilibrium of g, then af € AF for alli € N. (c) The

payoff functions UL of the game g¥ are the restrictions of the payoff functions U; of
the game g to the set AF.

All transversal, continuous games g have a finite number of Nash equilibria and
thus admit at least one e-fine discretization g, for any € > 0. By choosing ¢ suf-
ficiently small, the finite game ¢ can be made arbitrarily close to the continuous
game g.

We now show that for a sufficiently fine discretization g¥ of a playing-against-the-
sum game g, the Markov process generated by the better-reply dynamics of Definition
4 converges in finite time to a Nash equilibrium of ¢¥" which lies within a small distance

from a Nash equilibrium of g.

Theorem 7 For almost all transversal, n-person, playing-against-the-sum games g =
(N, A,U) and for all r > 0 there exists ey > 0 such that if & = <N, AF,UF> is an

e-fine discretization of g and 0 < € < g, then g¥ has the weak finite improvement
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Figure 2: Nash Equilibria of a Discretized Game.

property and the Markov process described in Definition 4 converges in finite time to
a Nash equilibrium a of g* which is contained in a ball of radius r around a Nash

equiltbrium a* of g.

Proof. Theorem 6 shows that, given any r > 0, each trajectory a(t) of the dynam-
ical system (13) can be replaced by a finite sequence of single-player improvements
leading first inside a ball of radius r around a Nash equilibrium a* of g and then
into a*. This implies that, given r, if € is sufficiently small (i.e., & < g¢), then any
e-fine discretization ¢ of ¢ has the property that starting from all a' € A there is a
finite sequence of single-player improvements leading inside a ball of radius r around
a Nash equilibrium of g. Observe, however, that inside the ball there may be Nash
equilibria of the discretized game ¢ that are not Nash equilibria of ¢g. For example,
in Figure 2 the profile N is not a Nash equilibrium of the original game, but it is an
equilibrium of an e-fine discretization. We can nevertheless conclude that g¥" has the
weak finite improvement property. It follows that, starting from any state a' € AF,
almost all paths of the stochastic process described in Definition 4 will reach a Nash

equilibrium of ¢ in finite time. m
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Comparing Theorem 7 with Theorem 3 reveals that global convergence to Nash
equilibrium requires less stringent conditions when the state space is discrete than
when it is continuous (actions need not be strategic complements or substitutes at any
Nash equilibrium). This may seem puzzling. In particular, the convergence result
of Theorem 7 for a discrete state space, and the non-convergence of the example
in Section 5 with a continuous state space (see Theorem 4) may seem in conflict.
However, observe that we can use the proof of Theorem 4 to show that in an e-
fine discretization of the game g% described in Section 5, the average time that the
better-reply dynamics of Definition 5 takes to converge to the Nash equilibrium goes

to infinity as € goes to zero. Thus, there is really no conflict between Theorem 7 and
Theorem 4.

7 Conclusions

We have studied the global convergence properties of a stochastic adjustment process,
the better-reply dynamics, in which at each discrete point in time a player is randomly
selected to sample one of her available actions. The player only changes her current
action if the sampled action improves her payoff.

Our convergence results are considerably stronger than existing results on the
convergence of the deterministic best-reply dynamics. Gabay and Moulin [9] and
Moulin [18] (see also Moulin [19]) showed that the deterministic, discrete-time, best-
reply dynamics globally converges to the unique Nash equilibrium if players’ payoff
functions are strictly concave and an additional condition on the second derivatives of
the payoff function is satisfied. This condition requires that the sum of the absolute
values of the cross partial derivatives of a player’s payoff function with respect to
her own action and the other players’ actions is less than the absolute value of the
second derivative of the player’s payoff function with respect to her own action. Al-
Nowaihi and Levine [1] proved global convergence to the unique Nash equilibrium for
the continuous-time version of the best-reply dynamics of the homogeneous-product,
Cournot model when the difference between price and marginal cost is a decreasing

function of the firm’s output, the best-reply functions have negative slope everywhere
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and there are at most 5 firms (Al-Nowaihi and Levine show that the claim made
by Hahn [12] and Okuguchi [20] that this result holds for any number of firms is
incorrect). Dastidar [5] showed that if there is a unique Cournot equilibrium, then
the equilibrium is locally stable under fairly general conditions. Vives [23] observed
that a result of Hirsch [13] implies that the continuous-time, best-reply dynamics
globally converges to a Nash equilibrium if the signs of the partial derivatives of
the best-reply functions of all players are positive everywhere. Thorlund-Petersen
[22] studied a variant of the deterministic, discrete-time, best-reply dynamics of the
Cournot model, in which players best reply to the time average of the total output of
their opponents, rather than to their current total output. This dynamics is analogous
to the process known as fictitious play in finite games (see Fudenberg and Levine [§]
for a survey of results on fictitious play in finite games). Thorlund-Petersen [22]
showed that if the difference between price and marginal cost is a decreasing function
of the firm’s output and the best-reply functions have negative slope everywhere, then
his dynamics globally converges to the unique Nash equilibrium, independently of the
number of firms.

We have shown that when the action space is continuous, global convergence to a
Nash equilibrium in a playing-against-the-sum game occurs provided that the actions
of all players are either locally strategic complements or locally strategic substitutes at
all Nash equilibria that are stable under the deterministic, continuous-time, adjusted
best-reply dynamics defined by equation (13). We used an example to show that if the
slopes of the best-reply functions at a Nash equilibrium have different signs, then the
better-reply dynamics may not converge to a Nash equilibrium. We also showed that
in any discretization of a continuous PAS game the better-reply dynamics converges

to an action profile that is close to a Nash equilibrium of the original game.
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Appendix

Proof of Lemma 3.

(a) If 8; < 0 for some 7 then 7 is unbounded from below (7 — —oo if a; — oo
and a; = 0 for j # 7). Hence, if v is bounded from below it must be §; > 0 for
all i. We proceed by induction. When n = 2, 5, > 0 and 3,8, < 1, then v is a
convex function with a minimum at (0,0); if 3,3, < 1 then ~ is strictly convex and
the minimum at (0, 0) is strict and unique. When 3, > 0, 8,6, < 1 is equivalent to
S22 B:/(1+ B;) < 1. To see that 3,0, < 1 is also necessary for v to be unbounded
from below, suppose that (3,3, > 1 and take as = ,a;. Then we have

Y(ar, Byr) = 502 + Byad — 2,02 = af (1_—5152
g 5

) — —00 as  a; — 00.

Suppose now that for n — 1 it is also true that v : R®™! — R is bounded from below
with an infimum of 0 if and only if 3, > 0 and S_7—' 8,/(1 + ;) < 1. We will show
that the same property holds for v : R* — R . Fix a_,, and view a, — v(a) as a
function of one variable. Since (3, > 0, this function attains its minimum at the point
a, = fB,(a1 + ...+ a,_1). By replacing this value in equation (17) we can define the

function 7 : R*~! — R as follows

1

() = 1+ﬁn7(a1:---,an—1aﬂn(a1 + .ot an1)) (33)
B 1 n—1 1 9 n—1 2 5 5 n—1 2

1 el < 1
= ——ﬁn> a; — 2 a;a;
1+ 8, =\ 5 1§i<]Z§nfl !

= nil Bia? -2 < 3 aia]) where (3, = A +5,)6
i=1 B,

1<i<j<n—1 - ﬁzﬁn

Note that 3; > 0 provided 3,8, < 1 and that 37, 3;/(1+8;) < 1 implies 3,3, < 1 for
all4, j, i # j. Thus, if we apply the induction hypothesis to the function 5 : R"~! — R
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we have that 7 is bounded from below with an infimum of 0 if and only if:

n—1 > n—1
B, Bi
115, _(Hﬁ”);uﬁi =t

By dividing both side by 1 + 3, and adding (,/(1 + (,,) the inequality above is

equivalent to

1 B _
Zl+ﬁ_1+ﬁ+1+ﬁn_1' (34)

Since v : R® — R is bounded from below if and only if 7 is bounded from below,
equation (34) yields the desired result. One can check that the minimum is attained
at (0,...,0). If the inequality in equation (34) is strict, then we can find 3, > 3,

such that

1 1
- = + &4, €i>0,

Hence it follows that

:i( —|—<€1>a—2< > aiaj>zgeia?

=1 1<i<j<n

and thus the minimum at (0,...,0) is strict and unique.

(c) If 8, > 0 for some i then v is unbounded from above (7 — oo if a; — oo and
a; = 0 for j # i). Thus, it must be 8, < 0 for all ¢. If n =2, §, <0 and 5,6, < 1,
then 7 is a concave function with a maximum at (0,0); if 3,0, < 1 then ~ is strictly
concave and the maximum at (0, 0) is strict and unique. To see that 5,3, <1 is also

necessary, suppose that 5,8, > 1 and take as = (3,a;. Then we have

1— (3,0,

y(a, Bya1) 3,

1
= ﬁ—af + 52a% - 2526@ = a% <
1

>—>OO as a; — Q.

(b) We already know from (c) that 8, < 0 is a necessary condition for v to be
bounded above and that when n = 2, if 0 > (3, > —1 then v is bounded from
above with a supremum of 0; note that 5, > —1, i = 1,2, implies 5,0, < 1. As
in the proof of (a), we proceed by induction: suppose that if 0 > g, > —1 for

all 7, then v : R*! — R is bounded from above with a supremum of 0. We will
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show that the same property holds for n. Note that if 5, = —1 for all ¢, then
v(a) = — (37, a;)* < 0. Suppose now that 3, > —1 for some i; without loss of
generality, say 3, > —1. Fixing a_,,, the function of one variable a,, — (a4, ..., a,)
has a global maximum at a, = G, (a1 + ... + a,—1). We can then proceed as in
(a) to obtain equation (33). If we apply the induction hypothesis to the function
7 : R — R we have that 7 is bounded from above with a supremum of 0 if:

0>B.—w>—1 for all i (35)

1-68, T
It is easy to see that if 0 > 3, > —1, for i = 1,...,n < 0 then equation (35) holds
and thus 7 is bounded from above. Since 5,0, < 1, the first inequality in equation
(35) holds; the second inequality also holds, because it is equivalent to 3, > —1. It
then follows from (33) that v : R” — R is also bounded from above. To show that if
B; > —1 for all 4, then the maximum at (0, ..., 0) is strict and unique, we can proceed

as in the last part of (a). m

Proof of Lemma 5.
To prove this lemma it is sufficient to prove that if the inequalities (20) and (21)

are satisfied on the interval (0, 00), then

lim P (M > 2VE> =1 forallt’eN, (36)

k—o0 pto

and thus lim; ., p, = 0.
By the central limit theorem for the binomial distribution (e.g., see Billingsley
[2]), if p is the probability of a random event, k is the number of independent draws,

and X is the random variable that counts the occurrence of the event, then

X —kp

m ~ N(O, 1) as k— o0, (37)

where N (0, 1) is the standard normal distribution with distribution function

B(Y) = \/%/j;exp{—sg}ds. (39)
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It is convenient to take k = 2K for some integer K > 0. Suppose that the random
event is p,.1/p, > 22°. By (20) the probability p of this event is greater than 1/4;

then we have

P11 24 4AK—2 202 1y
P S#t:—>2% > <2 = —0 as K —o0 (39)
Pt 24Kp(1 - p)

By (21), the probability p of the random event p,,,/p, € [1/2™1,1/2™] is less
than 1/22™ for m =1,...,3K/2 — 1, and hence

. Pri1 1 1 24K+1 B 24K+172m _ 24Kp
P({#t-—€[2m+1,2_m}}§22—m =& S — 1 as K — oc.
Pi p(l —p)
(40)

Similarly, the probability p of the random event p,,/p, € [1/2°5/2,1/23K/2] ig

Pt1 1 1
p<P( P < 23K/2> < 93K’

t

and by (37) and (38) we have

. Pty 1 1 I kn _
p ({#t e [25K/2, W} } I (41)
2K+1 _ 24K
1—- P — 0 as K — oo.
245p(1 —p)

Finally, the probability p of the random event p,.,/p, > 1/2°5/2 is

_ Py1 1 2°K —1
p—P( P 2251{/2) > 95K

t

and thus

. Py 1 _ _ . Pr1 1 4K
(I ) T (PO T H R

AK (1 o\
= 1-® 2 (1 p) 1 —1 as K — oo.
24%p(1 - p)

Equation (39) says that as K — oo, for almost all paths py, ps, . . . pax the number
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of indices t € {1,2,...,2*K} for which p,,,/p, > 22 is at least 2*5-2. Clearly,
since k = 2*% the number of indices ¢ for which p,,,/p, € [1/2,1] is at most 2*%.
As K — oo, by (40) the number of indices ¢ for which p,,,/p, € [1/2™F! 1/2™],
m = 1,2,...,3K/2 — 1, is at most 2*£+172m and by equation (41) the number of
indices ¢ for which p,,,/p, € [1/2°6/21/235/2] is at most 2X+1. Finally, by equation
(42), as K — oo the number of indices ¢ for which p, ;/p, < 1/2°%/2 is zero. Then

(757)
(43)

To evaluate the product on the right hand side of (43) we first use logarithms to

we can estimate that for a sufficiently large K:

24K+172m 2K+1

0 024K o QAR -2 3K/2-1 1
t0+24K +1 ~ t+1 24 _24K

pro s Pt m—1

change the product into a sum:

94K+1-2m 3K/2—-1

3K/2—-1
1 —2m
log | [] <2m+1) = 2T N 27 (—m — 1) | log2 (44)
m=1

m=1

- 1
> —iKHL <Z ";;; ) log2 > —2*K+115g 2

m=1

where the inequality follows from

Com+l = 2™ =1
z_:lmzzm <Z:122—:z_:02—m—1:1.

Using inequality (44) in equation (43) gives:

+1

Po424K 41 24 e CAK o 4K o 5ic/9) 2K 24K+2 5 (3)24K ,_(5K)2K
Poastial > (27) 2 g (20K g2ty

Pio
9—(6K)2K 924 _ 522K (22K —5K27K) - 922K

_ oVE

This is exactly what we claimed in (36). Hence the lemma follows. m

Proof of Lemma 6.
Without loss of generality we can assume that C; < Cs. Also, since we only need

to prove that (a) and (b) in the lemma hold for almost all (C;,Cs) € C, we can

45



assume that C; # Cy and C7,Cy # 0. Therefore, there are three distinct cases we
have to consider. All cases must satisfy C; + Cs < 1.

1. 0 < €y < 0y < 1, or, equivalently 0 < 3, < 3, < 0.
2. 1 <0< 0y <1, or, equivalently —oo < 3, <0 < 3, < 0.
3. (1 < Uy <0, or, equivalently —oo < 3, < 3, < 0.

Recall that 1/3, is the slope of the best-reply function of the first player and
(4 is the slope of the best-reply function of the second player in the a; — as plane.
The lemma says that, starting from any point a°, and for any given ¢ € (—1,1), it
is possible to construct a sequence of single-player improvements that reaches some
point on the straight line af 4 a3 = c.

Case 1. When 0 < C; < Cs, condition Cy + Cy < 1 is equivalent to 1/8; > (s;
that is, the slope in the a; — as plane of player 1’s best-reply function is greater than

the slope of the best-reply function of player 2. Consider the function ~ defined by:

1, 1
V(a) = Z-a; + —
1 B

a% — 2a41a5.

For any ¢ > 0, the set E = {a € R?: y(a) = c} is an ellipse centered at the origin.
Denote by E, and E_ the intersections of F with the region that lies between the
best-reply functions in the first and third quadrant, respectively. Clearly, F, and
E_ are symmetric with respect to the origin. Moreover, the slope of the ellipse in
the a; — as plane is zero for the two points on the best-reply function of player 1,
and it is infinity for the two points on the best-reply function of player 2 (see Figure
3). The symmetry of the ellipse, the slope of player 1’s best-reply function being
greater than the slope of player 2’s best-reply function, and the slope of the ellipse
being zero or infinity at the intersections with the best-reply functions imply that
starting from any a € E; we can define two finite sequences {a’,a’,a?% ..., a™} and

{0, 6", 6%, ..., b™ } of points on the ellipse E with the following properties:

a=acE.,a?2cE _andb =acE, bt cE_;

{a07a17a27 e 7CLT2} = {(a17a2)7 (a172ﬁ2a1 - a2)7 (251 (252611 - CL2) - ahzﬁzal -
as), ..., a2} and {0°,01, 0% ... b1} = {(ay,az), (26,02 — a1, az), (26,02 —
as, 2ﬂ2 (2ﬂ1a2 — al) — ag), ceey le};
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2 B (@)

- 3 * B,(a)

N

Figure 3: The Ellipse E = {a € R? : v(a) = c}.
a"¢ ELUE_forh=1,....Ty—1land "¢ E, UE_forh=1,...,T) — 1.

Each step in the sequences consists of a payoff neutral change by one of the
two players. Players take turns changing action; in the sequence {a° a',a?,...,a™}
player 2 is the first to change action, in the other sequence the first to change action
is player 1.

T

By letting ¢, (a) = a™ and @,(a) = a’* we can define two continuous maps from

E, into E_. Consider a smooth parameterization f, : [0,1] — E, of the arc E of
the ellipse £ and note that by letting f_ = —f, we obtain a smooth parametrization

of the arc E_, f_ : [0,1] — E_. We are now ready to define two continuous map
Oy, [0,1] x {1,2} — [0,1] x {1,2}, h = 1,2

Ou(t,i) = (f21 (¢, (f+(1)), 4@, t,h))  forany t € [0,1], i=1,2 and h =1,2
where, for all t € [0, 1], j(i,t, h) is defined as follows:

Jlth) = h it o (= (f+ (1)) = —f+ (D) (45)
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jli,t,h) = 3—=h if (= (f+(t) # —f+ () and @, (—¢; (f+ (1)) = —fi (1)

Note that the symmetry of the ellipse (see Figure 3), implies that one of the two
conditions in equation (45) must be true. In fact, it is only when —¢, (f(¢)) coincides
with an endpoint of the arc F, that the functions ¢, and ¢, take on the same values
(in this case we set j = 1).

Continuity of the maps fi, ¢; and ¢, implies that ®, is also continuous. We
now argue that ®. is a homeomorphism, that is, a continuous bijection. First, we
show that the map is onto; that is, given any point (7, 5) € [0, 1] x {1,2} we can find
(t,i) € [0,1] x {1,2} such that ®x(t,7) = (7,j). To see this, let t = f " (¢,(f-(7))
and note that either ®,(¢,1) = (7,7), or ®n(t,2) = (7,7). That ®» is 1-to-1 follows
from f_, f, and ¢, being 1-to-1. In fact, the map ®x is of class C?.

Consider the set [0, 1] x {1,2}; by identifying, or gluing together, the point (0, 1)
with (0,2) and the point (1,1) with (1,2) we can view the set [0, 1] x {1,2} as a circle
S and the map ®» as a homeomorphism from S* to S!. Let s, s9, s3 be three points
on the circle S; and suppose that as we move clockwise on the circle starting from s;
we encounter first so and then s3. We say that the map ®» is orientation preserving
if as we move clockwise on the circle starting from ®.(s;) we encounter first ®x(sz)
and then ®x(s3). The map @« is orientation reversing if as we move clockwise on the
circle starting from ®x(s;) we encounter first ®»(s3) and then ®x(s2). Since it is a
homeomorphism, ®» must be either orientation preserving, or orientation reversing.
In fact, if ®: is orientation preserving, then ®: is orientation reversing and vice versa.
In the reminder of the proof we will use the orientation preserving map and denote
it simply as .

Recall that the covering space of a circle S! is the real line; that is, we can find
a homeomorphism A : [0,1) — St with lim,_.; h(z) = h(0) and then define the map
H : R — S! by letting H(z + z) = h(z) for all x € [0,1) and all integers z € Z.
The lift of the orientation preserving map @ is the function ® : R — R defined by
Sz +2) = h Y (®(H(z 4 2))) for all z € [0,1) and all integers z € Z. (We could add
any integer q to EIS; the lift of ® is uniquely defined up to the addition of an integer).
Let " = & 0 "1 and define the following limit:

r(®,z) = lim 1 (&3"(:1;) - :E) for x € R.

n—oo N,
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This definition was proposed by Poincare, who also showed that this limit exists and
is independent of z (e.g., see Milnor [16]) (if we added an integer to the lift than
the limit would only be unique up to addition of an integer); that is, r(®, z) = r(P)
for all z € R. We call r(®) the rotational number of the map ®. Except for a zero
measure set of cases, the rotational number of our map & is irrational. In fact for
fixed (3, there are only countably many choices of 3, that yield a rational rotational
number.

A rotation by « is a map 7, : St — S whose lift 7, : R — R is r(z) = = + a.
Let 1 = r, o1 If o is an irrational number, then for all ¢ € S* the set of points
in the infinite sequence r,(t),72(t),r2(t),. .. is dense in S'. A theorem by Denjoy [6]
implies that a C? homeomorphism ® with an irrational rotation number r(®) = « is
conjugate to a rotation by «; that is, there exists a homeomorphism ¢ : S — S* such
that ® = g~! o r, 0 g. This implies that for all ¢+ € S* the set of points in the infinite
sequence D (t), ®%(t), ®3(¢), . .. is dense in S', where " = ®o®"~!. As a consequence,

0 al,...,a™ of payoff

given any a’ € R? and any ¢ > 0, we can find a finite sequence a
neutral single-player moves from a° to a™ where |a™ + a°| < ¢; that is, the points
a® and a™ are almost symmetric with respect to the origin (0,0). By continuity and
quasi-concavity of the players’ payoffs, given any 6 > 0, we can then find a finite
sequence of single-player improvements a°, @', ...,a™ such that |ah — ah‘ < ¢ for all
h =1,...,m; that is, the finite sequence of single-player improvements can be chosen
to be as close as desired to the sequence of payoff neutral single-player moves. By
choosing § = £ — |[a™ + a°| we obtain that [@™ + a°| < &; that is, we can construct a
finite sequence of single-player improvements from any point a° to a point arbitrarily
close to —a®. Think of this sequence as a sequence of horizontal and vertical steps,
for € (—1,1) at least one of this steps must cross the line z; + x5 = 6 (af + a3), say
it crosses at a* in the step from a” to a"*!. Quasi-concavity of the payoff functions
then implies that the sequence a°,a',...,a" a* is a finite sequence of single-player
improvements. To conclude the proof, we only need to show that if # = 0 we can
reach the origin. This simply follows from the fact that there will be a first step, let
say from a* to a**!, when the sequence from a® to a point arbitrarily close to —a°
must cross one of the axis. Let b**! be the point on the intersection of line segment

k

with endpoints a*, a**' and one of the axis. Again, quasi-concavity of the payoff

49



functions implies that a° al,...,a* b, (0,0) is a finite sequence of single-player
improvements. This concludes the proof of this case.

Case 2. If we graph the best-reply functions in the a; — as plane, the line corre-
sponding to the best-reply function of player 1 passes through the second and fourth
quadrant, whereas that of player 2 goes through the first and third quadrant. It is
sufficient to show that from any starting point a® it is possible to construct a se-
quence of single-player improvements that spirals away from the equilibrium (0,0),
since this implies that such a sequence crosses the region between the lines a{+a3 = 1
and a? + aJ = —1. Then, there is another sequence that reaches a point on any line
ad+ad = ¢, with —1 < ¢ < 1. There is no loss of generality in choosing a starting point
a® = (a?, 3,a?) on the best reply of player 2 (it is always possible to reach such a point
with a finite sequence of single-player improvements). Let 0 < u < 1 and consider
the following sequence of single-player improvements (each time a players moves it
changes action in the direction of his best reply by an amount less than twice the dis-
tance between its current action and his best reply, see Figure 4) a°, a', a2, a®,a?, . ..
where

ai = [2#5152 (2p — 1)] ala and aé = a2 = alﬂ%

@=al and d— [425,8 - (4 - 1B al,

ai = [8uPB165 — (8p® + 4y — 4p) BBy + 4p” — dp+ 1] af and @ = aj

ai =ad and a5 = fya.

For p sufficiently close to 1, a*, which is on player 2’s best-reply function, is further
away from (0, 0) than a®. To see this note that lim, 1 [a3| = [1 — 83,8, (1 — 5,35)] |al]
> |af|. By iterating this construction we can obtain a sequence with any finite number
of steps, spiraling away from the origin.

Finally, from any starting point a° the equilibrium (0,0) can be reached by two
single-player improvement; first a player moves to one of the axis and then the other
moves from the axis to (0, 0).

Case 3. Change the choice variable of player 2 from as to —as. More precisely, let
T1 = a1, Ty = —ag, and o; = —f, for ¢+ = 1,2, and view the game g as one in which
player i chooses x;. The best-reply functions in this game are Bi(xs) = ajz and

Bs(z1) = aszy. Since we now have 0 < ap < aq, we are in the same situation as in
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B, (a,) 2

B,(a))

Figure 4: A Sequence of Single-Player Improvements.

Case 1, modulo a permutation of player 1 with player 2, and we can use its proof.
(Note that after the change of variable: (i) the numbers corresponding to C; and
Cy are ap /(1 + ay) and /(1 4+ ag); (i) 0 < az/(1 4 a2) < ai/(1 4+ «a1) < 1; (iii)
a1/(14+ ;) + az/(1+ az) < 1). This concludes the proof. m
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