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Markov
3 Pure Jump
Processes

Consider again a system that at any time can be in one of a finite or countably
infinite set & of states. We call & the state space of the system. In Chapters 1 and
2 we studied the behavior of such systems at integer times. In this chapter we will
study the behavior of such systems over all times ¢ > 0.

3.1. Construction of jump processes

Consider a system starting in state x, at time 0. We suppose that the
system remains in state x, until some positive time z,, at which time the
system jumps to a new state x, # x,. We allow the possibility that
the system remains permanently in state x,, in which case we set 7, = co.
If 7, is finite, upon reaching x, the system remains there until some time
7, > 7, when it jumps to state x, # x;. If the system never ieaves x,,
we set 7, = oo. This procedure is repeated indefinitely. If some 7, = co,
we set 7, = oo forn > m.

Let X(¢) denote the state of the system at time ¢, defined by

X0, 0<t <1y,
X1 TS <1y,
X3, T, <1 < T3,

<
<

M X0 =

The process defined by (1) is called a jump process. At first glance it might
appear that (1) defines X(¢) for all + > 0. But this is not necessarily
the case.

Consider, for example, a ball bouncing on the floor. Let the state of
the system be the number of bounces it has made. We make the physically
reasonable assumption that the time in seconds between the nth bounce
and the (n + 1)th bounce is 27". Then x, = n and
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3.1. Construction of jump processes 85

We see that 7, < 2and 1, » 2 as n —» oo. Thus (1) defines X (¢) only for
0 <t < 2. By the time ¢ = 2 the ball will have made an infinite number
of bounces. In this case it would be appropriate to define X(¢) = oo for
t> 2.

In general, if

)] lim 7, < o0,

we say that the X(¢) process explodes. If the X(t) process does not
explode, i.e., if

3 lim 7, = oo,

then (1) does define X (¢) for all ¢ > 0.

We will now specify a probability structure for such a jump process.
We suppose that all states are of one of two types, absorbing or non-
absorbing. Once the process reaches an absorbing state, it remains there
permanently. With each non-absorbing state x, there is associated a
distribution function F,(f), —o0 < ¢ < o0, which vanishes for + < 0, and
transition probabilities Q,,, y € &, which are nonnegative and such that
Q.. = 0and

@ Yo, = L.

A process starting at x remains there for a random length of time T,
having distribution function F, and then jumps to state X(z,) = y with
probability Q,,, y€ &. We assume that 7, and X(r,) are chosen
independently of each other, i.e., that

Px(Tl h s t’ X(Tl) = y) = Fx(t)Qx,w

Here, as in the previous chapters, we use the notation P.( ) and E,( )
to denote probabilities of events and expectations of random variables
defined in terms of a process initially in state x. Whenever and however
the process jumps to a state y, it acts just as a process starting initially at y.
For example, if x and y are both non-absorbing states,

Px(Tl =< S, X(Tl) =)VT2 T =< t’ X(TZ) = Z) = Fx(s)QxyFy(t)Qyz'
Similar formulas hold for events defined in terms of three or more jumps.
If x is an absorbing state, we set Q,, = J,,, where

s = 1b y=x
* 0, y # X.
Equation (4) now holds for all x e &.
We say that the jump process is pure or non-explosive if (3) holds with
probability one regardless of the starting point. Otherwise we say the
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process is explosive. If the state space & is finite, the jump process is
necessarily non-explosive. It is easy to construct examples having an
infinite state space which are explosive. Such processes, however, are
unlikely to arise in practical applications. At any rate, to keep matters
simple we assume that our process is non-explosive. The set of probability
zero where (3) fails to hold can safely be ignored. We see from (1) that
X (2) is then defined for all ¢ > 0.

Let P, (2) denote the probability that a process starting in state x will be
in state y at time ¢. Then

P.(1) = PX(t) = y)
and

Y P (D=1

In particular, P, (0) = 4,,. We can also choose the initial state x according
to an initial distribution n,(x), x € &, where 7,(x) > 0 and

Y mo(x) = 1.

X

In this case,

P(X(1) = y) = ¥, mo(x)Py(0).

X

The transition function P (t) cannot be used directly to obtain such
probabilities as

P(X(tl) = xl""’X(tn) = xn)

unless the jump process satisfies the Markov property, which states that for
O0<s; <"<s,<s<tand x,...,x, X, ye &,

P(X(t) = )’|X(51) = xl""’X(sn) = Xp X(S) = x) = ny(t - S).

By a Markov pure jump process we mean a pure jump process that
satisfies the Markov property. It can be shown, although not at the level
of this book, that a pure jump process is Markovian if and only if all
non-absorbing states x are such that

Pty >t +s]t >s5) =Pty >1), s, t >0,
i.e., such that

L Ft+5) _

© L — Fys)

1 — F (), s, t > 0.

Now a distribution function F, satisfies (5) if and only if it is an exponential
distribution function (see Chapter 5 of Introduction to Probability Theory).
We conclude that a pure jump process is Markovian if and only if F, is an
exponential distribution for all non-absorbing states x.
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Let X(¢),0 < t < oo, be a Markov pure jump process. If x is a non-
absorbing state, then F, has an exponential density f,. Let ¢, denote the
parameter of this density. Then ¢, = 1/E (t,) > 0 and

g.e” ™, t=0,
0

0 = { , (=9
Observe that

[o0]
P(t, = 1) = f g.e ™ ds =e" ™ >0
!

If x is an absorbing state, we set ¢, = 0.
It follows from the Markov property that for 0 < ¢t; <--- < ¢, and
Xip. .5 X, in &,

©®  PX(t) = xq,.0., X(1,) = x,)
= P(X(tl) = xl)lexz(tZ - tl) o 'Px,,_lx,,(tn - tn-l)'

In particular, for s > 0O and ¢t > 0

PX([@) =z, X(t + 5) = y) = P ()P,(s).
Since

ny(t + S) = ZPx(X(t) =z, X(t + S) = y)’

we conclude that

) Pt +5) =Y P,DP,(s)y s=0andt>0.

Equation (7) is known as the Chapman-Kolmogorov equation.
The transition function P, (¢) satisfies the integral equation

]
(8) P() = S,e7% + f g (Z Q. Pt ~ s)) ds, t >0,
. 0 ZFEX

which we will now verify. If x is an absorbing state, (8) reduces to the
obvious fact that

P, (1) = by, t =0

Suppose x is not an absorbing state. Then for a process starting at x,
the event {t, < ¢, X(t,) = z and X(¢t) = y} occurs if and only if the first
jump occurs at some time s < ¢ and takes the process to z, and the process

goes from z to y in the remaining ¢ — s units of time. Thus

t
PAe < 6 X(@) = 2and X0 = ) = [ g.e70uPu0 ~ 9 ds,
0
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)
Pz, < tand X(t) = y) = ; P(t, < t, X(z,) = zand X({) = y)
= g (L 0uPut - 9) ds
Also v
Pty > tand X(t) = y) = 6,,P(z, > 1)
= 4,0 %
Consequently,

P.(1) = PX(H) = y)
= Pty > tand X(1) = y) + P(r, < tand X(¥) = y)

t
= J,e " + J; qg.e % (Z Q. P (t — s)) ds,

ZFX

as claimed. Replacing s by ¢+ — s in the integral in (8), we can rewrite (8)
as

t .
%) P (f) = 6,7 % + g™ f et® (Z Q”Pz,(s)) ds, t > 0.
0 z#FX

It follows from (9) that P.(¢) is continuous in ¢ for ¢+ > 0. Therefore
the integrand in (9) is a continuous function, so we can differentiate the
right side. We obtain

(10) P() = —q.Py(1) + 4 ; QP t20.

In particular,

P;y(o) = _quxy(O) + qx ; Qx;:sz(O)

= —qxéxy + dx ; szézy

—qx(sxy + quxy'

Set

(11 = P, (0), X, ye .
Then

(12) qu — /P y =X

quxy’ y # X,
It follows from (12) that

(13) Z qu = gy = T {xx

y¥x
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The quantities g,,, x € & and y € &, are called the infinitesimal parameters
of the process. These parameters determine g, and Q,,, and thus by our
construction determine a unique Markov pure jump process. We can
rewrite (10) in terms of the infinitesimal parameters as

(14) Po() = X q.P.(), 120

This equation is known as the backward equation.
If & is finite, we can differentiate the Chapman-Kolmogorov equation
with respect to s, obtaining

(15) Pt + )= Y Pu(DP,(s), s=0andt=0.

In particular,

Py = ¥ P (OP,0), =0,

or equivalently,
16) Py = X Pol)gs, 120,

Formula (16) is known as the forward equation. It can be shown that (15)
and (16) hold even if & is infinite, but the proofs are not easy and will be
omitted.

In Section 3.2 we will describe some examples in which the backward or
forward equation can be used to find explicit formulas for P, (7).

3.2. Birth and death processes

Let # ={0,1,...,d} or & =1{0,1,2,...}. By a birth and death
process on & we mean a Markov pure jump process on & having infinites-
imal parameters q,, such that

qu=07 ly_XI>l.

Thus a birth and death process starting at x can in one jump go only to
the states x — [ or x + 1.

The parameters 1, = g, c+1, X € &, and i, = q.,_, x € &, are called
respectively the birth rates and death rates of the process. The parameters
q, and Q,, of the process can be expressed simply in terms of the birth
and death rates. By (13)

—dxx = 4y = qx,x+1 + qx.x—h
so that

7 Gex = —(4 + 1) and g, =, + u,.
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Thus x is an absorbing state if and only if 4, = u, = 0. If x is a non-
absorbing state, then by (12)

Hx

’ =X - 19
Ae + phe Y
(18) Qxy = ;‘x y=x + 1
)‘x + Hx
0, elsewhere.

A birth and death process is called a pure birth process if u, = 0, x € &,
and a pure death process if 2, = 0, x € &. A pure birth process can move
only to the right, and a pure death process can move only to the left.

Given nonnegative numbers 4,, x € &, and pu,, x € &, it is natural to
ask whether there is a birth and death process corresponding to these
parameters. Of course, u, = 0 is a necessary requirement, as is 4, = 0
if & is finite. The only additional problem is that explosions must be
ruled out if & is infinite. It is not difficult to derive a necessary and
sufficient condition for the process to be non-explosive. A simple sufficient
condition for the process to be non-explosive is that for some positive
numbers 4 and B

iy < A 4 Bx, x> 0.

This condition holds in all the examples we will consider.

In finding the birth and death rates of specific processes, we will use
some standard properties of independent exponentially distributed random
variables. Let ¢&,,...,¢, be independent random variables having
exponential distributions with respective parameters o, ..., &, Then
min (¢,,...,&,) has an exponential distribution with parameter
o, + -+ a,and

Xy

19 P¢, =min(¢&,..., &) = —""—,
(19 (&x min (¢, ")) oG+t

Moreover, with probability one, the random variables £, ..., &, take on
n distinct values.
To verify these results we observe first that

P, >1t...,8 >0
= P&, >0D-P¢, >0

—at,

P(min (¢y,..., &) > 1)

= e et

— (et Fan)
= g~ (@ 7)’

and hence that min (&, .. ., &,) has the indicated exponential distribution.
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Set
M = min(&;:j # k).

Then 5, has an exponential distribution with parameter

B =Y w;

JFk
and ¢, and n, are independent. Thus

P& = min (&, ..., &) = P& < m)

J‘y (f ae “EBe Py dy) dx
o] X

o
J\ ake—akxe—/}k.\' dx

0

If

Uy Uy

;xk+ﬁ—l\:—al+'-'+’1n

In order to show that the random variables ¢, ..., ¢, take on » distinct
values with probability one, it is enough to show that P(¢; # ¢;) = 1 for
i # J. Butsince & and &; have a joint density f, it follows that

P& = &) = f f fix, y) dx dy = 0,
{

(x, ) x=y}

as desired.

Example 1. Branching process. Consider a collection of particles
which act independently in giving rise to succeeding generations of
particles. Suppose that each particle, from the time it appears, waits a
random length of time having an exponential distribution with parameter
g and then splits into two identical particles with probability p and
disappears with probability I — p. Let X (1), 0 < t < o0, denote the
number of particles present at time ¢. This branching process is a birth
and death process. Find the birth and death rates.

Consider a branching process starting out with x particles. Let

&y, ..., &, be the times until these particles split apart or disappear. Then
¢y, ..., & each has an exponential distribution with parameter ¢, and
hence 7, = min(¢,,..., ¢,) has an exponential distribution with

parameter g, = xg. Whichever particle acts first has probability p of
splitting into two particles and probability. | — p of disappearing. Thus
forx > 1

Ocxs1 =P and Qcs—y =1 —p.
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State O is an absorbing state. Since 2, = ¢,Q, .+, and p, = ¢, 0. ._,,
we conclude that

Je=xqp and pu,=xql —p), x=0.

In the preceding example we did not actually prove that the process is a
birth and death process, i.e., that it “‘starts from scratch” after making a
jump. This intuitively reasonable property basically depends on the fact
that an exponentially distributed random variable & satisfies the formula

PEl>t+s|¢&>58)=PC<E>1), s, t >0,

but a rigorous proof is complicated.
By (17) and the definition of A, and u,, the backward and forward
equations for a birth and death process can be written respectively as

(20) P.\’:y(’) = .uxPx—l,y(t) - (}‘x + .u.\’)ny(’) + }”xPx+1,y(’), t 2 0,
and

(21) P.\’:y(’) = }“y-lpx,y—l(’) - (}“y + /'ly)ny(’) + l'ly+lP,\’,y+l(’)7
t >0,

In (21) we set 2_, =0, and if & = {0,...,d} for d < o0, we set
Har1 = 0.

We will solve the backward and forward equations for a birth and death
process in some special cases. To do so we will use the result that if

(22) (1) = —af @) + g(t), 120,

then

(23) ﬂo=fmk”“*fe””ﬂa9w, t>0
0

The proof of this standard result is very easy. We multiply (22) through
by e*! and rewrite the resulting equation as

d
- (€S (1) = eg().
dt

Integrating from O to ¢ we find that

I
) = ) = || egls) s,
and hence that (23) holds.
3.2.1. Two-state birth and death process. Consider a birth

and death process having state space & = {0, 1}, and suppose that 0 and
1 are both non-absorbing states. Since u, = 4, = 0, the process is
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determined by the parameters i, and p,. For simplicity in notation we
set . = 2o and u = u,. We can interpret such a process by thinking of
state | as the system (e.g., telephone or machine) operating and state O as
the system being idle. We suppose that starting from an idle state the
system remains idle for a random length of time which is exponentially
distributed with parameter /4, and that starting in an operating state the
system continues operating for a random length of time which is
exponentially distributed with parameter pu.

We will find the transition function of the process by solving the back-
ward equation. It is left as an exercise for the reader to obtain the same
results by solving the forward equation.

Setting y = 0 in (20), we see that

(24) Poo(t) = —APoyo(t) + AP o(1), t >0,
and
(25) Pio() = uPoo(t) — uPyo(t), t = 0.

Subtracting the second equation from the first,
d ;
o (Poo(t) = Pyo(1)) = —( + )(Poo(t) — Pyo(1)).

Applying (23),
(26) Poo(t) = Pyo(t) = (Poo(0) — Pyo(0))e™+1

— e_('H“)’.

Here we have used the formulas Pyo(0) = 1 and P,o(0) = 0. It now
follows from (24) that

00(f) = —A(Poo(t) — P1o(1)
= —Ae M,

Thus

!
mw=m@+ﬁmmm
!
=1 - f Je”Atms 4o
0

* B (1 - e_().+“)’)a
A+ p

1 —

or equivalently,

Y
R RN}

@7 ool?) A+up At nu
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Now, by (26), P,o(t) = Poo(t) — e~ and therefore

T AN}

1
(28) Pio(n) = -+ e >
L+ u

4+ ﬂ
By setting y = ! in the backward equation, or by subtracting Py,(¢) and
Pyo(t) from one, we conclude that

Y3 A

(29) Po() = T - Lo gmnanyxq,
L+ p A+

and

(30) P = " ez 0
L+ u o

From (27)-(30) we see that
(3D lim P (D) = n(y),
=+

where

(32) 70) = * and w)= L.
4+ u At

If 7, is the initial distribution of the process, then by (27) and (28)

P(X(1) = 0) = mo(0)Poo(1) + (1 — 7o(0))P,o(1)

K (ﬂo(()) ez E,,) e~ G 1> 0.

A+ p i+ p
Similarly,
PX()=1)=-" + (no(l) — ’Z-;) e” G 1> 0.
2+ u At p

Thus P(X(r) = 0) and P(X(¢) = 1) are independent of ¢ if and only if 7,
is the distribution 7 given by (32).

3.2.2. Poisson process. Consider a pure birth process X(¢),
0 <t < o0, on the nonnegative integers such that

iy = 4> 0, x =0
Since a pure birth process can move only to the right,
(33) P.(t) =0, y < xand ¢t >0.
Also P (t) = P.t, > t) and hence

(34) P (1) = e ™™, t

v
o
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The forward equation for y # 0 is
PLt) = AP, ,_ (1) — AP (1), t > 0.

From (23) we see that

P (D) = e P (0) + A J: e HTIP _(s) ds, t = 0.
Since P, (0) = 6,,, we conclude that for y > x
(35) P (=4 J: e~ HmIp _(s) ds, t = 0.
It follows from (34) and (35) that

! t
Peir(t) = /lf e TS 4 s = /"ne‘“J. ds = Jte™™
0 0
and hence by using (35) once more that

t t 202
Py ia() = XJ. e jse™ 4 ds = )Lze_;"J. sds = {f_;)__ e M
0

0
By induction
Ay~

(y — 0!

(36) P () = , O<x<yandt=0.

Formulas (33) and (36) imply that
(37) ny(t) = PO,y—-x(t)r = 0’

and that if X(0) = x, then X(¢) — x has a Poisson distribution with
parameter Az,

In general, for 0 < s < ¢, X(¢) — X(s) has a Poisson distribution with
parameter A(r — 5). Forif 0 < s < tand yis a nonnegative integer, then

P(X() — X(s) = ») = ), P(X(s) = x and X(1) = x + y)
= 2 P(X(s) = X)P, .1 ,(t — 5)

= ¥ P(X(s) = X)Py,(t ~ 5)

= Po,(t — 5)
_ 01 = e
= o N

If0 <t <£---< 1, the random variables

X(tz) - X(t1)5' '-»X(tn) - X(tn—l)
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are independent. For we observe thatifz,,..., z,_, are arbitrary integers,
then by (6) and (37)

P(X(1y) — X(t,) = 24y X(1) = X(t,2y) = 2,_,)

Z P(X(tl) = x)POZI(tl - tl) e PO:,,_l(tn - tn—-l)

i

= Po,(t; — 1) Po,_(ty — t,_1)

P(X(t?.) - X(tl) = Zl) t 'P(X(tn) - X(tn—l) = zn—l)'

Il

By a Poisson process with parameter 2 on 0 < t < cc, we mean a pure
birth process X(¢), 0 < t < oo, having state space {0, 1, 2, ...}, constant
birth rate 1, = 2 > 0, and initial value X(0) = 0. According to the
above discussion the Poisson process satisfies the following three
properties:

(i) X(@©) = 0.
(i) X(¢) — X(s) has a Poisson distribution with parameter A(t — s)
for0 < s <t ‘
(i) X(t,) — X(t), X(t3) — X(t5), ..., X(,) — X(1,~,) are indepen-
dentfor0 < ¢, <t, <--- <1,

The Poisson process can be used to model events occurring in time, such
as calls coming into a telephone exchange, customers arriving at a queue,
and radioactive disintegrations. Let X (¢),0 < t < oo, denote the number
of events occurring in the time interval (0, t]. For 0 < s < f the random
variable X(¢) — X(s) denotes the number of events in the time interval
(s, t]. If the waiting times between successive events are independent and
exponentially distributed with common parameter 4, then X(¢), 0 <
t < co, is a Poisson process and properties (i)—(iii) hold. Property (ii)
states that the number of events in any interval has a Poisson distribution.
Property (iii) states that the numbers of events in disjoint time intervals
are independent. Conversely, if X(¢), 0 < ¢t < co, satisfies properties
(1)—(iii), then the waiting times between successive events are independent
and exponentially distributed with common parameter 4, and hence X (¢)
is a pure birth process with constant birth rate 2. This result was proved in
Chapter 9 of Volume I, but will not be needed.

Since the Poisson process is a pure birth process starting in state 0, it
follows that for n > 1 the time t, of the nth jump equals the time T, when
the process hits state n. When the Poisson process is used to model events
occurring in time as described above, the common time 1, = T, is the
time when the nth event occurs.

The Poisson process can be used to construct a variety of other processes.



3.2. Birth and death processes . 97

Example 2. Branching process with immigration. Consider the
branching process introduced in Example 1. Suppose that new particles
immigrate into the system at random times that form a Poisson process
with parameter 2 and then give rise to succeeding generations as described
in Example 1. Find the birth and death rates of this birth and death
process.

Suppose there are initially x particles present. Let &,,..., &, be the
times at which these particles split apart or disappear, and let n be the first
time a new particle enters the system. We interpret the description of the
system as implying that # is independent of &,,..., &,. Then &,,..., &,,
n are independent exponentially distributed random variables having
respective parameters ¢, ..., ¢, .. Thus

TI = min (él’ ety éx) ’1)
is exponentially distributed with parameter ¢, = xg + 2, and by (19)

The event {X(t,) = x + 1} occurs if either 7, = 5 or

7y = min (&, ..., &)
and a particle splits into two new particles at time ;. Thus

"

A xq
X,x = - + = . 4
s xq + 2 xq+)gp

Also,

xq
ex—qg = —— (1 — p).
0 x—1 %q + J ( p)

We conclude that
hx = 4:Qxx41 = Xqp + 2
and
He = Qs -1 = Xq(1 — p).

It is also possible to construct a Poisson process with parameter 2 on
— < t < co. We first construct two independent Poisson processes
X,(1), 0 <t < oo, and X,(¢), 0 < t < oo, both having parameter A.
We then define X (¢), —c0 < ¢t < o0, by

_f=Xi(=0), t <0,
X = {Xz(ti, t = 0.
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It is easy to show that the process X(¢), —o0 < t < o0, so constructed,
satisfies the following three properties:

(i) X() = 0.
(i) X(¢) — X (s) has a Poisson distribution with parameter A( — s) for
s <t

(i) X(¢y) — X(2y),..., X(t,) — X(t,-,) are independent for ¢ <
f2 S rr S ’n.

3.2.3. Pure birth process. Consider a pure birth process X(¢),
0<t<oo,0n{0,1,2,...}. The forward equation (21) reduces to

(38) PL(D) = 2,1 Py 1(t) — AP (D), t > 0.
Since the process moves only to the right,
39) P.() =0, y<xand:?>=0.
It follows from (38) and (39) that
Po) = —2:P(0).
Since P,,(0) = 1 and P,(0) = O for y > x, we conclude from (23) that

(40) P () = e ™, t

v

0,

and
1

41 P, =2, f e MUIp . (s)ds, y>xandt=0.
0

We can use (40) and (41) to find P, (¢) recursively for y > x. In particular,

1
Prar() = 2 [ e7heem0e e ds,

and hence forz > 0

% — At ~Ax+1t
— X (e — e Axran), Aer1 # Au
(42) Px,x+l(t) = )"X+1 - )"x ( i

A te™ =, gy = Ay

Example 3. Linear birth process. Consider a pure birth process on
{0, 1, 2, ...} having birth rates

)s.x = x)o, X 2 0,
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for some positive constant J (the branching process with p = 1 is of this
form). Find P, (2).

As noted above, P, (t) = O for y < x and
P.(t) = e ™ = 7%,
We see from (42) that
Pover(d) = xe (1 — &™),

To compute P, ., ,(t) weset y = x + 2in (41) and obtain
t

Px,x+2(t) — (x + I)XA,J. e—(x+2)).(r—s)e—xls(1 - e—/l.s') ds

0

t
— (x + I)X)Ve—(x+2)hJ. e215(1 _ e—/ls) ds

0

= (x + I)xie’("”)“f e*(e* — 1) ds
V]

= (x + I)XAe—-(x+2)lx (eh - 1)2
24
— (x '; 1) e—x}.t(l - e—Al)Z'

1t is left as an exercise for the reader to show by induction that

1

43) P.(H) = (i : x) eTI(L — e MY, y=xandt >0.

3.2.4. Infinite server queue. Suppose that customers arrive for
service according to a Poisson process with parameter 2 and that each
customer starts being served immediately upon his arrival (i.e., that there
are an infinite number of servers). Suppose that the service times are
independent and exponentially distributed with parameter u. Let X(t),
0 < t < oo, denote the number of customers in the process of being
served at time 7. This birth and death process, called an infinite server
queue, is a special case of the branching process with immigration corre-
sponding to ¢ = u and p = 0. We conclude that 2, = 1 and u, = xp,
x 2 0. The transition function P,(t) will now be obtained by a
probabilistic argument.

Let Y(z) denote the number of customers who arrive in the time
interval (0, z]. An interesting and useful result about the Poisson process
is that conditioned on Y(t) = k, the times when the first £ customers
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arrive are distributed as k& independent random variables each uniformly
distributed on (0, #]. In order to see intuitively why this should be true,
consider an arbitrary partition 0 = 1, < ¢; < - < ¢, = tof [0, ] and
let X; denote the number of customers arriving between time ¢;,_; and
time ¢, Then X,,..., X,, are independent random variables having
Poisson distributions with respective parameters

)"(tl - tO), R )'(tln - tm—l)’

and X; + -+ X,, = Y(¢) has a Poisson distribution with parameter
At. Thus for x,, ..., x, nonnegative integers adding up to &,

P(Xl =x1,---aXm=xm|Y(t)=k)
=PX,=x,...,Xp=%u| X+ + X, =k

P(Xl =x15"-,Xm=x_maX1 ++Xm=k)
PX, + -+ X, = k)

P(Xl = xh---’Xm= xm)
PX, ++ X, = k)

m [t — 4 y)]"e” M-y
i x;! -
(/]J)ke_;"

k!

k! 1’2[ (t,- — t,-__,)"'
i=1 x,'! i=1 1

But these multinomial probabilities are just those that would be obtained
by choosing the k arrival times independently and uniformly distributed
over (0, 7.

If a customer arrives at time s € (0, ¢, the probability that he is still in
the process of being served at time 7 is e ™*“ "%, Thus if a customer arrives
at a time chosen uniformly from (0, 7], the probability that he is still in
the process of being served at time ¢ is

Tt Jo ut

Let X,(¢) denote the number of customers arriving in (0, ¢] that are
still in the process of being served at time t. It follows from the results
of the previous two paragraphs that the conditional distribution of X(¢)
given that Y(¢) = k is a binomial distribution with parameters £ and p,,
i.e., that

I

PO = 1) YO = ) = () 70— p
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Since Y(?) has a Poisson distribution with parameter i¢, we conclude that

P(X () = n) P(Y(#) = k, X,(t) = n)

Il
s

n

Il
s

P(Y(1) = P(X (1) = n | Y(1) = k)

k
i (Anke™ k!
Ee kU nl(k — n)!
_ (pye ™™ & (1 — p))"
n! k=n  (k — n)!

_ (p)ye™™ (At — p)y"
n! m=0 m!

pil — Pt)k "

|
s [l ok

— (Atpye JRVSEFS)
n!

_ (Atp)re *

- n! '

Thus X,(¢) has a Poisson distribution with parameter
atp, = 21 = e,
U

Let x denote the number of customers present initially and let X,(z)
denote the number of these customers still in the process of being served
at time 2. Then X,(¢) is independent of X;(¢) and has a binomial distribu-
tion with parameters x and e *'. Since X(¢) = X,(t) + X,(¢), we
conclude that

min{x,y)

Po() = P(X(1) = y) = kz,o P(Xy(1) = HPX () = y — k).
Therefore

@ po =" [(7) e - ey

;v y—k

(~ a - e““)) ;

x M exp (— ~( - e""))] .
(y — ©)! 2

As t — oo, e"*' — 0, and hence the terms in the sum in (44) all approach

0 except the term corresponding to k¥ = 0. Consequently

Y, Aln
5) lim. P, () = .()‘/_"ly‘f_ .
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3.3. Properties of a Markov pure jump process

In this section we will discuss the notions of recurrence, transience,
irreducibility, stationary distributions, and positive recurrence of Markov
pure jump processes. The results will be described briefly and without
proofs, as they are very similar to those for the Markov chains discussed in
Chapters 1 and 2. In Section 3.3.1 we apply these results to birth and
death processes.

Let X(¢), 0 < t < oo, be a Markov pure jump process having state
space . For y e & and X(0) # y, the first visit to y takes place at time

T,=min (t = 0: X(t) = y).

y

If X(0) = y, then min (¢t = 0: X(¢) = y) = 0. A more useful random
variable in this case is the time T, of the first return to y after the process
leaves y. Both cases are covered by setting

T, =min (t > 17, : X(t) = ).

Here 7, is the time of the first jump. If 1, = oo or X(¢) ¢ yforallt > 1,,
we set T, = 0.
If x is an absorbing state, set p,, = §,,; and if x is a non-absorbing state,
set
Pxy = Px(T;: < d))

A state y € & is called recurrent if p,, = 1 and transient if p,, < 1. The
process is said to be a recurrent process if all of its states are recurrent and
a transient process if all of its states are transient. The process is called
irreducible if p,, > 0 for all choices of x € & and y € &.

The function P(x, y) = Q.,, x € & and y € &, is the transition function
of a Markov chain called the embedded chain. The quantities p,, for this
Markov chain are equal to the corresponding quantities for the Markov
pure jump process. This relationship shows that results of Chapter 1
involving only the numbers p,, are also valid in the present context. In
particular, an irreducible process is either a recurrent process or a transient
process. It is recurrent if and only if the embedded chain is recurrent.

If n(x), x € &, are nonnegative numbers summing to one and if
(46) Y a(x)Po (1) = 7(y), ye & and t > Q,

x
then = is called a stationary distribution. If X(0) has a stationary distribu-
tion 7 for its initial distribution, then
P(X(t) = y) = 3, n(x)P,(1) = n(y),

X

so that X(2) has distribution = for all 7 > 0.




3.3. Properties of a Markov pure jump process 7103

If (46) holds and & is finite, we can differentiate this equation and
obtain
47) Y 7(x)P, (1) = 0, ye & and t > 0.

x

In particular, by setting ¢ = 0 in (47), we conclude from (11) that
(48) Y ()qy =0, ye.

X

It can be shown that (47) and (48) are valid even if & is an infinite set.
Suppose, conversely, that (48) holds. If & is finite we conclude from the
backward equation (14) that

:zi, 2 7(9Py(D) = X w(x)Pyy(1)

x X

= ¥ () (; anzy(z))

X

= 3 (2 1) o0

z X

= 0.

Thus
2 m(x)P. ()

X

is a constant in 7 and the constant value is given by

Y 1P (0) = X n(x)d,, = n(y).

x x

Consequently (46) holds. This conclusion is also valid if & is infinite, but
the proof is much more complicated. In summary, (46) holds if and only
if (48) holds.

A non-absorbing recurrent state x is called positive recurrent or null
recurrent according as the mean return time m, = E.(T,) is finite or infinite.
An absorbing state is considered to be positive recurrent. The process is said
to be a positive recurrent process if all its states are positive recurrent and a
null recurrent process if all its states are null recurrent. An irreducible recur-
rent process must be either a null recurrent process or a positive recurrent
process. It can be shown that a stationary distribution is concentrated on
the positive recurrent states, and hence a process that is transient or null
recurrent has no stationary distribution. An irreducible positive recurrent
process has a unique stationary distribution x, which, unless & consists of
a single necessarily absorbing state, is given by

(49) ) =L, xe

qxrnx
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Formula (49) is intuitively reasonable. For in a large time interval
[0, 1], the process makes about #/m, visits to x and the average time in x
per visit is 1/q,. Thus the total time spent in state x during the time
interval [0, 7] should be about ¢/(g,m,) and the proportion of time spent
in state x should be about 1/(g,m,). This argument can be made rigorous
by using the strong law of large numbers as was done in Section 2.3.

Markov pure jump processes do not have any periodicities, and, in
particular, for an irreducible positive recurrent process having stationary
distribution =,

(50) lim P,(t) = n(y), x,ye.
| i o}

If X(0) has the initial distribution ny(x), x € &, then
P(X(t) = y) = Z TCo(x)ny(t),

X

which, by (50) and the bounded convergence theorem, converges to

2 mo(X)(y) = n(y)

as t = oo. In other words
lim P(X() = y) = n(y),
t— 0

and hence the distribution of X (¢) converges to the stationary distribution
7 regardless of the initial distribution of the process.

3.3.1. Applications to birth and death processes. Let X(1),
0 <t < o0, be an irreducible birth and death process on {0, 1, 2,...}.
The process is transient if and only if the embedded birth and death chain
having transition function P(x, y) = Q,,, x = 0 and y > 0, is transient.
From (18) in this chapter and the results in Section 1.7, we conclude that
the birth and death process is transient if and only if

(51) y A oo,
TR N

Equation (48) for a stationary distribution 7 becomes

n(Dy; — n(0)2 = 0,

i

(52)
(y + Dpyer — 702y =2y — n(y — DA4yoy,  y = L
It follows easily from (52) and induction that

w(y + Dpyey — n(»2, =0, y =0,
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and hence that

my+ 1) =-"0ay), y=0
Hy+ 1
Consequently,
Aot Ay,
(53) a(x) = 22— 272 1(0), x>1
Hit ol
Set
1, x =0,
54 n, = .
( ) A’O )'x l’ x > 1
nul ) .ux
Then (53) can be written as
(55) n{x) = n.n(0), x = 0.

Conversely, (52) follows from (54) and (55).
Suppose now that 3, 7, < co, i.e., that
Yy Aot Axmy < 0.

FS1Opg

(56)

We conclude from (55) that the birth and death process has a unique
stationary distribution =#, given by

(57) n(x) = fyl‘j; x > 0.

If (56) fails to hold, the birth and death process has no stationary
distribution. :

In summary, an irreducible birth and death process on {0, 1, 2,...} is
transient if and only if (51) holds, positive recurrent if and only if (56)
holds, and null recurrent if and only if (51) and (56) each fail to hold, i.e.,
if and only if

@ w0 ;‘0""’{-—1
(58) 2 4 ----% = and Y 20t g
*= x x=1 [y " Uy

An irreducible birth and death process having finite state space
{0, 1,..., d} is necessarily positive recurrent. It has a unique stationary
distribution given by

(59) n(x) = —, 0<x<d,
o n

where n,, 0 < x < d, is given by (54).
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Example 4. Show that the infinite server queue is positive recurrent
and find its stationary distribution.

The infinite server queue has state space {0, 1, 2,...} and birth and
death rates

= 2 and e = XU, x > 0.

This process is clearly irreducible. It follows from (54) that

Since

is finite, we conclude that the process is positive recurrent and has the
unique stationary distribution « given by

(60) n(x) = (/1) e~ e, x>0,

which we note is a Poisson distribution with parameter 2/u. We also note
that (50) holds for this process, a direct consequence of (45) and (60).

Example 5. /V server queue. Suppose customers arrive according
to a Poisson process with parameter 2 > 0. They are served by N servers,
where N is a finite positive number. Suppose the service times are ex-
ponentially distributed with parameter u and that whenever there are more
than N customers waiting for service the excess customers form a queue
and wait until their turn at one of the N servers. This process is a birth
and death process on {0, 1, 2,...} with birth rates 2, = 2, x > 0, and
death rates

| xn, 0

X < N,
Hy = Nﬂ, x

N.

IV IA

Determine when this process is transient, null recurrent, and positive
recurrent; and find the stationary distribution in the positive recurrent
case.

Condition (51) for transience reduces to

5 (%ﬁ)" < .

x=0 (3
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Thus the N server queue is transient if and only if Ny < A, Condition
(56) for positive recurrence reduces to

© 2\
- < .
xgo (N /.l) ®

The N server queue is therefore positive recurrent if and only if 1 < Nu.
Consequently the N server queue is null recurrent if and only if 1 = Ny,
These results naturally are similar to those for the | server queue discussed
in Chapters | and 2.

In the positive recurrent case,

(i—/‘f)— , 0<x <N,
x!
M, = .
___(;_"/_#2___ , x > N.
N{N=¥
Set
o N—-1 x N -1
P T S A A
x=0 x=0 x! N1 N/.l
We conclude that if 2 < Ny, the stationary distribution is given by
LCm* 0<x<N,
K x!
n(x) = .
_1_ ﬂ_‘_t_)__. R x> N.
K NI N*¥
Exercises

1 Find the transition function of the two-state birth and death process by
solving the forward equation.

2 Consider a birth and death process having three states 0, 1, and 2,
and birth and death rates such that 1, = p,. Use the forward equation
to find Py (1), y = 0, 1, 2.

Exercises 3-8 all refer to events occurring in time according to a
Poisson process with parameter A on 0 < ¢ < co0. Here X(¢) denotes the
number of events that occur in the time interval (0, ¢].

3 Find the conditional probability that there are m events in the first s
units of time, given that there are » events in the first ¢ units of time,
where0 < m < nand0 < 5 < .

4 Let T,, denote the time to the mth event. Find the distribution function
of T,,. Hint:{T, <1t} = {X(t) = m}.

5 Find the density of the random variable T,, in Exercise 4. Hint: First
consider some specific cases, say, m = 1, 2, 3.
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6 Find P(T, < s| X(t) = n)for 0 < s < ¢ and n a positive integer.

7 Let T be a random variable that is independent of the times when
events occur. Suppose that 77 has an exponential density with
parameter v:

ve ™, t >0,
110 = {3 o

Find the distribution of X(T), which is the number of events occurring

by time T. Hint: Use the formulas

P(X(T) = n) = f: FOPX(TY = n | T = i) dt

and
PX(Ty=n|T =1) = P(X(t) = n).

8 Solve the previous exercise if 7 has the gamma density with parameters

o and v:
(v e T (o), t >0,
9 Verify Equation (43).
10 Consider a pure death process on {0, 1, 2,...}.

(a) Write the forward equation.
(b) Find P, (1).
(c) Solve for P, (t) in terms of P, . ().
(d) Find P, ,_,(¢).
(e) Show thatif p, = xu, x > 0, for some constant y, then

Pol) = (3) €0 = e, 0 sy <,

11 Let X(¢), t = 0, be the infinite server queue and suppose that initially
there are x customers present. Compute the mean and variance of
X(1).

12 Consider a birth and death process X (), t > 0, such as the branching
process, that has state space {0, 1, 2,...} and birth and death rates of
the form

2

where 4 and u are nonnegative constants. Set

m(t) = EX(0) = 3 yP.(0.

y=0
(a) Write the forward equation for the process.
(b) Use the forward equation to show that m () = (4 — wm,(¢).
(c) Conclude that

= X/ and Uy = XU, x>0,

x

my(f) = xe* ™Mt
13 Let X(1), t > 0, be as in Exercise 12. Set

a0

() = ELX*(1) = Y, y*Py(0).

y=0
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14

15

16

109

(a) Use the forward equation to show that

s{) = 2(4 = s + (2 + pm(2).

(b) Find s.(2).

(c) Find Var X(¢) under the condition that X(0) = x.

Suppose d particles are distributed into two boxes. A particle in box 0

remains in that box for a random length of time that is exponentially

distributed with parameter A before going to box 1. A particle in box 1

remains there for an amount of time that is exponentially distributed

with parameter u before going to box 0. The particles act independently
of each other. Let X(z) denote the number of particles in box 1 at
time ¢ > 0. Then X(¢), t > 0, is a birth and death process on

{0,...,d}.

(a) Find the birth and death rates.

(b) Find P.,(1). Hint: Let X(t), i = 0 or 1, denote the number of
particles in box | at time ¢ > O that started in box i at time 0,
so that X(¢) = X,(¢t) + X,(¢). If X(0) = x, then Xy(r) and
X,(¢) are independent and binomially distributed with parameters
defined in terms of x and the transition function of the two-state
birth and death process.

(c) Find E(X()). ‘

Consider the infinite server queue discussed in Section 3.2.4. Let

X,(¢) and X,(¢) be as defined there. Suppose that the initial distribu-

tion 7, is a Poisson distribution with parameter v.

(a) Use the formula

PO = 1) = 3 5P = 0

to show that X,(¢) has a Poisson distribution with parameter
ve ™,

(b) Use the result of (a) to show that X(¢) = X,(¢) + X,(¢) has a
Poisson distribution with parameter

A + (v - é) e M.
7 H
(c) Conclude that X (¢) has the same distribution as X (0) if and only if
v = 2/u.
Consider a birth and death process on the nonnegative integers whose
death rates are given by u, = x, x > 0. Determine whether the

process is transient, null recurrent, or positive recurrent if the birth
rates are

@i =x+1,x=>0;
by L, =x+2, x>0.
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Let X(¢), t > O, be a birth and death process on the nonnegative
integers such that 2, > Oand u, > Oforx > 1. Sety, = 1 and

— /"1‘”/":
)"1"')"::

(a) Show thatif 325y, = w0, thenp, =1, x > 1.
(b) Show that if 3°)L4 y, < co, then

> L

7x x

>

Pxo = ZJZ::" Yy ’
Zy=0 yy
Hint: Use Exercise 26 of Chapter 1.

Let X(¢), t > 0, be a single server queue (N = 1 in Example 5).
(a) Show thatif u > 2 > 0, thenp,, =1, x > 1.
(b) Show that if u < 4, then

Pxo = (ﬂ/}”)x, x= L

Consider the branching process introduced in Example 1. Use
Exercise 17 to show that if p < 1, then p,, = 1 for all x and that if
p > 4, then

pm:(l;i’), x> 1.
P

Find the stationary distribution for the process in Exercise 14.

Suppose d machines are subject to failures and repairs. The failure
times are exponentially distributed with parameter p, and the repair
times are exponentially distributed with parameter 1. Let X(¢) denote
the number of machines that are in satisfactory order at time ¢. If
there is only one repairman, then under appropriate reasonable
assumptions, X(¢), t > 0, is a birth and death process on {0, 1,..., d}
with birth rates A, = 1, 0 < x < d, and death rates u, = xpu,
0 < x < 4. Find the stationary distribution for this process.

Consider a positive recurrent irreducible birth and death process on
& = {0, 1, 2,...}, and let X(0) have the stationary distribution = for
its initial distribution. Then X (¢) has distribution = for all ¢ > 0. The
quantities

Elxu) = Zo AxT(X) and Epygy = 2_:0 ()

can be interpreted, respectively, as the average birth rate and the
average death rate of the process.

(a) Show that the average birth rate equals the average death rate.

(b) What does (a) imply about a positive recurrent N server queue?



