VII. COMPUTATIONAL MULTI-POINT BME AND BME
CONFIDENCE SETS

Until now we have considered the estimation of the value of a S/'TRF at one point at the
time, independently of the estimated values at other estimation points, i.e. a single-point
mapping approach. The Bayesian Maximum Entropy (BME; Christakos, 1990, 1992)
method offers a framework where the prediction of a S'TRF at several estimation points
may be considered jointly, which is referred to as a multi-point mapping approach.
Whereas single-point mapping uses an univariate pdf to describe each estimated value
separately, the multi-point mapping approach uses a more informative multivariate pdf
describing all the estimated values jointly. Multi-point estimation leads in some cases to
maps that are considerably different than that obtained with the single-point approach, thus
providing a different representation that might be a considerable improvement.
Additionally the hallmark of any stochastic estimation method is its ability to provide an
assessment of the uncertainty associated to the estimated map, and BME provides an
accurate and exhaustive assessment of uncertainty by means of BME confidence sets,

which are a generalization of the idea of confidence intervals, for the case of multi-point

mapping.

7.1 The Multi-Point Mapping Approach
In the multi-point approach we consider a set of estimation points p,, /=1...,p, jointly,

and we let the vector of random variables g, =[x, --- ;(kp]T represent the SITRF X(p) at

these estimation points. The goal of the multi-point mapping approach is to obtain a
multivariate (posterior) pdf f, (x,) given the general and specificatory knowledge
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available. The multivariate pdf f, (x,) describes the values estimated jointly, which is

more informative than the univariate pdf's fy (x,), ¢=1...,p, obtained from single-point

mapping.

Using the usual notation we let g, .4 :[)(l...xmh]T and X :[th+1---%m]T

represent the hard and soft data for the SITRF X(p) a m space/time points, and we let

Xata = [Xaa Xeprt] @0 X = [Xdaa i 1. Note that this is the same notation as for the

single-point mapping, except that we have replaced the scalar y, with the vector

X =i - ;(kp]T, and the vector 2. =[XdzaXi] With the vector x; . =[XdzaXi].

Using this extended notation, the basic BME equations will lead, in principle, to the multi-

point formulation.
The general knowledgeis expressed in terms of constraints of the form
@: J‘deap fG (Zmap)ga(xmap) (71)

where @ =0,1,...,N; and the g,(¥my) ae given functions of y;'s. The prior pdf
fs(Xmp) 1S oObtained Dby maximizing the entropy function

Sfel=—] e fo Xmep) 109 f6 (Xmap) SUbjECE to the constraints (7.1). The solution to

this constrained maximization problem isthe prior pdf given by

Ne
fo (mep) = Z7-XPL X 1o, Yoe (Kirep)] (7.2)

a=1

where the N, unknown coefficients u, are caculated fromthe N, equations of Egs. (7.1).
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The multi-point (multivariate, p-points) posterior pdf f, (x,) is obtained using

specificatory knowledge containing hard and soft data. For soft data of the interval type as

defined by Eq. (2.26), the multi-point posterior pdf is
fK (Xk) = A_lju dXsoft fG (Zmap) ' (73)

where A= [ dygn fo (Xama) a0 T (Xawa) = [ 02 fo (Xmep) - FOT SOt data of the

probabilistic type as defined by Eq. (2.27), the multi-point posterior pdf is given by
f () = A_ljdxsoft fs (Xsott) fo (Xmap) (7.4)
where A= Idlsoft fs (Xsort) To (Xdaa)-

| propose next a formulation which accounts for general knowledge consisting of
the mean and the covariance function of the STRF X(p). Thisformulation is similar to
that of Chapters |V and V, extended to the case of multi-point mapping, and it will lead to

an efficient numerical implementation.

7.2. A proposed Formulation of the Posterior PDF for
Efficient Computation

Let's assume that the Space/Time Random Field X(p) has a known mean m,(p) = X(p),
as well as a known covariance function c,(p,p'), usually obtained from fitting to

experimental data. Let x,. ., be the vector of random variables taking values y,.,- The
map map

covariance matrix Cp., = (Xmap = Miap) Ximap — mmap)T associated with the vector of

random variables X, isequal to
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[ (PP o ClPuLPm) P Pg) - Cx(PLPy) ]

Cx(pm'pl) Cx(pm!pm) Cx(pm!pkl) Cx(pm1pkp)

= . 7.5
™ 1 ¢ (P P) - C(Pigs Pm) S(Pigs B - Cx(pklipkp) (7:9)

_Cx(pkp!pl) Cx(pkp’pm) Cx(pkp!pkl) Cx(pkp,pkp)d

For this type of general knowledge, the prior pdf fg (¥mg)Of EQ. (7.2) can be expressed
as amultivariate Gaussian pdf with mean m,, and covariance matrix C,,,. Assuming

without loss of generality that m,,, = 0 (or equivalently that the mean as been subtracted

from the hard and soft data), we may write the prior pdf as
1:G (Xmap) = ¢(Xmap;ol Cmap) (7.6)

where ¢(x; X, C) denote the n-point Gaussian pdf of the random vector x with mean X

and covariance matrix C as defined in Eq. (4.4).

In the following, it is convenient to define the partitioned matrices

Cin Ghs Gk
me:[aS’hS aS,k]: Cs,h Cs,s Cs,k , (7.7)
hs k
Y Y Ck,h Ck,s C:k,k
and
C
Ckh,kh = [C:t gkh:]’ (7.8)
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where the subscripts h, S, and k denote hard data points, soft data points and estimation

points, respectively.

The posterior pdf for soft data of the interval type is given by Eq. (7.3).
Substituting for the prior pdf fg (Xmap) = @(Xmap: 0 Cnap) aNd after some manipulations we

obtain

- —Bg
f () =A 1¢(lk;Bk|hXhard’Ck|h)J‘|u o 2 X soit (Xsoft; 0 Cpn) (7.9)

—Bgjkh Zkh

where xll—h = [ZI x;lrard]’ By =Cn erw Cih =Gk = BinCrkr - Bgn = G CIZh]:kh
1 u .
Cgin = Css = Bgjn Cin s aNd A= J| X sott O(Xsofts Bsn Zrard» Cepn)-

In the case of soft data of the probabilistic type we obtain
f () = A O (X BinXnards Ck|h)J A sott s (Xsot) @ (Xsorts BeknZns Coen) » (7.10)

where A'= JdXSoft fs (Xsort) @ (Xsofts BynXnaras Copn) -

7.3. Multi-point BME Mode Estimate
The muiti-point BME mode estimate 2,"" = [y ... fgk"s"] is the most probable value for

the S'TRF X(p) at the estimation point Py; ¢=1,...,p, with respect to the multi-point
posterior pdf f, (x,). The MP superscript emphasizes that y," is obtained using the

multi-point approach. Note that in the single-point approach, we obtain a single-point
(univariate) posterior pdf fKSP()(k[) for each of the estimation points, /=1,...,p,

considered independent one from another. The single-point BME mode for each of the
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estimation point is denoted as fgff , {=1,...,p, where the SP superscript emphasizes that

;Elfjp is obtained using the single-point approach.

The multi-point mode " is obtained by finding the vector which maximizes the

multi-point posterior pdf, i.e.

ka fIEAP(XK)‘IkziMP = 0

or ) (7.11)
Jd o _ _
o |, e =0 (=1..p

Note that in general the ¢-Th. component j,"" of the multi-point mode vector " is

different from the single-point mode 7, obtained with Eq. (4.8).

In order to calculate the multi-point mode we could easily derive an equation similar
to that of Eq. (4.10) for interval soft data, or Eq. (5.3) for probabilistic soft data. However
such an equation would require an iterative numerical scheme that is not very efficient. A
better approach isto use a maximization numerical algorithm which finds the maximum of
the multivariate posterior pdf. This approach was found to be more efficient and it is the

approach used in the numerica implementation.

7.4 Moments of the multi-point BME posterior pdf

The mean X =[Xek - Xk“g;f(] of the multi-point posterior pdf f/F(x,) has

components X = [dx 2y, " (Xx): £=1....p. The MP superscript emphasizes that
SMP

X,k 1S the mean of the multi-point posterior pdf, to distinguish it from the mean of the

single-point posterior pdf, )‘(STK , given by Eq. (4.13) for interval soft data, and by Eg.
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(5.5) for probabilistic soft data. For soft data of the probabilistic type the mean of the

multi-point posterior pdf is obtained by writing

MP
fi

)_(khﬂi :J‘dXKZk[ (xx)

+o0 +o0 +o0 +o0 +oo0
=A™ [ 20 ] oot Fs Cteont) [ g [ty [ Do J i, @(Ximapi 0, Cirap)

9o :0:Crap )
—+oco
P
= Jdlké%k( f (ew,)

= Ko (7.12)

Cin Crs Gk,

where ernpap[ = [ Xard Xt Zkg]T' Cr?gbé = Cn GCos Gy | f}?p(lkg) is the single-
Ck(,h Cké,S Ck/g,kg
<MP

point posterior pdf for X, and thus X isequal to XSTK :

In other words the BME mean estimator at a point p,, is the same whether
considering several estimation points p,,, '=1...,/,...,p jointly (multi-point approach),
or whether considering only the point of interest p,, by itself (single point approach). This
result is explained by the fact that the single-point posterior pdf f2° (%) isthe marginal

pdf of the multi-point posterior pdf f (x,)with respect to y, . Hence the estimator

minimizing the error variance must be the same whether using the single-point or multi-
point approach. The practical implication of thisfinding is that when using the BME mean
estimator, one can perform a multi-point estimation at the numerical of the single-point

estimation.
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Other statistical moments of interest for the multi-point pdf are the moments of

order 2. In the case of soft data of probabilistic type, the moment of order 2 between
points p,, and p,, isthecovariance C .k given by

Ce o = (X, = X )X = X )
= A_IJ‘ dx (e, = Xk ) = X )_[dXSoft fs Xsort) T (X map)
= A0(Xpaa: 0. Ch,h)j oot s Koort) D (X sorts BspXn: Copn)
Jde (X, = %1k XX = R ik )i BignsXins» Cigrs) - (7.13)

But we can write

Jde (Zk/; ~ Xk )(XK[- — Xk )O(X . BinsX datas Ciqgrs)

= dek x ke — Bk4|hSXdata)(Zk[- -B,, ihsXata) (X BinsX datas Cighs)

+ j dx (xi, — Bk[|hSXdata)(Bk¢- IhsXdata — Xk, [ )9 (X; BijnsX datas Cighs)
0

+ J dx (Bk£|hSXdata = Xy, K )(%kg. — By, jnsXdata) @ (X s BijnsX datar Cipns)
0

+ J dx, (Bk£|hSXdata = Xy, K )(By, jnsX data — X, K )Xk BijnsX datar Cigns)
=G kohs T (Bkg|hSXdata — X,k )(Bké- IhsXdata — Xk, K )s (7.14)

1 -1 1
where By . =G, nCrons: B ns = G nsCrshs @A Gy, i ns = Cig . — Cig nsCrs nsCrs i -

Combining (7.13) and (7.14) we get

Ck,,kf- K = Ckg,kg'”\S
4 ,[ DYoot s (XSoft)(BthSXdata = X, K )(Bkﬁ- IhsX data — Xk, | )9 (X ot BsnXhara» Cojn)
J oot T's Ksort) D (A sorts BspXhara» Copn)

(7.15)
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From this we derive the coefficient of correlation between any two estimation points given

the physical knowledge available as

Ck[ ke K

“ : (7.16)
v G ko ik G

Py, kK =

This correlation coefficient is a feature of the multi-point approach. By considering several
estimation points jointly, the multi-point approach provides not only estimated values, but
also describe how estimated values at different location are correlated given the physical

knowledge available.

Note that when /= /' we obtain the variance (o}, )?, i.e. (0K )*=Cy ik -

Using Eq. (7.15) we get

_[dXsoft fs (lsoft)(Bk“hSXdata — X, K )2 (Aot By Xrad- Cs|h)
j oot Ts Koort) D (A sorts BspXhara» Copn)
=(ogK )’ (7.16)

2
(k)" =Cuoms +

where (crlf;Fl’K )? isthe variance at the estimation point Py, With respect to the single-point
BME posterior pdf, as given in Eq. (5.7). In other words the error variance GEAK at an

estimation point p,, is the same whether using the single-point approach or multi-point

approach.

By way of summary we have found that multi-point BME mapping produces the
same mean estimator X, and error variance ofAK asin single-point BME mapping, and it

provides additionally the coefficient p, .« describing the correlation between any two

estimated values given the physical knowledge available. However the true power of

multi-point BME mapping resides in its ability to provide an error assessment of the joint
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estimation of a S/'TRF at several estimation points considered simultaneously. Thisisdone
using a unique feature of multi-point BME, called the BME confidence sets, which is

presented next.

7.5 Uncertainty Assessment: Going Beyond the Confidence
Intervals- The BME Confidence Sets

Traditionally in spatiotemporal mapping each estimation point is considered independently
from other estimation points, what we refer to as the single-point approach. In this case a
confidence interval provides a useful tool to assess the uncertainty associated with the
estimated value. Typically one specifies a confidence level that is afunction of the mapping
situation, and the single-point BME posterior pdf is used to determine the bounds of an

interval containing the estimated value within the required confidence level (or probability).

A more realistic assessment of the mapping error in the case of a multi-point
mapping may be achieved using the concept of BME confidence sets. The latter is an

extension of the classical confidence interval. Consider multi-point mapping where, in
general, the multi-point posterior pdf f, (x.), x« =[x ...;(kp]T, is non-Gaussian. A

confidence set @, isaset of values for g, suchthat Py, € ®@,]=n. The confidence
level 1 (0<n<1) depends on the required reliability of the mapping situation.
Intuitively, as the confidence level increases so does the "size" of the corresponding

confidence set. The size of the confidence set is defined as

|2,]= Lke% dxy (7.17)

If, e.g., p=1 (single-point analysis) and the confidence set is the interval

@, =[¥1» K], thenits sizeis simply theinterval length |@,| = %, — x,- Clearly,
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for a given confidence level n there are severa confidence sets @, such that

Plx« € @,]=n. We define the BME confidence set as the confidence set with the

smallest size. In our example (p =1), the BME confidence set is simply the confidence

interva @, =[xy, Xku] Withthesmalestlength y, ,— %, suchthat Py, € @,]=n.

In this context, the following result is useful in determining BME confidence sets. The

high probability density set defined as
Ay ={2¢ T/ T () 21- B (7.18)
isaBME confidence set D, 5 with confidence level givenby n(B8) = P[x, € Aﬁ].

The derivation of Eq. (7.18) isgiven in Appendix G.

High probability density sets are easily constructed from the posterior pdf, in which

case Eq. (7.18) provides the corresponding BME confidence set. Note that, if the inverse

function for n(B) exists, then one can directly obtain a BME confidence set @, for a

selected confidencelevel 1 . Inthiscase, the @, is

@ =A,: PlgoeAl=n. (7.19)

A useful corollary of the analysis above for p =1 is when the BME confidence set

isasingleinterval. Inthiscase, the
Dy =[Xk1r Xl (7.20)

isaBME confidenceinterval suchthat f, ()= f« (x...) ad Plye, < x < xeul = 1.
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Traditionally, confidence intervals are taken such that the probability of the
estimated value falling on the left part of the interval isequal to the probability of falling on
the right part. In contrast, the BME confidence intervals are as small as possible. BME
confidence sets are a generalization of the confidence intervals for multi-point analysis,
where several estimated values are considered simultaneously. The same concepts can be

easily extended to the vector estimation of several random fields jointly.

7.6 Simulated Case Studies

Three simulated case studies are presented to illustrate BM E mapping with the multi-point
approach. Thefirst two case studiesillustrate the difference between multi-point mapping
and single-point mapping when using the mode estimator. The third case study focuses on

BME confidence sets.

7.6.1 Multi-point Mapping versus single-point Mapping: Test Case 1

Thisfirst ssimulated test case illustrates the difference between multi-point and single-point
approaches using two estimation points. Using the stochastic simulation method described
in Chapter 11, arealization of the S'TRF is generated, with m,=10 hard data points, 3 soft
data points of the interval type, and 2 estimation points. The location of the estimation
points, hard data points, and soft data points is shown in Fig. 7.1. Also shown are the
value of the S'TRF X(p) at these points obtained by LU simulation using a Gaussian
covariance model given by c(r) = ¢, exp(—r? / a?), where the range parameter is a, =0.4
and the sill is c,=1.0. At the soft data points we only consider the soft knowledge

Xmai €[L,U], I=my+1,..., m, (the ssimulated values are ignored). The intervals are

mh+i
constructed such that they contain the simulated values, and such that their length is 1.5.
As usual the ssmulated values at the estimation are considered "true" value, and they are

(re-)estimated using only hard and soft (interval) data. The two estimation points of Fig.
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7.1 are numbered 1 and 2, such that estimation point 1 is the point on the left and

estimation point 2 isthe point on theright in Fig. 7.1.

1 T T T T T T T T |
Vv 0.49
X X Values to estimate
09+ v v Hard data values
' O o) Soft data values
v -0.56
0.8 v -0.12 .
0.7F E
T -0.29 v 0.77
0.6 O -1.11 i
0.35
0.5 x_—0.68 x 0.2 .
@ 0 -0.54
0.4t .
v 1.41
031 v -0.40 v 0.77 |
0.2 i
v 1.37
0.1F B
v 1.19
o 1 1 1 1 1 1 1 1 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

51

Figure7.1: A redlization of the STRF X(p) . Thelocation of the estimation points, hard
data points and soft data points are shown with crosses, triangles, and circles, respectively.
The smulated (true) value the S'TRF is written next to each point.

Using the single-point BME approach we may calculate the posterior BME pdf for
each of the two estimation points considered independently. The single-point posterior pdf

f (x,) for estimation point 1 is shown in Fig. 7.2, and () for estimation point 2

is shown in Fig. 7.2b. Also shown in Fig. 7.2 are the mode values of the single-point
posterior pdf's, which are j,>" = —0.54 for first (left) estimation point, and j; = 0.14 for
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second (right) estimation point.. These values are the most probable values for each

estimation points considered separately given the hard data and soft data, and they are in
good agreement of the "true” (simulated) values shown in Fig. 7.1, i.e. y, =-0.68 and

X, =0.20.

(@)

1.4 T \
O Single—point mode

1.2}
X = ~0.54
1

).
o)
I

o
)
T

O Single—point mode

X = 0.14
2

)
o)
I
|

o
=2}
T
!

0.4 T

0.2 T

0 ! ! ! ! !
-2 -1.5 -1 -0.5 0 0.5 1 15

Xy

2

Figure 7.2: Single-point posterior pdf for (&) estimation point 1 on the left, (%), and
(b) estimation point 2 on theright, f2° (X,)- The single-point mode values, shown with

circles, are (a) jy; =—0.54 for first (left) estimation point, and (b) = 0.14 for second
(right) estimation point.
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In the multi-point approach the estimation points are considered jointly, allowing to

calculate the multivariate posterior pdf given by Eq. (7.9). For the two estimation points
fKMP(Zkl’Zkz) ShOWﬂ In

Fig. 7.3. Inthe figure f¢'""(x,, . x,) is normalized by its maximum value, max(fg'"),

considered in this test case, we obtain the bivariate posterior pdf

i.e. the contour lines of equal value of " (x, . x,)/ max(f¢"") are shown, with values of

0.1+0.1k, k=0,..,9. It is clear from the figures that the multi-point posterior pdf
fP’Q"P(xkl,xkz) of Fig. 7.3 is much informative than the single-point posterior pdf's of Fig
7.2: While the multi-point posterior pdf's provides any single-point pdf as amargina pdf,

it al'so describes the interdependence at the two estimation points. Also shownin Fig. 7.3

with a circle is the location of the mode vector 7" =[xy Ze 1. With values of

X =—0.54 and 2,7 = 0.19. Thesevaluesarethe most probable values at the estimation

point considered jointly. We note (for this realization of the S'TRF) that while at the first
estimation point the multi-point and single-point estimates are the same, at the second
estimation point the error dropped from 0.06 for the single-point estimate to only 0.01 for
the multi-point estimate. This test case illustrates the difference between the multi-point
mapping and single-point mapping based on only two estimation point. Next we consider

acaseinvolving 25 estimation points.
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1 T T T
O Multi-point mode
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X = -0.54
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Figure 7.3: Multi point posterior pdf g™ (. x,). The contour lines of equal value of
f"" (i 21,) Max(£™") are shown, with values of 0.1+0.1k, k=0,..,9. The multi-point
mode (0) is . =-0.54 and 7" =0.19, suchthat " (xe . x )/ max(fe™) =1

7.6.2 Multi-point Mapping Versus Single-Point Mapping: Test Case 2

In this second test case we consider a mapping situation involving 25 estimation points
located on a grid in the neighborhood of m,=2 hard data points, and m—m, =5 points
with soft data of the interval type. The location of the 2 hard data points, the 5 soft data
points and the grid of estimation points are shown in Fig 7.4. Also shown are the values

of atwo-dimensional Spatial Random Field (SRF) generated using the LU decomposition

method with a zero mean and the Gaussian covariance function c,(r) = ¢, exp[-r?/ a?],
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where r =|s—¢/|, & =0.6 and c,=1.0. At the soft data points we only consider the soft

knowledge X, ,; €[l;,u], i=m,+1,..., m, (the simulated values are ignored).

1
0.9 v-0.63
0.8
0.7 5XOO.8010 X 15 X 20 x 25 x
0.6 4x 9x 14 x 19 x 24 x

0-0.10
»n 0.5 3x 8x 13 x 18 x 23 x
0.4 2X 7% 12 x 17 x 22 X
0-0.31
0.3} 10706744 11 % 16 x 21 x
0-0.60

0.2
0.1 v-0.30

0 | | | | | | | | |

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

S

1
Figure 7.4. Location of points with estimation point numbers (x), hard data values (0)

and soft datavalues(A).

Using hard data values and the soft data intervals, BME produces multi-point

estimates at the 25 estimation point. The resulting multi-point based estimates at these 25

pointsis used to draw the contour lines of equal values of estimated values shown in Fig.
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7.5 using plain line. Also shown in dashed line are the contour lines of the estimated
values using single-point BME. The estimation contour map obtained using multi-point
BME is noticeably different than the one obtained using single-point BME. Indeed, the
multi-point approach offers a description that accounts for the inter-dependence between

estimation points.

' I
Multi-point
Single—Point

0.65

0.55

N

0.45

0.35

0.3 ; : :
03 035 04 045 05 055 06 065

S

1
Figure 7.5: Map of estimated values at the 25 estimation points. Note the area covers only
part of the original domain. The contour lines of equal estimated values are shown using
(=) for multi-point BME (- -) for single point BME.

Asin the previous test-case, the inter-dependence between two specific estimation
points may be further examined by looking at their bivariate pdf. Consider for example the
estimation points 1 and 6 (located at the bottom left of the grid). The bivariate pdf
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fe"" (X 24) fOr these two estimation points, shown in Fig. 7.6, provides a good

description of their interdependence.

sz

-0.6

Xy
Figure 7.6: Bivariate posterior pdf f¢" (x,,.x,) for estimation point 1 and 6. The
contour lines of equal value of " (y,. %)/ max(f¢'") are shown, with values of
0.1+0.1k, k=0,..,9. The modeisat . =-0.204 and x,_=-0.286.
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A stochastic estimation method produces a set of estimated values as well as an
assessment of estimation error. In this test case we compared the estimated values
produced by multi-point mapping and single point mapping, but we did not compare the
error assessment provided by these two approaches. This is done in the next test-case,
where we look at the BME confidence sets provided by the multi-point mapping approach

using two estimation points.

7.6.3 BME Confidence Sets in Action
In this case study we consider the joint estimation of a Spatial Random Field (SRF) X(p)
at 2 estimation points, given 2 hard data points and 2 soft data points. The location of the

estimation points, hard data points and soft data points are shown in Fig. 7.7.

X x  Estimation points
0.9f v v VvV  Hard data points
O O  Soft data points

0.8
0.7
0.6
N
@ 0.5 x X
0.4} o
0.3

0.2f

0.1f v

0

0 0.2 0.4 0.6 0.8 1
S

1
Figure 7.7: Location of the estimation, hard and soft data points.
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The soft data considered is of the probability type, corresponding to the generator
paf f,(«}) shown in Fig. 7.8. Using the stochastic simulation method described in

Chapter |1 and using the generator pdf f, () of Fig. 7.8, we obtain a realization of the
SRF X(p) at the estimation points, hard data points and soft data points. As way of
summary, the stochastic simulation method involves using the LU decomposition method
to generate values of X(p) at the estimation points and hard data points, and then using the
generator pdf f, (%) to produce the soft data of probabilistic type. Asusual, the simulated
value of X(p) at the estimation point are considered the "true" values. The knowledge of
these true values is ignored during the estimation process, so that they are (re-)estimated
using only the hard and soft data. Then the difference between true value and estimated

vaue forms the estimation error.

O Il Il
0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2

Figure 7.8: Probability distribution function f (%) used to generate the soft pdf
realizations.

Let the random variables x, and x,, represent the SRF X(p) at the estimation
points p,, and p,,, where p, isthe estimation point on the left in Fig. 7.7 and p,, ison
theright. Thesimulated valuefor X(p) is x,, =—-1887 at p, and x,, =-1777 a p,.

Using the multi-point BME approach we calculate the two-point posterior pdf
f Xk Xk, ) - Themode of this two-point pdf provides the multi-point estimate, which we
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calculate to be z," =-1610 and " =-1668. For comparison purpose, we also

caculate fi () and f (x,,) using single point analysis, and we find the corresponding
single-point mode estimate to be 7,5 = —-1605 and z; = —1655. We note that the multi-

point mode estimate provides some improvements over the single-point mode estimate,

however what we are interested in this case study is the error assessment for the joint
estimate of x,, and X,,. This error assessment is best described using BME confidence

sets.

The BME confidence sets @, for multi-point mapping are a generalization of the

confidence interval idea of single-point mapping. The BME confidence sets obtained using
Eq. (7.19) for x, and X, are shownin Fig. 7.9a The lines delineate the contour of the

confidence sets, and the labels indicate the confidence levels (ranging from 0.1 to 0.9 with
increments of 0.1). Each contour represents the smallest set of valuesfor x, and X, for

the confidence probability noted in the label. These sets are small because they take into
consideration the correlation between x,, and X, .
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Figure 7.9: BME confidence sets @, for X, and X, constructed from (a) multi-point
analysis, and (b) single-point analysis using the BME confidence intervals.

For comparison purposes, in Fig. 7.9b we plot the confidence sets which are
obtained if we were to replace the bivariate pdf f, (¥, ,x,) of the two-point analysiswith

the product of univariate pdf f, (¥,,) and fy (x,,) of the single-point analysis --which

corresponds to (incorrectly) assuming that the variables x, and x,, are independent. It is

evident from Figs. 7.9a and 7.9b that the shapes of the confidence sets are significantly

different, which means that Fig. 7.9b provides an incorrect representation of the real
situation. The BME confidence set size Hdinu --which is equal to the area surrounded by

the corresponding confidence probability n-contour in Fig. 7.9 --is plotted in Fig. 7.10 as
afunction of n for both the multi-point case of Fig. 7.9a and the single-point case of Fig
7.9b. From Fig. 7.10 we note that for any n the size of the corresponding multi-point
confidence set of Fig. 7.9a is consistently smaller than the size of the single-point
confidence set of Fig. 7.9b. Since a stochastic estimation method is considered more
accurate when it produces smaller confidence sets at a given confidence level, this
simulation study demonstrate that the multi-point confidence sets provide a considerable

improvement over single-point confidence sets.
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Figure 7.10: Size of the BME Confidence Sets for multi-point and single-point analysis




