VIII. BME STUDIES OF STOCHASTIC DIFFERENTIAL
EQUATIONS REPRESENTING PHYSICAL LAW

A wide variety of natural processes are described using physical laws. A physical law may
be expressed by means of an algebraic equation or a differential equation governing the
physical process. Classical methods of Geostatistics have been designed to use mainly
statistical knowledge about natural variables and they lack the ability to incorporate physical
laws in the mapping analysis. On the other hand, BME can accomplish such a task,
rigorously and accurately. Within the BME epistemic framework, these laws constitute
general knowledge. Asa consequence, the analysis at the prior BME stage is conditioned
by the laws that govern the physical processes. Then the posterior BME stage is performed
as usual, allowing to integrate case-specific data (such as measurements and uncertain

observations).

In this chapter we discuss a general framework that permits to incorporate physical
laws expressed in various forms, i.e., by means of algebraic functions or differential
equations. We then illustrate the principles presented by means of a theoritical and
numerical example. Finally the power of this approach is demonstrated in a ground water
case study. In this case study, BME is used to incorporate the Darcy law of subsurface
hydrology in the spatial mapping of a hydraulic head field. The hydraulic map thus
obtained is physically meaningful as well as numerically more accurate than that obtained
using classical methods (e.g., kriging). Moreover, by taking advantage of the Darcy law,
the BME hydraulic head mapping can involve other related soil properties, like hydraulic

conductivity. The approach leads to very accurate hydraulic head solutions, and may be
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also applied to study the inverse problem, in which one seeks to estimate hydraulic

conductivity from hydraulic head measurements.

8.1. Introduction

Physical laws expressed by mathematical equations govern the evolution of natural
processes in space/time. Thus, they provide an important source of general knowledge G

that can be used to complement the specific knowledge of the natural process derived from
the available data and other sources. For example an advection model provides valuable
information for managing uncertainty in an air quality GIS (Hassan and Huang, 1996). In
the BME framework, physical laws are incorporated in the general knowledge by means of
an appropriate set of moment equations (Christakos, 1998b, 1999; Christakos, Hristopulos
and Serre, 1999). These moment equations contain the knowledge of the physical law, and
they are naturally incorporated in the prior pdf of BME analysis. Incorporation of general
knowledge in the mapping process can lead to considerable gains in accuracy and
flexibility. For example the incorporation of the Darcy law in the mapping of water table
elevations leads to predictions that are physically meaningful and more accurate than that
provided by classical data analysis that does not account for the physical law (Serre and
Christakos, 1999a).

In thiswork two prime classes of laws are considered: They are laws expressed as
algebraic equations, and laws expressed as differential equations. Algebraic equations
usually express an algebraic dependence between the primary Random Field (RF) X(p)
and a secondary (physicaly related) RF, Y(p). Differential equations are a generalization
of algebraic equation which also contain some differential operator expressing the

space/time evolution of the primary RF X(p). In this chapter we outline an approach
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allowing to incorporate physical laws of algebraic and differential types, and we then

demonstrate the approach by means of examples and case study.

8.2. Incorporating Physical Laws in BME mapping

We only give here abrief outline of the general framework for incorporating a physical law
in the general knowledge, for a more detailed explanation see Christakos (1998a, 1999),
and Christakos, Hristopulos and Serre (1999). We consider a physical variable
represented by the random field (RF) X(p) at the point p =(s,t) in space/time, and we let
Y(p) be asecondary RF. The vector Xp,, is arepresentation of the RF at aset pp, of
mapping points that includes both the data and the estimation points. As presented in
Chapter VI, Eg. (6.5), the general knowledge available is processed in the BME
framework by means of moment equations
0 (Prep) = | Wonep W ot F& Kimepr Vet Prop) 9o Himap: W) . @ = 0,1, N, where
Xmap and , w4, denote specific realizations of Xmap and Youar fo (Xmap Waatas Pmap) 1S
their joint prior pdf, and the g, 's are appropriate functions of X5, and Yy, such that

their expected values g, are known. These expected values g, may be determined directly

from field data and experimental surveys (as considered in previous chapters), or they may
be inferred from the physical law. A physical law can be expressed as either algebraic

relations or differential equations.

Algebraic Relations:

In this case the physical law may be expressed in the form @(X(p),Y(p)) =0, where
@(.) isan agebraic equation. Thistype of equation provides valuable information about
the RF X(p), however in order to incorporate it in the general knowledge, we must

transform it into a set of moment equations. Thisis easily done by taking the stochastic

expectation of the algeabric equation written at the mapping points p,, i=1...,n, where
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P € Prap- Hence the moment equations are obtained by writing
G (Xmap: Vaaa) = @i (X3 Y;) and g =0, i=1..,n, where x. and y. represent the RFs
X(p) and Y(p), respectively, at point p. These moment equations are readily
incorporated in the general knowledge, as shown in previous chapters. Note that additional
moment equations may as well be generated from the algebraic equation by considering the
product of the algebraic equation written at all possible pairs of points (Christakos,
Hristopulos and Serre, 1999).

Differential Equations

This category of physical laws includes ordinary (ODE) and partial differential equations
(PDEs) that can be expressed in the general form @(X(p),Y(p)) = D,[X(p)], where D, is
a space/time differential operator and @ an algebraic function. If the PDE is solved
explicitly by X =H(Y) the problem is reduced to the previous case. |If an algebraic
solution isintractable, the differential equation can be still used in BME analysis by writing
& (Xmap» Veama) = P(X(p),Y(p)) and g =D,[X(p)]. Note that this approach is
attractive because it does not require an explicit solution for the differential equation,
however it will result in an implementation with a higher numerical complexity than in the

previous case.

8.3. A Numerical Example For The Incorporation Of A
Physical Law In The General Knowledge

In this numerical example (Serre and Christakos, 1999), we consider a physical law
describing the evolution of natural process X(t) in time. Using the BME framework, we

show how to numerically implement the incorporation of the physical law in the general
knowledge G, and obtain the G -based prior pdf f;(x;t) for the RF X(t) attime t.

173



8.3.1. The physical law and the BME framework

Let's consider the following physical law describing the evolution of the natural process

X(t) intime,
_ aXx(t)
rX(t) = prat (8.22)

where X(t) isaRF depending on timet, with random initial condition X(t) = X,. In this

numerical example we show how to numerically implement the incorporation of the

physical law (8.22) in the general knowledge, and obtain the prior pdf f;(y;t) for the RF
X(t) at time t. In the BME framework for physical laws, we take the stochastic

expectation of some linear combination of the physical law, in order to derive suitable

moment equations. Taking the stochastic expectation of (8.22) and of (8.22) multiplied by
dX(t) 1dX3(t)
d 2 dt

moments are incorporated in the general knowledge by using the following g, -functions

X(t) yields the equations r X(t) = and rX?(t) = , respectively. These

%=1 g =1

g = rX(t); g_1=d>;—5t) : (8.23)
— 1dX(t

G =X°(1): 6= dt()

where by convention g, =1 and g, =1 define the normalization constraint. Using the

moment equations (8.23) we may write the prior pdf as

fo (xit) = explitg (t) + w (OF x + o () %71, (8.24)
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where the Lagrange coefficients are obtained by using the constraints (8.23). Using the

expression for f;(yx;t) we may write these constraints as follow

,[d?( fo(x)=1

df, (1:t)
Joerx fe Gty = [y ==, (8.25)
1 df (x;t)
Jdera® o Qi) =5 [ x? Gdt

The first equation in (8.25) gives the normalization constraint as
expio(t) =1/ [dyexplu, (V) x + 1, (t)r x*1. Thetime derivative of f¢(x;t) is given by

df (g)(’t) (d.uo(t)_l_zi X kM)f (x:1). It

%jd}(f (x t)_M +Yir u"()jd;mkf (x:t) = 0, and after some manipulations

is usefull to note that

we obtain that i

=37 (02— M (1) “gt()fe(x;n,where

[ dy 2 expluy (O x + u,(t)r %%
[ dy explu, (O x +u,()r x*1

My (t) = [y x* fo (x:t) = =12. (8.26)

Using this result we may rewrite the second and third equation of (8.25) as

M) = T3 (M (0~ MOM©) 2, k=12, (8.27)

It is convenient for numerical purposesto express Eq. (8.27) in matrix form as follow

DI(®)] = HIR®]-S 1O, (8.28)
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where  w®=[m(0 w7 DI = (MO M@, and
[ M- MOMO M- MoOMO)
O1= ) )/ (o2 TS e

coefficients are then easily calculated by solving numerically %u(t) = H Y p®)]D[u(t)],
using theinitial condition p(0)=[u, , ,uZ,O]T. The forward difference approximation is

well suited for this application and it is given by

n(t, ) = pd)+ €, -t)H _l[ll(ti )ID[u(t)]. (8.29)

8.3.2. Numerical results
Theinitia value X, for the RF X(t) at time t = 0 is arandom variable. We assume that at

t=0, the distribution of X, is described by the following pdf
fo (2:0) = expl1o(0) + 1, O)r 1 + 1, (O)r £ 1, (8.30)

with 1,(0) =-90.3964, u,(0)r =19.539 and u,(0)r =-10622. This corresponds
approximately to amean of m, = 9.1974 and avariance of ¢ = 0.4707. Attime t>0,
we assume that the evolution of X(t) is governed by the physical law dX(t)/ dt = rX(t),

where the coefficient r isgiven by r=-0.01.
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Figure 8.1: Probability density function of X(t) at times t=0, t=20, t=40, and

t=60. The pdf from simulated values are in plain line, and the BME pdf are in dotted
lines.

Using the initial pdf, Eq. (8.30), we generate 10000 values of the initial value X,.
The histogram of the simulated values is shown in figure 8.1 in plain line, while the

theoretical pdf (Eq. 8.30), is shown in dotted line at t=0. In the BME framework we
calculate the Lagrange coefficients p(t) =[u,(t) w,(t)]" for the BME prior pdf fo(x:t) by

solving Eqg. (8.29) with a time step of dt=0.05 time units. The calculated Lagrange

coefficients are shown in Fig. 8.2. for time valuesup to t = 60.
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Figure 8.2: Calculated Lagrange coefficients p(t) = [u,(t) u,(t)]"

For comparison purposes, we may calculate at a given time t the value

X 1= X, €xprt corresponding to each smulated initial value X, ,, where 1=1,...,10000

is the simulation number. In Fig. 8.1 we show the histogram (in plain line) of the X ,

valuesat times t =20, t =40, and t = 60. Also shown in the figure in dotted line are the
theoretical pdfs fg (y;t) = expliy(t) + 4y (1)1 x + 1, (t)r %] corresponding to the calcul ated
Lagrange coefficients p(t) =[u,(t) w,(t)]" attimest=20, t=40, and t=60. As one
can see from the figure, the predicted BME pdfs are in good agreement with the ssmulated

histograms.
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Figure 8.3: Normalized non-centered moments m, , (t)/ m,,(0) of order k=1,...,4
calculated using the simulated values (plain line), and the BME pdf (crosses).

Additionally we may calculate the statistical moments for X(t) at a given time,
using both the simulated values X, ,, 1=1,...,10000, and the BME pdf f;(x;t). In Fig.

8.3 we show the non-centered moments m, , (t) = XX(t) of order k=1,...,4 caculated

using the simulated values (plain line), and the BME pdf (crosses). In Fig. 8.4 we show
the centered moments c, , (t) = (X(t) - X(t)¢ of order k=2,...,4 calculated using the

simulated values (plain line), and the BME pdf (crosses). It isapparent from these figures

that the BME pdf predicts correctly the moments of X(t). Hence the BME framework

allows to accurately incorporate a physical law in the genera knowledge.
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Figure 8.4: Centered moments c, , (t) = (X(t) - X(t)) of order k=2,...,4 calculated
using the ssmulated values (plain line), and the BME pdf (crosses).

In this example we have shown how the BME framework allows to incorporate a
physical law in the genera knowledge G, which leads to a G -based prior pdf fg (Xygp)-
In BME mapping, the specificatory knowledge S (consisting of hard and soft data) is then
used to update the prior pdf, leading to the posterior pdf useful for spatiotemporal
mapping. In the next section we present a numerical case study for the mapping of water-
table elevation, which shows the incorporation of the physical law at the prior stage aswell

as the processing of the hard and soft data at the posterior stage.
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8.4. BME Mapping of Unidimentional Ground water Flow

Flow in porous mediais described by the Darcy law, which relates hydraulic conductivity
and hydraulic heads. Darcy law is an important part of the general knowledge available to
hydrologists. In this numerical case study we demonstrate the power of the BME approach
in the case of unidirectional ground water flow. Inthe BME approach, the Darcy law is
integrated in the genera knowledge describing the hydraulic head (water table elevation) of
an aquifer. The general knowledge is used in the prior stage of the BME method which
provides a prior pdf describing the joint distribution of hydraulic head and hydraulic
conductivity. In the posterior stage of the BME approach, specificatory knowledge is used
to update the prior pdf and leads to the posterior pdf useful for mapping applications.

8.4.1. A Formulation of the One-Dimensional Flow Problem

Consider the Darcy law for unidirectional flow

dH(s)
ds '

a(s) = -K(9) (8.31)

where the specific discharge q(s) is considered deterministic while the hydraulic head
H(s) and the hydraulic conductivity K(s) arerandom fields. It is convenient to rewrite the

Darcy law asfollow

FE g9 R, 8.32)
S

where R(s) =1/ K(s) isthe hydraulic resistivity random field. Eq. (8.32) is a Stochastic

Ordinary Differential Equation (SODE) with the following boundary condition

q(s)
{H(O) =H, 639
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i.e. we assume that hydraulic head profile H(s) has aknown value H, at the origin s=0.

The hydraulic resistivity R(s) isaproperty of the porous mediathat is governed by
soil formation and geology. This soil property is characterized by its statistical moments,
which are usually obtained from experimental data. In particular we assume that the

hydraulic resistivity has a known mean mg(s) and non-centered covariance function

Mg,(S,S ), so that we may write

{@ = MR(9) (8.34)

R(SR(S) = mg(s,S)

and the variance of R(S) is given by o3(s) = Mys(S,s)— ma(s). |f we assume that the

hydraulic resistivity has a known fourth order non-centered moment mg ,(s) we may

additionally write

R*(S) = mg 4(9). (8.35)

The statistical moments of the hydraulic resistivity are a function of the
geomorphology of the soil and are usually obtained from experimental data. On the other
hand the moments describing the hydraulic head are obtained from the Darcy law, Eq.
(8.32). Using the Darcy law we may obtain expression for the mean m,, (s) = H(s) and
non-centered covariance function H(s)H(S) = m,,(s,S) of the hydraulic head, as well as
the non-centered cross-covariance function R(S)H(S) = m,(s,S ), as shown in the next

section.
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8.4.2. Using Darcy Law to Obtain Hydraulic Head Moments
Taking the expected value of Eq. (8.32) we obtain the equation

d —
P H (s) =—-q(s) mg(s). (8.36)

Solving for the mean hydraulic head m,(s) = H(s) and using the boundary condition

(8.33), we obtain that

My, (8) = H, — [ dug(u) me(u). (8.37)

Multiplying Eq. (8.32) taken at sby R(s) and then taking the expected value, we have

9y (58) = —0(9 Mee(5.8), (8.39)
ds

where g(s) and mgg(s,s) are known functions. The solution of Eq. (8.38) is given, after

considering the boundary condition of Eq. (8.33), by

Mye(S8) = HoMg(s) — [odug(u) meg(u,s) (8.39)
Finally, multiplying Eq. (8.32) taken at sby H(s) and then taking the expected value, we
get

9 (58) =~ Mur(S.9), (8.40)
ds

the solution of which is given, after substituting Eq. (8.39) into Eqg. (8.40) and considering

the boundary condition of Eqg. (8.33), by



My (5:8) = J5du [} o 0(W) AU ) Mg () = HE + Ho(m (9)+ My () (8.41)

The statistical moments involving the hydraulic head, my (s), my,(s,s) and mk(s,s),
represent the knowledge provided by the Darcy law, Eq. (8.32). This knowledge is
incorporated in the BME approach by defining an appropriate set of constraints g,, and
obtaining the prior pdf which maximizes expected information subject to these constraints,

as shown next.

8.4.3. The BME Prior PDF
Let Hyg=[Hy,....Hy, ]" be the vector of random variable representing the hydraulic head

H(s) at points s,...,5,,, ad Ry, =[Ry, .- R,]" be the vector of random variables
representing the hydraulic resistivity R(s) at points s, .4,---,S,- At the prior stage of the
BME analysis we seek to obtain the prior pdf fg(H a0, R gaaiS---S,) given general

knowledge G (which includes the Darcy law), where H,,, and R 4, represent a

cY

redization of the random vectors H,,, and R;,,, respectively. The general knowledge G

isincorporated by defining an appropriate set of functions g, (H 1 R gaa) » @S follows:

The knowledge of the mean my, (s) and mg(s) of H(s) and R(s), respectively, is

obtained by selecting
G(Hi:s)=H;; G(s)=my(s), iedy (8.42)

g((Ri;s)=Ry; G(S)=mr(s), 1€, (8.43)
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where J, ={1...,ny} and Jy={ny +1...,nt. The knowledge of the non-centered

covariance functions mgi(s,s ) and mex(s,s) of H(s) and R(s), respectively, is obtained

by selecting
gij(Hi’Hj;S,S'):HiHj; gi(s,s)=myu(s.s), i€y, jedy (8.44)
gi(Ri,Ri;s.5)=RiR;; Gi(s,5) =mge(s,S)), 1€dg, jedr (8.45)

The knowledge of the non-centered cross-covariance function m,z(s,s) between H(s)

and R(s) isobtained by selecting

g;(Hi,R;s,5)=HR;; 9;(S,8)=mMyr(S,S)), i€dy, jedg (8.46)
Additionally the fourth order moment mg ,(s) of R(s) isincluded by selecting

O (Ri35) =R/ 041 () =Mg4(s), 1€ Jp. (8.47)

The constraints (8.42) to (8.47) are summarized in Table 8.1. The prior pdf
incorporating the genera knowledge of Table 8.1 is given by

fo (H data’Rmap;s_l"'sn):Z_leXp[ DuH+ Y uR i+ Y YuHH Y YRR,

iedy ieJr iely jedy ieJrjedr
+ 2uHR+ Y R 1 (8.48)
ieJy jedr ieJr

where the Lagrange coefficients ;'s and u;'s are obtained by solving the system of

equations obtained from Table (1), i.e.
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[[OH o J OR g H i T (H op R garar S---S0) = My (8), 1€ Iy
IdeadeRdaaRifG(HmapiRdaIa;S.L"'sn):mR(S1)! iedg
JOH 1o OR getaH H | f6 (H a0 R gaaiS1--8)) = M (8,5, 1€ 3y, € Iy
7 0H oo OR R R s (H R i Si-5) = Men(5,5), 1 € I € I
JOH o J OR gta H R | fo (H 1 R qatai 1o S0) = Mur(S,S), - 1€y, ) € Jg
_jdH map,[dR saaR i fo(H map' R datar S+ Sh) = Mr4a(S), 1€ g

(8.49)

This system of equations has a solution for agiven initial condition q(s) and H,, which is

obtained using either analytical or numerical methods. The prior pdf (Eg. 8.49)
incorporates the knowledge of the Darcy law, and it will serve asthe basis to calculate the

BME posterior pdf using hard and soft data.

TABLE 8.1. General knowledge constraints

o Ou ga
a=i,iely, g(H;;8)=H; g(s)=my(s)
o=i,iels g(Ri;s)=R; g(s)=mx(s)

a=(ij), iedy, je I, gi(Hi,Hyis,5)=HH; Gj(s,s)=myu(s.s)

a=(ij), 1edg, JeJg gi(Ri,Ri;s.5)=RiR;; gi(s,5) = Me(s,S))
a=(j), iedy, jedg g;(Hi,R;5,5)=HRy; g;(s,s;) = myr(S,S))
a=nN+i ’ ie‘JR gn+i(Ri;S):Ri4; Gn+i(5):mR,4(S1)

8.4.4. The BME Posterior PDF

Let Hypq =[Hy s Hiy 1o Hin =[H H.,,], and H, represent H(s) a the hard

MHh Mpyp+1re

data points, soft data points and estimation points, respectively, such that
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Hunep =[Hpaa Heore Hil - Similarly let Rigg =[R..., Ry ] @nd Regq =[Rpy 1+ Reg]
represent R(s) at the hard and soft data points, respectively, such that Ry, =[ R4 Ray -

For soft data of the interval type, the BME posterior pdf is given by

Uy UR
fK(H k) = A_l JdH soft JdR soft fG (H map’ R data)’ (850)

Iy IR

where |, and u,, are the lower and upper bounds of the soft data for hydraulic head such
that |, <H; <u,, and |z and ug are the lower and upper bounds of the soft data for

hydraulic resistivity suchthat | <R . < Ug.

In the case of the soft data of the probabilistic type, the BME posterior pdf is given

by

fK(H k) = A_l_[ dH soft,[dR soft fS (H soft 1 R soft) 1:G (H map ! R data)1 (8-51)

where fq(H o, R o) represents the soft knowledge of probabilistic type.

8.4.5. Simulated Case Study

The covariance of hydraulic resistivity R(s) is often modelled using an exponential

function, given by
Cr(S,S) =Cg(r =[s —9|) = croexp(-r / ag). (8.52)

Using this model with cg, =1 (sec/ mm)? and a; =6 m we generate the hydraulic

resistivity profile R(s) shown in Fig. 8.5b, where the distance between the grid pointsis
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0.5 m, and the mean of R(s) is given by mg(s) =mg =2 sec/ mm. The corresponding
profile of hydraulic conductivity K(s), given by K(s)=1/ R(s), is shown in Fig. 8.5a
The distribution of valuesfor K(s) and R(s) at those grid pointsis shown by means of the
histograms of Fig. 8.6. The histogram of K(s) valuesin Fig. 8.6ais asymmetric, with a
tail of high values truncated at 5 mm/sec in the figure. The histogram of R(s) valuesin

Fig. 8.6b may be approximated by a symmetric pdf with a kurtosis coefficient

Mg,/ 0,2,0:3. Note that this simulated case study represent well certain types of soils (e.g.
with skewed distribution of K(s)), but other situation may just as easily be explored by

choosing the proper ssmulation parameters.
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Figure 8.5: Simulated profile for (a) the hydraulic conductivity H(s), and (b) the hydraulic
resistivity R(s). The hard data and soft interval datafor test case 1 are shown with triangles
and error bars, respectively.
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Figure 8.6. Histogram of (a) the hydraulic conductivity K(s), and (b) the hydraullc
resistivity R(s).

The profile of hydraulic head calculated by solving the Darcy equation (8.31) using
as boundary condition Hy; =100 m and a constant specific discharge of
g(s)=q=0.05 mm/sec isshown in Fig. 8.7a. The values of H(s) at the grid-points
were calculated by a numerical integration of the K(s) data, and they are considered the
"true" profile of hydraulic head. The mean hydraulic head m, (s) = H, — qmgs is shown
with a dashed line in Fig. 8.7a, and the difference H(s)—my(s) is called the hydraulic
head fluctuation. The histogram of hydraulic head fluctuation is shown with plain linesin
Fig. 8.7b for locations corresponding to s=5 m, s=25 m and s=75 m. These
histograms were obtained by using 2000 realizations of H(s), and they show that the
spread of the distribution of the hydraulic head fluctuations around O increases as the
abscissa s gets further from the origin s=0, as expected due to the deterministic boundary

condition at the origin.
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Figure 8.7: (a) Calculated profile of the hydraulic head H(s), with hard and soft data for
test case 1 represented using triangles and error bars, respectively, (b) histogram of the
hydraulic head at different location s.

In afirst test case, we consider the estimation of the hydraulic head using sparse
measurements of H(s) and R(s). The hard and soft (interval) data selected are shown
with triangles and error bars, respectively, in Fig 8.5b for R(s), and in Fig 8.7afor H(s).
Using only the hard and soft data we (re)estimate the hydraulic head along the flow
domain, and we may then compare the estimated values with the simulated (true) profile.
When estimating H(s) we use different estimation methods for comparison purposes. The
first method presented here is the classical Simple Kriging (SK) method, where only the
hard datafor H(s) isused, and the covariance for H(s) is given by an isotropic Gaussian
model obtained by fitting the hydraulic head data. The estimated profile using SK is shown
with aplainlinein Fig. 8.8a, where the true profile is shown in dotted line. Note that this
approach does not use the knowledge of the Darcy law and flow boundary condition, and
furthermore it relies on the assumption that the hydraulic head fluctuations are
homogeneous in space (i.e. have a constant mean and variance). Thisassumption is clearly
not supported by the pdf of H(s), shown in Fig 8.7b, which shows a marked increase of

the variance of H(s) as sincreases.
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Figure 8.8: Estimated hydraulic head fluctuation H(s) —m,, (s), obtained for test case 1
from (a) SK using hard data for H(s), (b) BME using hard data for H(s), (¢) BME using
hard and soft datafor H(s), (d) BME using hard and soft data for both H(s) and R(s).

A better approach to estimate H(s) is the BME method. In the BME method the
general knowledge consists of the Darcy law, Eq. (8.31), the boundary conditions H, and
g, and the moments of the hydraulic resistivity, mg, cz(s,;s), and mg,. Using this
information, we calculate in the first stage of the BME method the prior pdf for the
hydraulic head and hydraulic resistivity data. This stage is performed by numerically
solving for the Lagrange coefficients (the y;'s and u;;'s) of Eq. (8.49). Note that Eq.
(8.49) is a set of non-linear equations that do not present any conceptual difficulty,

however the multiple integrals have a high numerical complexity. In the case study

presented here we assumed that kurtosis coefficient is given by mg, / cé‘O:S, so that

Ui.»=0, i€ Jg, and exact analytical expressions for the integrals may be derived. In the
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more genera case where mg, / c§,0<3, it is possible to approximate the integrals with

analytical expressions (Christakos, Hristopulos and Serre; 1999). For illustration purposes
we plot in dotted line in Fig. 8.7b the prior pdf for the hydraulic head at points s=5 m,
s=25 m and s=75 m, and we note that they are in excellent agreement with the
experimental histogram calculated from the data. The posterior pdf given by Eq. (8.51) is
calculated using the prior pdf and the hard and soft data available. The BME mode estimate
(i.e. the mode of the posterior pdf) is used to plot the estimated profile of hydraulic head
fluctuation shown with aplain linein Fig. 8.8b to 8.8c. In Fig. 8.8b we show the estimate
profile obtained using only hard datafor H(s) (i.e. the triangles of Fig. 8.8b). Note that
the BME estimated profile of Fig. 8.8b is different than the SK estimated profile of Fig.
8.8a, because BME includes the knowledge of the Darcy law, while SK does not. In fact
the BME estimate provides a better estimation of H(s) than SK in the neighborhood the
hard data points, and a more meaningful extrapolation at estimation points away from any
hard data. Moreover the BME method allows to rigorously account for soft data of the
interval type, as shown with error bars in Fig 8.8c. Using both hard and soft data for
H(s), the BME method provides an improved estimated profile, as shown in Fig. 8.8c.
Finally by including the knowledge of the Darcy law, the BME method allows to also
account for hard and soft dataabout R(s). Using hard and soft data for R(s) shown with
triangles and error bars in Fig 8.5b, as well as the hard and soft data for H(s), we obtain
the estimated profile for the hydraulic head fluctuations shown in Fig. 8.8d. It is apparent
from the figure that BME provides a substantial improvement over classical kriging

methods.

In a second case study we consider the problem of estimation of the hydraulic
resistivity R(s) (or equivalently the hydraulic conductivity K(s)=1/ R(S)) using sparse
measurements of R(s) and H(s). This problem is sometime called the inverse problem,

since we seek to obtain R(s), considered the input, such that they are consistent with the
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measured H(s), considered the output with respect to solving the Darcy law. Whileitis
possible to obtain accurate measurements of the hydraulic head H(s), it is difficult to
directly measure the hydraulic conductivity. Therefore, in the second case study, we
consider that the measurements for H(s) are the hard data shown with triangles in Fig.
8.9a, while theinformation for R(s) consist of the soft interval data shown with error bars
in Fig. 8.9b. For illustration purpose we calculate the BME estimate for three different
mapping situations. In the first mapping situation we assume that the specificatory
knowledge consists of only the soft datafor R(s), and we show the corresponding BME
estimated profile for R(s) in Fig. 8.9b. Note that this type of soft information arises
commonly when estimating the hydraulic conductivity, and the BME method provides a
rigorous framework to account for soft information. In the second mapping situation we
consider that the specificatory knowledge includes both the soft datafor R(s), as well as
the hard data for H(s) shown with triangles in Fig. 8.9a. Using this information we
obtain the estimated profile shown in Fig. 8.9c. It is apparent from the figure that this
estimated profile provides a substantial improvement over that of Fig. 8.9b. Note that the
estimated profile of Fig. 8.9c respects the soft information, but also reproduces the
important features of the true resistivity profile shown in dotted line. This unique feature of
the BME approach is due to the fact that BME accounts for the knowledge of the Darcy law
which relates H(s) and R(s), leading to substantial improvement of the estimated
hydraulic resistivity. Finally in Fig. 8.9d we show the estimated profile for R(s) using
only the hard data for H(s) (the triangles of Fig. 8.9a). We note that in this case the

important features of the hydraulic resistivity profiles are well represented.
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