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MISSING DATA

PAUL D. ALLISON
University of Pennsylvania

1. INTRODUCTION

Sooner or later (usually sooner), anyone who does statistical analysis runs into problems
with missing data. In a typical data set, information is missing for some variables for some cases.
In surveys that ask people to report their income, for example, a sizeable fraction of the
respondents typically refuse to answer. But outright refusals are only one cause of missing data.
In self-administered surveys, people often overlook or forget to answer some of the questions.
Even trained interviewers may occasionally neglect to ask some questions. Sometimes
respondents say that they just don’t know the answer or don’t have the information available to
them. Sometimes the question is inapplicable for some respondents, as when asking unmarried
people to rate the quality of their marriage. In longitudinal studies, people who are interviewed in
one wave may die or move away before the next wave. When data are collated from multiple
administrative records, some records may have become inadvertently lost.

For all these reasons and many others, missing data is a ubiquitous problem in both the
social and health sciences. Why is it a problem? Because nearly all standard statistical methods
presume that every case has information on all the variables to be included in the analysis.
Indeed, the vast majority of statistical textbooks have nothing whatever to say about missing data
or how to deal with it.

There is one simple solution that everyone knows and that is usually the default for

statistical packages: if a case has any missing data for any of the variables in the analysis, then
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simply exclude that case from the analysis. The result is a data set that has no missing data and
can be analyzed by any conventional method. This strategy is commonly known in the social
sciences as listwise deletion or casewise deletion, but also goes by the name of complete case
analysis.

Besides its simplicity, listwise deletion has some attractive statistical properties to be
discussed later on. But it also has a major disadvantage that is apparent to anyone who has used
it: in many applications, listwise deletion can exclude a large fraction of the original sample.

For example, suppose you have collected data on a sample of 1,000 people, and you want to
estimate a multiple regression model with 20 variables. Each of the variables has missing data
on five percent of the cases, and the chance that data is missing for one variable is independent
of the chance that it’s missing on any other variable. You could then expect to have complete
data for only about 360 of the cases, discarding the other 640. If you had merely downloaded the
data from a web site, you might not feel too bad about this, though you might wish you had a few
more cases. On the other hand, if you had spent $200 per interview for each of the 1,000 people,
you might have serious regrets about the $130,000 that was wasted (at least for this analysis).
Surely there must be some way to salvage something from the 640 incomplete cases, many of
which may lack data on only one of the 20 variables.

Many alternative methods have been proposed, and we will review several of them in this
book. Unfortunately, most of those methods have little value, and many of them are inferior to
listwise deletion. That’s the bad news. The good news is that statisticians have developed two
novel approaches to handling missing data—maximum likelihood and multiple imputation—that
offer substantial improvements over listwise deletion. While the theory behind these methods

has been known for at least a decade, it is only in the last few years that they have become
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computationally practical. Even now, multiple imputation or maximum likelihood can demand a
substantial investment of time and energy, both in learning the methods and in carrying them out
on a routine basis. But hey, if you want to do things right, you usually have to pay a price.

Both maximum likelihood and multiple imputation have statistical properties that are
about as good as we can reasonably hope to achieve. Nevertheless, it’s essential to keep in mind
that these methods, like all the others, depend for their validity on certain assumptions that can
easily be violated. Not only that, for the most crucial assumptions, there’s no way to test
whether they are satisfied or not. The upshot is that while some missing data methods are clearly
better than others, none of them could really be described as “good”. The only really good
solution to the missing data problem is not to have any. So in the design and execution of
research projects, it’s essential to put great effort into minimizing the occurrence of missing data.

Statistical adjustments can never make up for sloppy research.
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2. ASSUMPTIONS

Researchers often try to make the case that people who have missing values on a
particular variable are no different from those with observed measurements. It is common, for
example, to present evidence that people who do not report their income are not significantly
different from those who do, on a variety of other variables. More generally, researchers have
often claimed or assumed that their data are “missing at random” without a clear understanding
of what that means. Even statisticians were once vague or equivocal about this notion. In 1976,
however, Donald Rubin put things on a solid foundation by rigorously defining different
assumptions that one might plausibly make about missing data mechanisms. Although his

definitions are rather technical, I’1l try to convey an informal understanding of what they mean.

Missing Completely at Random (MCAR)

Suppose there is missing data on a particular variable Y. We say that the data on Y are
“missing completely at random” if the probability of missing data on Y is unrelated to the value
of Y itself or to the values of any other variables in the data set. When this assumption is
satisfied for all variables, the set of individuals with complete data can be regarded as a simple
random subsample from the original set of observations. Note that MCAR does allow for the
possibility that “missingness” on Y is related to “missingness” on some other variable X. For
example, even if people who refuse to report their age invariably refuse to report their income,
it’s still possible that the data could be missing completely at random.

The MCAR assumption would be violated if people who didn’t report their income were
younger, on average, than people who did report their income. It would be easy to test this

implication by dividing the sample into those who did and did not report their income, and then
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testing for a difference in mean age. If there are, in fact, no systematic differences on the fully-
observed variables between those with data present and those with missing data, then we may
say that the data are observed at random. On the other hand, just because the data pass this test
doesn’t mean that the MCAR assumption is satisfied. There must still be no relationship
between missingness on a particular variable and the values of that variable.

While MCAR is a rather strong assumption, there are times when it is reasonable,
especially when data are missing as part of the research design. Such designs are often attractive
when a particular variable is very expensive to measure. The strategy then is to measure the
expensive variable for only a random subset of the larger sample, implying that data are missing

completely at random for the remainder of the sample.

Missing at Random (MAR)

A considerably weaker assumption is that the data are “missing at random”. We say that
data on Y are missing at random if the probability of missing data on Y is unrelated to the value
of Y, after controlling for other variables in the analysis. Here’s how to express this more
formally. Suppose we only have two variables X and Y, with X always observed and Y
sometimes missing. MAR means that

Pr(Y missing| ¥, X) = Pr(Y missing| X).

In words is, the conditional probability of missing data on Y, given both Y and X, is equal to the
probability of missing data on Y given X alone. For example, the MAR assumption would be

satisfied if the probability of missing data on income depended on a person’s marital status but,
within each marital status category, the probability of missing income was unrelated to income.

In general, data are not missing at random if those with missing data on a particular variable tend
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to have lower (or higher) values on that variable than those with data present, controlling for
other observed variables.

It’s impossible to test whether the MAR condition is satisfied, and the reason should be
intuitively clear. Since we don’t know the values of the missing data, we can’t compare the

values of those with and without missing data to see if they differ systematically on that variable.

Ignorable

We say that the missing data mechanism is ignorable if the (a) the data are MAR and (b)
the parameters governing the missing data process are unrelated to the parameters we want to
estimate. Ignorability basically means that we don’t need to model the missing data mechanism
as part of the estimation process. But we certainly do need special techniques to utilize the data
in an efficient manner. Because it’s hard to imagine real-world applications where condition (b)
is not satisfied, I treat MAR and ignorability as equivalent conditions in this book. Even in the
rare situation where condition (b) is not satisfied, methods that assume ignorability work just

fine; but you could do even better by modeling the missing data mechanism.

Nonignorable

If the data are not MAR, we say that the missing data mechanism is nonignorable. In that
case, we usually need to model the missing data mechanism to get good estimates of the
parameters of interest. One widely used method for nonignorable missing data is Heckman’s
(1976) two-stage estimator for regression models with selection bias on the dependent variable.
Unfortunately, for effective estimation with nonignorable missing data, we usually need very
good prior knowledge about the nature of the missing data process. That’s because the data

contain no information about what models would be appropriate, and the results will typically be
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very sensitive to the choice of model. For this reason, and because models for nonignorable
missing data typically must be quite specialized for each application, this book puts the major
emphasis on methods for ignorable missing data. In the last chapter, I briefly survey some
approaches to handling nonignorable missing data. We shall also see that listwise deletion has

some very attractive properties with respect to certain kinds of nonignorable missing data.
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3. CONVENTIONAL METHODS

While many different methods have been proposed for handling missing data, only a few
have gained widespread popularity. Unfortunately, none of the widely-used methods is clearly
superior to listwise deletion. In this section, I briefly review some of these methods, starting
with the simplest. In evaluating these methods, I will be particularly concerned with their
performance in regression analysis (including logistic regression, Cox regression, etc.), but many

of the comments also apply to other types of analysis as well.

Listwise Deletion

As already noted, listwise deletion is accomplished by deleting from the sample any
observations that have missing data on any variables in the model of interest, then applying
conventional methods of analysis for complete data sets. There are two obvious advantages to
listwise deletion: (1) it can be used for any kind of statistical analysis, from structural equation
modeling to loglinear analysis; (2) no special computational methods are required. Depending
on the missing data mechanism, listwise deletion can also have some attractive statistical
properties. Specifically, if the data are MCAR, then the reduced sample will be a random
subsample of the original sample. This implies that, for any parameter of interest, if the
estimates would be unbiased for the full data set (with no missing data), they will also be
unbiased for the listwise deleted data set. Furthermore, the standard errors and test statistics
obtained with the listwise deleted data set will be just as appropriate as they would have been in
the full data set.

Of course, the standard errors will generally be larger in the listwise deleted data set

because less information is utilized. They will also tend to be larger than standard errors
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obtained from the optimal methods described later in this book. But at least you don’t have to
worry about making inferential errors because of the missing data—a big problem with most of
the other commonly-used methods.

On the other hand, if the data are not MCAR, but only MAR, listwise deletion can yield
biased estimates. For example, if the probability of missing data on schooling depends on
occupational status, regression of occupational status on schooling will produce a biased estimate
of the regression coefficient. So in general, it would appear that listwise deletion is not robust to
violations of the MCAR assumption. Surprisingly, however, listwise deletion is the method that
is most robust to violations of MAR among independent variables in a regression analysis.
Specifically, if the probability of missing data on any of the independent variables does not
depend on the values of the dependent variable, then regression estimates using listwise deletion
will be unbiased (if all the usual assumptions of the regression model are satisfied).'

For example, suppose that we want to estimate a regression model predicting annual
savings. One of the independent variables is income, for which 40% of the data are missing.
Suppose further that the probability of missing data on income is highly dependent on both
income and years of schooling, another independent variable in the model. As long as the
probability of missing income does not depend on savings, the regression estimates will be
unbiased (Little 1992).

Why is this the case? Here’s the essential idea. It’s well known that disproportionate
stratified sampling on the independent variables in a regression model does not bias coefficient
estimates. A missing data mechanism that depends only on the values of the independent
variables is essentially equivalent to stratified sampling. That is, cases are being selected into the

sample with a probability that depends on the values of those variables. This conclusion applies
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not only to linear regression models, but also to logistic regression, Cox regression, Poisson
regression, and so on.

In fact, for logistic regression, listwise deletion gives valid inferences under even broader
conditions. If the probability of missing data on any variable depends on the value of the
dependent variable but does not depend on any of the independent variables, then logistic
regression with listwise deletion yields consistent estimates of the slope coefficients and their
standard errors. The intercept estimate will be biased, however. Logistic regression with
listwise deletion is only problematic when the probability of any missing data depends both on
the dependent and independent variables.’

To sum up, listwise deletion is not a had method for handling missing data. Although it
does not use all of the available information, at least it gives valid inferences when the data are
MCAR. As we will see, that is more than can be said for nearly all the other commonplace
methods for handling missing data. The methods of maximum likelihood and multiple
imputation, discussed in later chapters, are potentially much better than listwise deletion in many
situations. But for regression analysis, listwise deletion is even more robust than these
sophisticated methods to violations of the MAR assumption. Specifically, whenever the
probability of missing data on a particular independent variable depends on the value of that
variable (and not the dependent variable), listwise deletion may do better than maximum
likelihood or multiple imputation.

There is one important caveat to these claims about listwise deletion for regression
analysis. We are assuming that the regression coefficients are the same for all cases in the
sample. If the regression coefficients vary across subsets of the population, then any nonrandom

restriction of the sample (e.g., through listwise deletion) may weight the regression coefficients
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toward one subset or another. Of course, if we suspect such variation in the regression
parameters, we should either do separate regressions in different subsamples, or include

appropriate interactions in the regression model (Winship and Radbill 1994).

Pairwise Deletion

Also known as available case analysis, pairwise deletion is a simple alternative that can
be used for many linear models, including linear regression, factor analysis, and more complex
structural equation models. It is well known, for example, that a linear regression can be
estimated using only the sample means and covariance matrix or, equivalently, the means,
standard deviations and correlation matrix. The idea of pairwise deletion is to compute each of
these summary statistics using all the cases that are available. For example, to compute the
covariance between two variables X and Z, we use all the cases that have data present for both X
and Z. Once the summary measures have been computed, these can be used to calculate the
parameters of interest, for example, regression coefficients.

There are ambiguities in how to implement this principle. In computing a covariance,
which requires the mean for each variable, do you compute the means using only cases with data
on both variables, or do you compute them from all the available cases on each variable? There’s
no point in dwelling on such questions because all the variations lead to estimators with similar
properties. The general conclusion is that if the data are MCAR, pairwise deletion produces
parameter estimates that are consistent (and, therefore, approximately unbiased in large samples).
On the other hand, if the data are only MAR but not observed at random, the estimates may be
seriously biased.

If the data are indeed MCAR, we might expect pairwise deletion to be more efficient

than listwise deletion because more information is utilized. By more efficient, I mean that the
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pairwise estimates would have less sampling variability (smaller true standard errors) than the
listwise estimates. That’s not always true, however. Both analytical and simulation studies of
linear regression models indicate that pairwise deletion produces more efficient estimates when
the correlations among the variables are generally low, while listwise does better when the
correlations are high (Glasser 1964, Haitovksty 1968, Kim and Curry 1977).

The big problem with pairwise deletion is that the estimated standard errors and test
statistics produced by conventional software are biased. Symptomatic of that problem is that
when you input a covariance matrix to a regression program, you must also specify the sample
size in order to calculate standard errors. Some programs for pairwise deletion use the number of
cases on the variable with the most missing data, while others use the minimum of the number of
cases used in computing each covariance. No single number is satisfactory, however. In
principle, it’s possible to get consistent estimates of the standard errors, but the formulas are
complex and have not been implemented in any commercial software.’

A second problem that occasionally arises with pairwise deletion, especially in small
samples, is that the constructed covariance or correlation matrix may not be “positive definite”,
which implies that the regression computations cannot be carried out at all. Because of these
difficulties, as well as its relative sensitivity to departures from MCAR, pairwise deletion cannot

be generally recommended as an alternative to listwise deletion.

Dummy Variable Adjustment
There is another method for missing predictors in a regression analysis that is remarkably
simple and intuitively appealing (Cohen and Cohen 1985). Suppose that some data are missing

on a variable X, is one of several independent variables in a regression analysis. We create a
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dummy variable D which is equal to 1 if data are missing on X, otherwise 0. We also create a
variable X* such that

X* = X when data are not missing, and

X* = c when data are missing,
where ¢ can be any constant. We then regress the dependent variable Y on X*, D, and any other
variables in the intended model. This technique, known as dummy variable adjustment or the
missing-indicator method, can easily be extended to the case of more than one independent
variable with missing data.

The apparent virtue of the dummy variable adjustment method is that it uses all the
information that is available about the missing data. The substitution of the value ¢ for the
missing data is not properly regarded as imputation because the coefficient of X* is invariant to
the choice of ¢. Indeed, the only aspect of the model that depends on the choice of c is the
coefficient of D, the missing value indicator. For ease of interpretation, a convenient choice of ¢
is the mean of X for non-missing cases. Then the coefficient of D can be interpreted as the
predicted value of Y for individuals with missing data on X minus the predicted value of Y for
individuals at the mean of X, controlling for other variables in the model. The coefficient for X*
can be regarded as an estimate of the effect of X among the subgroup of those who have data on
X.

Unfortunately, this method generally produces biased estimates of the coefficients, as
proven by Jones (1996).* Here’s a simple simulation that illustrates the problem. I generated
10,000 cases on three variables, X, Y, and Z, by sampling from a trivariate normal distribution.

For the regression of Y on X and Z, the true coefficients for each variable were 1.0. For the full
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sample of 10,000, the least squares regression coefficients, shown in the first column of Table
3.1 are—mnot surprisingly—quite close to the true values.

I then randomly made some of the Z values missing with a probability of 1/2. Since the
probability of missing data is unrelated to any other variable, the data are MCAR. The second
column in Table 3.1 shows that listwise deletion yields estimates that are very close to those
obtained when no data are missing. On the other hand, the coefficients for the dummy variable
adjustment method are clearly biased—too high for the X coefficient and too low for the Z
coefficient.

TABLE 3.1 ABOUT HERE

A closely related method has been proposed for categorical independent variables in
regression analysis. Such variables are typically handled by creating a set of dummy variables,
one variable for each of the categories except for a reference category. The proposal is to simply
create an additional category—and an additional dummy variable—for those individuals with
missing data on the categorical variables. Again, however, we have an intuitively appealing

method that is biased even when the data are MCAR (Jones 1996, Vach and Blettner 1994).

Imputation

Many missing data methods fall under the general heading of imputation. The basic idea
is to substitute some reasonable guess (imputation) for each missing value, and then proceed to
do the analysis as if there were no missing data. Of course, there are lots of different ways to
impute missing values. Perhaps the simplest is marginal mean imputation: for each missing
value on a given variable, substitute the mean for those cases with data present on that variable.
This method is well known to produce biased estimates of variances and covariances (Haitovsky

1968) and should generally be avoided.
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A better approach is use information on other variables by way of multiple regression, a
method sometimes knows as conditional mean imputation. Suppose we are estimating a multiple
regression model with several independent variables. One of those variables, X, has missing data
for some of the cases. For those cases with complete data, we regress X on all the other
independent variables. Using the estimated equation, we generate predicted values for the cases
with missing data on X. These are substituted for the missing data, and the analysis proceeds as
if there were no missing data.

The method gets more complicated when more than one independent variable has
missing data, and there are several variations on the general theme. In general, if imputations are
based solely on other independent variables (not the dependent variable) and if the data are
MCAR, least squares coefficients are consistent, implying that they are approximately unbiased
in large samples (Gourieroux and Monfort 1981). However, they are not fully efficient.
Improved estimators can be obtained using weighed least squares (Beale and Little 1975), or
generalized least squares (Gourieroux and Monfort 1981).

Unfortunately, all of these imputation methods suffer from a fundamental problem:
Analyzing imputed data as though it were complete data produces standard errors that are
underestimated and test statistics that are overestimated. Conventional analytic methods simply
do not adjust for the fact that the imputation process involves uncertainty about the missing
values.” In later chapters, we will look at an approach to imputation that overcomes these

difficulties.
Summary

All the common methods for salvaging information from cases with missing data

typically make things worse. They either introduce substantial bias, make the analysis more
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sensitive to departures from MCAR, or yield standard error estimates that are incorrect, usually
too low. In light of these shortcomings, listwise deletion doesn’t look so bad. But better
methods are available. In the next chapter we examine maximum likelihood methods that are
available for many common modeling objectives. In Chapters 5 and 6 we consider multiple
imputation, which can be used in almost any setting. Both methods have very good properties if
the data are MAR. In principle, these methods can also be used for nonignorable missing data,
but that requires a correct model of the process by which data are missing—something that’s

usually difficult to come by.
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Table 3.1. Regression in Simulated Data for Three Methods

Listwise Dummy Variable
Coefficient of Full Data Deletion Adjustment
X .98 .96 1.28
zZ 1.01 1.03 .87
D .02

19
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4. MAXIMUM LIKELIHOOD

Maximum likelihood (ML) is very general approach to statistical estimation that is
widely used to handle many otherwise difficult estimation problems. Most readers will be
familiar with ML as the preferred method for estimating the logistic regression model. Ordinary
least squares linear regression is also an ML method when the error term is assumed to be
normally distributed. It turns out that ML is particularly adept at handling missing data
problems. In this chapter I begin by reviewing some general properties of ML estimates. Then I
present the basic principles of ML estimation under the assumption that the missing data
mechanism is ignorable. These principles are illustrated with a simple contingency table
example. The remainder of the chapter considers more complex examples where the goal is to

estimate a linear model, based on the multivariate normal distribution.
Review of Maximum Likelihood

The basic principle of ML estimation is to choose as estimates those values which, if true,
would maximize the probability of observing what has, in fact, been observed. To accomplish
this, we first need a formula that expresses the probability of the data as a function of both the
data and the unknown parameters. When observations are independent (the usual assumption),
the overall likelihood (probability) for the sample is just the product of all the likelihoods for the
individual observations.

Suppose we are trying to estimate a parameter 8. If f{y|0) is the probability (or
probability density) of observing a single value of Y given some value of 6, the likelihood for a

sample of n observations is

L®)=T]7010)
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where I1 is the symbol for repeated multiplication. Of course, we still need to specify exactly
what f(y|6) is. For example, suppose Y is a dichotomous variable coded 1 or 0, and 8is the

probability that Y =1. Then
L@ =[]e’a-6"~
i=1

Once we have L(6)—which is called the likelihood function—there are a variety of techniques to
find the value of @ that makes the likelihood as large as possible.

ML estimators have a number of desirable properties. Under a fairly wide range of
conditions, they are known to be consistent, asymptotically efficient and asymptotically normal
(Agresti and Finlay 1997). Consistency implies that the estimates are approximately unbiased in
large samples. Efficiency implies that the true standard errors are at least as small as the
standard errors for any other consistent estimators. The asymptotic part means that this
statement is only approximately true, with the approximation getting better as the sample size
gets larger. Finally, asymptotic normality means that in repeated sampling, the estimates have
approximately a normal distribution (again, with the approximation improving with increasing
sample size). This justifies the use a normal table in constructing confidence intervals or

computing p-values.
ML with Missing Data

What happens when data are missing for some of the observations? When the missing
data mechanism is ignorable (and hence MAR), we can obtain the likelihood simply by summing
the usual likelihood over all possible values of the missing data. Suppose, for example, that we
attempt to collect data on two variables, X and Y, for a sample of » independent observations.

For the first m observations, we observe both X and Y. But for the remaining # - m observations,
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we are only able to measure Y. For a single observation with complete data, let’s represent the
likelihood by f(x,y|6), where @is a set of unknown parameters that govern the distribution of X
and Y. Assuming that X is discrete, the likelihood for a case with missing data on X is just the

“marginal” distribution of Y:

g(y160)=> f(x.y16).

(When X is continuous, the summation is replaced by an integral). The likelihood for the entire

sample is just

O =11/ G, 10) [Ts0116).

i=m+l
The problem then becomes one of finding values of 8to make this likelihood as large a possible.
A variety of methods are available to solve this optimization problem, and we’ll consider a few
of them later.

ML is particularly easy when the pattern of missing data is monotonic. In a monotonic
pattern, the variables can be arranged in order such that, for any observation in the sample, if
data are missing on a particular variable, they must also be missing for all variables that come
later in the order. Here’s an example with four variables, Xj, X, X3, and Xy. There is no missing
data on X;. Ten percent of the cases are missing on X>. Those cases that are missing on X, also
have missing data on X3 and X4. An additional 20% of the cases have missing data on both X3
and X4, but not on X2. A monotonic pattern often arises in panel studies, with people dropping
out at various points in time, never to return again.

If only one variable has missing data, the pattern is necessarily monotonic. Consider the

two-variable case with data missing on X only. The joint distribution f{(x, y) can be written as
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h(x | ¥)g(y) where g(y) is the marginal distribution of Y, defined above and /(x | y) is the

conditional distribution of X given Y. That enables us to rewrite the likelihood as
L¢) =[Trx 1 ;D[ T2 19).
i=1 i=1

This expression differs from the earlier one in two important ways. First, the second product is
over all the observations, not just those with missing data on X. Second, the parameters have
been separated into two parts: A describes the conditional distribution of X given Y, and

¢ describes the marginal distribution of Y. These changes imply that we can maximize the two
parts of the likelihood separately, typically using conventional estimation procedures for each
part. Thus, if X and Y have a bivariate normal distribution, we can calculate the mean and
variance of Y for the entire sample. Then, for those cases with data on X, we can calculate the
regression of X on Y. The resulting parameter estimates can be combined to produce ML
estimates for any other parameters we might be interested in, for example, the correlation

coefficient.
Contingency Table Data

These features of ML estimation can be illustrated very concretely with contingency table
data. Suppose for a simple random sample of 200 people, we attempt to measure two
dichotomous variables, X and Y, with possible values of 1 and 2. For 150 cases, we observe both

X and Y, with results shown in the following contingency table:

Y=1 Y=2
X=1 52 21
X=2 34 43

For the other 50 cases, X is missing and we observe only Y; specifically, we have 19 cases with

Y=1 and 31 cases with Y=2. In the population, the relationship between X and Y is described by
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Y=1 Y=2
X=1 pii pi2
X=2 D21 P2

where p;; is the probability that X=i and Y=/. If all we had were the 150 observations with

complete data, the likelihood would be

L= (pn )52 (plz )21 (p21 )34 (pzz )32

subject to the constraint that the four probabilities must sum to 1. The ML estimates of the four
probabilities would be the simple proportions in each cell:

n..

~ Y
p“ = —
Y

where n;; 1s the number of cases falling into cell (7, /). So we would get

by, =.346
Py =227
Pr, =.140
Py, =287

But this won’t do because we have additional observations on Y alone that need to be
incorporated into the likelihood. Assuming that the missing data mechanism is ignorable, the

likelihood for cases with Y=1 is just p,, + p,,, the marginal probability that ¥ = 1. Similarly, for

cases with Y=2, the likelihood is p,, + p,,. Thus, our likelihood for the entire sample is

L= (pu )52 (plz )21 (pZI )34 (pzz )32 (pn + D )19 (p21 T Pn )31 .

How can we find values of the p;;’s that maximize this expression? For most applications
of ML to missing data problems, there is no explicit solution for the estimates. Instead, iterative
methods are necessary. In this case, however, the pattern is necessarily monotonic (because

there’s only one variable with missing data), so we can separately estimate the conditional
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distribution of X given Y, and the marginal distribution of Y. Then we combine the results to get
the four cell probabilities. For the 2 x 2 table , the ML estimates have the general form

by =X =iY=)p¥ = )).
The conditional probabilities on the right-hand side are estimated using only those cases with
complete data. They are obtained in the usual way by dividing the cell frequencies in the 2 x 2
table by the column totals. The estimates of the marginal probabilities for Y are obtained by

adding the column frequencies to the frequencies of Y for the cases with missing data on X, and

then dividing by the sample size. Thus, we have

o <[ 2)86+19)_ 5,
86 200

by = % 862339 = 2076

o= % 6‘;031 = 1559

by = 2—2 6‘;3031 = 3191

Of course, these estimates are not the same as if we had used only the cases with complete
information. On the other hand, the cross-product ratio, a commonly used measure of
association for two dichotomous variables, is the same whether it’s calculated from the ML
estimates or the estimates based on complete cases only. In short, the observations with missing
data on X give us no additional information about the cross-product ratio.

This example was included to illustrate some of the general features of ML estimation
with missing data. Few readers will want to work through the hand calculations for their
particular applications, however. What’s needed is general-purpose software that can handle a

variety of data types and missing data patterns. Although ML estimation for the analysis of
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contingency tables is not computationally difficult (Fuchs 1982, Schafer 1997), there is virtually

no commercial software to handle this case. Freeware is available on the web, however:

» Jeroen K. Vermunt’s /EM program for Windows (http://cwis.kub.nl/~fsw_1/mto/mto3.htm)
estimates a wide variety of categorical data models when some data are missing.

= Joseph Schafer’s CAT program (http://www.stat.psu.edu/~jls) will estimate hierarchical
loglinear models with missing data, but is currently only available as a library for the S-
PLUS package.

* David Duffy’s LOGLIN program will estimate a variety of loglinear models with missing

data (http://www2.qimr.edu.au/davidD).

Linear Models with Normally Distributed Data

ML can be used to estimate a variety of linear models, under the assumption that the data
come from a multivariate normal distribution. Possible models include ordinary linear
regression, factor analysis, simultaneous equations, and structural equations with latent variables.
While the assumption of multivariate normality is a strong one, it is completely innocuous for
those variables with no missing data. Furthermore, even when some variables with missing data
are known to have distributions that are not normal (e.g., dummy variables), ML estimates under
the multivariate normal assumption often have good properties, especially if the data are
MCAR.’

There are several approaches to ML estimation for multivariate normal data with an
ignorable missing data mechanism. When the missing data follow a monotonic pattern, one can
take the approach described earlier of factoring the likelihood into conditional and marginal

distributions that can be estimated by conventional software (Marini, Olsen and Rubin 1979).
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But this approach is very restricted in terms of potential applications, and it’s not easy to get
good estimates of standard errors and test statistics.

General missing data patterns can be handled by a method called the EM algorithm
(Dempster, Laird and Rubin 1977) which can produce ML estimates of the means, standard
deviations and correlations (or, equivalently, the means and the covariance matrix). These
summary statistics can then be input to standard linear modeling software to get consistent
estimates of the parameters of interest. The virtues of the EM method are, first, it’s easy to use
and, second, there is a lot of software that will do it, both commercial and freeware. But there
are two disadvantages: standard errors and test-statistics reported by the linear modeling software
will not be correct, and the estimates will not be fully efficient for over-identified models (those
which imply restrictions on the covariance matrix).

A better approach is direct maximization of the multivariate normal likelihood for the
assumed linear model. Direct ML (sometimes called “raw” maximum likelihood) gives efficient
estimates with correct standard errors, but requires specialized software that may have a steep
learning curve. In the remainder of the chapter, we’ll see how to use both the EM algorithm and

direct ML.

The EM Algorithm

The EM algorithm is a very general method for obtaining ML estimates when some of
the data are missing (Dempster et al.1977, McLachlan and Krishnan 1997). It’s called EM
because it consists of two steps: an Expectation step and a Maximization step. These two steps
are repeated multiple times in an iterative process that eventually converges to the ML estimates.

Instead of explaining the two steps of the EM algorithm in general settings, I’'m going to

focus on its application to the multivariate normal distribution. Here the E-step essentially
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reduces to regression imputation of the missing values. Let’s suppose our data set contains four
variables, X through X4, and there is some missing data on each variable, in no particular pattern.
We begin by choosing starting values for the unknown parameters, that is, the means and the
covariance matrix. These starting values could be obtained by the standard formulas for sample
means and covariances, using either listwise deletion or pairwise deletion. Based on the starting
values of the parameters, we can compute coefficients for the regression of any one of the X’s on
any subset of the other three. For example, suppose that some of the cases have data present for
X and X, but not for X3 and X4, We use the starting values of the covariance matrix to get the
regression of X3 on X; and X, and the regression of X; on X; and X;. We then use these regression
coefficients to generate imputed values for X5 and X4 based on observed values of X; and X,. For
cases with missing data on only one variable, we use regression imputations based on all three of
the other variables. For cases with data present for only one variable, the imputed value is just
the starting mean for that variable.

After all the missing data have been imputed, the M-step consists of calculating new
values for the means and the covariance matrix, using the imputed data along with the
nonmissing data. For means, we just use the usual formula. For variances and covariances,
modified formulas must be used for any terms involving missing data. Specifically, terms must
be added that correspond to the residual variances and residual covariances, based on the
regression equations used in the imputation process. For example, suppose that for observation 7,
X; was imputed using X; and X;. Then, whenever (x,-3)2 would be used in the conventional
variance formula, we substitute (x,-g)2 + s23.21, where s23.21 is the residual variance from regressing
Xz on Xj and X;. The addition of the residual terms corrects for the usual underestimation of

variances that occurs in more conventional imputation schemes. Suppose Xj is also missing for
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observation i. Then, when computing the covariance between X3 and X4, wherever x;3x;4 would be
used in the conventional covariance formula we substitute x;3x;4 + $3421. The last term is the
residual covariance between X3 and Xi, controlling for X; and X5.

Once we’ve got new estimates for the means and covariance matrix, we start over with
the E-step. That is, we use the new estimates to produce new regression imputations for the
missing values. We keep cycling through the E- and M-steps until the estimates converge, that is,
they hardly change from one iteration to the next.

Note that the EM algorithm avoids one of the difficulties with conventional regression
imputation—deciding which variables to use as predictors and coping with the fact that different
missing data patterns have different sets of available predictors. Because EM always starts with
the full covariance matrix, it’s possible to get regression estimates for any set of predictors, no
matter how few cases there may be in a particular missing data pattern. Hence, it always uses all

the available variables as predictors for imputing the missing data.

EM Example

Data on 1,302 American colleges and universities were reported in the U.S. News and
World Report Guide to America’s Best Colleges 1994. These data can be found on the Web at
http://lib.stat.cmu.edu/datasets/colleges. We shall consider the following variables:

GRADRAT Ratio of graduating seniors to number enrolling four years earlier (X 100).

CSAT Combined average scores on verbal and math sections of the SAT.

LENROLL  Natural logarithm of number of enrolling freshmen.

PRIVATE I=private, O=public.

STUFAC Ratio of students to faculty (x 100).
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RMBRD Total annual costs for room and board (thousands of dollars).

ACT Mean ACT scores.
Our goal is to estimate a linear regression of GRADRAT on the next six variables. Although
ACT will not be in the regression model, it is included in the EM estimation because of its high
correlation with CSAT, a variable with substantial missing data, in order to get better
imputations for the missing values.

TABLE 4.1 ABOUT HERE

Table 4.1 gives the number of nonmissing cases for each variable, and the means and
standard deviations for those cases with data present. Only one variable, PRIVATE, has
complete data. The dependent variable GRADRAT has missing data on 8 percent of the
colleges. CSAT and RMBRD are each missing 40 percent, and ACT is missing 45 percent of the
cases. Using listwise deletion on all variables except ACT yields a sample of only 455 cases, a
clearly unacceptable reduction. Nevertheless, for purposes of comparison, listwise deletion
regression estimates are presented in Table 4.2.

TABLE 4.2 ABOUT HERE

Next we use the EM algorithm to get estimates of the means, standard deviations and
correlations. Among major commercial packages, the EM algorithm is available in BMDP,
SPSS, SYSTAT and SAS. However, with SPSS and SYSTAT, it is cumbersome to save the
results for input to other linear modeling routines. For the college data, I used the SAS procedure
MI to obtain the results shown in Tables 4.3 and 4.4. Like other EM software, this procedure
automates all the steps described in the previous section.

TABLE 4.3 ABOUT HERE
Comparing the means in Table 4.3 with those in Table 4.1, the biggest differences are

found—mnot surprisingly—among the variables with the most missing data: GRADRAT, CSAT,
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RMBRD, and ACT. But even for these variables, none of the differences between listwise
deletion and EM exceeds two percent.
TABLE 4.4 ABOUT HERE

Table 4.5 shows regression estimates that use the EM statistics as input. While the
coefficients are not markedly different from those in Table 4.2 which used listwise deletion, the
reported standard errors are much lower, leading to higher #-statistics and lower p-values.
Unfortunately, while the coefficients are true ML estimates in this case, the standard error
estimates are undoubtedly too low because they assume that there is complete data for all the
cases. To get correct standard error estimates, we will use the direct ML method described
below.’

TABLE 4.5 ABOUT HERE

Direct ML

As we’ve just seen, most software for the EM algorithm produces estimates of the means
and an unrestricted correlation (or covariance) matrix. When those summary statistics are input
to other linear models programs, the resulting standard error estimates will be biased, usually
downward. To do better, we need to directly maximize the likelihood function for the model of
interest. This can be accomplished with any one of several software packages for estimating
structural equation models (SEMs) with latent variables.

When there are only a small number of missing data patterns, linear models can be
estimated with any SEM program that will handle multiple groups (Allison 1987, Muthén et al.
1987), including LISREL and EQS. For more general patterns of missing data, there are

currently four programs that perform direct ML estimation of linear models:
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=  Amos A commercial program for SEM modeling, available as a stand-alone package or

as a module for SPSS. Information is available at http://www.smallwaters.com.

Mplus A stand-alone commercial program. Information is at http://www.statmodel.com.

LINCS A commercial module for Gauss. Information is at http://www.aptech.com.

= Mx A freeware program available for download at http://views.vcu.edu/mx.

Before proceeding to an example, let’s consider a bit of the underlying theory. Let
[x| 1, ) be the multivariate normal density for an observed vector x, mean vector u and
covariance matrix 2. If we had complete data for a sample of i =1, ..., n observations from this

multivariate normal population, the likelihood function would be

LD =][f(xnE)

But suppose we don’t have complete data. If data are missing on some variables for case i, we
now let x; be a smaller vector that simply deletes the missing elements from x. Let W; be the

subvector of W that deletes the corresponding elements that are missing from x;, and let Z; be a
submatrix of X formed by deleting the rows and column corresponding to missing values of x.

Our likelihood function then becomes

L(pX)= Hf(xi | llp):i)

While this function looks simple enough, it is considerably more difficult to work with than the
likelihood function for complete data. Nevertheless, this likelihood function can be maximized
using conventional approaches to ML estimation. In particular, we can take the logarithm of the
likelihood function, differentiate it with respect to the unknown parameters, and set the result
equal to 0. The resulting equations can be solved by numerical algorithms like the Newton-

Raphson method, which produces standard errors as a byproduct. It’s also possible to impose a
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structure on 1 and X by letting them be functions of a smaller set of parameters that correspond
to some assumed linear model. For example, the factor model sets

X=ADPA +¥
where A is a matrix of factor loadings, @ is the covariance matrix of the latent factors, and ¥ is
the covariance matrix of the error components. The estimation process can produce ML

estimates of these parameters along with standard error estimates.

Direct ML Example

I estimated the college regression model using Amos 3.6, which has both a graphical user
interface and a text interface. The graphical interface allows the user to specify equations by
drawing arrows among the variables. But since I can’t show you a real-time demonstration, the
equivalent text commands are shown in Figure 4.1. The data were in a free-format text file
called COLLEGE.DAT, with missing values denoted by —9. The SMSTRUCTURE command
tells Amos to estimate means for the specified variables, an essential part of estimating models
with missing dat