
Solutions to Hw1

1 (a) Since 0 ≤ X ≤ c, we have EX ≤ Ec = c
Since 0 ≤ X ≤ c, we have 0 ≤ X2 ≤ cX. Hence, EX2 ≤ cEX.

(b) Var(X) = EX2 − (EX)2 ≤ cEX − (EX)2 = c2[u(1− u)]

(c) Var(X) ≤ c2[u(1− u)] ≤ c2 × 1
4 = c2/4 by calculus.

(d) Let Y be a random variable suth that Y = X − a, then Y ∈
[0, b− a]. By part (c) we have Var(X) = Var(Y ) ≤ (b− a)2/4.

2 (a)

1− Φ(x) = Φ(−x) =

∫

−x

−∞

1

t
tφ(t)dt

= (− 1√
2π

)

∫

−x

−∞

1

t
(−t exp(− t2

2
))dt (integration by parts)

= (− 1√
2π

)[−1

x
exp(−x2

2
) +

∫

−x

−∞

1

t2
exp(− t2

2
)dt]

=
1

x
φ(x)−

∫

−x

−∞

1

t2
φ(t)dt

≤ 1

x

1√
2π

exp(−x2

2
) =

1

x
φ(x)

(b) Following from part(a),

1− Φ(x) =
1

x
φ(x)−

∫

−x

−∞

1√
2πt2

exp(− t2

2
)dt

=
1

x
φ(x) +

1√
2π

∫

−x

−∞

1

t3
(−t exp(− t2

2
))dt

=
1

x
φ(x)− 1

x3
φ(x) + 3

∫

−x

−∞

1√
2π

exp(− t2

2
)
1

t4
dt

≥ (
1

x
− 1

x3
)φ(x)

(c) From part(a) and (b), we have 1 − 1
x2 ≤ 1−Φ(x)

φ(x)/x ≤ 1. Then,
1−Φ(x)
φ(x)/x → 1 as x → ∞.
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(3) Since f is bounded, Eλf(X + 1) and EXf(X) exist. Then,

E(λf(X + 1)−Xf(X))

=
∞
∑

k=0

[

λf(k + 1) exp(−λ)λk

k!
− kf(k) exp(−λ)λk

k!

]

=
∞
∑

k=0

[

λf(k + 1) exp(−λ)λk

k!

]

−
∞
∑

k=1

[

kf(k) exp(−λ)λk

k!

]

=
∞
∑

k=0

[

λf(k + 1) exp(−λ)λk

k!

]

−
∞
∑

k=0

[

λf(k + 1) exp(−λ)λk

k!

]

= 0

(4)

Var

(

n
∑

i=1

Xi

)

= E

(

n
∑

i=1

Xi

)2

−
(

E

n
∑

i=1

Xi

)2

=
n
∑

i=1

(

EX2
i − (EXi)

2
)

+ 2
∑

i<j

(EXiXj − EXiEXj)

=
n
∑

i=1

Var(Xi) + 2
∑

i<j

Cov(Xi, Xj)

When Xi are independent, we have Var (
∑n

i=1Xi) =
∑n

i=1Var(Xi).

(5) (a) Since 0 < X1 ≤ Sm, 1
Sm

≤ 1
X1

. Hence,

E(S−1
m ) ≤ E(X−1

1 ) = b < ∞

(b)

V −1
k = X1/Xk +X2/Xk + . . . Xk−1/Xk + 1

+ Xk+1/Xk + . . .+Xn/Xk

Since X1, . . . , Xn are iid random variables, we have

X1/Xk, . . . , Xk−1/Xk, Xk+1/Xk, . . . , Xn/Xk

are (n-1) iid random variables. Hence

X1/Xk +X2/Xk + . . .+Xk−1/Xk +1+Xk+1/Xk + . . .+Xn/Xk

have the same distribution for each k. Therefore, V1, . . . , Vn have
the same distribution.
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(c) Since E

(

Sn

Sn

)

= 1, from part(b), we would conclude that

E(Vi) = 1/n

Hence,

E

(

Sm

Sn

)

= E

(

m
∑

i=1

Vi

)

=
m

n

(d) As Sm is independent of Xr with r ≥ m+ 1,

E

(

Sn

Sm

)

= 1 + E

(

Xm+1 + · · ·+Xn

Sm

)

= 1 + (n−m)EXiE

(

1

Sm

)

= 1 + (n−m)aE(S−1
m )

(e) Since x+ x−1 − 2 = (
√
x+ 1/

√
x)2 ≥ 0, we have x+ x−1 ≥ 2.

(f) Use the inequality of part (e) with x = c(Sm/Sn), we have

c
Sm

Sn
+

1

c

Sn

Sm
≥ 2

Let c = n/m and take expectation on both sides,

n

m

m

n
+

1

c
E

(

Sn

Sm

)

≥ 2

Hence, we have E

(

Sn

Sm

)

≥ n
m .

(6) Let Y = g(X), then Y is a non-negative random variable. Hence,
EY =

∫

∞

0 P(Y > t)dt. We have

Eg(X) = EY =

∫

∞

0
P(Y > t)dt =

∫

∞

0
P(g(X) > t)dt

=

∫

∞

0
P(X ∈ {x : g(x) > t})dt

=

∫

∞

0

∫

∞

−∞

f(x)1{g(x) > t}dxdt

=

∫

∞

−∞

f(x)

∫

∞

0
1{g(x) > t}dtdx (By Fubini theorem)

=

∫

∞

−∞

f(x)g(x)dx
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(7) By CDF method ,we have

P(Y ≤ y) = P(|X| ≤ y) = P(−y ≤ x ≤ y) =

∫ y

−y
fX(x)dx

Hence,

fY (y) =

{

fX(y) + fX(−y) (y ≥ 0)
0 (y < 0)

(8) Standard Cauchy distribution is f(x) = 1
π

1
1+x2 . Let Y = 1/X, then

(i) When y ≥ 0, we have

P(Y ≤ y) = P(
1

X
≤ y) = P (X ≤ 0)+P (X ≥ 1

y
) =

1

2
+(1−FX(

1

y
))

Hence,

fY (y) =
d

dy
P(Y ≤ y) =

1

π

1

1 + 1/y2
1

y2
=

1

π

1

1 + y2

(ii) When y < 0, we have

P(Y ≤ y) = P(
1

X
≤ y) = P(

1

y
≤ X < 0) =

1

2
− FX(

1

y
)

So

fY (y) =
d

dy
P(Y ≤ y) =

1

π

1

1 + 1/y2
1

y2
=

1

π

1

1 + y2

(9) Using integration by parts,

Γ(t+ 1) =

∫

∞

0
xte−xdx = t

∫

∞

0
xt−1e−xdx = tΓ(t)

(10) (a) For any j, min{ai} ≤ aj , min{bi} ≤ bj , so we have min{ai} +
min{bi} ≤ aj + bj . Hence, min{ai}+min{bi} ≤ min{ai + bi}.

(b) min{ai + bi} −max{bi} = min{ai + bi} +min{−bi} ≤ min{ai +
bi − bi} = min{ai}. So min{ai + bi} ≤ min{ai}+max{bi}.

From part(a) and (b) we can conclude that,
min{ai}+min{bi} ≤ min{ai + bi} ≤ min{ai}+max{bi}.

4


