Solutions to Hwl

1 (a) Since 0 < X < ¢, we have EX < Ec = ¢
Since 0 < X < ¢, we have 0 < X? < ¢X. Hence, EX? < cEX.

(b) Var(X) =EX? — (EX)? < cEX — (EX)? = *[u(l — u)]

(c) Var(X) < ®[u(l —u)] < ¢ x 1 = ¢?/4 by calculus.

(d) Let Y be a random variable suth that Y = X — a, then YV €
[0,b — a]. By part (c) we have Var(X) = Var(Y) < (b — a)?/4.

2 (a)
|- &(z) = @(—x):/mitgé(t)dt

1 ! t2
= (- )/ —(—texp(——))dt (integration by parts)

Vor' ) t 2
$2 —x 2
= (—\/%)[—iexp(—2)+/oo %GXP(_%)‘#]
= 2o - [ et
1’2
< S ep(-T) = L60)
(b) Following from part(a),
1 B | 12
1-®(z) = Eﬁb(x) ) € p(— 2)dt
1 1 ("1 * g
= *¢(x)+ﬁ N tz(—texp( = ))dt
1 1 | 21
= oy - L (m)+3/_oo mexp(—g)ﬂdt
> (C - )ol)

(¢) From part(a) and (b), we have 1 — m% < 1(;(;(/? < 1. Then,
1-®(x)

R OE —1asx — oo.




(3) Since f is bounded, EAf(X + 1) and EX f(X) exist. Then,
EQAS(X +1) - Xf(X))

Ak + 1D exp(—= NN Ef(k)exp(—A)\F
:kzo_( )k!p() B ()kr;()]
= [Af(k+ 1) exp(—A)AF 2 [kf(k) exp(—=A)AF
- kzzo I k! } a ; [ k! ]
= [Af(k+ 1) exp(—A)AR Z[Af(E 4 1) exp(—A)AF
- kz_o I k! } a kz_o[ k! ]
=0
(4)
n n 2 n 2
Var <Z XZ> = E (Z Xi) - (EZX1>
=1 =1 =1
_ Zn: (EX? - (]EXi)2) +23 (EX,X; - EX;EX;)
i=1 i<j
= Zn:Var(Xi) +2) " Cov(X;, X))
i=1 i<j

When X; are independent, we have Var (3" | X;) = >, Var(X;).
(5) (a) Since 0 < X7 < S, i < X% Hence,
E(S,,") <EX[Y) =b< oo
(b)
Vil = Xi/Xk+ Xo/Xp o X1/ X+ 1
+ Xp/Xk+ ...+ X,/ X

Since X7, ..., X, are iid random variables, we have
X1/ Xy ooy Xim1 ) Xy Xpog1/ Xy -+ X/ X
are (n-1) iid random variables. Hence
X1/ X+ Xo/ X+ o+ X1/ X + 14+ Xpopr /[ Xie + -+ X/ X

have the same distribution for each k. Therefore, V1,...,V,, have
the same distribution.



(c) Since E (g—:) = 1, from part(b), we would conclude that

E(V;) = 1/n

(%)) -5

(d) As S,, is independent of X, with r > m + 1,

Sn Xm+1+"'+Xn
E|—] = 1+E
(52) = ee(Pg )

= 14+ (n—mEXE <Sl>
= 1+ (n—m)aE(S;;})

m

Hence,

(e) Since x + 27! -2 = (y/x + 1//)? > 0, we have x + 271 > 2.
(f) Use the inequality of part (e) with x = ¢(S,,/Sn), we have

cs—m+1&>2
S, ¢Sy,

Let ¢ = n/m and take expectation on both sides,

nm+1E<5n>>2

mn c Sim
Hence, we have E (%) >,
m m

(6) Let Y = ¢g(X), then Y is a non-negative random variable. Hence,
EY = [[°P(Y > t)dt. We have

Eg(X) = EY :/O PY > t)dt = /0 P(g(X) > t)dt
_ /0 P(X € {2: g(x) > 1})dt
= /OOO /_00 f(@){g(x) > t}dxdt
= /_OO f(z) /00 1{g(x) > t}dtdz (By Fubini theorem)

o) 0
-/ Zf(af)g(x)dw



(7) By CDF method ,we have
Yy
P(Y <9) =P(X| <) =P(-y<a<y) = [ fule)ds
)

Hence,

(8) Standard Cauchy distribution is f(z) = %14-1332' Let Y =1/X, then

(i) When y > 0, we have

P(Y <y) = P(% <y)=PX <0)+P(X > ;) = ;+(1—FX(;))
Hence,
Frl) = P <0) = g = 2
(i) When y < 0, we have
P(Y <y) =P(+ <y) =P(- <X <0) = 5 — Fx(5)
X y 2 y
50 d 1 1 1 1 1
fy(y) = @P(Y <y) = ;Tl/yg? = 1142

(9) Using integration by parts,

It+1) = / rle ™ dx = t/ i le™dr = t1(t)
0 0
(10) (a) For any j, min{a;} < a;, min{b;} < b;, so we have min{a;} +
min{b;} < a; + b;. Hence, min{a;} + min{b;} < min{a; + b;}.
(b) min{a; + b;} — max{b;} = min{a; + b;} + min{—b;} < min{a; +
b; — b;} = min{a;}. So min{a; + b;} < min{a;} + max{b;}.
From part(a) and (b) we can conclude that,
min{a;} + min{b;} < min{a; + b;} < min{a;} + max{b;}.



