Statistics 654 Homework 2

1. Let X and Y be independent and identically distributed N (0, c?) random variables.

(a) Show that X2+ Y? and ﬁ are independent, and identify their densities.

(b) Let 6 = sin™! \/ﬁ Show that 6 is uniformly distributed on (—m/2,7/2).
2. Let X ~T'(aq,1) and Y ~ I'(a2, 1) be independent. Use the two-dimensional change of
variables formula to show that Y7 = X1 + X5 and Y2 = X /(X1 + X2) are independent with
Y] ~ (a1 +az,1) and Y2 ~ B(a1, a2).

3. Show that 14+ x < e” for every x. Deduce that logx <z — 1 for every x > 0.

4. Let X be a random variable with a finite variance and let Y = min(X,¢) for some
constant ¢. Show that the variance of Y exists and is less that or equal the variance of X.
[Hint: By considering Y — ¢, show that the assertion is valid for every c if it is valid for
¢ = 0. For the case ¢ = 0, express X in terms of ¥ and Z = max(X,0), and then consider

the covariance of Y and Z.]
5. Show that if X ~ I'(a, 3), then EX = a/8 and Var(X) = a/3%.

6. Use Stirling’s formula to establish the following inequality for the standard combinatorial

coefficient n choose m:
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(You need not show this, but note that the right hand side above becomes a lower bound

when multiplied by e~1/(6m)))

7. Let X(;) be the r-th order statistic of Xi,---,X,, iid ~ F. Show that

P(X(r) < u) = Z (?)F(u)t(l — F(u))n—t

t=r
and find a simple form for the density of X(,) (see the class notes). Evaluate the densities

in the special case of the minimum (r = 1) and maximum (r = n).

8. Let f, be the density of a t-distribution with n degrees of freedom. Show that f,

converges pointwise to the density of a standard normal distribution. You may use the fact



that I'(z) ~ v2r e ® 2"~ 1/2 j.e., the ratio of I'(z) and the expression on the right tends to

one as x tends to infinity.

9. Let X be a random variable and f,g be functions such that f is non-decreasing and
g is non-increasing. Using the argument given in class for the case of two non-decreasing
functions, show that

Ef(X)g(X) < Ef(X)Eg(X),

provided that all the expectations exist.

10. Use Jensen’s inequality to show that for a,b > 0 and p > 1,
(a+b)P < 2P7HaP 4 0P).

Verify this inequality in case p = 2 by a direct calculation.
11. Use Holder’s inequality to show that g(z) = logI'(z) is convex for x € (0, 00).

12. Show that if f1,...,fr : I — R are convex, and wj,...,w; are non-negative, then

f= Z;?:l wj f; is convex.

13. If fa, A € A, are convex functions defined on an open interval I, show that f = sup,c, fa

1S convex.

14. Find the moment generating function of the following distributions.

a. Poisson(\)

b. Exp(A)

c. N(0,1)
Use (b) to find the expected value and variance of the Exp()) distribution. Use the series
expansion of the MGF of the standard normal to find the moments EZ2* for Z ~ N(0,1).



