
Solutions to Hw2

1 (a) • Let Z = X2 + Y 2 and W = X√
X2+Y 2

. Then

{

X = W
√
Z

Y = ±
√

(1−W 2)Z

By two-dimensional chage of variables formula, it follows

fZ,W (z, w) = fX,Y (x(z, w), y(z, w))

∣

∣

∣

∣

∂(x, y)

∂(z, w)

∣

∣

∣

∣

1{y > 0}

+ fX,Y (x(z, w), y(z, w))

∣

∣

∣

∣

∂(x, y)

∂(z, w)

∣

∣

∣

∣

1{y ≤ 0}

=
1

2πσ2
e−

x
2+y

2

2σ2

(

1

2
√
1− w2

+
1

2
√
1− w2

)

=
1

2πσ2
e−

z

2σ2
1√

1− w2

where 0 ≤ Z < ∞ and −1 ≤ W ≤ 1.

• Let g(z) = 1
2πσ2 e

− z

2σ2 and h(w) = 1√
1−w2

, then fZ,W (z, w) =

g(z)h(w). Hence, Z and W are independent.

• By integration with respect to Z and W , we would get

fZ(z) =

∫ 1

−1
fZ,W (z, w)dw =

1

2σ2
e−

z

2σ2

where 0 ≤ Z < ∞. and

fW (w) =

∫ +∞

0
fZ,W (z, w)dz =

1

π
√
1− w2

where −1 ≤ W ≤ 1.

(b) Let θ = arcsinW , then θ ∈ [−π
2 ,

π
2 ] and is monotone. Hence,

W = sin θ and ∂W
∂θ = cos θ. Then

fθ(θ) = fW (W )

∣

∣

∣

∣

∂W

∂θ

∣

∣

∣

∣

=
1

π cos θ
cos θ =

1

π
, θ ∈ [−π

2
,
π

2
]

So θ is uniformly distributed on (−π
2 ,

π
2 ).
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(2) Since X1 and X2 are independent, the joint p.d.f of X1 and X2 is given
by

fX1,X2(x1, x2) =
xα1−1
1 xα2−1

2 e−x1−x2

Γ(α1)Γ(α2)

Let Y1 = X1 +X2 and Y2 =
X1

X1+X2
, then

{

X1 = Y1Y2
X2 = Y1 − Y1Y2

By the two-dimensional change of variables formula, we have

fY1,Y2(y1, y2) = fX1,X2(x1(y1, y2), x2(y1, y2))

∣

∣

∣

∣

∂(x1, x2)

∂(y1, y2)

∣

∣

∣

∣

=
(y1y2)

α1−1(y1 − y1y2)
α2−1

Γ(α1)Γ(α2)
e−y1y1

=
yα1+α2−1
1 e−y1

Γ(α1 + α2)

yα1−1
2 (1− y2)

α2−1

B(α1, α2)

= Γ(α1 + α2, 1)β(α1, α2)

Therefore, Y1 and Y2 are independent with Y1 ∼ Γ(α1 + α2, 1) and
Y2 ∼ β(α1, α2).

(3) Let f(x) = ex − x − 1, then f ′(x) = ex − 1 and f ′′(x) = ex > 0. Let
f ′(x) = 0, we have x = 0. So f(x) is minimized at x = 0. Hence
f(x) = ex − x− 1 ≥ f(0) = 0. It follows

ex ≥ x+ 1 (1)

Let y > 0 and y = x+ 1. Substituting y in Eqn.(1), we have

ey−1 ≥ y

Take log on both sides of the above equation,

log(y) ≤ y − 1

for every y > 0.

(4) • If the assertion is valid for c = 0, i.e. Var(min(X, 0)) ≤ Var(X),
then for every c and Y = min(X, c),

Var(Y ) = Var(Y−c) = Var(min(X−c, 0)) ≤ Var(X−c) = Var(X)

Hence it is also valid for every c.
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• When c = 0, Y = min(X, 0) and Z = max(X, 0). Then, X =
Y + Z.
Since Y Z = 0, EY Z = 0.
Since Y ≤ 0, EY ≤ 0.
Since Z ≥ 0, EZ ≥ 0.
Hence, Cov(Y, Z) = EY Z − EY EZ ≥ 0.

Var(X) = Var(Y + Z) = Var(Y ) + Var(Z) + Cov(Y, Z)

≥ Var(Y ) + Var(Z) ≥ Var(Y )

The assertion is valid for c = 0.

(5) The p.d.f of X is given by

f(x) =
xα−1e−βxβα

Γ(α)

Then

EX =

∫ +∞

0
xf(x)dx =

α

β

∫ +∞

0

x(α+1)−1e−βxβα+1

Γ(α+ 1)
dx =

α

β

EX2 =

∫ +∞

0
x2f(x)dx =

α(α+ 1)

β2

∫ +∞

0

x(α+2)−1e−βxβα+2

Γ(α+ 2)
dx =

α(α+ 1)

β2

Hence,

Var(X) = EX2 − (EX)2 =
α2 + α

β2
− α2

β2
=

α

β2

(6) The Stirling’s formula is given by:

n! = nn+ 1
2 e−n

√
2πeαn where

1

12n+ 1
< αn <

1

12n
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Hence, we have

(

n

m

)

=
n!

m!(n−m)!

=
nn+ 1

2 e−n
√
2πeαn

mm+ 1
2 e−m

√
2πeαm(n−m)n−m+ 1

2 e−(n−m)
√
2πeαn−m

=
nn+ 1

2

√
2πmm+ 1

2 (n−m)n−m+ 1
2

eαn − eαm − eαn−m

<
nn+ 1

2

√
2πmm+ 1

2 (n−m)n−m+ 1
2

e
1

12n − e
1

12m+1 − e
1

12(n−m)+1

<
nn+ 1

2

√
2πmm+ 1

2 (n−m)n−m+ 1
2

=
1√
2π

( n

m

)m
(

n

n−m

)n−m(

n

m(n−m)

)
1
2

(7)

P(X(r) ≤ u) = P( at least r or more ofX1, . . . , Xn

are less than or equal to u)

=
n
∑

t=r

(

n

t

)

[P(X ≤ u)]t[1− P(X ≤ u)]n−t

=
n
∑

t=r

(

n

t

)

[F (u)]t[1− F (u)]n−t

fX(r)
(x) =

d

dx
P(X(r) ≤ x)

=
n
∑

t=r

(

n

t

)

f(x)
[

t[F (x)]t−1[1− F (x)]n−t

−(n− t)[F (x)]t[1− F (x)]n−t−1
]

= r

(

n

r

)

f(x)[F (x)]r−1[1− F (x)]n−r

+
n
∑

t=r+1

(

n

t

)

f(x)t[F (x)]t−1[1− F (x)]n−t
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−
n
∑

t=r

(

n

t

)

f(x)[F (x)]t(n− t)[1− F (x)]n−t−1

= r

(

n

r

)

f(x)[F (x)]r−1[1− F (x)]n−r

+
n
∑

t=r+1

(

n

t

)

f(x)t[F (x)]t−1[1− F (x)]n−t

−
n
∑

t=r

(

n

t+ 1

)

(t+ 1)f(x)[F (x)]t[1− F (x)]n−t−1

= r

(

n

r

)

f(x)[F (x)]r−1[1− F (x)]n−r

+
n
∑

t=r+1

(

n

t

)

f(x)t[F (x)]t−1[1− F (x)]n−t

−
n
∑

t=r+1

(

n

t

)

f(x)t[F (x)]t−1[1− F (x)]n−t

= r

(

n

r

)

f(x)[F (x)]r−1[1− F (x)]n−r

When r = 1,
fX(1)

= nf(x)[1− F (x)]n−1

When r = n,
fX(n)

= nf(x)[F (x)]n−1

(8) The density of a t-distribution with n degrees of freedom is

fn(x) =
1√
πn

Γ(12(n+ 1))

Γ(12n)

1

(1 + x2

n )
(n+1)

2

Use facts that Γ(x) ∼
√
2πe−xxx−

1
2 and limn→+∞(1 + an

n )n = ea if
an → a, we have

fn(x) ≈ 1√
πn

√
2πe−

1
2
(n+1)[12(n+ 1)]

1
2
n

√
2πe−

1
2
n(12n)

n

2
− 1

2

1

[(1 + x2

n )n]
1
2 (1 + x2

n )1/2

=
1√
π
e−

1
2

(

1 +
1

n

)
n

2 1√
2

1

[(1 + x2

n )n]
1
2 (1 + x2

n )1/2
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Let n → +∞, we have

lim
n→+∞

fn(x) =
1√
π
e−1/2e1/2

1√
2

1

e
x2

2

=
1√
2π

e−
x
2

2

Hence, fn converges pointwise to the density of a standard normal
distribution.

(9) Let Y be a random variable such that Y is independent of X and Y
and X have the same distribution. Since f is non-decreasing and g is
non-increasing, we have

0 ≤ [f(x)− f(y)][g(y)− g(x)]

= f(x)g(y)− f(x)g(x)− f(y)g(y) + f(y)g(x)

Take expectations on both sides, we have

0 ≤ Ef(X)g(Y )− Ef(X)g(X)− Ef(Y )g(Y ) + Ef(Y )g(X)

= Ef(X)Eg(Y )− Ef(X)g(X) (X and Y are independent)

−Ef(X)g(X) + Ef(Y )Eg(X)

= Ef(X)Eg(X)− Ef(X)g(X)− Ef(X)g(X) + Ef(X)Eg(X)

Therefore,
E(f(x)g(x)) ≤ Ef(x)Eg(x)

(10) Let X be a random variable such that

X =

{

a w.p. 1/2
b w.p. 1/2

Let g(X) = Xp. Since p ≥ 1, g(X) is convex. By Jensen’s inequality
g(EX) ≤ Eg(X), we have

(

a+ b

2

)p

≤ ap + bp

2

Hence,
(a+ b)p ≤ 2p−1(ap + bp)

When p = 2,

(a+ b)2 = a2 + b2 + 2ab ≤ a2 + b2 + a2 + b2 ≤ 2(a2 + b2)

So the inequality holds when p = 2.
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(11) Define random variable T such that T ∼ Exp(1), then the p.d.f of T
is given by:

f(t) = e−t 0 ≤ t < ∞
Let X and Y be functions of T such that

{

X(t) = tα(x−1)

Y (t) = t(1−α)(y−1)

Then for every x ∈ (0,∞), y ∈ (0,∞) and α ∈ [0, 1],

EXY =

∫ +∞

0
tα(x−1)t(1−α)(y−1)e−tdt

=

∫ +∞

0
tαx+(1−α)y−1e−tdt

= Γ(αx+ (1− α)y)

Let p = 1
α and q = 1

1−α , then
1
p + 1

q = 1. It follows

(EXp)
1
p =

[
∫ +∞

0
(tα(x−1))

1
α e−tdt

]α

=

[
∫ +∞

0
tx−1e−tdt

]α

= [Γ(x)]α

(EXq)
1
q =

[
∫ +∞

0
(t(1−α)(y−1))

1
1−α e−tdt

]1−α

=

[
∫ +∞

0
ty−1e−tdt

]1−α

= [Γ(y)]1−α

By Holder’s inequality we have

EXY ≤ (EXp)
1
p (EXq)

1
q

Therefore it follows

Γ(αx+ (1− α)y) ≤ [Γ(x)]α[Γ(y)]1−α

Taking log on both sides

log Γ(αx+ (1− α)y) ≤ α log Γ(x) + (1− α) log Γ(y)

7



hence
g(αx+ (1− α)y) ≤ αg(x) + (1− α)g(y)

This implies that g is convex.

(12) Since fi(x) are convex, for every x ∈ R, y ∈ R and α ∈ [0, 1], we have

f(α(x) + (1− α)(y))

=
k

∑

i=1

wifi(α(x) + (1− α)(y))

≤
k

∑

i=1

wi(αfi(x) + (1− α)fi(y))

= α
k

∑

i=1

wifi(x) + (1− α)
k

∑

i=1

wifi(y)

= αf(x) + (1− α)f(y)

Hence, f(x) is convex.

(13) For every x ∈ I, y ∈ I and α ∈ [0, 1], since fλ is convex, we have

fλ(αx+ (1− α)y) ≤ αfλ(x) + (1− α)fλ(y)

≤ α sup
λ∈Λ

fλ(x) + (1− α) sup
λ∈Λ

fλ(y)

= αf(x) + (1− α)f(y)

hence
sup
λ∈Λ

fλ(αx+ (1− α)y) ≤ αf(x) + (1− α)f(y)

so
f(αx+ (1− α)y) ≤ αf(x) + (1− α)f(y)

This implies that f is convex.

(14) (a)

MX(t) = EetX =
∞
∑

k=0

λke−λ

k!
etk

= e−λeλe
t

∞
∑

k=0

(λet)ke−λet

k!

= eλ(e
t−1)
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(b)

MX(t) = EetX =

∫ +∞

0
λe−λxetxdx =

λ

λ− t
, (λ > t)

(c)

MX(t) = EetX =

∫ ∞

−∞

1√
2π

e−
x
2

2 etxdx

= e
t
2

2

∫ ∞

−∞

1√
2π

e−
(x−t)2

2 dx

= e
t
2

2

(d) From MX(t) = λ
λ−t and M

(k)
X (0) = EXk, we have

EX = M ′
X(0) =

λ

(λ− t)2
|t=0 =

1

λ

EX2 = M ′′
X(0) =

2λ

(λ− t)3
|t=0 =

2

λ2

Hence,

Var(X) = EX2 − (EX)2 =
1

λ2

(e)

MX(t) = e
t
2

2 =
+∞
∑

k=0

(

t2

2

)2

k!
=

∞
∑

k=0

t2k

2kk!

Then

EZ2n = M
(2n)
X (0) =

d2n

dt2n

∞
∑

k=0

t2k

2kk!

∣

∣

∣

∣

∣

t=0

=
2k!

2kk!
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