Solutions to Hw2

1 (a) eLetZ=X?+Y?2and W = ﬁ Then
X = Wvz

Y = /(1 -W?)Z
By two-dimensional chage of variables formula, it follows
fZ,W(Za U}> = fX7y(1'(Z,U)),y(Z,’IU)) ’g((::i)) ‘ l{y > 0}
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where 0 < Z <ooand —1 < W <1.

o Let g(z) = ﬁe_%% and h(w) = \/ﬁ, then fzw(z,w) =

g(z)h(w). Hence, Z and W are independent.

e By integration with respect to Z and W, we would get

1
1 _ =
fz(z) = /_1 fzw(z,w)dw = 552 ¥
where 0 < Z < co. and
+00 1
w) = zZy,w)dz = ————
fW( ) /0 fZ,W( ) Wm

where —1 < W < 1.

(b) Let # = arcsin W, then 0 € [-F, 7] and is monotone. Hence,
W =sinf and %—‘g/ = cos . Then

ow ! cosezl, 0e[—

fo(0) = fw (W) ‘89 e - 35

So 6 is uniformly distributed on (-3, %).
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(2)

(4)

Since X and X5 are independent, the joint p.d.f of X1 and X5 is given
by

ar—1_a2—1_ —x1—xo
.'1}'1 f]f2 e

fX17X2 (xlv $2) =

()T ()
Let Y1 = X1 + X5 and Y = ¢, then
{ X1 = "y,
Xo = Y1 -Y1Y,
By the two-dimensional change of variables formula, we have
Myva(vy2) = fxix(@1(y1, v2), 22(y1, y2)) ‘m
(y1y2)™ (1 — yay2) ™2 Uiy

(o)l (a2)
y?1+042*16—y1 ygtl*l(l _ y2)012—1
F(Oél + 012) B(Ozl, 042)
= (a1 +ag,1)B(a1, a2)

Therefore, Y7 and Y3 are independent with Y7 ~ I'(a; + ag,1) and
Yy ~ B(aq, a2).

Let f(z) = e — 2 — 1, then f'(z) = €* — 1 and f"(z) = ¢” > 0. Let
f'(x) = 0, we have = 0. So f(x) is minimized at x = 0. Hence
flx)y=e*—x—12> f(0) =0. It follows

e >x+1 (1)
Let y > 0 and y = x + 1. Substituting y in Eqn.(1), we have
eVl >y
Take log on both sides of the above equation,
log(y) <y —1
for every y > 0.

e If the assertion is valid for ¢ = 0, i.e. Var(min(X,0)) < Var(X),
then for every ¢ and Y = min(X, ¢),

Var(Y) = Var(Y —c) = Var(min(X —¢,0)) < Var(X—c) = Var(X)

Hence it is also valid for every c.



e When ¢ = 0, Y = min(X,0) and Z = max(X,0). Then, X =

Y +Z
Since YZ =0, EYZ = 0.
Since Y < 0, EY < 0.
Since Z > 0, EZ > 0.
Hence, Cov(Y,Z) =EYZ —EYEZ > 0.
Var(X) = Var(Y + Z) = Var(Y) + Var(Z) + Cov(Y, Z)
> Var(Y) + Var(Z) > Var(Y)

The assertion is valid for ¢ = 0.
(5) The p.d.f of X is given by

xaflefﬁxﬁa

F@) = "1
Then
400 a [T x(a+1)7167&rl3a+1 a
0 i@ B Jo M(a+1) 8
oo 1) [T glot2—le-Brga+2
EX2 — 2 _ W/ _
/0 z° f(z)dx 7 ; o £2) dz
Hence,
2 2
2 ; at+a o« Q
Var(X) = EX“ — (EX) :7—@:@

(6) The Stirling’s formula is given by:

1
n! = n"*ée*”\/ 2me”” where Tl < a, < Ton

ala+1)
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Hence, we have

n - n!
m ml(n —m)!
1
n"t2e "/ 2men

mer%e—m\/ﬂeam (n— m)”*””%e—(n—m) /orwean—m

2rm™ 2 (n —m)" Mt
1
n"ta2 1 1 1
< T rel2n — eT2mFl — eT2(n—m)+1
V2rm™ T2 (n — m)" e
1
n"t3
<

P(X) <u) = P(atleast r or more of Xy,..., X,

are less than or equal to u)
n

- Z (7;) P(X <)l —P(X <u)"

= > ()t - Fr
fX(r)($) = %P(X(T)Sl')
- Y (1)s@ r@rn - e
(0= OF@)] 1 - F@)]
= (") @IFEr - Far



When r =1,

When r = n,

(8) The density of a t-distribution with n degrees of freedom is

1 T(A(n+1)) 1
VA T(n) (142030

fu(z) =

Use facts that I'(x) ~ V2me~%z""2 and limy, s oo (1 + 22)" = e if
an, — a, we have
1 27re_%("+1)[%(n +

Vn 27re_%"(

| =

)]2" 1
1
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Inta) = [+ ZygEa+ 22
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(10)

Let n — 400, we have

1 1 1 1 2
i b apapl 1 -
niioo I (@) N 5 V2w

Hence, f,, converges pointwise to the density of a standard normal
distribution.

Let Y be a random variable such that Y is independent of X and Y
and X have the same distribution. Since f is non-decreasing and g is
non-increasing, we have

0 < [f(z) = fWllgly) — g(x)]
= f(2)g(y) — f(@)g(z) — f(y)g(y) + f(y)g(x)

Take expectations on both sides, we have

0 < Ef(X)g(Y) —Ef(X)g(X) — EF(Y)g(Y) + EF(Y)g(X)
= Ef(X)Eg(Y)—-Ef(X)g(X) (X and Y are independent)
*Ef( )9(X) +Ef(Y)Eg(X)
= Ef(X)Eg(X) - Ef(X)g(X) - Ef(X)g(X) + Ef(X)Eg(X)

Therefore,

E(f(z)g(x)) < Ef(x)Eg(x)

Let X be a random variable such that

[ a wp.1/2
X = { b w.p.1/2

Let g(X) = XP. Since p > 1, g(X) is convex. By Jensen’s inequality
g(EX) <Eg(X), we have

<a+b>”<ap+bp

2 2

Hence,
(a+b)P < 2P~ (aP + bP)

When p = 2,
(a+b)?=a>+b>+2ab < a® +b* +a® + b < 2(a® + V)

So the inequality holds when p = 2.



(11) Define random variable T" such that T' ~ Exp(1), then the p.d.f of T
is given by:
f)=et 0<t<oo

Let X and Y be functions of T such that

X(@t) = teleb
Y(t) = t(1—a)(y—1)

Then for every x € (0,00), y € (0,00) and « € [0, 1],
+o0
EXY ::(/ @1 1)y 1) ot g
0
+oo
— / tOéﬂJ—‘r(l—Ot)y—le—tdt
0

— T(az +(1-a)y)

Let p = é and ¢ = ——, then %—1—%: 1. It follows

1—a’

(EXP)r = [ /0 m(ta@l))éetdt]

+oo @
= [ / t”_le_tdt]
0

= [P(@)]"

«

11—«

400
(EX): = [ / (t<1a><yl>)1iaetdt]
0

400 11—«
= [/ tyletdt]
0
= [Cy'
By Holder’s inequality we have
EXY < (EXP)r (EX%)d
Therefore it follows
Doz + (1 - a)y) < [[(2)]*[T(y)]
Taking log on both sides

logT(ax 4+ (1 — a)y) < alogT'(z) + (1 — a)logT'(y)



hence
glox+ (1 —a)y) < ag(z) + (1 —a)g(y)

This implies that g is convex.

(12) Since fi(z) are convex, for every z € R, y € R and «a € [0, 1], we have
fla(z) + (1 —a)(y))
k
= Y wifila(z) + (1 -a)y)
i=1

IN

k
S wilafi@) + (1 - a)fily))
=1

k k
= a)Y wifilz)+(1—a)d wifi(y)
i=1 i=1
= af(@)+ 1 —-a)f(y)
Hence, f(z) is convex.
(13) For every x € I, y € I and « € [0, 1], since f) is convex, we have

afa(@) + (1 —a)fr(y)

asup fr(x) + (1 — a)sup fr(y)
AEA AeA

af(@)+(1—a)f(y)

Hlaz+ (1 —-a)y) <
<

hence

sup fa(az + (1 — a)y) < af(z) + (1 —a)f(y)
AeA

flaz+ (1 —a)y) <af(z)+ (1—a)f(y)

This implies that f is convex.
(14) (a)

X > )\kei/\ k
Mx(t) = Eé :Z 1 e!
k=0 )

PV - ()\et)ke_’\et
e weye

k!
k=0

_ e/\(et—l)
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—00 T
2 (1 (@=t)?
= 62/ e dx
—oo V2T
t2
e e 2

Hence,

1
Var(X) = EX? — (EX)? = ¥
(e) )
+00 ﬁ) L2k
2 ( 2 t
Mx(t) =e? = k! :ZQkk'
k=0 k=0
Then
d» X %k 2!
EZ?n _ M(?n) 0) = _ - -
X ( ) dt2n —~ 2k 1 o 2k k|




