
Statistics 164 Homework 8

1. Let U1, U2, . . . be iid χ2
1 random variables, and let M ∈ {1, 2, . . .} be independent of {Ui}

and have pmf p(·). Define X =
∑M

j=1 Uj = U1 + · · · + UM .

(a) Show that X has density f(x) =
∑∞

j=1 p(j)gj(x), where gj is the density of a cen-

tral χ2 random variable with j degree of freedom. [Hint Use the CDF method and

conditioning.]

(b) Use part (a) to show that if N ∼ Poisson(1
2θ2) is independent of {Ui} then X =∑2N+1

j=1 Uj has density f(x) =
∑∞

j=0 P (N = j) g2j+1(x). Conclude that X
L= Y 2

where Y ∼ N(θ, 1). (See previous homework.)

(c) Use part (b) to find the density of a non-central χ2(p, λ) distribution. (Carefully

reproduce the argument from the lecture).

2. Show that if Y ∼ χ2(p, λ) then EY = p + 2λ, Var(Y ) = 2(p + 4λ).

3. Use the definition of the non-central χ2 distribution to show that if Y1 ∼ χ2(p1, λ1) and

Y2 ∼ χ2(p2, λ2) are independent, then Y1 + Y2 ∼ χ2(p1 + p2, λ1 + λ2).

4. Show that if X ∼ Np(µ,Σ) and Y = XT AX then EY = tr(AΣ) + µT Aµ.
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