
STOR 831, Advanced Probability

Homework 1

1. Recall that a function f : X → R is lower-semicontinuous (l.s.c.) if its level sets

{x : f(x) ≤ α} are closed for every α ∈ R. Show that f is l.s.c. if and only if xn → x implies

lim infn f(xn) ≥ f(x). Draw a picture of a function that is l.s.c., but not continuous.

2. Let {an} and {bn} be sequences of numbers. Carefully establish relations between

lim sup
n

(an + bn) and lim sup
n

max{an, bn}

and the quantities lim supn an and lim supn bn.

3. Show that {µn} satisifies the LDP with rate function I if and only if the following bounds

hold.

(UBD’): For every α <∞ and every A ∈ B with A ⊆ {x : I(x) > α}

lim sup
n

n−1 logµn(A) ≤ −α

(LBD’): For every x ∈ DI and every A ∈ B with x ∈ Ao

lim inf
n

n−1 logµn(A) ≥ −I(x)

4. Let X, µn and Λ∗() be as in the setting of Cramér’s theorem in R. Show that if

EX > −∞ and x ≤ EX then

µn((−∞, x]) ≤ exp{−nΛ∗(x)}

[Hint: Follow the proof of the LD upper bound given in class.]

5. (D&Z) Establish the following.

a. If X ∼ Poiss(λ) then

Λ∗(x) =

 λ− x+ x log(x/λ) if x ≥ 0

+∞ otherwise.
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b. If X ∼ Bern(p) then

Λ∗(x) =

 x log
(

x
p

)
+ (1− x) log

(
1−x
1−p

)
if 0 ≤ x ≤ 1

+∞ otherwise.

Note that DΛ = R but that Λ∗ is discontinuous.

c. If X ∼ Exp(λ) then

Λ∗(x) =

 λx− 1− log(λx) if x > 0

+∞ otherwise.

d. If X ∼ N (0, σ2) then Λ∗(x) = x2/2σ2.
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