
8 Mixed Strategies
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Figure 1: A Game with no Pure Strategy Nash Equilibrium

Clearly, there is no pure strategy equilibrium in �Rock, Scissors, and Paper�

De�nition 1 Let G = (n; S; u) be a �nite normal form game. A mixed strategy for player

i 2 I, denoted �i; is probability distribution over the set of pure strategies Si:

We let the set of mixtures of Si be denoted �(Si) :

Remark 1 Pure strategies are corners of the mixed strategy simplex

We extend the pure strategy utility functions u : S ! Rn by assuming that all agents

evaluate lotteries according to a von Neumann-Morgernstern utility function, that is ui :

�nj=1�(Sj)! R is given by

ui (�1; ::::; �n) =
X
s12S1

::::
X
sn2Sn

ui (s1; :::; sn)�1 (s1)� ::::� � (sn)

or in short

ui (�) =
X
s2S

ui (s)�
n
j=1�j (sj) :

We note that playing pure strategy si 2 Si against ��i gives payo¤

ui (si; ��i) =
X

s�i2S�i

ui (si; s�i)�j 6=i�j (sj)
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So

ui (�i; ��i) =
X
si2Si

X
s�i2S�i

ui (si; s�i) [�j 6=i�j (sj)]�i (si)

=
X
si2Si

ui (si; ��i)�i (si) ::

PAYOFF IS LINEAR IN OWN STRATEGY, which has some very important consequences.

De�nition 2 A Nash equilibrium in G is a pro�le �� = (��1; ::::; �
�
n) 2 �nj=1�(Sj) such that

ui
�
��i ; �

�
�i
�
� ui

�
�i; �

�
�i
�
for every i 2 I and �i 2 �(Si)

Remark 2 Using linearity we have that �� is a Nash equilibrium if and only if

ui
�
��i ; �

�
�i
�
� ui

�
si; �

�
�i
�
for every i 2 I and si 2 Si:

Proof. (Only if) Trivial as Si � �(Si) : (If) Suppose that ui
�
��i ; �

�
�i
�
� ui

�
si; �

�
�i
�
for

every i 2 I and si 2 Si and assume that �� is not Nash. Then, there exists some player i 2 I

and a strategy �0i 2 �(Si) such that

ui
�
�0i; �

�
�i
�
> ui

�
��i ; �

�
�i
�

But

ui
�
�0i; �

�
�i
�
=

X
si2Si

ui
�
si; �

�
�i
�
�0i (si)

� max
si =2Si

ui
�
si; �

�
�i
�
� ui

�
si; �

�
�i
�

Hence, there exists some si 2 Si such that

ui
�
si; �

�
�i
�
� ui

�
�0i; �

�
�i
�
> ui

�
��i ; �

�
�i
�
;

contradicting thatui
�
��i ; �

�
�i
�
� ui

�
si; �

�
�i
�
for every i 2 I and si 2 Si:

Remark 3 The notion of a Nash equilibrium is often taken as a minimal condition for

�reasonable�play. However, when randomizations are introduced one may sometimes argue
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that it may make sense to assume that players can correlate the randomizations (for example

by conditioning on sunspots). Such an assumption gives us an alternative equilibrium concept

which is called correlated equilibrium, which is a probability distribution � 2 �(S) such that

X
s2S

� (s)ui (si; s�i) �
X
s2S

� (s)ui (f (si) ; s�i) ;

for every f : Si ! Si: The set of Nash equilibria are contained in the set of correlated

equilibria. Many results in the repeated game literature relies on correlated randomizations,

which are handy because this convexi�es the payo¤s.

8.0.1 Example

Let�s consider an asymmetric version of the battle of the sexes

O F

o 1; 2 0; 0

f 0; 1
2
2; 1

;

where the column player actually gets something out of opera even without the other. Let

p = Pr [o] and q = Pr [O] : Hence

u1 (o; q) = q

u1 (f; q) = 2 (1� q)

Hence

�1 (q) =

8>>><>>>:
f1g if q > 2

3

[0; 1] if q = 2
3

f0g if q < 2
3

and

u2 (p;O) = 2p+
1

2
(1� p)

u2 (p; F ) = (1� p)
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so

�2 (p) =

8>>><>>>:
f1g if p > 1

5

[0; 1] if p = 1
5

f0g if p < 1
5

DRAW!

8.1 Domination and Rationalizability

DRAW

L R

T 3; � 0; �

M 2; � 2; �

B 0; � 3; �

It cannot be an equilibrium to put positive probability on both T and B as mixing requires

that the player is indi¤erent between T and B;

3p+ 0 (1� p) = 30 + (1� p)

,

p =
1

2

in which case the payo¤ from either T or B is 1:5 < 2: We can think of this as saying that

there are no beliefs about other players strategy that makes non-degenerate mixtures of T

and B optimal. We�ll say that mixtures of T and B are not rationalizable.

DRAW

L R

T 3; � 0; �

M 1; � 1; �

B 0; � 3; �

Here M is never a best response.

Formally:
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De�nition 3 Let e�k (Si) = � (Si) and de�ne recursively

e�k (Si) =

8<: �i 2 e�k�1 (Si) s.t. there is ��i 2 �j 6=iCO
he�k�1 (Sj)

i
s.t. ui (�i; ��i) � ui (�0i; ��i)8 �0i 2 e�k�1 (Si)

9=; :
�i is rationalizable if �i 2 \1k=0 e�k (Si) :

� Iteration 1-get rid of strategies that are never a best response.

� Iteration 2-get rid of strategies that are never a best response against strategies sur-

viving �rst iteration etc.

� Convex hull used because a mixture of �j and �0j need tot be in e�k�1 (Sj) even if both

mixtures are (illustrated in example above).

Theorem 1 In two player games, rationalizability and iterated elimination of strictly dom-

inated strategies are equivalent.

To get idea, we�ll prove:

Proposition 1 In a two player game, s01 2 S1 is not strictly dominated by any (pure or

mixed) strategy �1 2 �(S1) if and only if there exists some �2 2 �(S2) such that s01 is a

best reply to �2:

Proof. If there exists �2 so that s01 2 S1 best response it is obvious that s01 is not strictly

dominated. For the other direction, suppose that s01 is not strictly dominated. We want to

show that there exists �2 2 �(S2) such that s01 is a best response to �2: De�ne

X =

8>>>>>>>>>><>>>>>>>>>>:
x 2 RjS2jjexists �1 2 �(S1) s.t. x = u1 (�1;�!s 2) =

0BBBBBBBBBB@

u1 (�1; s
1
2)

:::

u1
�
�1; s

k
2

�
:::

u1

�
�1; s

jS2j
2

�

1CCCCCCCCCCA

9>>>>>>>>>>=>>>>>>>>>>;
;
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which is a convex set. To see this, take any x0; x00 2 X and let �01; �
00
1 be randomizations that

x0 = u1 (�
0
1;
�!s 2) and x00 = u1 (�001;�!s 2) consider a convex combination x� = �x0 + (1� �)x00:

Then, the randomization ��1 = ��
0
1 + (1� �)�002 will be such that x� = u1

�
��1 ;
�!s 2
�
:

Consider the set

C = X � fu1 (s01;�!s 2)g

which is convex since linear combinations of convex sets are convex. We note that
�!
0 2 C;

since e�1 with e�1 (s01) = 1 and e�1 (s1) = 0 for all s1 6= s01: We also note that there exists no

x 2 C s.t. xk > 0 for every coordinate k since that would make s01 strictly dominated: The

set RjS2j++ is obviously convex and since

C \RjS2j++

there exists a hyperplane separating C and RjS2j++ ; that is there exists some p 2 RjS2j such

that

px � p
 �
0 = 0 for all x 2 RjS2j++

px � 0 for all x 2 C:

The only possibility for py = 0 to hold for all x 2 RjS2j++ is if p �> 0: Hence, we may use the

normalized vector

�2 =

�
p1P
pk
; ::::;

pjS2jP
pk

�
2 �(S2) ;

for which we conclude that

�2c = �2 [x� u1 (s01;�!s 2)]

= �2 [u1 (�1;
�!s 2)� u1 (s01;�!s 2)] � 0

for every �1 2 �(S1) : We conclude that s01 is a best reply to �2:

Remark 4 To prove that Rationalizability and iterated elimination of strictly dominated

strategies coincide in two player games. Let Sn = (Sn1 ; S
n
2 ) denote the strategies that remain

after n rounds of elimination. Let �
�
Snj
�
denote the corresponding mixed strategies. Also,
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let e�n (Sj) denote the strategies that survive n rounds in the de�nition of rationalizability.

Obviously

�
�
S0j
�
= e�0 (Sj) :

Now suppose that �
�
Snj
�
= e�n (Sj) : Change the proof as follows:

1. Rede�ne X by using only s2 2 Sn2 and �1 2 e�n (S1)

2. Pick s01 2 Sn+11

Proceed by induction.

8.2 Existence of Nash equilibria

Proposition 2 �� 2 NE (G), �� 2 � (��)

I.e., need existence of a �xed point. For �nite games the typical �xed point theorem

used.

Theorem 2 Let F : X � X be a correspondence and X � Rn; then there exists x� 2 F (x�)

if:

1. X is non-empty, convex and compact

2. F is convex valued, non-empty valued and upper-hemi continuous .

Theorem 3 Every Finite Normal form game has at least one Nash equilibrium.
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