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Abstract

We derive some basic results on the geometry of semidefinite programming (SDP) and
eigenvalue-optimization, i.e. the minimization of the sum of the k largest eigenvalues of a
smooth matrix-valued function.

We provide upper bounds on the rank of extreme matrices in SDP’s; and the first theoreti-
cally solid explanation of a phenomenon of intrinsic interest in eigenvalue-optimization. In the
spectrum of an optimal matrix, the £*® and (k + 1)*! largest eigenvalues tend to be equal, and
frequently have multiplicity greater than two. This clustering is intuitively plausible, and has
been observed as early as 1975.

When the matrix-valued function is affine, we prove that clustering must occur at extreme
points of the set of optimal solutions, if the number of variables is sufficiently large. We also
give a lower bound on the multiplicity of the critical eigenvalue. These results generalize to the
case of a general matrix-valued function under appropriate conditions.

Key words: semidefinite programming, eigenvalue-optimization, nonsmooth optimization,
maximum eigenvalue, sum of eigenvalues

1 Introduction

A semidefinite programming problem (SDP) can be formulated in the form

Min CeX
st. X =0 (1.1)
Ao X =bi(i=1,..,m)

where A; (1 =1,...,m), C' are symmetric matrices, b; (¢ = 1,...,m) real numbers, the inner product
of symmetric matrices is A ¢ B = 37", a;;b;;, and X > 0 means that the matrix X is positive
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semidefinite. The dual of (1.1) is

Maz y'b
s, Z»0 (1.2)
Yim YA+ Z=C

The origins of semidefinite programming can be traced back to the seventies; however it has gained
tremendous popularity only in the past few years. The importance of SDP is due to several facts. It
is an elegant generalization of linear programming, and to a large extent inherits its duality theory.
Also, it has a wealth of applications ranging from engineering to combinatorial optimization. For
an extensive historic account, we refer to Alizadeh (1995). A more recent survey is the paper of

Vandenberghe and Boyd (1996).

A related problem can be described as follows. For an n by n» symmetric matrix B denote by
Ai(B) the 7’th largest eigenvalue of B. Let k € {1,...,n}, and define

J(B) =) _Ai(B) (1.3)

Let A be a smooth function mapping from R™ to the space of symmetric n by n matrices. The
etgenvalue-optimization problem is

Min {fr(A(z)): 2 € R™} (EVE )

When A is affine we call (E'Vy) an affine; and a general problem otherwise. As it was shown by
Nesterov and Nemirovskii (1994) and Alizadeh (1995), the affine problem can be formulated as an
SDP; Alizadeh’s paper is also an excellent chronicle on this special case. A recent, comprehensive
survey on optimizing functions of eigenvalues was written by Lewis and Overton (1996).

The purpose of this paper is to describe several basic results on the geometry of semidefinite
programs and eigenvalue-optimization. First we derive upper bounds on the rank of extreme
matrices in SDP’s. These bounds are similar to the well-known bounds on the number of nonzeros
in extreme solutions of linear programs.

Next, we study a phenomenon of intrinsic interest in eigenvalue-optimization. At optimal
solutions of (E£'V}) the eigenvalues of the optimal matrix tend to coalesce; if the minimum is achieved
at z*, then frequently A\p(A(z*)) = Ag41(A(2*)), and A\(A(z™)) can have multiplicity larger than
two.

The clustering phenomenon plays a central role in eigenvalue-optimization. The function fy is
differentiable at B if and only if Ax(B) > Ap41(B). If this condition fails to hold, then the dimension
of the subdifferential of f; at B grows quadratically with the multiplicity of Ax(B). Furthermore,
if fr is nonsmooth at A(z*) then generally the composite function f; o A is also nonsmooth at
x*. For the characterization of the subdifferential of fr and fr o A we refer the reader to Overton
and Womersley (1993) and Hiriart-Urruty and Ye (1995). A more general treatment on computing
subdifferentials of functions of eigenvalues can be found in Lewis (1996).



Therefore, clustering causes the nondifferentiability of the objective function at a solution point,
making (£'Vy) a “model problem” in nonsmooth optimization. The reason for clustering is intu-
itively clear: the optimization objective (“pushing down” the sum of the k largest eigenvalues)
makes the eigenvalues coalesce around Ai(A(z*)).

We provide a theoretically sound explanation of the clustering phenomenon. For the affine
problem we prove that at a point z*, which is an extreme point of the set of optimal solutions,
if m > k(n—k) then Ay(A(2*)) = Agy1(A(z*)) must hold, and there is a lower bound on the
multiplicity of A\g(A(z*)); this bound is an increasing function of m. For the general problem we
show that if 2* is an optimal solution of (£V}), then A(z*) minimizes f; on the tangent space of
the set {A(z) |z € R™ } at A(z*). If the restriction of f; to the tangent space is strictly convex
at A(z*), then the same results hold as in the affine case.

The rest of the paper is organized as follows. In the remainder of this section we introduce
the necessary notation and review preliminaries. In Section 2 we derive the bounds on the rank of
extreme matrices in SDP’s. In Section 3 we study a simple semidefinite program whose optimum is
fi(B) for a fixed symmetric matrix B. We derive a closed form expression for the optimal solution.
Section 4 proves our main result, Theorem 4.3 on the multiplicity of optimal eigenvalues in the
affine case. The proof utilizes the results of the previous two sections. In particular, the upper
bounds on the ranks of the slack matrices in the corresponding SDP translate into a lower bound
on the multiplicity of the k’th largest eigenvalue. Section 5 treats the general case. In Section 6
we outline how similar arguments can be applied to a related problem: minimizing the sum of the
k eigenvalues which are largest in absolute value.

Notation and preliminaries

Linear algebra S™ denotes the set of n by n symmetric matrices, S} the set of n by n symmetric
positive semidefinite matrices. For A,B € 8", A = B [A > B] means that A — B is positive
semidefinite [positive definite]. We denote by ¢(n) the n'* triangular number in(n + 1).

For B € 8" the i'" largest eigenvalue of B is denoted by A;(B). Also, mult (\;(B) ) denotes the
multiplicity of A;(B), that is the maximal p > 1 such that

M(B)=...= M(B) = ...= A\ipp_r(B)

for some j such that j <:<j+4+p— 1.

For a matrix A = (a;;);—; we denote by diag A the vector (@11, ..., ann)T. For v € R™ we denote
by Diag v the diagonal matrix with diagonal elements vq ..., v,.

We denote by e the vector of all ones, by €' the i** unit vector.

Convex analysis Let 5 be a closed convex set. A convex subset F' of § is called a face of § if
x€F yzel = %(y + z) implies that y and z must both be in F. A wvertex or an extreme
point of S is a face consisting of a single element.
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The vectors v, ..., 0P € R™ are affinely independent, if

P _ P
Zﬂﬂ’zzoa Z,MZIO
=1 =1

implies f1qy = ... = p, = 0. We say that the matrices Ay, ..., A, are linearly (affinely) independent,
if the vectors formed of A;,..., A, by stacking their columns are linearly (affinely) independent.
The dimension of the convex set S is

dim § = max{p|v',...,v? € S are affinely independent } — 1

The standard reference for convex analysis is Rockafellar (1970).

Semidefinite programming For the ease of reference we state the fundamental theorem of SDP-
duality. It is a special case of duality for linear programs with cone-constraints. For a proof, see
e.g. Wolkowicz (1981). Also, a general formulation of SDP duality theory was given in Shapiro
(1985).

Theorem 1.1 Assume that both (1.1) and (1.2) have feasible solutions. Then the following results
hold.

(1) If (1.1) has a feasible X > 0, then the optimal values of (1.1) and (1.2) are equal, and (1.2)
attains its optimal value.

(2) If (1.2) has a feasible (y, Z) with Z > 0, then the optimal values of (1.1) and (1.2) are equal,
and (1.1) attains its optimal value.

2 Bounding the rank of extreme matrices in semidefinite pro-
grams

Theorem 2.1 The following results hold:

1. Suppose that X € F, where F is a face of the feasible set of (1.1). Letd = dim F, r = rank X.
Then

r)y<m+d (2.1)

2. Suppose that (y,7Z) € G , where G is a face of the feasible set of (1.2). Let d = dim G,
s =rank Z. Then

t(s)<t(n)—m+d (2.2)



Proof of 1. Since rank X = r, we can write

X = QAQT
where Q € R™*", A€ S", A > 0. Since
by = A;eX = A;eQAQT = QTA,QeA (i=1,...,m) (2.3)
we have
QTA;QeA=10b; (i=1,..,m) (2.4)
To obtain a contradiction, suppose that ¢(r) > m 4 d. The system (2.4) is determined by m
equations, and dim & = t(r). Hence there exist Aq,..., Ayt € S linearly independent matrices
satisfying
QTAQeAN; =0 (i=1,...,m; j=1,....,d+1) (2.5)

Since A is positive definite, there exists € > 0 such that
AteA; >0 (j=1,...,d+1)

Define
A]‘J = A—I—EA]', Aj72 = A—EA]'

X;n = QAQT, X5 = QA;RQ7
The matrices X;; and X, are feasible for (1.1), and X = £(X;; + X;2) . Since F is a face of the
feasible set, we conclude that X;; and X;, arein F for j=1,...,d+1.

(2.6)

On the other hand, as Ay,...,Ag4q arelinearly independent, the matrices A, Ayq1,...,Agy11
and therefore also X, Xy 1,...,Xg41,1 are affinely independent. As the latter are in F’, we obtain
dim F > d + 1, a contradiction.

Proof of 2 Denote by ® the projection of the feasible set of the problem (1.2) to the space of the
Z variables,

o = {Z§0|Z:C—ZyiAiforsomey€ R™ }
=1
For Z € ® denote by y(Z) the vector in R™ satisfying Z = C'— 372, y(Z);A;. Since the matrices
A; are linearly independent, y(Z) is well defined. Hence the feasible set of the problem (1.2) can
be written as

U= {(y(2).2)] 7 € ®)

The points in ® and ¥ are in one-to-one correspondence. Moreover, it is easy to see that the
mapping assigning y(Z) to Z is affine (that is, y(uZ1 + (1 — p)Z2) = py(Z1) + (1 — p)y(Z2), for a
p real number, when Zy, Zy, uZy + (1 — p)Z3 € ).

Hence also the faces of ® and ¥ are in one-to-one correspondence. Namely, F' is a face of ® if
and only if G ={(y(Z),Z)|Z € F} is a face of ¥, and for these faces dim F' = dim G.



Therefore, it is enough to establish a bound on the rank of a matrix Z € F, where F is a face
of &, dim F = d. We can write ® as

® = {Zx0|AjeZ=V;(j=1,...,1(n)—m)}

for symmetric matrices A% and real scalars b (j = 1,...,¢(n)—m). Hence the desired result follows
from the bound (2.1). ]

In a semidefinite program, we may have several matrix variables constrained to be positive

semidefinite, as well as a vector of unconstrained real variables. We can prove the following result.

Theorem 2.2 Consider a semidefinite program with feasible set

X1>0,...,X, =20, yeR?
E§=1 Aij°Xj = b (i: 1,...,m1)
E?:l a;; X; + E?:l y; Dy = B (l =1,.., mg)

where A;;, D;; and B; are symmelric matrices, and a;;, b; are scalars. Denote the order of B; by

n(i=1,...,mz) and let

mao
m = mi+ Zt(nz)
=1

that is, m is the total number of equalily constraints, if a constraint with a symmetric matriz right

hand side in S™ is counted as {(n) constraints. Suppose that (X1,...,X,,y) € G, where G is a
face of the feasible set. Let d = dim G, r; =rank X; (j=1,...,p). Then
P
Wr;))<m—q+d (2.7)

71=1

Outline of Proof Let m' = m — ¢q. As in the proof of the second part of Theorem 2.1, we can
show that the projection of the feasible set onto the space of the X; variables is of the form

® = {X;>0,....X,>0
P
S A e X; =V (i=1,..,m)} (2.8)
J=1
for symmetric matrices A}, and reals b} (i = 1,...,m'; j =1,...,p), and (Xy,...,X}) is in F,

where F' is a face of ® of dimension d. Since rank X; = r;, we can write
X; = QiNQF (2.9)

where Q); € R"™, A; € 8™, A; > 0(5 =1,...,p). Similarly as in the proof of Theorem 2.1 we
obtain

P
Y QFTALQ;eA; = bi(i=1,...p) (2.10)
7=1

The system (2.10) has m’ constraints and dim(S™ x ...8") = 3-%_,#(r;). The proof can be
completed analogously to the proof of the first part of Theorem 2.1. a



Remark 2.3 It is worth noting, how the bound on the number of nonzeros in extreme solutions
of linear programs can be recovered from the above results. Consider an LP with feasible set

¢ = {ze€ R" |z2>0,Az =b} (2.11)

where A has m linearly independent rows. This set can be written as the feasible set of an SDP
in two different ways. We can treat the variable z € R"™ as the direct product of n positive
semidefinite matrices of order 1. Then if the point z is in a face of dimension d of ®, and z has r
nonzero components, the well-known inequality » < m + d follows from the bound (2.7).

Alternatively, ® is the set of diagonals of matrices in
' = {Xe€ 8 |(Diaga’)eX =b;(i=1,...,m)
Xij=0(#7)}

1 ™ are the rows of A. There is a trivial correspondence between the faces of ® and

where a*,...,a
®’ . Hence, if X is contained in a face of dimension d of ®' , and r = rank X, then (2.1) yields

r)y<(m+tn—-1))+d

which does not imply r < m+d .

Remark 2.4 The first proof of Theorem 2.1 was given in Pataki (1994) by using a more general
argument. The faces of S7 are in one-to-one correspondence with the subspaces of R™. It was
shown by Barker and Carlson (1975) that a convex subset of S% is a face, if and only if it is of the
form

F(L) = {X € 87 |therangespace of X is contained in L}

where L is a subspace of R". Let r = dim L. Then the dimension of F'(L) is {(r), and the rank of
matrices in F'(L) is at most 7.

Now, consider a different proof of Theorem 2.1. Let us denote by
H = {X:AeX=b;fori=1,...,m}

Then the feasible set of program (1.1) is given by 8% N H. By a theorem of Dubins (see e.g. Stoer
and Witzgall (1970), page 116) a subset of the intersection of two convex sets is a face iff it is the
the intersection of two faces. Therefore F is a face of S} N H, if and only if

F = F(L)NH (2.12)
for an L subspace of R"™ . As shown in Pataki (1994)if F'(L) is the minimal face satisfying (2.12),
then
dim F > dim F(L)—-m &
dim F(L) < dimF +m (2.13)

Then (2.13) is equivalent to (2.1). The technique used in the current proof of Theorem 2.1 are
similar to the techniques used in the proof of Theorem 5 in Alizadeh, Haeberly and Overton

(1997).



Remark 2.5 Independently, Ramana and Goldman (1995) derived several results on the geometry
of the feasible sets of SDP’s (such as a characterization of faces).

3 A simple semidefinite characterization of fi.(B)

In this chapter we shall develop the second part of the theory necessary to prove eigenvalue-
clustering in the optimal solutions of (E'V}). Let B be a symmetric matrix of order n, and consider

the SDP
Min kz+1TeV

st V,W=0 (3.14)
2+V -W=B8B

We shall give an explicit expression for the optimal solutions of (3.14) and prove that its optimal

value is fi(B) = M(B) + ...+ Au(B).
We begin with a briel survey of previous results related to ours. The classical characterization

fe(B)= Max BeXXT
st X € Rmxk (3.15)
XTX =1

is due to Ky Fan (1949). Showing the inequality < is easy, by choosing the columns of X as a set
of eigenvectors corresponding to the k largest eigenvalues of B.

A more recent characterization that was obtained independently by Overton and Womersley
(1992, 1993) and Hiriart-Urruty and Ye (1995) states

fe(B)= Maz BelU
st. I>U»0 (3.16)
TelU=F

This result can be regarded as a “continuous Ky Fan-theorem”, since these references show
{Ue 8 |I=U=0,1eU =k} = conv {XXT|XeRY XTX =1} (3.17)

and (3.17) can be used to give a simple and elegant proof of Ky Fan’s original characterization
(see e.g. Overton and Womersley (1992)). Furthermore, in Overton and Womersley (1993) and
Hiriart-Urruty and Ye (1995) an explicit expression for the set of optimal solutions of (3.16) is
given.

Problem (3.14) was studied independently by Nesterov and Nemirovskii (1994, page 238) and Al-
izadeh (1995). They showed that its optimal value is f(B). The proof of Nesterov and Nemirovskii
is direct. Alizadeh proved his result by showing that (3.16) and (3.14) are dual semidefinite pro-

grams with equal optimal value ( the latter has a strictly interior feasible solution).

For our purposes, we need not only the optimal value of (3.14), but also an explicit expression
for the optimal z, V and W. We proceed as follows: first we determine the optimal solutions for



a diagonal B, with the restriction that V and W be also diagonal. Next we drop the diagonality
restriction on V and W, while keeping it on B. Finally, we determine the optimal solutions of
(3.14).

Lemma 3.1 Let A € R™, Ay > ... > X,,. Consider the LP

Min kz+elv
st. v,w>0 (3.18)
zed+v—w= A\

The optimal value of (3.18) is Ele Ai and (z*,v*,w*) is an optimal solution if and only if

Akt <027 < h (3.19)
= (M=, A T
= (s e 0, , 0 )T (3.20)
w* :3( 0, e, 0, Z*—vXk+1,.. .’Z*——An )

Proof Let (z,v,w) be feasible for (3.18). Then

kz+ely > (ze+ v)T(el + ...+ ex)
= A+w)l(er+...4+ep)

> M+t
The first inequality is tight if and only if vx41 = ... = v, = 0. The second inequality is tight if and
only if wy = ... = wy = 0, thus the choice of the optimal (z*,v*, w*) follows. a

Lemma 3.2 Let A be as in Lemma 3.1 and A = Diag A. Consider the SDP

Min kz+1TeV
sit. V.Wx0 (3.21)
2d+V -—W=A

The optimal value of (3.21) is Ele Ai and (z*,V*,W*) are optimal if and only if V* = Diag v*,
W* = Diag w*, and (z*,v*,w*) are chosen as in (3.19), (3.20).

Proof Replacing the constraints V' > 0,W > 0 with diag V' > 0,diag W > 0 yields (3.18), a
relaxation of (3.21). Thus (3.21) has optimal value at least Y%, A;. This value is attained if both
V* and W* are diagonal.

We must also show that arbitrary optimal V* and W* matrices are diagonal. Let (z*, V>, W™)
be an optimal solution of (3.21). Therefore (z*,diag V>, diag W*) must be an optimal solution of
(3.18), hence by Lemma 3.1 they are chosen according to (3.19) and (3.20). Partition the matrices

V*and W* as
/* * * *
Ve o= l 2/1*1 “;13 ] , Wr o= l g{j VV?*? ] (3.22)
21 22 21 22



where the diagonal blocks are k£ by k and n — k by n — k, respectively. Since the diagonal elements
of V; are 0, and V* > 0, we must have V55, = 0 and V%, = 0. Since the diagonal elements of W7
are 0, and W* > 0, Wi, = 0 and W7, = 0. Since also 2"/ + V* — W* = A holds, V* and W™ must
be diagonal. a

Theorem 3.3 Consider the SDP (3.14). Write B = QAQ™ with Q being an n by n orthogonal
matriz, A = diag A, A\ > ... > \,. The optimal value of (3.14) is Y%, i, and (2*,V*,W*) are
optimal if and only if

Mepr < 2 < A (3.23)
We = Q(Diag w)Q
where .
* (N —z* Apz*
v ( 1—% s Ak—Z, 07 ) 0 )T (325)
w* = (0, ceey 0, 2 g, ., 2" )

Proof Given the above decomposition of B we can rescale (3.14) to get (3.21) without changing its
objective value. The correspondence between the solutions of the rescaled and the original problem
is: (z*,V*,W*) is an optimal solution to the rescaled problem if and only if (z*, QV*QT,QW*Q™)
is an optimal solution to (3.14). Our theorem then follows from Lemma 3.2. O

Finally we remark that the optimal solutions of (3.14) do not depend on the choice of B’s
eigenvectors. Suppose that the distinct eigenvalues of B are

Ai, (B), ..., A (B)

in descending order and Agx(B) = A; (B). Then the distinct eigenvalues of V* and W* in Theorem
3.3 are
Aif(B) = 2%, .., A, (B) = 2" and 2" = A (B),...,2" = A (B)

respectively. Therefore, choosing different eigenvectors of B to represent the eigenspace correspond-
ing to A;;(B) (j = 1,...,7) does not change V* and W™.

In the following we shall denote
Qu(B) = {(z,V,W)]|(z,V,W)is an optimal solution of (3.14)}

This set is a line-segment if A\p(B) > Apy1(B) and a singleton otherwise. Let (z,V,W) € Qi(B)
with z = %(Ak + Ak41). Then from Theorem 3.3 we obtain

rank V 4 rank W 4+ mult (Ax(B)) = n

4 Multiplicity of optimal eigenvalues: the affine case

In this section we present our main results about the multiplicity of optimal eigenvalues in the
affine case.

10



Let Ag, Aq,...,A,, be symmetric matrices, that we assume to be linearly independent. Let
A(z) = Ao+ Y% x;A;. Substituting A(z) for B in (3.14) yields the SDP-formulation for the affine
problem

Ming ,vw kz+1eV
s.1. V,W =0 (4.26)
2l +V —W = A(z)

This formulation was discovered independently by Nesterov and Nemirovskii (1994) and Alizadeh
(1995). The results of the previous section show that the optimal solutions of program (4.26) are
determined by the optimal solutions of (E'Vy): the only possible degree of freedom we have is
choosing z*.

Denote the optimal value of (EVy) by f; and the set of optimal solutions by O, i.e.
O = {ze R™ | i(Alz)) = fi} (4.27)

The set O is a level set of the function fi o A (in its definition we can write fz(A(z)) < f} ) hence
it is convex and closed.

To exclude trivial cases, from now on we assume m > 1 and k¥ < n (when k = n, (EFVj)is a

linear program).

Lemma 4.1 The set O does not contain a line, i.e. ifye€ R™ , z+ Ay € O for all X € R then
y = 0 must hold.

Proof Since m > 1, and the A; matrices are linearly independent, it suffices to show that the level
set

C = {Ze S | fi(2)< [}

does not contain a line. Suppose that Y is a symmetric matrix such that Z + AY € C for all
A€ R . Since fr(Z 4+ AY) can be determined from Ky Fan’s formulation (3.15) it follows that
Y e XXT = (~Y)e XXT =0 must hold for all X n by k matrices satisfying X7X = I. This in
turn implies fr(Y) = fi(—=Y ) = 0. Since k < n, we conclude ¥ = 0 as needed. o

Since O does not contain a line, it has at least one extreme point (Rockafellar (1970), Corollary
18.5.3).

Lemma 4.2 Lel z* be an extreme point of O. Then the set
Fro= {a} x Qp(A(27))
is a face of the feasible set of (4.26).

Proof Denote the feasible set of (4.26) by ®, and the set of its optimal solutions by F. We have

F o= {(x,z,V,\W)e® | kz+TeV = [;}
= {{z} x W(A(2)) |z € O}

11



Since z* is an extreme point of O, F* must be a face of F. As F is a face of @, our claim follows.
O

We recall the definition of the function ¢, and introduce the function 7

i) = i(i+1)/2
T(l,r,s) = max{i+j:t(e)+tj)<!l,i<r j<s} (4.28)

Theorem 4.3 Let z* be an extreme point of O, and assume m > k(n — k). Then

Ak(A(z™)) = Ag+1(A(z™)) ,and (4.29)
mult(Ax(A(z™))) > n—7t(n)—-m-1,k—1,n—k—-1) (4.30)

Proof Define F* as in Lemma 4.2, let d = dim F*, and denote \; = N (A(z*)) (: = 1,...,n).
Clearly,

(4.31)

g 1 if Ap > Apgs
B 0 if Ap = Apqr

Let (a*,2,V,W) € F*, with z = %(Ak + Ak41), and let ¢ =rank V, j = rank W. Then clearly
1<k and j<n-k

Moreover, in program (4.26) the number of equality constraints is ¢{(n), and the number of uncon-
strained variables is m + 1. Hence Theorem 2.2 implies

WD) +1G) < (tn)—m—1)+d (4.32)

Since m > k(n — k) , we get {((k) +t(n —k) > ({{(n) —m —1)+1,hence t: =k and j=n—-k
cannot both hold. Therefore

follows. To prove (4.30) note that
i+ j + mult(A(A(z™))) =n

and
d=0, 1 <k-1, j<n—-k-1

By (4.32) we get
ity
mult(A(A(z")))

T(t(n)—m—-1,k—1,n—k—-1) =
n—71{t(n)—m-1,k—1,n—k—1)

as required. a

Next, we study the consequences of Theorem 4.3 on the nonsmoothness of the objective func-
tion of (EVy) at an optimal solution. Ky Fan’s formula (3.15) and the SDP (3.16) provide a

12



characterization of f; as the pointwise maximum of (infinitely many) linear functions. Hence the
subdifferential of f; at B is given as (Rockafellar (1970), page 214)

Ofu(B) = conv {XXT|X e R™* XTX =1, Be XXT = fi(B)} (4.33)
= {Ue S"|[I>U>0,IeU=Fk BelU= fr(B)} (4.34)

(the convex hull operation is not needed in (4.34) as the set of optimal solutions of (3.16) is convex).
It can be shown that X € R™** with XTX = I satisfies Be X XT = f,(B) if and only if its columns
are eigenvectors of B corresponding to its k largest eigenvalues. The “if” part is obvious; the “only
if” part can be proved by using the result of Overton and Womersley (1993) and Hiriart-Urruty
and Ye (1995) characterizing the set in (4.34). Hence f; is not differentiable at B if and only if
Ak(B) = Ap41(B). If this condition is satisfied, then dim 0 fz(B) = {(mult (Agz(B))) holds (see the

above references).

Hence Theorem 4.3 proves that the function f; is nonsmooth at A(z*), moreover, it gives a
lower bound on the dimension of 0 fi(A(z*)).

The subdifferential of the composite function fr o A at z* can be computed as (see the above
references)

O froA) ™) = {(AreU,..., A e U)T| U €df(A(z"))}

Therefore f; o A will generally be nonsmooth at z* when f; is nonsmooth at A(z*). This is not
always true; a trivial counterexample is when A(z) = 1.

Remark 4.4 For a matrix B € §" we can define the interior and ezterior multiplicities of the
eigenvalue Ag(B) as (see Cullum, Donath and Wolfe (1995))

mult ;¢ (Ax(B)) max{j | Ap—;(B) =
mult cz¢(Ax(B)) = max{j | Ar4;(B) = Ax(B)}

Note that Theorem 4.3 proves mult .;+(Ar(A(z*)) > 1, and gives a lower bound on the sum of the
interior and exterior multiplicities, but not on either of them. The reason is that in the proof we
can guarantee an upper bound on the sum of the ranks of the slack matrices, but not on any of
them. (Of course, if £ < n/2 and m is large enough to guarantee mult (Ag(A(z*))) > k4 [ for
some [ > 1, then the exterior multiplicity of A\x(A(z*)) will have to be at least [.)

For the same reason, to prove Ay(A(z*)) = Ag41(A(z*)) we must consider an extreme point opti-
mal solution in the z-space; the proof does not work by looking at an extreme point optimal solution
of the SDP-formulation (4.26). If (z*, 2, V,W) is such a solution, then we must have (2,V,W) €
Qr(A(z*)) with z being equal to either A (A(z*)) or Ag+1(A(z*)). Then the upper bound on
rank V 4 rank W translates into a lower bound on mult ;,;(Ar(A(2*))) + mult cze(Ap1(A(2%))),
but does not prove A\i(A(z*)) = Ag41(A(2*)), which is necessary to show the nonsmoothness of fj
at A(z*).
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Remark 4.5 Unfortunately, the bound on mult(Ag(A(z*))) in (4.30) is not a simple function of
n, m and k. We can calculate an explicit expression as follows. For a positive integer ¢ and a real

number [ define
he(l) = max{ P | pinteger, ¢ <£> <1}
q q
= max{ P | p integer, P < V20 +0.25-0.5}
q q

First notice that if 7 + j is fixed, then ¢(¢) + ¢(j) is minimal, when | ¢ — j |< 1. Therefore

(1) = 7(l,+00,+00) = max{i+j:U(:)+1(j) <} (4.35)
= max{p integer : 2¢ <§> <l} (4.36)
= 2hy(1/2)

where the equality of (4.35) and (4.36) follows, since [ is integer, and {([5]) 4+ ¢([5]) and 2{(%)
differ by at most 1/4. Also, if r < s, 7(I) <7 + s then the maximum of ¢ + 7 in the definition of
7(l,r,s) is attained if the difference of ¢ and j is minimal. Therefore

’ B 4 hi(l—1t(r)), if r < |h2(1/2)]
rlrs) = { 2h3(1/2), otherwise (4.37)

Since the bound on mult(Ag(A(z*))) is the same if we replace k by n — k we may assume k < n/2.
Also, m > k(n—Fk) implies Ag(A(2*)) = Ag41(A(2*)), hence we may assume that m is large enough,
so that

T(t(n)—m-1) < n-2

Therefore we can substitute [ = t{(n) —m—1, r=k—1, s=n—k—1into (4.37) to compute the
bound in (4.30) explicitly. For n = 100, the graph of Figure 1. plots the bound on the multiplicity
of mult(Ag(A(2*))) as a function of m for £ = 1 and k = 50.

Remark 4.6 mult(A;(A(z*))) can be large, even if m is small, as the following example shows.
Let m = 1, Ag = I, and Ay an arbitrary » by n symmetric matrix that has a k£ by k principal
minor equal to a 0 matrix. Since A(z) has Iy as a principal minor regardless of the choice of z,
fe(A(z)) > k for arbitrary z (e.g. by Ky Fan’s theorem). * = 0 is optimal, and the multiplicity
of Ap(A(z™)) is n.

Remark 4.7 It is interesting to note, that for £ = 1 there are very few classes of problems where
Theorem 4.3 does not ensure a multiple first eigenvalue. Consider

Main Al(AO + D)
s.t. D diagonal (4.38)
ITeD=0

Problem (4.38) arises in combinatorial optimization: when Ay is chosen as the Laplacian matriz of
a graph, it yields a relaxation of the mazimum cut problem , see e.g. Delorme and Poljak (1993).
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Figure 1: Multiplicity-bounds for n=100
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In this paper the authors show that the solution of (4.38) is always unique. An equivalent problem
can be obtained by writing D as a linear combination of m = n — 1 matrices, hence (4.30) does not
imply a multiple first eigenvalue. Indeed, there are instances of (4.38), where the first eigenvalue of
the optimal matrix is simple. On the other hand, most other eigenvalue-optimization problems with
k = 1 appearing in the literature have m > n, therefore the existence of a multiple first eigenvalue
is guaranteed. For another example where m < n ( in fact m = 1) see Rendl and Wolkowicz

(1997).

Remark 4.8 Upper bounds on mult(Az(A(z*))) are established in Shapiro and Fan (1995). These
bounds hold generically, that is the subset of matrices {Ag, A1, ..., A} for which mult(A;(A(z*)))

m+1

exceeds the upper bound forms a subset of ( 8" ) , with Lebesgue measure zero. Results of

similar flavor were obtained in Alizadeh, Haeberly and Overton (1997). They show a generic lower
bound on the rank of extreme matrices in semidefinite programs.

5 Multiplicity of optimal eigenvalues: the general case

Consider the problem

min{ fx(A(z)): 2 € R™} (5.39)

where A : R™ — 8™ is a smooth function.
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Lemma 5.1 Let * be an optimal solution to (5.39) with optimal value f};. Define

Ay = A(z")
A, = 0A(z")/0z; (1=1,...,m)

Then Ag minimizes fi, on the affine subspace

{Ao—l—ZyZ'AAyG R™ }

=1

Proof The problem (5.39) can be rewritten as

min [ (X)

4
st. XeC (5.40)

where C' = {A(z) |z € R™ }. As Ag is an optimal solution of (5.40) and fj is locally Lipschitz at
Ag, a necessary condition of nonsmooth optimization (see Clarke (1990), page 52) implies

0 € 0f(Ao)+ Nc(Ap) (5.41)

Here 0 fr(Ag) denotes the generalized gradient of f at Ag, which by the convexity of fi reduces to
its subdifferential. The set No(Ap) is the normal cone of the (not necessarily convex) set C' at Ay
defined as (see Clarke (1990), page 11).

Nc(Ag) = {Y |YeV <OforallV €T¢c(Ao)} (5.42)

with T¢(Ag) being the tangent cone of C' at Ap in the Clarke sense (see the same reference).
However, as C' is a smooth manifold, T(Ap) reduces to the usual tangent space of C' at Ay
translated to the origin (see e.g. Aubin and Frankowska (1990), page 151), that is

Tc(Ao) = {i viAd;|ye R™ }

=1

But now condition (5.41) is sufficient to guarantee that Ag minimizes f; on Ag + Tc(4g). O

As a corollary we obtain

Theorem 5.2 Assume k < n. Lel z* be an optimal solution to (5.39) and define Ay, A; (i =

1,...,m) as in Lemma 5.1. Suppose that fi, is strictly conver at Ay on the affine subspace
{40 + i?ﬁAi lye R™ } (5.43)
=1
Then
Ak(Ao) = Apt1(Ap) ,and (5.44)
mult(Az(4g)) > n—71(t(n)—m-1k—-1,n—k—-1) (5.45)
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Proof Define the function A,+ as
Ape(y) = Ao+ widi (ye R™)
=1

Let O denote the set of optimal solutions of the linearized problem

O = {ye R™

Jr(Azx(y)) = fe(Ao)} (5.46)

By Lemma 5.1 0 € 0. But the strict convexity of f; on the affine subspace (5.43) at Ay = A;+(0)
is equivalent to the strict convexity of fi o A,» at 0. Therefore 0 is an extreme point of O, and

Theorem 4.3 implies the clustering of eigenvalues at Ay = A;«(0). O

Theorem 5.2 clarifies that the reason that causes multiple eigenvalues to occur is not A being
affine; rather it is the strict convexity assumption being satisfied. On the other hand, the existence
of an optimal solution z* that would satisfy this assumption cannot be guaranteed in general, when
A is not affine.

6 Minimizing the sum of eigenvalues in absolute value

Let B € 8", k < n. Let B have eigenvalues pi(B),..., tn(B) arranged in such a way that
|p1(B)| > ... > |pn(B)]. Define

k
gr(B) = ; |1i(B))] (6.47)
Let A:R™ — 8™ be a smooth function. In this section we study the problem
min{gr(A(z)): 2 € R™} (6.48)
For duality theory, algorithms and applications we refer to Overton (1992) and Overton and Wom-

ersley (1993).

The clustering phenomenon also occurs in optimal solutions of (6.48). Specifically, if z* is
an optimal solution, then frequently |pi(A(z*))| = |pr+1(A(2*))|, and the eigenvalues attaining
|pe(A(z*))| can appear more than twice in the spectrum of A(z*) (on either side, or both sides).

In this section we outline how the ideas presented in the previous sections can be used to explain

the clustering of eigenvalues in (6.48).

First, we consider two simple SDP’s to determine gi(B) for a fixed B € §”

Min kz+Te(V4+W)

st V.W,5,T 0
2I+V -W=18B
2+ 85-T=-8B

(6.49)
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and
Maz Be(X-Y)

st. I=X,Y»=0 (6.50)
Te(X+Y)=k

As shown in Alizadeh (1995) (6.49) and (6.50) are dual SDP’s with equal optimal value. In Overton
and Womersley (1993) the optimal solutions of (6.50) are determined. Here we give the analogous
result for (6.49). The proof of the following theorem is similar to the proof of Theorem 3.3, hence
omitted.

Theorem 6.1 Consider the SDP (6.49). Write B = QAQT with Q an n by n orthogonal matriz,
A = Diag A. Let {u1, ..., un} be a permutation of {1, ..., \p,} s.t. |p1]| > ... > |pn|, and assume

o k1,ka >0, ki +ko=F.

o A > > Ay > k] and =X, > > =Nk 1 > |kl -

Then the optimal value of (6.49) is Sk | and (2%, VX, W*, 8%, T%) is optimal if and only if

1] < 2% < gl (6.51)
V* = Q(Diag v*)QT W* = Q(Diag w*)QT (6.52)
5* = Q(Diag s*)Q7 T* = Q(Diag t*)QT (6.53)
where
v* = ( A—2%, . Ay —2", 0, e 0 )T
w* = (0, . 0, <Ak 41, e, 2, ); (6.54)
8*:(—An—Z*,...,—An_k2+1—Z*, O, ey 0 )
= =(0, 0, 2= (=Aneky)s oo s 2 — (=A)T
O

Analogously to the remark following Theorem 3.3, it can be shown that the set of optimal
solutions of (6.49) is uniquely (up to the choice of z) determined by B; we shall denote this set by

Or(B).

Consider the case when the function A is affine. Assume m > 1 and for 2 € R™ define

Alz) = Ao+ Y xiA;
=1
where Ag, Ay, ..., A, € 8" and we assume w.l.o.g. that A,..., A, are linearly independent.
Substituting B = A(z) in (6.49) yields the SDP-formulation for the affine problem

Aling:,z,V,W’,S,T kz+1e (V + W)
s.t. V.,W,5,T >0
2l +V - W = A(x)
2l +5—-T=—-A(x)

(6.55)
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(derived in Alizadeh (1995) ).

The set of optimal solutions of (6.48) is closed and convex. Moreover, it is also bounded (since
gr has bounded level sets ) hence it has at least one extreme point. Let us introduce the notation

k=[] F=1h

The analogue of Theorem 4.3 is

Theorem 6.2 Let z* be an extreme point of the set of optimal solutions of (6.48), and assume

m > k(n—k)+k(n—k)

Then

|k (A(27))] = |41 (A(27))] (6.56)
Proof outline Let
Fro= {a"} x 0x(A(z7))

Similarly to the proof of 4.2 one can show that F™* is a face of the feasible set of (6.55) of dimension
1, when |pur(A(x))| > [pr41(A(z™))| and 0 otherwise.

To obtain a contradiction, suppose |pr(A(z*))| > |pr+1(A(z*))]. Let (z*,2,V,W,5,T) € F*
with z = L(|ur(A(z*))] + |pe+1(A(2*))]). Define &y and k2 as in Lemma 6.1. Then we must have

rank V = ki, rank W =n — kq, rank S = kg, rank 1" = n — ko (6.57)

On the other hand, in the feasible set of (6.55) the number of unconstrained variables is m + 1,

and the number of equality constraints is 2¢(n). Therefore, Theorem 2.2 implies

t(kl) + t(TL — k’l) + t(k’g) + t(n — kg)

m

2tn)—(m+1)+1 &

<
S kl(n — k’l) + kQ(’TL - kg) (658)

The right-hand side of inequality (6.58) is maximized when ky = k, ky = k. Hence if m is greater
than k(n — k) + k(n — k) then (6.57) is impossible; thus |ur(A(z*))| = |ur+1(A(z*))| follows, as
needed. a

It is shown in Overton and Womersley (1993) that the function g is nondifferentiable at the
matrix B, if and only if |ux(B)| > |r+1(B)|. Hence Theorem 6.2 implies that g; is nonsmooth at
A(z™).

The subdifferential of the composite function gy o A at z* can be computed as (see the above

references)

Ogro A)a™) = {(A1eU,...,An e U)T | U € dgp(A(z™))}
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Therefore g o A will generally be nonsmooth at z* when g is nonsmooth at A(z*). An example

showing that this is not always the case is when A(z) = 1.

It is interesting to note that the threshold value of m in Theorem 6.2 that is needed to ensure
nondifferentiability of g; at A(z*) is roughly the half of the threshold value required for fi (cf.
Theorem 4.3). Also, it is possible to derive a lower bound on the “multiplicity” of |ur(A(z*))l;
precisely, on the number of appearances of the eigenvalues attaining |ux(A(z*))| in the spectrum
of A(z*). The lower bound is an increasing function of m.

Furthermore, when A is a not necessarily afline, smooth function, Lemma 5.1 is true when fj
is replaced by gi ; hence a result analogous to Theorem 5.2 can be proven for the function gy .
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