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CHAPTER 4
THE COMMON FACTOR MODEL IN THE SAMPLE

4.0. Introduction

In Chapter 3, we presented a mathematical representation of common factor theory in the
context of a population. As was noted at the time, this was a theoretical presentation, which did
not treat issues involved in sampling. Obviously, the application of factor analysis in practice
requires that the model be expressed in the context of a sample, and that methods be developed
for fitting the model to sample data. The purpose of the present chapter is to show how the
common factor model can be represented in a sample. The mathematical framework to be
developed for this purpose will serve as the basis for the treatment in later chapters of the
problem of estimating the parameters of the model.

4.1. Representation of the Common Factor Model in a Sample
The representation of the common factor model in a sample will be developed by

employing concepts and relationships presented in Chapter 3, which showed how the model is
defined in a population. We will examine how these concepts and relationships are affected when
we attempt to apply the same model to a sample drawn from the population. Given this objective,
it will be useful to begin by briefly reviewing a few important equations and issues discussed in
Chapter 3. A number of equations from Chapter 3 will be re-stated here for convenience and
review. Considering first the expression of the model in terms of modeled attributes, recall that
the population covariance matrix for the modeled attribdigs, , can be defined as having the
following structure:

Y= Qﬁuzwwﬂl u (41)

In this equation§2g,, is the population factor weight matrix containing submatBces , whose
entries are the weights for the common factors,tdnd , whose entries are the weights for the
unique factors. The representatiorf2y,, as a supermatrix is given by

The matrixXZ,, is the covariance matrix for the common and unique factors, and can be
represented as a supermatrix of the following form:

- (3 2] 13 9
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As discussed in Chapter 3, given the nature of the factors and the imposed condition that they are
in standardized form in the population, mat®x  will be a correlation matrix for the common
factors, and the unique factors will be uncorrelated with each other and with the common factors.
Substituting from Egs. (4.2) and (4.3) into (4. 1) yields the oblique common factor model:

3,., = B®B +U? (4.4)

The orthogonal common factor model can be represented as
3, = AA+U? (4.5)

Chapter 3 also defined the framework for the transformation of an orthogonal solution into an
oblique solution. Considering only the weight matrices for present purposes, the transformation
process requires defining a population trait mdffix , and the relationships between the
orthogonal and oblique solutions are given as follows:

B=AT (4.6)

®=TT (4.7)

Another important issue emphasized in Chapter 3 involved the distinction between
modeled attributes, contained in vecor , and surface attributes, contained iyvector . Recall
that the relationship is given by

y=2z+2 (4.8)
wherez represents that part of the surface attributes that is not consistent with the common factor
model. In terms of covariance matrices, the following relationship was developed in Chapter 3:

Y =2+ A5 (4.9)

As =%, — .. (4.10)

Finally, by substitution from Eq. (4.4) into Eq. (4.9) we obtain
2, = B®B' +U?+ As (4.11)

This expression states the relationship between the population variances and covariances for the
surface attributes, i&,,, , and the parameters of the common factor maBe@irandU?2. As
explained in Chapter 3, the entriesAg: represent model error, in the sense that they reflect the
degree to which the population covariances among the surface attributes cannot be accounted for
by the common factor model. The reader also should recall the relationship of these
developments to the issue of fitting the common factor model to data. If the model were being fit
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to 3,, as represented in Eq. (4.11), the objective would be to find a solution which would yield
an optimalAsy, . Alternative approaches to defining what is an opissal would yield different
solutions; i.e., differenB, ® , andU2 matrices, and in turn differEgt Axd matrices,
obtained by Egs. (4.4) and (4.10), respectively. Thus, it is not the case that there is a single true
3., matrix, and correspondindss  matrix; rather, differEnt asd matrices would be
defined for each different approach to optimiziig .

Though this is an important issue, it should be recognized that, at this point, it is stated in
terms of fitting the model to a population covariance matrix. Obviously, to conduct factor
analysis in practice it is necessary to represent the model in terms of a sample covariance matrix
and to solve the problem of how to fit the model to such data. We will now consider the problem
of expressing the model in terms of a sample covariance matrix. We wish to emphasize that this
process is not as simple and straightforward as it is often taken to be. In our view, there are a
number of subtle issues inherent in this problem which are often oversimplified, or completely
overlooked. Of greatest importance are the distinctions between model error and sampling error,
and between modeled attributes and surface attributes. We will attempt to present a framework
which allows for explicit representation of these issues, along with a careful treatment of the
distinction between populations and samples.

To begin, let us assume that a sample of N observations has been obtained, and that a
vectory containing measures on surface attributes has been obtained from each individual. Each
such vector still can be conceived of as arising from two sources, as defined in Eq. (4.8); i.e., a
portion consistent with the common factor model, and a portion inconsistent with the model.

This distinction between modeled attributes and surface attributes is as valid in the sample as it is

in the population. Therefore, we can defireaaple covariance n@@rix whose entries
represent sample variances and covariances for the modeled attributes. Keep in raipd that is

not directly observable, but that it represents that portion of the sample variances and covariances
of the surface attributes which can be accounted for by the common factor model. Following the
form of Eq. (4.1), we can express the common factor model in ter@g,of as follows:

C.. = Qﬁ,u,waQQi# (412)

In this equation(,, represents a sample covariance matrix for the factors; i.e., this is the sample
matrix corresponding t&%,, and would take the following form:

Cﬁﬁ Cﬁ” ]
Crx = 4.13
[ Cuﬁ C/m ( )

A comparison of Eqgs. (4.12) and (4.13) to the corresponding equations for the population, given
in (4.1) and (4.3) is of central important. It is essential to recognize and understand that the
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weight matrix for the factors, given §93,,,is  shown as being the same in the sample as in the
population. A consideration of what these factor weights represent will verify that this must be
the case. Recall that the fundamental common factor model, as shown in Eq. (3.3), states that the
entries in any sampled vector will be linear combinations of the entries in axzector , which
contains the measures on the factors. The weights defining these linear combinations, which are
the entries iff25,, , will be the same for all such vectors. Thus, the weight matrix relating factors
to modeledattributes is the same in a sample as in the full population. This relationship,
however, does not imply that a common factor weight matrix obtained from an analysis of
sample data will be identical to the population common factor weight matrix. In fact, as will be
seen in subsequent developments in this section, several effects preclude exact determination of
population common factor weights from a sample. The relationship stated here simply indicates
that the sampling process per se is not the problem. The sampling process does however have an
effect on the variances and covariances of the factors, both common and unique. Due to the
chance characteristics of the sample, the variances and covariances of the common and unique
factors in the sample will almost surely be different than the corresponding values in the
population. As a result, the matd%,,  will be different from its population counterhart
A very important representation of the model in a sample can be obtained by substituting
from Eqs. (4.2) and (4.13) into (4.12). This yields the following:
C C B’
.-Gy 3]
= BCggB' + BCs, U’ +UC,3B'+UC,, U’ (4.14)

This expression can be regarded as representing a full statement of the common factor model in
the sample. However, this is not the model actually employed in practice. The model employed

in practice is obtained as a result of some simplifying assumptions applied to the expression in

Eq. (4.14). To see how this is accomplished, let us consider the hypothetical case in which the
factor scores in the sample have some of the properties which characterize the factor scores in the
population. In particular, suppose that in the sample the unique factors were uncorrelated with
each other and with the common factors. This would result in all entries in mé¥ggesnd

C,,3 being zero, and matri€’,,,, being diagonal. Furthermore, let us suppose that the unique
factors are scaled so that they have unit variances, thus yielding a @jgfnix hich is an

identity matrix. Under these conditions, the model in Eq. (4.14) would become

C,. = BCysB' + U? (4.15)

If this model were a valid representation of the true structu€g of , then it would imply that the
sampling process has no effect on the common factor weights or unique variances, and only
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affects the common factor covariances. However, it is critical to recognize that the hypothetical
conditions which yielded this equation will almost certainly not hold in practice. That is, the
process of sampling will almost surely give rise to a sample in which correlations of the unique
factors with each other and with the common factors are not exactly zero. As a result, matrices
Cp, andC,z will not actually be zero, and matr,,,,  will not actually be diagonal. This in

turn implies that matribC,, cannot be exactly represented by a model which is based on these
assumptions; i.e., the model in EqQ. (4.15). This context is helpful in moving toward an
understanding of how factor analysis is conducted in practice, and of what sources contribute to a
lack of perfect fit of the model to real data. In effect, and this is a very important point, the
representation of the common factor model in the sample is deéfimpedctice asin Eq. (4.15).
The implication is that in practice we treat the sampling issue as if unique factors were
uncorrelated with each other and with the common factors in the sample. Since this will not in
fact be the case in the real world, the maiy, cannot actually be fit exactly by the model in
Eqg. (4.15). To represent this mathematically, it is useful to define a nf=atrix whose entries
represent a lack of fit in that model. The model could then more appropriately be written as

C..=BCssB +U?*+ A, (4.16)

The entries iM\, can be viewed as reflecting a primary souszngsling error . That is, if the
characteristics of the sample were identical to those of the population, then all enXies in

would be zero, and the model in Eq. (4.15) would be valid. However, the phenomenon of
sampling error gives rise to samples with properties not identical to the population. In the present
context, this causes the model in EqQ. (4.15) to be inexact, with the degree of error reflected in the
entries inA, in EqQ. (4.16). In other words, the model in Eq. (4.15) is based on simplifying
assumptions which generally do not hold in practice, and this fact gives rise to a primary source
of sampling error in the model, as represented in Eq. (4.16). If the assumptions did hold exactly
in a sample, then there would be no sampling error of this type; in that case, all edijes in in
EqQ. (4.16) would be zero and the simplified model in Eq. (4.15) would be exactly correct. This
framework thus shows explicitly the manner in which this source of sampling error impacts on
the common factor model. Other potential source of sampling error will be considered later in
this chapter and in Chapter 5.

A remaining aspect of this representation of the model which requires attention is the
issue of the standardization of the factors. As expressed in Eq. (4.16) the model is stated in terms
of unstandardized common factors; that is, though we have considered the common factors to be
standardized in the population, they almost surely will not be such in the sample. This can be
easily alleviated by converting the covariance maffpg in EqQ. (4.16) into a correlation matrix.

In fact, this standardization of the common factors in the sample is the most common approach
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taken to resolving a critical problem arising in the process of fitting the common factor model to
real data. This problem, called tidentification  problem, involves the fact that when the model
is expressed as in Eq. (4.16), the scales of the common factors are completely arbitrary. In order
to estimate the parameters of the model, it is necessary to establish a scale, or unit of
measurement, for the factors in the sample. The simplest and most common way to achieve this
is to define the common factors as being standardized in the sample. This entire issue will be
discussed in more detail in Chapters 8 and 9. For present purposes, let us define a mathematical
representation of the model where the common factors are standardized in the sample.

Let us first define a diagonal matfi€4]ss  containing the variances of the common
factors in the sample; that is,

[Cdlss = Diag(Cpp) (4.17)

We can then define a matiXzz  which is the correlation matrix for the common factor in the
sample as follows:

Cps = [Cal55Cs5[Cal 55 (4.18)
Let us next define a matri®@  as follows:
B = B[C4]}, (4.19)

Note thatB contains population factor weights which have been re-scaled so as to correspond to
common factors standardized in the sample. That is, the colunis of , the matrix of population
common factor weights, are each multiplied by the sample standard deviation of the
corresponding common factor to produce the weigh§ in . Given these definitions, it can be
seen that

~ = ~ / 1 _1 _1 1
B CpsB = B[C44[Cal35Cs5Cal 5 [Cal 3B’
— BCjysB' (4.20)

This relationship is important because it allows us to re-write the model in Eq. (4.16) in terms of
common factors standardized in the sample. That is, by substituting from Eq. (4.20) into Eq.
(4.16) we obtain

C.=BCspB +U2+A, (4.21)

Note thatU? and\, are the same in Egs. (4.21) and (4.16); the distinction between the two
expressions is that the common factors in the latter are defined as standardized in the sample.
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Let us now consider the final step in expressing the model in terms of observable data;
i.e., the step from modeled attributes to surface attributes. The preceding developments were set
in the context of modeled attributes, with the common factor model being stated in terms of the
sample covariance matrix for the modeled attribudgs, As noted above, the objective is to
express the model in terms of the sample covariance matrix for the surface attributes, which will
be designated’,, .We must first consider the relationship be@geandC,,, . T his
relationship follows the same pattern as the relationship betwgen 3,gnd , which was
derived in
Chapter 3 and is shown in Eq. (3.88). By following the same procedure, we can state the
following relationship:

Cyy = Coz + Cuz + Cs, + Clz (4.22)

Following the developments presented in Chapter 3 for the population, let us define aXpatrix
as follows:

Ac=Coz+ Cy + Cy; (4.23)

Substituting from Eq. (4.23) into Eq. (4.22), we can write
Cyp=0C..+A, (4.24)

The matrixA. could alternatively be defined as
A, =Cy, —C,, (4.25)

The elements i\, can be viewed as reflecting a lack of correspondence b&}yeenC, .,

It is very interesting to examine the source of this lack of correspondence. The emXjes in can
be thought of as arising from model error. That is, since the n@fgix represents that portion of
the sample variances and covariances of the surface attributes that can be accounted for by the
model, the entries iA. arise from lack of fit of the model to the sample data. Thus,&Xatrix
representing model error in the sample, is analogous to na&gyix , defined in Eq. (4.10), which
represents model error in the population.

It is now possible to combine preceding developments to achieve a unified view of model
error and sampling error, and to produce a representation of the common factor model in terms of
a sample covariance matrix for surface attributes. By substituting from Eq. (4.21) into Eq. (4.24),
we obtain

C,y = (BCssB +U2+A)+A, (4.26)

If we define a matribXA,, according to
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Ay =A,+ A, (4.27)
and substitute from Eq. (4.27) into EqQ. (4.26), we obtain
Cpy=BCsB +U2+A, (4.28)

Given the interpretation @A, , defined in conjunction with Eg. (4.16), as reflecting the impact of
sampling error, and A, as reflecting the impact of model error in the sample, it can be seen
that the entries i\, reflect both sources of error. That is, the lack of fit of the model arises
from two sources: (a) the fact that the simplifying assumptions made in conjunction with

Eq. (4.14) will not hold exactly in practice, thus giving rise to sampling error; and (b) the fact
that the common factor model is not expected to fit exactly the covariances of the surface
attributes, thus giving rise to model error. It is not possible in practice to actually separate
sampling error from model error. This would require knowing true values of population
parameters. However, the developments just presented do serve to separate these two sources of
error in theoretical terms, and to provide an explanation of their separate and combined impact
on the representation of the model in a sample.

Eq. (4.28) is of central importance in understanding and solving the problem of fitting the
common factor model to sample data. An objective of Chapters 3 and 4 has been to reach this
point of representing the structure of a sample covariance matrix for surface attributes in terms of
the parameters of the common factor model. This is achieved by Eq. (4.28). The equation
expresses theample covariance matrix for the surface attributes as a function of common factor
weights, common factor intercorrelations, unique variances, and a "lack of fit" term. Eq. (4.28) is
the sample equivalent of Eq. (4.11), which expressesdapelation covariance matrix for the
surface attributes as a function of the model parameters. The representation of the model in the
sample is the basis for developing methods for fitting the model to sample covariance matrices.
In basic terms, the problem is as follows: given matfjy , we wish to obtain coefficient

matricesB 5’ﬁﬁ, and/? so that the entriegNp are in some sense made optimally small.
There is a close relation between the sense in wij¢ch is optimal and the sense A yvhich IS
optimal. Remember that the matridBs ® , andU 2 depend on the way in w¥icls optimal
(see Eg. (4.11) and ensuing discussion). A consequence is that the population parameters which

are estimated by matricés 5’,[3[3, aid  determined fEyp depend on the sense in which
As; andA, are optimal. In the following discussion, the sense in which optimality is defined
will be taken to be fixed.

Several important aspects of this problem must be carefully considered. The first involves

the nature of the parameters to be estimated. Note that entﬁesﬁ]‘bﬁ, ,  U?and are not all
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pure population parameters unaffected by characteristics of the sample. Specifically, the entries
inB are population common factor weights which have been rescaled to represent common
factors standardized in the sample. An obtained estimd® of  can be viewed as an estimate of
B, with some error of estimation arising from the fact that the factors are standardized in the

sample rather than the population. In a similar fashion, the entii&ggn are ssaughlie
correlations among the common factors. However, these sample values cannot be observed or
determined exactly because they are defined in terms of the population common factor weights in

B. An obtained estimate o%'ﬁﬁ can be viewed as an estimae of ; again, some error of
estimation of® arises from the fact that the factors are standardized in the sample rather than the
population.

This view helps to achieve an understanding of what is being estimated when the model
given in Eq. (4.28) is fit to sample data. Though the parameters in that model are represented as

B, 5’55, andU?2, that representation incorporates the fact that the common factors are
standardized in the sample. That standardization will most likely be at least slightly different
from standardization in the population and is thus the source of some degree of sampling error.
This sampling error occurs in addition to that defined\yy in EQ. (4.16) and incorporated into
A, in Eq. (4.27). Thus, when the model in Eq. (4.28) is fit to sample data, an optimal solution
for the values inB 5'[;[3, andU?2 can be seen to provide estimates of the paramefrin ,
andU2. Error in those estimates arises from the sampling error and model error inclidded in

as well as from the standardization of the factors in the sample as defined by Eq. (4.18) and
(4.19).

A second important aspect of this problem involves the fact that, as has been noted in
other similar contexts previously, there are alternative possible definitions of what would be an
optimal A,,. Each alternative definition would yield an alternative method for estimating the
model parameters, and, in turn, a different set of estimates of those parameters. While alternative
methods for defining optimal fit and estimating parameters will be discussed in Chapter 7, it is
important at the present time to understand that parameter estimates can be obtained in different
ways, and to recognize how this fact impacts on the developments presented in this section. Let
us define matrices of parameter estimates obtained by any desired method Bvatrix ill be an
n x r matrix of estimated common factor weights, with elerognt representing the estimated
weight for factok on attribute . MatriRss will be ankr  matrix of estimated common factor
intercorrelations, with entry;; , representing the estimated correlation of flactord and . Finally,
matrix U2 will be ann x n diagonal matrix, with diagonal entsy ~ representing the estimated
unique variance for attribufe . For any given solution, the resulting maBic& 3, U%nd
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can be employed to obtain a covariance matrix for the modeled attributes as represented by that
solution. Let such a matrix be designa€gy . This matrix can be obtained as follows:

Cl = BRﬁﬁB/ + U? (4.29)

zz

It is important to understand the distinction betwégp and The naatyix is the
modeled attribute covariance matrix which is defined by the full common factor model in the
sample, as given in Eq. (4.14) or (4.16). Recall that simplifying assumptions are made regarding
that full model, resulting in the simplified model given in Eq. (4.15). Maitjx is thus a
modeled attribute covariance matrix constructed from a solution by substituting parameter
estimates into Eq. (4.15). The mat@%,  cannot be exactly determined in practice because it is
defined in terms of true parameter values. However, matfixi s a very useful matrix which
can be obtained from any common factor solution. It represents the covariance matrix for the
modeled attributes as represeritgdhat solution . The greater the correspondence &&tween
andC,, ,the more closely the model is found to fit the sample data. An important point is that
there is no single "true”, matrix. Rather, there is a diffe€&ht for each different method of
fitting the model taCy,,. That is, different definitions of an optimal solution to the model in
Eq. (4.28) will yield differentB, Rgz, andU? matrices, and, in turn, differért, matrices.
Recall that the same phenomenon was discussed earlier in this section in the context of the
population. The present development merely shows how this phenomenon occurs in the sample.
When a factor solution is obtained and the correspor@ing matrix is calculated, it is
then possible to determine a matrix representing the lack of fit of that solution to sample data.
This matrix will be designated @8  will be defined as follows:

A} =, —CH (4.30)

This matrix represents the optimal solution 2y obtained as a result of the application of some
specific method for estimating the parameters of the model. The entﬂe} in arise from a
combination of model error, which is affected by the method employed to fit the model to the
data, and sampling error.

A final point about the parameter estimation problem is that some additional complexities
will arise when model fitting procedures are considered in Chapters 8 and 9. Though the model
represented by Eq. (4.28) provides a useful framework for the model fitting problem, it will be
seen that this framework requires slight modification for some methods. Since this modification
will involve a rescaling of the parameters, it is not the case that all model fitting procedures are
providing estimates of the exactly the same parameters. This complication will be discussed in
detail in Chapters 8 and 9.
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We wish to close this section by noting two important points which will be treated at
length in subsequent chapters. First, though the model given in Eq. (4.28) is expressed in terms
of obligue common factors, most fitting procedures obtain solutions in which the common
factors are orthogonal. This will be discusses in Chapters 8 and 9. Second, these obtained
orthogonal common factors then can be transformed into obligue common factors. This
transformation procedure was discussed in detail in Chapter 3 in the context of the population.
For present purposes, suffice it to say that this freedom to transform or "rotate" factors exists in
obtained sample solutions as well. The mathematical framework for this process, along with
methods for seeking meaningful transformed factors, will be presented in Chapters 10 and 11.

4.3. The Common Factor Model for a Sample Correlation Matrix

The developments in the previous section were carried out in the context of a sample
covariance matrix. The model given by Eq. (4.28) defines the factorial structure of such a matrix.
An issue which has been raised previously in this book involves the distinction between factor
analyzing covariance vs. correlation matrices. This issue was treated in Chapter 3 in the context
of the population, and will be considered here in the context of the sample. Following the
developments in Section 3.6, let us begin by representing the conversion of a sample covariance
matrix, Cy,, , into a sample correlation matri&,,,.  This is achieved by first defining a diagonal
matrix [Cy],, containing the sample variance of the surface attributes. That is,

[Calyy = Diag(Cyy) (4.31)
We then can define a sample correlation mafiy, , for the surface attributes as follows:
Ryy = [Calyy Cyy[Culyy’ (4.32)

Effects of this standardization of the surface attributes on the common factor model in the sample
can be seen by substituting from Eq. (4.28) into Eq. (4.32). This yields:
_l o~ ~ / _1
Ry, = [Calyy’ (B CpsB + U? + Ay)[Cd]yy2
1l ~ / _1 _1 _1
= [Calyy B CppB [Calyy + [Calyy U2[C'd]yy2
+ [Cd]z;y5 Ay [Cd];zf (4.33)

To simplify this expression, we define the following matrices:

B =[C,4l,2 B (4.34)

~~

U? = [Caly U [Calyy (4.35)
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A_y = [Cd];yEAy [Cd];y5 (4-36)

These matrices contain common factor weights, unique variances, and lack of fit terms,
respectively, which have been rescaled as a result of the standardization of the attributes in the
sample. Substituting from these equations into Eg. (4.33) yields the following model:

R,, =B CsB +U?+A, (4.37)
This equation expresses the common factor model in terms of a sample correlation matrix for the
surface attributes. It has the same general form as Eq. (4.28), which expressed the model in terms
of a sample covariance matrix, but some of the terms have been rescaled. Another important
comparison is to note that Eg. (4.37) has the same form as Eq. (3.98); the latter expressed the
model in terms of @opulation correlation matrix for the surface attributes. Thus, Eq. (4.37) is
the sample equation analogous to the population equation given in Eq. (3.98). When the model in
Eq. (4.37) is fit to a sample correlation mati#,, , we would obtain a solution consisting of
common factor weights, common factor intercorrelations, and unique variances. To represent
necessary distinctions between these values and those which would be obtained from analysis of
a covariance matrix, as defined in the previous section, let us define the following m&rices:
contains sample common factor weights obtained from analysis of the correlation Rakrix;
contains corresponding sample common factor intercorrelation:{? and contains corresponding
sample unique variances. The fact that no new notation is usé&thfor reflects the fact that this
matrix is not affected by the analysis of a correlation matrix rather than a covariance matrix; this
can be seen by comparing Egs. (4.28) and (4.37). The sample values obt%neﬂm, and

U?2 can be viewed as estimates of the parametes i |, U#nd represented in Eq. (3.98).
That is, the population parameters representing the factorial structure of a population correlation
matrix are estimated by obtaining a factorial solution for a sample correlation matrix.

An interesting aspect of this issue can be seen by comparing Egs. (3.95)-(3.96) to
Egs. (4.34)-(4.35). Note that the former represent a rescaling of population parameters by
populationstandard deviations of the attributes, while the latter represent rescaling of those same
parameters bgample standard deviations of the attributes. This distinction reveals a source of
sampling error which influences the accuracy of the sample valZ@s in ﬁ?and as estimates of
the parameters ilB* andU** . This sampling error is present in addition to that contained in
Ey. A more detailed discussion and demonstration of this phenomenon will be presented in
Chapter 5.
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To complete this presentation of the common factor model for a sample correlation
matrix, note that we can follow the development given in Eq. (4.29) by defining a
"reconstructed" correlation matrix®}, , as follows:

~ ~/ =
R} =B RgsB + U? (4.38)

zz

This matrix is a correlation matrix for the modeled attributes constructed from the obtained
factor solution. It provides the correlations among the modeled attributes as represented by that
solution We can also obtain a matrix representing the lack of fit of that solution to the sample
data. This matrix will be designatﬁj and will be defines as follows:

A} =R, — R, (4.39)

This matrix represents the optimal solutionﬁg obtained as a result of the application of some
specific method for estimating the parameters of the model in Eq. (4.37). As noted in other
similar contexts, it should be recognized that alternative fitting methods would yield different
solutions forB, Rsg, andU? , and thus differed®}, aﬁ; matrices.

The important general points to recognize from the developments in this section are that
(a) the common factor model for a sample correlation matrix is a special case of the model for a
sample covariance matrix, and (b) the standardization of the attributes in the sample introduces
an additional source of sampling error to be discussed further in Chapter 5.

4.4. Sources of Error in Fitting the Common Factor Model to Sample Data
Special attention should be given to the fact that developments in this chapter have served
to identify a number of sources of error which affect solutions obtained when the common factor

model is fit to sample data. These effects cause parameter estimates to be in error and unstable to
some degree, and also give rise to lack of fit of the model to the data. A primary source of such
error has been designatednagdel error . The occurrence of model error simply reflects the fact
that the common factor model will generally not precisely account for all variance and covariance
of the surface attributes. This may be due to such phenomena as nonlinear relations of factors to
attributes, the presence of a large number of minor factors not represented in the model, etc.
Algebraically, model error is represented in the population by mAssix in

Eq. (4.11), and in the sample by matfiy  in Eq. (4.26).

Another general source of errosampling error , which includes phenomena whereby
chance characteristics of a sample influence parameter estimates and the fit of the model to the
data. Developments in this chapter have revealed that there exist several separate sources of
sampling error. A primary source arises from the fact that the assumption that unique factors are
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uncorrelated with each other and with common factors will generally not hold exactly in a
sample. This gives rise to the lack of fit represented in matgix  , which was discussed in
conjunction with Egs. (4.15) and (4.16). This source of sampling error would affect estimates of
all parameters of the model. A second type of sampling error arises from the common procedure
of standardizing the common factors in the sample. Since this standardization will tend to be at
least slightly different from that in the population, this gives rise to some error in estimation of
the parameters iB and® . This was discussed in conjunction with Eq. (4.28). An important
aspect of this source of sampling error is that, as discussed previously in this chapter,
standardization of the factors in the sample resolves the identification problem in parameter
estimation. Since this problem will be dealt with in order to fit the model to data, some sampling
error will arise no matter how it is resolved. A third source of sampling error arises when the
attributes are standardized in the sample. This occurs when a sample correlation matrix rather
than a sample covariance matrix is analyzed. It was shown in the previous section that this
standardization introduces a source of error which would affect estimates of common factor
weights and unique variances.

In practice these various sources of error cannot be separated. However, we feel it is
important to have a theoretical framework in which their separate effects can be represented and
understood. Some of these effects will be demonstrated and described further in Chapter 5, and
implications for practice will be discussed in Chapter 6.

4.5. lllustration of Fitting the Common Factor Model to Sample Data

Rather than present a completely new illustration of the developments described in this
chapter, we will briefly describe how an illustration presented in a previous chapter can be
viewed in the present context. In Chapter 1 we presented results of factor analysis of data drawn
from a study by Thurstone and Thurstone (1941). The data which were factor analyzed consisted
of correlations among nine mental tests, based on measures obtained from a sample of 710
students. The correlation matrix shown in Table 1.1 corresponds to dRgyix . The model
represented by Eqg. (4.37) was fit to this matrix (by methods described in Chapter 7), and the
resulting solution is shown in Table 1.2. The factor weights in Table 1.2 correspond toBhatrix
and the factor intercorrelations correspond to ma®jg The communalities in Table 1.2 were

obtained by subtracting the unique variance& from unity. We could define these

communalities as entries in a diagonal ma#fix, where

H?>=1-U? (4.40)
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According to developments in the previous section, values given in Table 1.2 represent estimates
of the parameters iB*, ® , andH** , respectively. From this solution, one could compute a
correlation matrix for the modeled attributes according to Eq. (4.38) and a matrix of lack of fit
terms according to Eq. (4.39). We leave this as an exercise for the reader.

The reader should keep in mind a number of influence which affect the solution obtained
in this illustration. If a covariance matrix rather than a correlation matrix had been analyzed, the
effects of standardization of the attributes would not have been present and the illustration would
have fit the framework described in Section 4.2 rather than that in Section 4.3. The effect of this
would have been a rescaling of the factor weights and unique variances, as indicated by
Egs. (4.34) and (4.35). In addition, if a differeméthod  had been used to fit the model to the
data, a slightly different solution would have been obtained. Further consideration of this issue,
along with additional illustrations, will be presented in Chapters 8 and 9.

4.6. Conclusion

This completes the development of the representation of the common factor model in the
sample. We wish to re-emphasize that the framework presented here serves to provide an explicit
treatment of a number of important issues inherent in factor analytic theory: (a) the distinction
between the population and the sample; (b) the distinction between surface attributes and
modeled attributes; and (c) the distinction between model error and various types of sampling
error. The last two issues in particular are almost totally ignored in most presentations of factor
analysis. We believe, however, that a complete theoretical understanding of the model requires
that these aspects be considered very explicitly. The framework developed here will be employed
in Chapters 8 and 9 to resolve the problem of fitting the model to a sample covariance matrix.
Prior to that, however, some important issues involved in selecting observations and attributes in
a factor analysis study will be considered in Chapter 6.
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