COMBINATORICS OF RATIONAL FUNCTIONS AND
POINCARE-BIRKHOFF-WITT EXPANSIONS OF THE CANONICAL
U(n )-VALUED DIFFERENTIAL FORM

R. RIMANYI, L. STEVENS, AND A. VARCHENKO

ABSTRACT. We study the canonical U(n_)-valued differential form, whose projections to differ-
ent Kac-Moody algebras are key ingredients of the hypergeometric integral solutions of KZ-type
differential equations and Bethe ansatz constructions. We explicitly determine the coefficients
of the projections in the simple Lie algebras A,, B, C,., D, in a conveniently chosen Poincaré-
Birkhoff-Witt basis.

1. INTRODUCTION

For a Kac-Moody algebra g, let V' be the tensor product Vi, ®...® V,  of highest weight g-
modules. The V-valued hypergeometric solutions of Knizhnik-Zamolodchikov-type differential
equations have the form [SV1], [SV2]:

(1) I(z) = /() B(t,2) QY (1, 2) |

Here t = (t1,...,tx), 2 = (21,..., 2,), ® is a scalar multi-valued (master) function, v(z) is a
suitable cycle in t-space depending on z, and QV is a V-valued rational differential k-form.

The same ® and Q" have applications to the Bethe Ansatz method. It is known [RV] that the
values of QY at the critical points of ® (with respect to t) give eigenvectors of the Hamiltonians
of the Gaudin model associated with V.

For every V = V), ® ... ® Vj,, the V-valued differential form Q" is constructed out of a
single U(n_)-valued differential form Q¢ where g = n. @ h@n, is the Cartan decomposition
of g, and U(n_) denotes the universal enveloping algebra of the Lie algebra n_, see Appendix.
In applications, it is important to have convenient formulas for 29, and this is the goal of the
present paper.

In [Mat], Matsuo suggested a formula [ ®(¢, z) )QV (¢, z) for solutions of the KZ equations for

g = sl,41. His differential form QY also can be constructed from a U (n_)-valued form Qo+ in
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the same way as QY from Qf. It is known that for sly, the two forms

> dt, d(te(a) — tr Aty — (i
st:z(ZSgn(ﬂ), W  Wre) —ta)  dltx) — ter 1))>®fk’

k=0 mEX, tr(1) tr2) = tr(1) Lrk) — tr(k—1)
00 k
- dt.
Qslz = < _Z) k
2 (AT)®d
k=0 =1
coincide. For r > 1, the form Qsr+ is a polynomial in f1, ..., f, with scalar differential forms as

coefficients, while the Matsuo form Q"+ is a sum over a Poincaré-Birkhoff-Witt basis of U(n_)
with coeflicients of the same type. Both forms have some advantages. The form 29 is given by
the same formula for any g. The formula for Q*+! has less terms and less apparent poles (see
above for the apparent poles at t; —¢; = 0). The advantage of having an expression in terms
of a PBW basis is most spectacular for representations with 1-dimensional weight-subspaces.

In this paper, we prove that Q%+ = Q%+ and give similar Poincaré-Birkhoff-Witt expan-
sions for the differential form €29 for the simple Lie algebras g of types B,., C,, D,.

As a byproduct, we obtain results on the combinatorics of rational functions. Namely, some
non-trivial identities are established among certain rational functions with partial symmetries.
The results are far reaching generalizations of the prototype of these formulas, the “Jacobi-
identity”

1 1 1

G -7 -Du-2 o069 "

In all A,, B,.,C,, D, cases, the coefficients of 29 can be encoded by diagrams relevant to
sub-diagrams of the Dynkin diagram of g. One may expect that the same phenomenon occurs
in a more general Kac-Moody setting, too.

According to the formulas for ® and QY in [SV1], [SV2], the poles of Q" contain the singu-
larities of ®. From our PBW expansion formulas, it follows that the poles of Q" coincide with
the singularities of ®, hence it makes sense to consider the values of QY at (e.g.) the critical
points of ®, as is needed in the Bethe ansatz applications.

It was shown in [MaV] that the Matsuo type hypergeometric solutions of the si,.,; KZ-
equations satisfy the complementary dynamical difference equations. According to our result
Qstre1 = Qs+t the hypergeometric solutions (1) also satisfy the dynamical difference equation
for g = sl,11.

In [FV], the hypergeometric solutions I(z, \) = [ @< (¢, 2)QV¢(¢, z, \) of the KZB equations
were constructed. Here ®¢ is the elliptic scalar master function depending on the same variables
t,z as @, and QYU (¢, 2, \) is the elliptic analogue of QY which is a V-valued differential form
depending also on A € h. It would be useful to find PBW type expansions of QY similar to
our PBW expansions of QV.

The hypergeometric solutions of qKZ, the quantum version of KZ equations, for sl,,;-modules
V were described in [TV1], [TV2] as I(z) = [ ®,(t, 2)€ (t, z). There the V-valued differential
form Q(‘I/ was given in a PBW expansion. Our PBW formulas for the B, C, D series may suggest
integral formulas for solutions of B, C, D type qKZ equations.
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The structure of the cycles v in (1) for arbitrary g was analyzed in [V1]. The cycles were
presented as linear combinations of multiple loops, and that presentation established a connec-
tion between multi-loops and monomials f;, ... fi, in U,(n_), where U,(n_) is the n_-part of the
quantum group U,(g). That connection in particular gives an identification of the monodromy
of the KZ equations with the R-matrix representations associated with U,(g). Our PBW ex-
pansions of 29 suggest that there might be an interesting PBW type geometric theory of cycles
for each g, in which the cycles are presented by linear combinations of cells corresponding to
elements of the PBW basis in the corresponding U, (n_).

It would also be interesting to compare our PBW formulas with Cherednik’s formulas for
solutions of the trigonometric KZ equations [Ch].

The authors thank D. Cohen for helpful discussions.

2. SYMMETRIZERS, SIGNS AND OTHER CONVENTIONS

2.1. Symmetrizers. For a nonnegative integer r and k = (ky,..., k) € N" ={0,1,2,...}",

we will often consider various ‘objects’ x(téi)) (functions, differential forms, flags), depending
on the r sets of variables

1 1 1 2 2 2 r r
(2) R U Y o US4 (L PN L)

Let Gy be the product [[, 3k, of symmetric groups. We define the action of 7 € G on =

by permuting the tg»i)’s with the same upper indices. Then we define the symmetrizer and
antisymmetrizer operators

Sym,, z( tl Z 7, ASym,, m(tgl)) Z sgn(m) 7 - .
TeGy, TeG
Let |k| =, k;. For a function (‘multi-index’) J : {1,...,|k|} — {1,...,r} with #J7(2) =
ki, let ¢ : {1,...,]k]} — N be the unique map whose restriction to J~1(7) is the increasing

function onto {1 ..., k;}. Then J defines an identification of (1, ...,¢) with the variables in
(2) by identifying

. (J(u))
(3) ty  with 25,7

Thus, if x depends on ?y,...,¢5 and J is given, we can consider x depending on the variables
in (2). For example, we can (anti)symmetrize z:

Symj x(t,) = Sym, x(t(-i)), ASymj a(t,) = ASym,, x(tgz))-

2.2. The sign of a multi-index; volume forms. Let J, be the unique increasing function
{1,...,|k]} — {1,...,r} with #J; (i) = k;, and let J be any function {1,...,|k|} — {1,...,7}
with #J71(i) = k;. Then the identifications defined in (3) for J and Jy together define a
permutation of 1,. .. |k|. The sign of this permutation will be denoted by sgn(J). E.g. sgn(1 —
1,2—1,3—2)=1,sgn(l— 1,2—2,3+—1)=—1.

Define the ‘standard volume form’ dV}, to be dtgl) AN dtgl) A dt§2) AN dtéi) Ao A dtgr) A

A dt . Observe that if we use the identification (3), then dt; A dty A ... A dty is equal to
sgn(J ) - de
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2.3. The star multiplication. For k € N", let F; be the vector space of rational functions
in the variables in (2) which are symmetric under the action of Gj. We define a multiplication

(c.f. [V2,6.4.2]) x: Frr@F, — Fru by

1 1 r T
(Frg)@, ot ) ) =

1 1 1 r r 1 1 r r
il Sym,,., (f(t§ ot Dy gt ,t;)%)).
For example, if we write ¢ for t) and s for ¢, then

1 . 1 1 1 n 1 1 n 1 1
tth tl (8 — t1> tth t3(8 — tg) t1t3 tQ(S — tg) t2t3 tl(S — tl) ’

This multiplication makes @ Fj an associative and commutative algebra.

3. ARRANGEMENTS. THE ORLIK-SOLOMON ALGEBRA AND ITS DUAL. DISCRIMINANTAL
ARRANGEMENTS AND THEIR SYMMETRIES

Let C be a hyperplane arrangement in C”. In this section we recall two algebraic descrip-
tions of the cohomology of the complement U = C" — UyecH, as well as properties of the
discriminantal arrangement which will be needed later. The general reference is [SV2].

3.1. The Orlik-Solomon algebra. For H € C, let wy be the logarithmic differential form
dfy/fu, where fy = 0 is a defining equation of H. Let A = A(C) be the graded C-algebra
with unit element generated by all wy’s, H € C. The elements of A are closed forms on U,
hence they determine cohomology classes. According to Arnold and Brieskorn, the induced
map A — H*(U;C) is an isomorphism. The degree p part of A will be denoted by .A”.

3.2. Flags. Non-empty intersections of hyperplanes in C are called edges. A p-flag of C is a
chain of edges

F=[C'=L">L'>L*>...D P> L7,

where codim L = i. Consider the complex vector space generated by all p-flags of C modulo
the relations

IL>.. oL ' SLO LT 5.0 =0, (0<i<p),
L

where the summation runs over all codim 4 edges L that contain L‘™! and are contained in
L1, This vector space is denoted by FI? = FI?(C), and let FI be the direct sum ©,FIP.

3.3. Iterated residues. According to [SV2, Th. 2.4, A and F are dual graded vector spaces.
The value of a differential form on a flag is given by an iterated residue operation

Res: Fl® A — C,
defined as follows. Let F' = [L'] be a p-flag and w € A a p-form on U. Then

Respw = Resrp <Restf1 ( ..Resr2(Respi(w)) ... )) e C.



PBW EXPANSIONS OF THE CANONICAL DIFFERENTIAL FORM 5

3.4. The discriminantal arrangement and its symmetries. The discriminantal arrange-
ment C" in C" is defined as the collection of hyperplanes

Let us fix r non-negative integers (weights) k = (k1,...,k,) with > k; = |k| and consider
C¥l with coordinates

1 1 2 2 r r
()t A,

The group Gy = [[ =k, then acts on C/*I (by permuting the coordinates with the same upper
indices) which then induces an action of G} on A(C*) and FI(C)).

The skew-invariant subspaces (i.e. the collection of z’s for which 7z = sgn(m)x Vr € Gy,) of
ARkl and FIM(C*) will be denoted by A% and FIC*, respectively. The duality stated in
3.3 is consistent with the group-action in the sense that A%* and FI®* are dual vector spaces.

3.5. Flags of the discriminantal arrangement. Let U, be the free associative algebra gen-
erated by r symbols fi, fa, ..., f.. It is multigraded by N"; the (k1, ..., ky)-degree part will
be denoted by U,[k] = U,[ki,...,k;]. For any non-zero homogeneous element in U,[k], we
define its content to be k. It is proved in [SV2, Th. 5.9] that Ur[k] is isomorphic to F[%*
under the following map. For J: {1,...,[k|} — {1,...,r} with #J (i) = k;, the monomial
f;= fJ (%)) f] (Jk|—1) fJ(Q)fJ e U, [k:l, ook corresponds to Sgn ASymk( ) € FI% where
F is the |k|-flag

CH St =0D(ti=ta=0)D...0HtL=...=ty1=0)D (1 =... =ty =0)]
with its variables ¢, identified with tg-i)’s as defined by (3).
Example 3.1. For r =2, k = (1, 1), we have the correspondence
Rh—Co@ =0>H =7 =0, fifie-C2# =02 #H) =4 =0).
For r =2, k = (2,1), we have the correspondence
1
e S (1000 (8 = 0) 5 (1 =t = 0) > (¢ = 1" = ¢ = 0)]-

2 2 1 2 1 1
5 =050 =" =0) > () = =1 = 0))).

4. THE CANONICAL DIFFERENTIAL FORM
Using the identifications of Section 3, the tensor product
A% QUL [ky, ..., k]

is the tensor product of a vector space with its dual space. Therefore the canonical element,
S, bE ®@0b; for any basis {b;} of U,[k] and the dual basis {b}} of A“*, is well defined—it does not
depend on the choice of the basis of U,[k]. We will call this element the canonical differential
form of weight k and denote it by €. Tracing back the identifications of Section 3, we get the
explicit form.
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Theorem 4.1. [SV2] Let ty = 0. The canonical differential form is
Ld
O = sen(J) - Asym] (A dlog(ty — tu) ) @ [
J u=1

|K|

:ZSYmi( H; )dvk®fj € A% U, [K],
J

u=1 tu - tu—l

where the summation runs over all J : {1,... |k|} — {1,...,r} with #J7 (i) = k;. (Recall
that the variables t,, are identified with tl@ s using (3).)

Example 4.2. Let r = 2, k = (2,1), and write t for ‘Y and s for t*). Then

1 ~ o~

(4) Q) —(tl(tz —t1)(s — ty) + b — )05 _t1)>dt1 ANdty Nds @ fof i+
1 1 o

(tl(s —t)(t2 — s) " ta(s —ta)(t1 — 8)>dt1 Ndty Nds © frfafit

( 1 L 1
S(tl — S)(tg — tl) S(tg — 8)(t1 — tg)

>dt1 A dtg Ads X fffg

Similar rational functions will often appear in this paper. It will be convenient to encode
them with diagrams as follows: Q1) =

ot 7 t st P b t 27
Sym (Hl_ﬁ_f>dvk ® fof? + Sym (Mﬂﬂ AV, @ fifofi + Sym (%2) Vi @ f1 fo.

A rooted tree (root denoted by *) with variables associated to its vertices encodes the product
of 1/(a— b)’s for every edge whose vertices are decorated by a and b, and b is closer to the root
of the tree. The label of the root of the tree is 0, so we do not write it out. The symmetrizer
Sym is meant with respect to the content of the rational function.

5. PROPERTIES OF THE DIFFERENTIAL FORMS
In this section we present the two key properties needed in Section 6.

5.1. The residue of the canonical differential form. For £ = (kq,...,k.), we denote
(klv ok k= Lk, kr) by k —1;.
Lemma 5.1. Let k € N" and i € [1,...,r]. Then the maps
R : A% — AGu w +— Res
and 3
Y Ulk—=1) — Ulkl, o (=1)tth-lgf

are dual.

Proof. Let w € A% and fJ € UJk — 1;]. We need to check that the residue with respect
to the flag corresponding to f; of Res,s_,w is equal to (—1)kt-tki=1 times the residue with
kp =

respect to the flag corresponding to f;f; of w. This follows from the definitions (and the sign
conventions). O



PBW EXPANSIONS OF THE CANONICAL DIFFERENTIAL FORM 7

Theorem 5.2.

Res QO = (—fathr-thml oo (1@ f).

t)=0
Proof. Let {b,} be a basis of U,[k — 1;], hence Qj_1, = > b} ® b,. Since the map 1 in Lemma
5.1 is an embedding, the images 1(b,) can be extended to a basis {t(b,),c,} of U,[k]. Then
Qe =22 1(bu)" @Y (bu) + 22 ;@ cy. We have (R 1) = 35 R((ba)") @9(bu) + - R(c) @ o,
which, according to Lemma 5.1, is > b5 ®@ ¥(b,) = (1 ® ¥)Q_1,, as required. O

Example 5.3. For r = 2, we write ¢ for t(!) and s for . Then Res,—o Q1) =

dt d(s—t < d d(t —
Res,—g <—/\ <S )®f2f1——s/\ ( S)
t s—1 S t—s

® flfz) =0® fofi — % ® fifs = —Q(Lo)fz

5.2. The multiplication of differential forms. Recall that U, is equipped with a standard
Hopf algebra structure. The co-multiplication A U.— U, ®U is deﬁngd~ for degree one
elemezlts x as A(zx) :~1®x+:v® Leg. A(fi)=1® fi+ fi®l. Then A(fife) =1® fifa+

fofh+heofi+ i@l
The dual A* of A is therefore a multiplication on the dual space U* = 3, A%. Our goal is
to express explicitly this multiplication of differential forms.

Theorem 5.4. For k,l € N, let wdV, € A" and ndV; € A" be differential forms. Then

(5) A" (wdVi, ® ndVy) = (w 1) dVie,

(see Section 2.3).

Proof. We will need the following concept. Call a triple (S1, Ss, J) a shuffleof J; : {1,...,|k|} —
{1,...;r}and Jo: {1,... ||} = {1,...,r}if

e 51,5, are subsets of {1,...,|k+ 1|}, #51 = |k|, #52 = ||,

o {1,...,|k+1|} is the disjoint union of S; and S,

e Jisamap from {1,...,|k+1|} to {1,...,7r},

e for the increasing bijections s; : S; — {1,...,|k|} and so : So — {1,...,]|l|}, we have

. Jl ¢} Sl(i) 1€ Sl
J =
(1) {JQ o) SQ(i) 1€ Sg.

The collection of f,’s form a basis of U,. Let the dual basis of U* be {f%}. We only need to
check (5) for this dual basis. Hence, let wdV}, = fjl, ndV, = sz with fj, € U,[k], fs, € U.[l].

The definition of A implies that A*( f}l ® fj2) is " f%, where the summation runs over all
shuffles of Jy and Jy; e.g. A*(ff @ f3) = (fuf2)* + (fofr)*, A*(fr @ f7) = 2(f7)*.

On the other hand, the right-hand-side in (5) is also > f7%, with the summation running over
the shuffles of J; and J;. This can be seen by an iterated application of the ‘diagram surgery’

Y Y
_z 77@“& _=z y
Z{ b + \[

z



8 R. RIMANYI, L. STEVENS, AND A. VARCHENKO

justified by the identity
1 B 1 . 1
(y—2)z—2) W-2)z—y) (EF-2)(y—2)

c.f. [MuV, Lemma 4.4]. For example 1/(t(s —t)) * 1/u = 1/(t(s — t)u) =

*{AS/%; PR A :(/u\a +/\r8)+\/ﬂs -

=1/(t(s—t)(u—35))+1/(t(u—1t)(s —u)) + 1/(u(t —u)(s —t)). O

6. THE CANONICAL DIFFERENTIAL FORM FOR THE SIMPLE LIE ALGEBRAS A, B,C,D

The following projections of the canonical differential form are used in integral solutions of
the KZ equations and in the Bethe ansatz construction. Let g be a simple Lie algebra of rank
r, with Cartan decomposition g = n_ @ h@&n,. The universal enveloping algebra U(n ) of n_
is generated by r elements fi,..., f. (the standard Chevalley generators) subject to the Serre
relations; i.e. there is the quotient map ¢ : U, — U(n_) sending f; to f; for any i. We say that
an element x € U(n_) has content k € N" if x € q(U,[k]).

Definition 6.1. The canonical differential form Q0 of a simple Lie algebra g is defined as the
image of . under the map

id® q: A% @U,[k] — A%* @U(n )[K].

The Lie algebra n_ is a direct sum of 1-dimensional weight spaces ng labelled by the positive
roots 3 : n. = @®gng. Let Fj be a choice of generator in ng. We fix a linear ordering of the
positive roots: fi,..., Bn,. According to the Poincaré-Birkhoff-Witt theorem, a C-basis of the
algebra U(n ) is given by the collection of elements F'FE*... Fg™, where m = dimn_ and

b= (pla"'apm) ENm~

Example 6.2. For sl3, the Lie algebra of all 3 x 3 matrices with trace equal to zero, the positive
roots ag, (i, a1 + ag correspond to the matrix entries at the positions (2, 1), (3,2), and (3, 1),
and in turn, to the basis F,, = fi, Fa, = fo, Fayta, = [f2, f1] of n.. A PBW basis of U(n_) is

FP  fay fi]P2 £3? with p = (p1, pa, p3) € N°.

After fixing the linear ordering 3; < B < ... < [3,, of the positive roots of g, the canonical
differential form of g can be written in the form of

(6) 0f = > w, dVi @ FRFR . Fhm
p

Here the summation is over p such that the content of FZ' > ... Fi™ is k; w,dV} is a differential
form in A% and w, is a rational function.
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Theorem 6.3. (Product formula.) Forl=1,... ,m, let the content of Fs, be k). Then there

exist rational functions ng, in the variables (t§i))j:1 o, symmetric under Gya), such that

p1 p2 Pm

A\ A\

7 ~N 7 7 N\
Wp:m'nﬂl*"'*77/31*77,32*"'*UBZ*"'*nﬁm*"'*an

Proof. Denote P = FJ' ... F™. The co-multiplication A can be expressed in the PBW basis

as:
AE) = >
p'+p"=p
Then for the dual multiplication we have

m

//| Fp@Fp

= 1pzp

* * ( Ip’* P’ * (p; + p;/> (p'+p")*
ANy dVe @ wpedV) = A (P @ 1) = ( ][5 005 | - FO

%

Using Theorem 5.4, we obtain

Wat Xk Wt = —(p; +p;/) Wy "
P P’ | | tWp'+ps
; plplfl

from which the result follows (put 7 = wy,). O

Example 6.4. For g = sl3 and the ordering a1 < a3 + as < g, we have w,, = 1/t,
Wartas = 1/(t1(51 — t1)) and w,, = 1/s1. (Again, we write ¢ for (1) and s for ¢*).) Then the
differential form corresponding to fZ[f2, fi] is

1 1 1 1
dty Ndta Ndtg Nds = —— - — % —x —————— =
W(2,1,0)001 2 Ndis Nds =g R Y p—

382 - 2S<t1 + tg + t3) + (tltg + tltg + tgtg)
t1t2t3(8 — tl)(S — tg)(S — tg)

1
t1t2t3(s — tg)

1
= 5 MG ( )dv(?”l) N Mo

This means that ] is determined once we know its ‘atoms’, i.e. the 74’s for the positive
roots (. In the remainder of this section, we will compute them for the infinite series A, B, C,
D of simple Lie algebras. For each of these, we will list (1) the positive roots, (2) the simple
roots, and (3) the expression of the positive roots in terms of the simple roots. Then we choose
(4) a linear ordering of the positive roots and fix (5) the elements Fj’s (choice of a constant).
Then we describe the elements 73’s with the choices (4), (5).

Let ¢, = (0,...,0,1,0,...,0) € C" (1 occurs at the ith position from the left). For a multi-

index J = (J(l)v ‘](2)7 R ‘](n))a let [fJ] = [f](l)a [f](2)a [ R [f](nfl)afJ(n)} i m

6.1. The simple Lie algebra A,_;.

) The positive roots are ¢; —¢; for 1 <i < j <.
2) The simple roots are o; = €; — ;41 for 1 <i <r.
) € — € = Zu:z
) Let €, —€; < ey — ¢ if either i <@, or i =4" and j < j.
) For a positive root 5 =¢; — €, let Fg = [fj—1,-2,..4)]-

(1
(
(3
(4
(5
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Theorem 6.5. For B =¢ —€j = a; + ;1 + ... + o1, we have

1
B = 4y Gt i i—1 —2)\
BT =) )

The result can be visualized by the following string-diagram (the labels of the vertices in the
diagram indicate the superscripts of the corresponding ¢;’s).

Noj+..to; = F @@ — ...—@

6.2. The simple Lie algebra B,.

(1) The positive roots are ¢; (1 <i <r)and e —€;, € +¢; (1 <i<j<r).
(2) The simple roots are a; = €; — €41 fori =1,...,r — 1 and «, = ¢, (the ‘short’ root).

(3)
- i

_Zau (1<i<r), €—c¢ —Zau, € +e = jZozu+2Zozu(1§i<j§r).
u=t u=j

(4) Let [ be one of €;, €, —€;, or €; +€;, and let 3" be one of €, €4 — €, or €y + € Then we
set < B'ifi >4 Ifi <j<j then wealsoset ¢;+¢€; <€ +ey <€ <e€—€j <€ —¢j
(5) Fai+...+aj,1 = [f(j—l,j—2,...,z‘)] and Fei+6j = Hf(i,i—l—l,...,r)]a [f(r,r—l,...,j)]]'
uQ uq

—N—
The vector (0,...,0,1,...,1...) will be abbreviated by (0“01"1...).

Theorem 6.6. We have
1

1—1 |—2 —1 7 1+1
9D Ty =)

Nait..+a;_1 = (for both roots €; and €; — €;),

t(rfl) _ t(rfl)
1 2
] r r—1 r r—1 r—1 r r—1 r
D — ) -y Y = 7)Y — )
1
k) k—1 r—2 ¢, (k k+1 )
I 7 — ) T2 — o)

1
Neite; = § Sym(oi—llj—izr—jﬂ) (

The structure of these functions is better understood via the following pictures.

J—1j-2 i
. . = %—0—0—
Noi+...4a;_1 .. —e
T
1 S j g+1 r— r—2 i
= 5 ko @ —
77z:iﬁk<j ag+2 ngkgr ag 2 ym Ce .. —e

In the second picture, the double edge means that the corresponding difference is in the nu-
merator. The labels mean superscripts of variables t;, and when a superscript 7 is used twice
in a diagram, they mean t ) and ty ),
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6.3. The simple Lie algebra C..

(1) The positive roots are €; — €;, €, +¢€; for 1 <i < j <r and 2 for 1 <i <r.
(2) The simple roots are a; = €¢; — €;11 (1 <i <r) and o, = 2¢, (the ‘long’ root).

(3)

j—1 7j—1 r—1 r—1
ei—ej:E Qy, ei—i—ej:g ozu+2§ ay, + a, 261':25 oy, + Q.
u=1 u=1 u=j u=1

(4) Let B be one of €; —¢€;, €; +¢€;, or 2¢;, and let 3’ be one of €y —€;/, € +€js, or 2¢;. Then
weset B < 3 ifi >4 Fori < j < j wealsoset €;+€; <e+ey <26 <e—€y <€—E€j.
(5) Fe—e; = [fit1,i=1))s Fee; = fiittr—tmr—1,gls Foe; = [[fi41, 0=, [fit1,m]]-
Theorem 6.7. We have
1

i—1 i—2 /., (u u+1)y "’
BV IR -6

T]Ei—Ej —

1
neﬁ-e':Sym(oiflljfﬂrfjl)( j—1 r u u—1 r=1/,(u utl )7
J T g (0 = A7) I = 677)

1 u=j+1\l1 2
S 1
M2e; = ym(oi_ly_il)( r r—1 r r—1 r r—2/,(u u+1 r—2/,(u u+1 >
17 = )Y = ) TEZ @Y - ) LS — 65 Y)

u=1

The result can be visualized by the following diagrams (labels mean upper indices).

j—1j-2 i
Nej—e; =+ @—@— ... —@

7 j+1 r—1 r r—1 r—2 i
Neite; =Sym+—e—e— ...—e 00— ... —o
r—1 r—2 7

Noe, = Oym -

r—1 r—2 7

6.4. The simple Lie algebra D,.

(1) The positive roots are €; —¢; and €; +¢; for 1 <i < j <r.
(2) The simple roots are a3 = €1 + € and ; = ¢; — €, (1 < i <r).

(3)

J i J J
€—€ = Z Qy, ei+ej:a1+a2+22au+ Z a, (I<i<jg<r), eﬁ—qz&ﬁ—Zau.
u=1i+1 u=3 u=1+1 u=3

(4) Let B be one of €; — €; or €; + ¢;, and let 3’ be one of € — € or €;; + €. Then we set
B<pifj<j'. Fori <i<jwealsoset e +¢€ <€ +e <€ —er <€ —¢.
(5) Fojme; = [fGj-tritn)]s Feave, = [fGi-180] Fere = [f(G-1,,2.134,....i-1,0))
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Theorem 6.8. We have

1
Nej—ei = Git1 u u—1)y’
T @ - )
1
Nej+er =77 j u u—1)y "
ALl T

Forl<i< 7, Nejte; = Sym(122i—21j—z‘0r—j)
3 3
Y — 1)
7 1 3 2 3 3 1 3 2 +1 U u+1 j u u—1)\ "
() — e (P — ) (P — ) — ) T — e T (e — 1)

The result can be visualized by the following diagrams (labels mean upper indices).

i+1 42 j
Nej—e; =H—@—@— .. —@

1 3
776]+61

6.5. The proofs of the theorems 6.5-6.8. Let g be one of the simple Lie algebras A,, B,,
C,, D,, and let 3 be one of its positive roots. In one of the Theorems 6.5-6.8 (the one referring
to g), we state a formula for 7g; let us denote the function on the right-hand-side of that formula
by 7. In this section we will prove that 1z = 75, by proving Theorems 6.10 and 6.12 below.

Lemma 6.9. Under the correspondence between U,[k] and FI% of Section 3.5, we have
[fio fil o " D (6 = #7) 5 (1) =17 = 0)]
FilFi il o ASymey, ([C9 5 (1) = 1) > (¢ =4 =17) > (o) =4 =4 = 0)] )
o, Ui L, Fll)
Sy (045 (09 = ) 5 (9 = ) 1) > (9 = ) 1) — )
S W) =i =i = =0))).

Proof. For i < jlet L = (t; #8) —= t(j) = 0). Then we have

fifi = fifi = [T o (P =0) o L] - [ > (1) = 0) > L] = [ > (¢ = ") > L),
which proves the first statement. The others follow from similar calculations. O

Let the content of Fj be k.

Theorem 6.10. Let F' € FI% be a linear combination of flags corresponding to an element
>-cyfy in Uplk] of content k. If 3°;c;f; belongs to the ideal generated by the Serre relations,
then RespmzdVy, = 0.
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Proof. We show the result for g of type A. In this case there are two kinds of Serre relations:
[fi. fi] = 0if (a4, 5) = 0, and [fi, [fi, f5]] = 0 if (s, ;) = —1. We will consider the linear
combination of flags corresponding to multiples of [f;, f]] and [f;, [f;. fj]] By Lemma 6.9, any
multiple of | fi fj] corresponds to a linear combination F' of flags of the form +[C* > ... >
Lyto D Lyy1 D Ly D ... D 0] with

[Lu-i—?/Lu ) Lu-i—l/Lu - LU/LU] = [(C2 - (tg;il) = tz(;i)) - 0]7

where the coordinates on C? are tz(,? and t%).

The rational function 7 does not have a factor of type ¢ — ¢ in the denominator for
(i, a;) = 0. Thus Resp7zdV}, = 0.

By Lemma 6.9, any multiple of [f;[/;, f]]] corresponds to a linear combination F' of flags, with
each term of the form £[Cl > ... > Lyy3 D Lyio D Lyy1 D Ly D ... D 0] with

[Lut3/Lu D Luta/Ly D Luti/Ly D Ly/L,) =~ [CP 5 (1) — ) 5 (1) =) =10)) > 0],
where the coordinates on C?® are tq(,il), tq()?, and t%) with vy # v3. Since all k; are 0 or 1 for the
positive root 3, this type of flags cannot occur in FI%*.

The proof for the types B, C, D are analogous. 0

Remark 6.11. By Theorem 6.10, the differential forms Q¢ (and QY see the Introduction and
Section 7 below) do not have poles at the t® = ) type hyperplanes if the corresponding
simple roots are orthogonal. Hence the poles of €22 coincide with the singularities of the master
function, see the Introduction.

Now let FP = F’ gll L F gs be another element of content £ in the Poincare-Birkhoff-Witt basis,
different from Fj. Let us choose preimages of Fjg and F? under the projection U,[k] — U(n_),
and let Flags and FlagP € FI®* be the corresponding linear combinations of flags.

Theorem 6.12.

o The residue of the differential form nzdVy with respect to FlagP is 0.
o The residue of the differential form nzdVy with respect to Flagg is 1.

Lemma 6.13. Fori=1,...,r, 7 =1,...,k;, we have
Resty)zo Uk dV, = Resty)zo g dVy, .

Proof. 1t is enough to consider j = k;. Then the left hand side can be calculated from Theo-
rem 5.2, and the right hand side is given explicitly. For types A, B, D, we obtain

_ Ng—a;AVi—1, 1if B — «; is a positive root, 5 —a; >
Res dV}, = Res i dVi, =
1§ =0 150V =0 T84 Yk {0 otherwise.

For type C' we obtain Restgz):o NpdVy = Restf):o NgdVy =

Ng—a; AVi—1, if § — «; is a positive root, § —a; > 3
= Mp-a; *Np—a; dVj—q, 1if B—Ta is a positive root, ’8_2’” > 0
2 2
0 otherwise.
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Proof of Theorem 6.12. The second statement follows from the explicit forms for 7.

Let ﬁi be the form obtained from €} by replacing the term 7z ® Fj by Nz @ Fp. Then
Respragr ﬁz = Respiagr ©F by Lemma 6.13. We have Respqer 2 = 1® FP by the fact (U, [k])* =
Ak Therefore we have Res Flagr g = 0, as required. O

7. APPENDIX: REPRESENTATION-VALUED CANONICAL DIFFERENTIAL FORM

For the convenience of the reader, we give formulas from [SV1], [SV2] for the V-valued
differential form Q" which appears in the hypergeometric solutions to the KZ equations and
the Bethe ansatz method.

Consider the formula for the canonical differential form from Theorem 4.1, without putting

to = 0. Instead, put {, = z and denote this form by Q(2), e.g. Qa1)(2) = t‘f—tz A %. The

projection to g of this form will be denoted by Q7 (z).

The proofs in Section 6 can be modified to get PBW expansions of Qf(z). The only change
in the PBW-coefficient results is that the * of the diagrams has to be decorated by z (instead
of 0) Eg for k = (2), instead of ASym(Q) (dtl/tl VAN d(tg - tl)/(tg - tl)) = 1/(t1t2)dt1 VAN dtQ we
have ASym o (dt1/(t1 — 2) Ad(ty — t1)/(t2 — t1)) = 1/((t1 — 2)(t2 — 2))dt1 A dty. For a simple
Lie algebra g, let V) be a highest weight g-module with highest weight A € h* and generating
vector vy. Recall that the map U(n_) — Vi, x — x - vy is surjective.

Definition 7.1. Let kM k@ . k™ ¢ N, k = Y k@, We extend the star multiplication
from Section 2.3 as follows:

%1 (AG0 @V)) ® (A%@ @V),) ®... 0 (A% @V, ) — A% @(Vy, @ VA, ®... 0 V4,)
by
(U @v)* (Q@vg) *...% (2, @vp) = (W ... %wy)dVi @ (11 QU ® ... @ vy),
where Q; = w;dV,).

Let V =Vy, ® ---®Vy,. We define the V-valued differential form of degree k (c.f. [MuV,
(4)]) by

O = @ Qpoy (20)va, * oo QP (20)va,, -
kD 4. k() =k

Example 7.2. Forn =2, r =1 (i.e. g = sly), we have

Q) = Q) (z1)va, * Q) (22)un, + QY (21)va, * U (22)va, + Q) (21)va, * Qfyy(22)va, =

Aty d(ty —ty) )
ASym,s, <t1 _— A P ) ® foa, @ va,+F
dt dt
ASym ) < LA 2 ) ® for, ® foa,+
tl — 21 t2 — 29

dty - d(ts — 1)
tl — 29 tQ — tl

ASym,s, < ) ® vp, ® frun,.
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Qé) = (f2vl\1 ® va,) + ASym ( >(fUA1 ® foa,) +Z2 (va, ® f2vA2)7
z 1 1

where we also used the PBW expansions from Section 6.1.

(Vi

[V2]
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