Chapter 6

Appendix

Here are the proofs of results cited in Chapter 3, 4, and 5. The Proposition is restated before

each proof.

6.1 Optimization

6.1.1 Fitting algorithm

In Chapter 3, we fit the data z;(t;) by the polynomial fit Z;(¢;) such that
éi(tj) = w,P(w,(t] - ml)) + hl

where P is a polynomial of degree k, and (w;, m;, h;) are respectively the width, the location
and the height parameter of the ith individual. We optimize for the coefficients of the poly-
nomial P which are common to all curves and for the three parameters (w;, m;, h;) which are
specific to each curve. Let n be the number of families and d be the dimension of the vector
t, the criterion that we use for optimization is minimizing the weighted SSE (weighted by
the sample size n; in each family) such that

SSE—TL*ZZZ ||Z@ tj) wiP(tj—mi)—hiHQ
k=17

i=1 j=1
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Our algorithm does this optimization sequentially, with one step optimizing for the best
polynomial coefficients over all curves and the next step optimizing for the best parameters

(w;, mj, h;) in each curve,i.e

1. Initialization: k = 0, choose an initial set of coefficients of the common polynomial, call

it Py, and initial parameters (w; o, m;0, hio) for each curve 7.
2. algorithm step k£ > 1.

e Find the set of optimal coefficients of the common polynomial at the kth iteration,

call it P (optimization with initial value Pj_1) such that

Py, = Argminpn Z Z Z sz(t;) — wi g1 P(t; = mip—1) = i)
=1 j=1 k=1

e Find the parameters of variation (w;k,m;k, ki) for each curve ¢ (optimization

with initial value (w;g—1,,mM;k—1,hik—1) for each curve ¢ ), such that
. 2
Vi, (wi,kv Mk, hi ) Argmln(w m,h)€O Z Z ”zl(tj) ka(tj - m) - h||
k=1

o Let SSEk = nzz 1 ZJ 1 En ||Zz( ) wi,kpk(tj - m@k) — hi’kHQ

3. If |[SSE) — SSEj_1] less than a chosen small threshold, then let K = k and go to step

4. Otherwise, go to step 2.

4. The fitted values are w; i for width parameter, m; i for location, and h; 41 for height.
Where h; ic11 satisfies the identifiability condition Zfil hik+1 = 0. To find h; 41, let

o= %flll—wm then the fitted h; xy1’s are

hi k1 = hi g + o *xw; g
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See Subsection 6.1.3 for details of why this gives identifiability.

6.1.2 Algorithm for estimating distances along the manifold

To estimate all metrics we discussed in Chapter 5, it is sufficient to estimate arc-distances
along each mode. Estimation of arc-distances is done by linear approximation, i.e for some

high number N and a parameter of variation 6,

( z+1)*(92—‘91)’t>—R(&er’t)H

N
Arcd(Ry, Ro) ~ Z
=0

6.1.3 Identifiability of the parameters

We will prove that finding optimal coefficients of a polynomial of degree 3 or higher and
coefficients (w, m, h) is an identifiable problem assuming that Y ;" ; h; = 0. Let P, and P, be

the two polynomials of degree k£ > 3, and dimension d > k + 1 such that,

k
= Zam,ltl,m =1,2
1=0
We have to show that if
w; Py (wi(t; — mi)) 4 hi = wiPa(wi(t; —my)) +hi, Vi <n;j < d

and
> b= 3o
i=1 i=1
then

Py = Py, (w; = w}), (m; =m}), and (h; = h})



110

From the equality of polynomials, we have

k+1 1k+1
alykwi'k = agiw; + (6.1)
aq - 1wk — ko kwkﬂmz = Q- 1W; 'k _ kagy kw’kﬂml (6.2)
S
k—l+1 ! k— rh—1+1 N
foralls>2z o g (emy)t = ZC g g (—ml) (6.3)

=0

Z Crjan i (=m)! + by = Z CF ez gt (w))* 1 (=mi)' + i (6.4)
From equality (6.1) we have that
I\ such that w; = \w;, Vi

and

agp = ay p(N) "D

Using this result, we have from equality (6.2)

(a1 = Moagya) Ok
k)\k+10é2,sz’ a9 k)\k-‘rl

k
Cogp—1 — Ao 1

kaLk w;

If we use those two identities in equations (3), we find that m; could be written as a
function of w; for all ¢ and this function differs from equation to equation. By substitution
we show that

A= 1,s0w; = wi,m; =m;; and a1 s = as, V1 < s < k. (6.5)

Finally using this result, in (6.5), in the equation 6.4 we have

hi = h; + (a1 — ago)w
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or

h; =h; + (OéLo — a270)w§

If Y% hi =0and ) ;" | b, = 0, then this last equation implies that

(01170 — 052’0)117) =0

Since w # 0, we have that

Q10 = Q20 and h; = hl'.

6.2 Toy Example

In section 6.2.2 we will identify the linear spaces of variations of the vertical shift (or faster-
slower) mode as defined in Chapter 3. Those results hold for any family of curves with a
common template shape. In section 6.2.3, we will identify the horizontal shift (or hotter-
colder) variation for the parabola template shape toy example used in Chapter 4. We will
show that in the point cloud representation, the data with this variation lie in a parabola
curve in an affine space. The characterization of the affine space is given in Proposition 15,
and the equation of the parabola curve is derived in Proposition 16. Finally, the affine space
and the equation of the parabola are derived for the special case of equally spaced temperature

measurements.
6.2.1 Notations, and assumptions
We will use the following notation in this section of the appendix

e d is the dimension of the problem, it is the number of distinct temperature measure-
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ments. i.e in the caterpillar example d = 6.
e n is the number of families, i.e in the caterpillar example n = 29.

e T is the temperature domain (interval), and ¢ is the individual or the vector of temper-

ature measurements.

We will suppose that we have a family of curves f; with a common template shape fo.

The vector ft is the value of the function f at the temperatures (¢1,...,tq). ie. ft =

(f(t1),..., f(ta))-
6.2.2 Vertical shift

The proposition 13 will state that for any family of curve with a non constant template shape
fo and a vertical shift variation, the data will fall in the line generated by the d-vector I,

Iy =(1,1,...,1) in the point cloud representation.

Proposition 13. Let fty be a non constant d-vector.i.e fto # fto*y. Let a = (ai)ie1,...n}
and h = (hi)ieq1,..ny be two n vectors. Then, given a family of curves a;fto + hilq, for

i €{l,...,n}. The Var-Cov matriz of this family is at most two dimensional. In particular

e For the Faster-Slower variation a = @ * Iy, and h # h x 14, then the Var-Cov matriz is

one dimensional and I; is the eigenvector.
Proof

Let denote the data by the d * n matrix X

X = ftoxad +Igxh
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and use the following notations

n
_ 1
a = —g a;, and
n-
=1

1

S%(a) = E(a—a*ﬂn)’(a—a*ﬂn), likewise
- 1
h = = hi, and
i
1 _ _
S?(h) = E(h—h*ﬂn)’(h—h*ﬂn), and
1 _
r?(a,h) = —(h—hxI,)(a—axI,). Moreover
n

fte = fto— ftola, fte L L.

Then

<
I

1
—X %1,
n

= (_Lfto—i-ﬁ*]ld

And let X, be the centered data
X, = X—-X=xI,

= ftox(a—ax*L,) +1g%(h—hx1,)

= ftex(a—ax*L,) +1g% (h—h*L,) + flola—ax1,))
S%(X) = X.*X!

= nS%*(a)fte* ft.+n (f%0282(a) + S%(h) + 2ftor*(a, h)) P

Since the two vectors ft. and I; are orthogonal to each other, the results of proposition 13

follow from this last decomposition.
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6.2.3 Horizontal shift in the parabolic case

When d = 3, the growth rate ft was measured at three distinct temperatures ti, to, and ts.
Let f,, be a downward open parabola with maximum at m, the location parameter. Let a
and h be the scaling parameters of the parabola. For the Hotter-Colder variation, a and h

are common to all families and m varies for each family.

t

2 = 2 ,and

fm(ﬁ)

ftm = Flte) | = —am?=(1,1,1) = 2m st + %) + b (1,1,1)".

fm(t3)

A specific orthogonal basis (u1,ug,us) in this three dimensional space is defined by:
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—2t1 + 12+ 13
up = t1— 2ty +t3 | =Hixt
t1 4+ to — 2t5
1
Uy = 1
1
to — 13
uz = ts—t, | = Hzx*t.
t1 — 12
Where
-2 1 1
H, = 1 -2 1
1 1 -2
0 1 -1
Hs = -1 0 1
1 -1 0

The vector ug is independent of the data whereas the vectors u; and us depend on the
temperature measurements. However, u; and us depend only on the spacing between the
temperature measurements, so their expression is simplified in the equally spaced case ( see

section 6.2.3).
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Proposition 14. (u1,uz,u3) is an orthogonal basis of R3.

Proof

Hy«H, = 0,
H{*uy = 0,and (6.6)
Hé * U3 = 0.

Then the three vectors are orthogonal to each other. So (u1,us2,us) is a basis of the three

dimensional space. [J
Some properties of H; and Hj

I will use the following properties in the following derivations of Proposition 16 and Proposi-

tion 15 and Corollary 3.

e M is symmetric, and its H? is a multiple of Hj.

H = Hy,
H? = -3H
1 = 1
e Some properties of H3 are
Hi = —Hs,

W s Hyxu = 0 for all uin R3.
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e H; and Hj are orthogonal to each other,

Hs;x Hi = 0, and related by the equation

H? = H.

e From the four preceding equations, we have that

lal* = 3lusl,
luaf? =3,
lug||> = —t' % Hyxt.

Definition 6. The hotter-colder basis is defined by (hcy, hea, hes) = ( UL U2 ud ) It is

an orthonormal basis of R3.

Proposition 15. The vector ft,, is in the affine space perpendicular to hcs at the point
(07 07 k)(h01,h02,hC3)7 where

k= —a(hc * t?)

We call this affine space the hotter-colder affine space.
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Proof

Uy ftm = t'x Hy* (—ax(m*(1,1,1) —2mt + %) + hx (1,1,1))
since Hz * (1,1,1)" =0,
uy * ft = 2a(t’ * Hy*t)m — a(t' « Hz x t%)

but ¢t * H3 xt = 0, so

uy * ft, = —aluy *t?).
Finally
hey * ft, = —a(hch *t?), which is a constant independent of m.

O

Proposition 16. ft,, lic in a parabola of equation Y = Ax (X —M)?+ H in the hotter-colder
affine space. X (respectively Y ) is the projection on hey (respectively hes ), and the parameters
A, M, and H are

9v3

~dalju [
2 _
M = -a <§Hu1||t + (hc} * t2)) , and

H = \/g(h—a(té—?)).
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Proof
uy x ft, = t'* Hy* fty
= '« Hy*(—ax*(t—m(1,1,1)")? + h(1,1,1)")
= —t'sxHixax(t—m(1,1,1))?
because Hy * (1,1,1) =0,
= —axt'x H +(m?*(1,1,1) —2m*t +t%)
= 2a(t' x Hy xt)m — a(t'  Hy x t?)
= 2a (—@)m—a(t’*Hl*ﬁ)
= — (ga\u H2> m — a(uy * t2).
zelw 1
So,

2
X = hd *ftp= —(gaHulH)m—aCl, and

2 2 4
X2 = <§GHU1H> m2—i—<§a2Hu1HC’1>m+a2012.

Where Cy = hc) * 2. So, for all A, M, and H

AX -M)?*+H = AX?-2AMX + AM*+ H

4 4
A <§a2Hu1||2> m? + <§A|]u1\|a> (aCy + M)m

+ Aa?C? + 20 AMCy + AM? + H. (6.7)



On the other hand,

Y = eb x fty

So,

Sl =
—_

Sl =Sl

((1,1,1) % (—a* (t —m(1,1,1)")2 + h(1,1,1)")

(a*(1,1,1) % (m*(1,1,1) — 2m x t + t*) + 3h)

((3a)ym? + (6af)m — 3a * t2 + 3h) .

Y = héy * fty, = —(aV/3) * m? + (2atV/3) x m + Cs.

Where Cy = v/3(h — at2).
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We are looking for A, M, and H such that hch * ft;, = A(X — M)? + H for all m in R. Then,

by identification of the two equations 6.7 and 6.8

(3

A(ga®lml?) = —(av3)

Aluilla) (aCr+ M) = (2atV/3)

Aad’C? +2aAMCy + AM? + H = C(s.

So,

A =

M =

V3a_ 9V3B
(Bax [full)®  dalu]®
2at\/3

3Allula

2 _
aCy = —a <§||u1||t + (hc] * t2)> .

(6.9)
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And finally,

H = Cy— Ad’C? —2aAMC, — AM?

B —a)+ 2B 2y

AP
9(1\/5 2 _ 2
— | = t he) * t*
]2 <3”“1” e ))

= \/g(h—a(ta—f?)).

9a\/§

2 _
_ w (§||u1|t + (he) * t2)> (he) * t2)
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Particular case: equally spaced measurements

Let ¢ be the spacing between temperatures. Then, the expression of (hei, hee, heg) is simpli-

fied.
1
t = t1+c
t1 4+ 2c
t
2
= t2 4+ 2 + 2t1c

t2 4+ 4c? + 4tyc

1

V2
N
—1
1

V3
her = 51
1
-1

V6
th = ? 2
-1

lu]| = 3ev2.
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Corrolary 3. When the temperatures are equally spaced

ac®\/6
b= 3
4 - V3
8c2a
M = 0
H = \/g(h—a(ta—f?)).

Proof

From the previous two propositions for the general case, we have that.

k= —a(hdyxt%),
PR
dalfuy]]

H = V3(h—a(2-1)).

So by in the equally spaced particular case,

2
Eo— _a_\/g((_1727_1)*t2):ﬂ’
6 3
4 W3 V3

4a(3¢y2)2 8c%d’
H = ﬁ(h—a(té—f?)).

Also from the previous proposition:

2 _
M= —a <§Hu1Ht + (he} * t2)> :
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Using that

hey x12 = —2v2c(c+ ).
And

lur]T = (3ev2)(t1 + o).

We finally have, M = 0.0J

6.3 Mathematical Foundation

We restate in this section the theorems, propositions and lemmas from Chapter 5 before we

show the proof
Theorem 1 For a fived sampling vector t € R?, let the function R(.,t) be such that

R(,t):RY — VvV

0 — R(O,t)

If R(.,t) is a homeomorphism from RY to V, then V is a manifold of dimension d'.

Proof V is a subspace of R¥ it is a topological space, its topology is induced by the
topology in (R%, ||.||). Since R? is separable, and R(.,t) is an homeomorphism then V is also
separable. Since R(.,t) is a homeomorphism from (R%,||.||) to (V,]|.||), then all neighborhood

Q in V is homeomorphic to a neighborhood in R?. O

Proposition 1  If two polynomials of degree k are equal in at least k+ 1 distinct points then

their coefficients are equal. If a sequence of polynomials of degree k converge in at least k + 1
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distinct points then their coefficients also converge.

Proof Let ¢t be a d-vector in RY, we can write the equation Pj(t) = ¢ where P, is a
polynomial of degree k as a linear equation Ty = g, where T}, is a d * (k + 1) matrix such as

(Tk)ij = t{_l foriin1ltodand jfrom1tok+1,ie

1 th

1ty th
Ty, =

1 tg tk

« is the (k + 1) * 1 vector of coefficients of the polynomial Pj. If the coordinates of ¢ are
different from each other, than the matrix T} is of dimension k£ + 1 ( could show that by
induction). So if the two polynomials of degree k: Py and @ agree on d points (t1,...,tq)
then

Tyap = Trag (6.10)

Since T}, is of dimension k£ + 1 then Equation 6.10 results in

ap = 0Q.

Similarly if Ty, converges to Tpa then «,, converges to . [J
Corollary 1 When z is a polynomial of degree k and 2 < k < d — 1 (i.e dimension of the
data d limits the degree of the polynomial). Then

o In cases (1),(2), and (3) (one mode of variation) of Section 5.1, V is a manifold of

degree 1.

o In cases (4), (5), and (6) (two modes of variation) of Section 5.1, V is a manifold of
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degree 2.

e In case (7) (three simultaneous modes of variation), V is a manifold of degree 3.

Proof V is a subspace of R%. For the one dimensional cases (1), (2) and (3), i.e when
is one parameter. V is a line when V is the vertical shift space of variation, and a curve
when V is the horizontal shift space of variation or when V' is the generalist-specialist space
of variation. To prove that V' is a one dimensional manifold by Theorem 1, we only need to
prove that

0 — Ry

is a homeomorphism from R to V, i.e Ry is continuous, invertible and its inverse is continuous.

Invertibility: We need to show that for any t € R9,

R91 (t) = R92 (t) -~ 91 = 02. (611)

Since z is a polynomial of degree k, Ry, (t) and Ry, (t) are also polynomials of degree k on ¢ in
all situations (1)-(7) defined in Section 5.1. Because the two polynomials agree at d points,
i.et € R% and d is greater than k + 1, the two polynomials have the same coefficients. So, in

particular by looking at the coefficients of the three highest degrees we have
1. 0; = hi. If Ry, (t) = Rp,(t) then z(t) + hy = z(t) + ha, so hy = hg for any ¢ and any k.

2. 6; = m;. Then by Equation 6.11 we have that z(t — m1) = z(t — mg), with highest

coefficients (the one for power k — 1):

cap *xmq + qp_1 = ca *mg + ap_q

where ¢ in a nonzero constant. So mq = msy. This only requires £ > 1, and the equality
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of the second highest coefficients which is guaranteed if d > k.

. 0; = w;. From Equation 6.11, we have that wjz(wit) = waz(wet). From the equality

of the highest coefficients it follows that w]f+1 = wé’“. Since w is positive, this implies
w1 = W2.
. 91 = (mi, hl) then,
z(t—m1)+h1 :z(t—mg)—i—hg. (6.12)

By equality of the (k — 1)th coefficient, we have that

cap *xmy + ap_1 = cag *mg + ap_q

so m1 = mgy. When we substitute this last equality in Equation 6.12, we have h; = ho.

. 01 = (wz,hl) and

wrz(wit) + hy = waz(wat) + ha (6.13)

then similarly to situation 3 (i.e § = w), we find by equality of highest coefficients that

w1 = wy. We substitute this in Equation 6.13 and we have hy = ho.

. 0; = (m;,w;), we find by equality of the two highest coefficients that w; = wy and

mi = may.

. 91 = (wi,mi, hz) Then

wlz(wl(t — ml)) + hy = wgz(wg(t — mg)) + ho

For k > 2 and equality of the two highest coefficients and the constant term we have

that (hl,ml,wl) = (hg,ﬂ’bg,wg).
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Continuity: Let d’ be the dimension of the vector 6, i.e d’ is 1, 2, or 3.

Showing the continuity of § — Ry(t) for any ¢ is equivalent to showing that as n converges
to 0 in (R?,||.||), Rei, converges to Ry in (V,||.||). Since the function z is continuous in all
cases (1)-(7), then the continuity of Ry follows immediately.

Continuity of the inverse: is equivalent to show that if Rg,, converges to Ry, then h converges
to 0. We have this last property by Proposition 1. [

Proposition 2 For all 6y, the linearizing function Ly, is a homeomorphism from (V, Arcd)

to R. Moreover,

Lgl (a:) = Lgo (a:) + sign(@l — 90)L91 ((90)

Proof

(i) Continuity of Lg,: If Arcd(xy,x) converges to 0, then by isometry |Lg,(zy) — L(z)|

converges to 0. So, Lg, is continuous.

(ii) Invertibility of Lg,: We need to show that Ly, (z1) = Lg,(z2) = x1 = x2. By isometry
the left hand side implies that Arcd(z1,x2) = 0, which implies that 1 = z2 (because

Arcd is a metric in V).

(ii) Continuity of the inverse of Lg,: We need to show that

|Lo, (xr) — Lo, (z)| — 0 = Arcd(zp,x) — 0

. This property follows directly from the isometry.
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Proposition 3 For a one-dimensional differentiable space of variation (V, Arcd) satisfying

conditions of Theorem 1, we have that

R = Ly (Lg,) for all 6

1 n
Lo, = EZL%(RI')
=1

Proof The estimate of the Fréchet function F),(R) is

F.(R) = Zn: Arcd®*(R;, R)

i=1

By isometry,

We have that

Argmingcg ) _(Lgy(Ri) —x)° = Lo,
i=1

where,

_ 1 &
Lo, = n Z Lo, (R;)
i=1

Let Ry = L;()l (Lg,), we can show that Ry is an estimate of the Fréchet mean set,

n

VR,F,(R) > > (Lg,(Ri) — Lg,), and by isometry,

=1

> ) Arcd®(R;, Ry)

=1
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So, Ry is a minimizer (then it is a Fréchet mean estimate). On the other hand, let R be a

Fréchet mean estimate. If R # Ry, then Lg,(R) # Lg,, 50

Fn(R) > Fn(Ro)
which is a contradiction (since both R and Ry are Fréchet mean estimates, F,(R) = Fy,(Rp)).
So, the Fréchet mean estimate is unique. [.

Theorem 2  For i.i.d random variables Ry, . .., Ry, of measure u in (V, Arcd) of finite Fréchet

mean and variance, and V satisfying the conditions in Proposition 3. We have that

dy(R,Rp) — 0 (a.s)

SSM — Varp| — 0 (a.s)

1
n

Where RF is the Fréchet mean and Varp is the Fréchet variance.

Proof We will first show that the Fréchet mean is unique. We have that

E(Lgy(R)) = Argmin, g / (Lo (R) — 2)%dy

Let Ry = Lgol(E(Lgo (R;))), we can show that Ry is the Fréchet mean. Let F(R) be the

Fréchet function, then

VR # R F(R) > [ (Loy(R0) ~ E(Lay(R))ds, and by isomey.

> / Arcd?(R;, Ro)dp

So, R is the only element in the Fréchet mean set. Since by the law of large numbers,

Lo, — E(Lg,(R))(a.s) (6.14)
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then by isometry of Ly,, we have that

dv(R,Rp) — 0 (a.s)

Similarly, since (Lg,(R;) — F(Lg,(R;)))? are ii.d and of finite mean Varg, then by law of
large numbers

'% > (Lgy(Ri) = E(Lgy(R:)))? — Varp| — 0 (a.s) (6.15)

On the other hand,

1—— 1 2 - 2

ESSM - VarF = ; Z (L90 (Rz) - E(LQO (Rz))) - VarF + (L90 — E(Lgo (R))) (616)
From equality (6.16), and using the two convergence results in (6.15) and (6.14), we have that

%5@\7 — Varp| — 0 (a.s)

Proposition 4 For any differentiable template shape z, the space of variation V satisfies

the equality of path condition in cases (5) and (6).

Proof Without loss of generality, we will show the equality of path condition for case (5)

because the proof for case (6) is the same.

(i) For all h € R,

%(z(t —m)+h)=—2'(t —m)
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Without loss of generality, let mq < mo. Then, by definition,

m2 g

Arcd((z(t; —ma) + h)j, (2(t; — me2) + h);) = / ot —m) + h);lldm

mi

By combining the two previous equality, we conclude that the value of Arcd((2(t; —
m1))j +h*x(1,...,1),(2(t; —m2)); + h*(1,...,1)) depends only on the value of m;

and my and not on the value of h.

(ii) For all m, hy, he € R,
[[(z(t; —m) + h1); — (2(t; —m) + ha);|| = d|h1 — ha|

The right hand side depends only on the values of h1 and ho and not on the value of m.

From the results in (i) and (ii), we have that case (5) satisfies the property of equality of

paths. .

Theorem 3 For two-dimensional differentiable manifold of variation V' for which the equal-

ity of path condition is satisfied the non-negative function defined as

dy :V«V — RT

(R((a1, 1), ), R((02,52),8) = 1/C2, 0y +C3, )

1s a distance in'V

Proof By the equality of path property, we have that

Car,as = Arcd (R((a1,0),t), R((a2, 3),t)) VB, and

Cﬁlﬂz = Arcd (R((Oé, ﬁl)v t)a R((Oé, ﬁQ)a t)) Va
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(i) By definition, dy is a non-negative function.
ii) dy is symmetric because Cy, o, an are symmetric.
i) dy i tric b Cai,ar and Cg, g, tri

(i) If dy (R((a1, 1), t), R((a2, B2), 1)) = 0, then

Ca17a2 = Cﬁhﬂz =0.

So,

Arcd (R((a1, 8),t), R((a2, 8),t)) = OVf

Arcd (R((ev, 51),t), R((av, B2),t)) = OV«

Since Arcd is a distance, this implies that R((aq,),t) = R((ag, ),t) for all 3, and
R((a, B1),t) = R((cv, B2),t) for all . Since R is a homeomorphism, these two equalities

imply that oy = @2, and 1 = (2. So, R((a1, 1), t) = R((ag, f2),t)

(iv) Triangular inequality. Let R; = R((ay, 3;),t), let’s show that

dy(R1, R3) < dy(R1, R2) + dv(R2, R3)

this is equivalent to

d%(Ry, R3) < d¥(Ry, Ry) + d¥(Ra, R3) + 2 dy(Ry, Re)dy (R2, R3). (6.17)
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We have that,

LHSof 617 = C?

1,03

+ Céh 3, (by definition)

é ng,cm + C(;2¥2,Ot3 + 2 % CQI,QQCCD,OB +
—i—CglﬂQ + 0%2”33 + 2% Cpg, 3,03, 3, (b/c Arcd is a metric)
< d%/(Rh R2) + d%/(R% R3) + 2% Ca17a200¢27043 + 2% 0/317520132,53

Then, to show 6.17, it is sufficient to show that

Ca1,0¢200427043 + C,B17/32Cl32ﬂ3 < dV<R1a RQ)dV(R27 R3)

which is equivalent to

Ca Ca + Cgl B2 Cﬁ%%ﬁs + 2 001,012 Ca276¥3 CﬁlyﬁQ 052753 < d%/ (Rlv RQ)d%/ (R27 R3>

1,002~ 2,03

which is equivalent to

2% Cahaz Cazﬂs 051 B2 0[32753 < 0217042 CPa, 532 + OOQQ,QB Cp, 522

which is equivalent to

0 S (Cal,agcﬁ% ﬁS - C&Q,a30ﬁ17 ﬂ2)2

Since the last inequality is always true, dy satisfies the triangular inequality.

From (i), (ii), (iii), and (iv), we have that dy is a metric in V.0

Proposition 5 For all (ao, $0), Lag.g, is a homeomorphism from (V,dy) to R.
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Proof This proof is equivalent to the proof of Proposition 2. Since dy is a metric and Ly, g,
satisfies the isometry property, then we can show that L, g, is continuous, invertible and the
inverse is continuous. [l.

Proposition 6 For a two-dimensional differentiable space of variation (V,dy) satisfying

equality of path condition, we have that

R = L.} s (Tags) for all (ao, Bo)
where
1 n
Lag,80 n Z Loy, (1)
i=1

Proof This proof is equivalent to the proof of Proposition 3 in the one dimensional case.

0.

Proposition 4 For i.i.d random variables Ry,..., R, of measure p in (V, Arcd) of finite
Fréchet mean and Fréchet variance, and V satisfying the conditions in Theorem 3. Let Rp

be the Fréchet mean and Varg the Fréchet variance. Then

dv(R,RF) — 0 (a.s)

SSM — Varp| — 0 (a.s)

1
n

Proof The proof of this theorem is equivalent to the proof of Theorem 2 in the one dimen-

sional case.]
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Proposition 7 For all origin O, and for a differentiable manifold V', the function di o

defines a metric in V.

Proof Let R;; = R((cu,(j),t).

(i) di,0 is positive by definition.

(ii) di,0(R1,1,Ra2) = ||L1,0(R1,1) — L1,o(R2;2)|]. So, dy,0 is symmetric.

(iii) Triangular inequality is satisfied. i.e

dio(Ri1,R33) < ||[L1,0(R11) — Li,o(R22)|| + || L1,0(R22) — L1,0(R33)||

IN

di.o(R1,1,R22) +d1,0(R22, R33)

(iv) If d1o(R11, R22) = 0, then Arcd?(Ryg, Rapo) = 0, and Arcd*(Rp1, Ro2) = 0 which

imply a1 = (g, and ﬁl = ,62. SO, Rl,l = R2,2.
From (i), (ii), (iii), and (iv), we have that d; o is a distance.r]

Proposition 8 The function da o satisfies the following conditions
(i) da o is non-negative.

(i) dao is symmetric.

(111) dao satisfies the triangular inequality.

If the mapping Lo o is one-to-one, then dp o satisfies the condition

d2.o(R1,1,R22) =04 Ri1 = Rao

which, in addition to the above conditions, makes do o a distance.
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Proof (i), (ii), and (iii) are true by definition. If Ly o is one-to-one, then ds o (R, R2) =0
implies ||L2,o(R1) — L2,0(R2)|| = 0, which implies Ry = Rz. When conditions (i)-(iv) are

verified, da o is a metric.lJ

Proposition 9 When V satisfies the equality of paths property, and dy is the distance we

defined in Section 9.5, we have that di o = da,0 = dy for all origins O in the manifold.

Proof When the equality of paths is satisfied, then for all origins O

d1,0(Ri1, Rop) = \/mand

dQ,O(RLly R2,2) = 0311,042 + 6%1,,32

SO, dl,O = dg’o = dv.D
Lemma 1 Ifd; and ds are two distances in a space M, then the function d such that

d:MxM — RT

(z,y) — d(z,y) = vdi(z,9)* + (1 —7)d2(z,y)?

is a distance in M for all vy in [0,1].

Proof

(i) d is positive by definition.

(ii) d is symmetric since d; and da are symmetric.

(iii) If d(x,y) = 0, then dy(z,y) = 0 and da(z,y) = 0 which implies that z = y since d; and

do are distances.
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(iv) Triangular inequality, we need to prove that

d(z,y) < d(z,z) +d(z,y)

or equivalently that

d*(z,y) < d*(x,2) + d*(z,y) + 2d(z, 2)d(z,y) (6.18)

Let’s consider the left hand side of the inequality

d*(z,y) = ~di(z,y)+ (1—7)d5(x,y)

IN

i (2, 2) + 7di(z,y) +

+27dy (, 2)d1 (2, y) + (1 — y)d3(z, 2) +
+(1 = 7)d3(z,y) +2(1 — 7)dz(x, 2)da2(2, y)
d(z,y) < d*(z,2) +d*(z,y) +

+2vdi(x, 2)d1 (2, y) + 2(1 — v)da(2, 2)d2(2, )

To prove the inequality 6.18, it is sufficient to prove that

vdi(, 2)dr (2, y) + (1 =) da(, 2)d2(2,y) < d(z,2)d(z,y) (6.19)

We will reason by equivalence, inequality (6.18) is equivalent to

(v (2, 2)d1 (2, y) + (1 = 7)da(w, 2)d2(2,9))* < d*(2, 2)d* (2, ) (6.20)
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On one hand,

L.H.S of inequality (6.20) = ~2d3(z,2)d3(2,y) + (1 —v)2d5(x, 2)d5(2,y) +

+2v(1 = y)di(z, 2)d1(z, y)d2(z, 2)d2(2, y)

On the other hand,

R.H.S of inequality (6.20) = (ydi(z,z) + (1 —7)d5(z,2)) *

* (ydi(z,9) + (1 = 7)d3(2,9))
= Y’di(z,2)di(z,y) + (1 - 7)*d3(z, 2)d3 (2, y) +

+’7(1 - 7) (d%(.ﬁ, z)d%(z, y) + d%('z?y)d%(x? Z))

After cancelling the common terms from the left and the right hand side of inequality

(6.20), we have the the inequality

0< ’7(1 - 7) (d1($, Z)dQ(Za y) + dl(x7 Z)dZ(Zvy))2

Since this last inequality is always true, then the triangular inequality is always true.

Since the function d satisfies (i), (ii), (iii), and (iv) then it is a metric in M.0J
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Proposition 10 The non-negative function dv,o defined as

dyo. :V+V — RF
(R11,R22) = dvon(Ri1,Rap)
such that

dvion(Ri1, Rap) = \/’Yd%,o(RLlsz,z)Jr(l—’Y)dg,o(Rl,thz)

is a metric for all v € [0,1) in a differentiable manifold V

Proof This proposition derives from Lemma 1 and the properties of d; o, and dz 0.0
Corollary 2 For all fized origins O in a metric manifold (V,dy o)

1 —_ ——
—SSMo — Varpoa.s
n

Proof Let F,(x) be the estimate of the Fréchet function from the sample, i.e
1 n
Fo(w) = — Zd%,(Ri, R)
=1
Let x,, be a minimizer of F,, i.e
F,(zy,) = mingey Fy, ()

To use the results by [Bhattacharya and Patrangenaru (2003)], we need to show that (V,dy )

is a complete metric space and all bounded closed set is compact.
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1. Completeness: Let x,, and x,, two points in V, then by definition of dy

Ay (s 2m) = 10 (n ) + (1 = ) dB (s 2)

So, if (zy,) is a cauchy sequence in (V, dy ), it is cauchy in (V, dy) and (V, d2). We know by
construction of di and da, (V,d;) and (V, d2) are both homeomorphic to (R?, ||.||) (where
||.|| denotes the norm derived from the Euclidean metric). By this homeomorphism, a
cauchy sequence (z,,) in (V,d;) converges to a; in V. Similarly, a cauchy sequence (x,)
in (V,dg) converges to as in V. Let’s finally show that a; = as. Since V' is a subspace
of R?, we have that

l|zn, — a1]] < di(xn,a1) (6.21)

(b/c the Euclidean distance is the shortest distance), so (z,) converges to a; in R?.
Similarly, we have that

||zn — az|| < da(zn, a2) (6.22)

(b/c the Euclidean distance is the shortest distance), so (x,) converges to ag in R% .
By equations (6.21) and (6.22), and using the triangular inequality of the Euclidean
distance, we have that

llay — ag|| =0
So, a1 = ag. Then, dy(x,,a1) converges, so (r,) converges.

2. Compact sets in (V,dy ). Similarly, using the homeomorphism, a closed and bounded
set A in (V,dy) is closed and bounded in (V,d;) and (V,d2). By the homeomorphisms

to (R2,[|.||), the space A is compact in (V,d;) and (V,dz), so it is compact in (V,dy).
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So, using the results from [Bhattacharya and Patrangenaru (2003)], we have that

(xn) — Rp(a.s)

where Rp is a Fréchet mean. On the other hand, we have that

Fn(RF) — Varp

Since

|Fn(xn) — Varp| < |Fn(xn) — Fo(Rp)| + |Fr(Rr) — Varg|

We have that

F.(z,) — Rp(a.s)

Lemma 2 If a set of real functions (F,) is converges uniformly to a function F. For all n,

0y, is a minimizer of F,, and the sequence (6,,) is convergent, then it converges to a minimizer

of F.

Proof The following lemma is useful for the proof of Lemma 2

Lemma 3. If a set of real functions (F,) converges uniformly to a function F, and 0,, is a
minimizer of F,, for all n then the real sequence (F,(0y)) is Cauchy.i.e |Fy(6yn) — Fn(0m)]

converges to 0 as n and m converge to co.

Proof of Lemma 3 Since the sequence of function (F),) uniformly converges to F, it is

uniformly Cauchy. We would like to show that

|Fn(0n) — Fin(0m)] < ||Fro — Finlloo, YR, m (6.23)
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This follows from

‘Fn(en) — Fin(Om)| = |Infoca(Fn(0)) — Infgea(Frn(0))]
= |l = Falloo = [l = Finlloo|
< |l = Fu = (=F)lloo = |1Fn — Finlloo

The last inequality is true because for all real functions f and g, |(||f]lco = ||9]]00)| < || —9l]oo
O
Proof of Lemma 2. Let the limit of the sequence (6,) be 6. We will prove that 0" is a

minimizer of F, i.e Ve > 0, In. € A such that
F(ne) —e< F(G/) < F(ne)'
Let € > 0, then since 6, minimizes F},, we have that 3n,, such that

Fn(ne,n) —e< Fn(en) < Fn(ne,n) (624)

Note that 7, depends on € and also on n, so before taking this inequality to the limit, we
need to find a lower bound that is independent of n. From Lemma 3, since (F},(6,,)) is Cauchy,
for all n, m greater than nq :

F(Om) — = < Fu(0y) (6.25)
On the other hand, since 9~m is a minimizer of F},, then there exists 7. ,, such that

€ ~

Fm(776,m) - g < Fm(em) (626)
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Finally, since the sequence (F},) is uniformly Cauchy, for all n, m greater than ng

Fr(z) > Fy(z)— %;Vm, and in particular (6.27)

Fm(ne,m) > Fn(ne,m) - (628)

Wl o

So, let ng be greater than ni . and ng . than from the three inequalities 6.25, 6.26 and 6.28

we have for all n greater than ng the three inequalities ( for simplicity we will denote 7, by

10)

€

Fn(én) > Fno(éno)_g

~ €
Fno(eno) > Fno(’?O)—g

€

Foo(m0) > Fn(no)—g

So, finally for all € > 0 and all n greater than ng, there exists 7y (depends on € but not on n)

such as

Fu(no) — € < Fu(6n) < Fy(no) (6.29)

Since we have uniform convergence of F;, to F, it follows that Va > 0, In, s.a Vn > ng,

—a < F(0)— F,(0) < a,v0 and in particular (6.30)

Fo(6,) —a < F(6,) < Fy(6,) 4 a and (6.31)

Fy(no) —a < F(no) < Fp(m) +a (6.32)
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From Inequalities 6.29 and 6.32, we have that for all ¢ > 0 and all a > 0 and n greater than

maX(nl,ea N2 e, na)

F(mn)—e—2a <  Fu(n)—e—a< Fy(0,) —a< F(8,), and
F(0,) <  FEu,(0,)+a<F,(n)+a<F(n)+a, So

F(n)—e—2a< F(6,) <F(np)+a

Since 6,, converges to ¢ and F is continuous, then F(6,,) converges to F(#'), and we have for

all € > 0 and all a > 0, that there exists 79 (depending only on the choice of €) such that

F(n) —e—2a< F(0') < F(no) +a

So

Ve >0, F(no) —e < F(0') < F(n)

which proves that the 6’ minimizes F'. O

Proposition 11  The sequence of minimizers (Oy,) converges to a minimizer Op

Proof We have that f,(O) converges to F'(O) for all O in a compact set K, which implies
uniform convergence of f,, to F. Moreover, for a sequence (O,) in K, there is a conver-
gent subsequence. Then, by lemma 2 the sequence (O,,) has a convergent subsequence to a

minimizer O.OJ
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