
Chapter 6

Appendix

Here are the proofs of results cited in Chapter 3, 4, and 5. The Proposition is restated before

each proof.

6.1 Optimization

6.1.1 Fitting algorithm

In Chapter 3, we fit the data zi(tj) by the polynomial fit z̃i(tj) such that

z̃i(tj) = wiP (wi(tj − mi)) + hi

where P is a polynomial of degree k, and (wi, mi, hi) are respectively the width, the location

and the height parameter of the ith individual. We optimize for the coefficients of the poly-

nomial P which are common to all curves and for the three parameters (wi, mi, hi) which are

specific to each curve. Let n be the number of families and d be the dimension of the vector

t, the criterion that we use for optimization is minimizing the weighted SSE (weighted by

the sample size ni in each family) such that

SSE = n ∗
n∑

i=1

d∑

j=1

ni∑n
k=1 nk

||zi(tj) − wiP (tj − mi) − hi||2
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Our algorithm does this optimization sequentially, with one step optimizing for the best

polynomial coefficients over all curves and the next step optimizing for the best parameters

(wi, mi, hi) in each curve,i.e

1. Initialization: k = 0, choose an initial set of coefficients of the common polynomial, call

it P0, and initial parameters (wi,0, mi,0, hi,0) for each curve i.

2. algorithm step k ≥ 1.

• Find the set of optimal coefficients of the common polynomial at the kth iteration,

call it Pk (optimization with initial value Pk−1) such that

Pk = ArgminP n
n∑

i=1

d∑

j=1

ni∑n
k=1 nk

||zi(tj) − wi,k−1P (tj − mi,k−1) − hi,k−1||2

• Find the parameters of variation (wi,k, mi,k, hi,k) for each curve i (optimization

with initial value (wi,k−1, , mi,k−1, hi,k−1) for each curve i ), such that

∀i, (wi,k, mi,k, hi,k) = Argmin(w,m,h)∈Θ

d∑

j=1

ni∑n
k=1 nk

||zi(tj) − wPk(tj − m) − h||2

• Let SSEk = n
∑n

i=1

∑d
j=1

ni∑n
k=1

nk
||zi(tj) − wi,kPk(tj − mi,k) − hi,k||2

3. If |SSEk − SSEk−1| less than a chosen small threshold, then let K = k and go to step

4. Otherwise, go to step 2.

4. The fitted values are wi,K for width parameter, mi,K for location, and hi,K+1 for height.

Where hi,K+1 satisfies the identifiability condition
∑K

i=1 hi,K+1 = 0. To find hi,K+1, let

α = −
∑n

i=1
hi,K∑n

i=1
wi,K

, then the fitted hi,K+1’s are

hi,K+1 = hi,K + α ∗ wi,K



109

See Subsection 6.1.3 for details of why this gives identifiability.

6.1.2 Algorithm for estimating distances along the manifold

To estimate all metrics we discussed in Chapter 5, it is sufficient to estimate arc-distances

along each mode. Estimation of arc-distances is done by linear approximation, i.e for some

high number N and a parameter of variation θ,

Arcd(R1, R2) ≈
N∑

i=0

∣∣∣∣
∣∣∣∣R

(
θ1 +

(i + 1) ∗ (θ2 − θ1)

n
, t

)
− R

(
θ1 +

i ∗ (θ2 − θ1)

n
, t

)∣∣∣∣
∣∣∣∣

6.1.3 Identifiability of the parameters

We will prove that finding optimal coefficients of a polynomial of degree 3 or higher and

coefficients (w, m, h) is an identifiable problem assuming that
∑n

i=1 hi = 0. Let P1 and P2 be

the two polynomials of degree k ≥ 3, and dimension d ≥ k + 1 such that,

Pm(t) =
k∑

l=0

αm,lt
l, m = 1, 2

We have to show that if

wiP1(wi(tj − mi)) + hi = w′
iP2(w

′
i(tj − m′

i)) + h′
i, ∀i ≤ n; j ≤ d

and
n∑

i=1

hi =
n∑

i=1

h′
i

then

P1 = P2, (wi = w′
i), (mi = m′

i), and (hi = h′
i)
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From the equality of polynomials, we have

α1,kw
k+1
i = α2,kw

′k+1
i (6.1)

α1,k−1w
k
i − kα1,kw

k+1
i mi = α2,k−1w

′k
i − kα2,kw

′k+1
i m′

i (6.2)

for all s ≥ 2,
s∑

l=0

Ck−l
s−l α1,k−lw

k−l+1
i (−mi)

l =
s∑

l=0

Ck−l
s−l α2,k−lw

′k−l+1
i (−m′

i)
l (6.3)

k∑

l=0

Ck−l
k−lα1,k−lw

k−l+1
i (−mi)

l + hi =
k∑

l=0

Ck−l
k−lα2,k−l(w

′
i)

k−l+1(−m′
i)

l + h′
i (6.4)

From equality (6.1) we have that

∃λ such that w′
i = λwi, ∀i

and

α2,k = α1,k(λ)−(k+1)

Using this result, we have from equality (6.2)

m′
i = −(α1,k−1 − λkα2,k−1)

kλk+1α2,kwi
+

α1,k

α2,kλk+1
m′

i

= mi −
α1,k−1 − λkα2,k−1

kα1,k

1

wi

If we use those two identities in equations (3), we find that mi could be written as a

function of wi for all i and this function differs from equation to equation. By substitution

we show that

λ = 1, sowi = w′
i, mi = m′

i and α1,s = α2,s, ∀1 ≤ s ≤ k. (6.5)

Finally using this result, in (6.5), in the equation 6.4 we have

h′
i = hi + (α1,0 − α2,0)wi
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or

h′
i = hi + (α1,0 − α2,0)w

′
i

If
∑n

i=1 hi = 0 and
∑n

i=1 h′
i = 0, then this last equation implies that

(α1,0 − α2,0)w̄ = 0

Since w̄ 6= 0, we have that

α1,0 = α2,0 and h′
i = hi.

�

6.2 Toy Example

In section 6.2.2 we will identify the linear spaces of variations of the vertical shift (or faster-

slower) mode as defined in Chapter 3. Those results hold for any family of curves with a

common template shape. In section 6.2.3, we will identify the horizontal shift (or hotter-

colder) variation for the parabola template shape toy example used in Chapter 4. We will

show that in the point cloud representation, the data with this variation lie in a parabola

curve in an affine space. The characterization of the affine space is given in Proposition 15,

and the equation of the parabola curve is derived in Proposition 16. Finally, the affine space

and the equation of the parabola are derived for the special case of equally spaced temperature

measurements.

6.2.1 Notations, and assumptions

We will use the following notation in this section of the appendix

• d is the dimension of the problem, it is the number of distinct temperature measure-
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ments. i.e in the caterpillar example d = 6.

• n is the number of families, i.e in the caterpillar example n = 29.

• T is the temperature domain (interval), and t is the individual or the vector of temper-

ature measurements.

We will suppose that we have a family of curves fi with a common template shape f0.

The vector ft is the value of the function f at the temperatures (t1, . . . , td). i.e. ft =

(f(t1), . . . , f(td)).

6.2.2 Vertical shift

The proposition 13 will state that for any family of curve with a non constant template shape

f0 and a vertical shift variation, the data will fall in the line generated by the d-vector Id,

Id = (1, 1, . . . , 1) in the point cloud representation.

Proposition 13. Let ft0 be a non constant d-vector.i.e ft0 6= f̄ t0 ∗ Id. Let a = (ai)i∈{1,...,n}

and h = (hi)i∈{1,...,n} be two n vectors. Then, given a family of curves aift0 + hiId, for

i ∈ {1, . . . , n}. The Var-Cov matrix of this family is at most two dimensional. In particular

• For the Faster-Slower variation a = ā ∗ Id, and h 6= h̄ ∗ Id, then the Var-Cov matrix is

one dimensional and Id is the eigenvector.

Proof

Let denote the data by the d ∗ n matrix X

X = ft0 ∗ a′ + Id ∗ h′
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and use the following notations

ā =
1

n

n∑

i=1

ai, and

S2(a) =
1

n
(a − ā ∗ In)′(a − ā ∗ In), likewise

h̄ =
1

n

n∑

i=1

hi, and

S2(h) =
1

n
(h − h̄ ∗ In)′(h − h̄ ∗ In), and

r2(a, h) =
1

n
(h − h̄ ∗ In)′(a − ā ∗ In). Moreover

ftc = ft0 − ¯ft0Id, ftc ⊥ In.

Then

X̄ =
1

n
X ∗ In

= āft0 + h̄ ∗ Id

And let Xc be the centered data

Xc = X − X̄ ∗ I′n

= ft0 ∗ (a − ā ∗ In)′ + Id ∗ (h − h̄ ∗ In)′

= ftc ∗ (a − ā ∗ In)′ + Id ∗
(
h − h̄ ∗ In) + ¯ft0(a − ā ∗ In)

)′

S2(X) = Xc ∗ X ′
c

= nS2(a)ftc ∗ ft′c + n
(

¯ft0
2
S2(a) + S2(h) + 2 ¯ft0r

2(a, h)
)

Id ∗ I′d.

Since the two vectors ftc and Id are orthogonal to each other, the results of proposition 13

follow from this last decomposition.
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6.2.3 Horizontal shift in the parabolic case

When d = 3, the growth rate ft was measured at three distinct temperatures t1, t2, and t3.

Let fm be a downward open parabola with maximum at m, the location parameter. Let a

and h be the scaling parameters of the parabola. For the Hotter-Colder variation, a and h

are common to all families and m varies for each family.

t =




t1

t2

t3




,

t2 =




t21

t22

t23




, and

ftm =




fm(t1)

fm(t2)

fm(t3)




= −a(m2 ∗ (1, 1, 1)′ − 2m ∗ t + t2) + h ∗ (1, 1, 1)′.

A specific orthogonal basis (u1, u2, u3) in this three dimensional space is defined by:
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u1 =




−2t1 + t2 + t3

t1 − 2t2 + t3

t1 + t2 − 2t3




= H1 ∗ t

u2 =




1

1

1




u3 =




t2 − t3

t3 − t1

t1 − t2




= H3 ∗ t.

Where

H1 =




−2 1 1

1 −2 1

1 1 −2




.

H3 =




0 1 −1

−1 0 1

1 −1 0




.

The vector u2 is independent of the data whereas the vectors u1 and u3 depend on the

temperature measurements. However, u1 and u3 depend only on the spacing between the

temperature measurements, so their expression is simplified in the equally spaced case ( see

section 6.2.3).
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Proposition 14. (u1, u2, u3) is an orthogonal basis of R3.

Proof

H ′
3 ∗ H1 = 0,

H ′
1 ∗ u2 = 0, and

H ′
3 ∗ u3 = 0.

(6.6)

Then the three vectors are orthogonal to each other. So (u1, u2, u3) is a basis of the three

dimensional space. �

Some properties of H1 and H3

I will use the following properties in the following derivations of Proposition 16 and Proposi-

tion 15 and Corollary 3.

• H1 is symmetric, and its H2
1 is a multiple of H1.

H ′
1 = H1,

H2
1 = −3H1.

• Some properties of H3 are

H ′
3 = −H3,

u′ ∗ H3 ∗ u = 0 for all u in R3.
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• H1 and H3 are orthogonal to each other,

H3 ∗ H1 = 0, and related by the equation

H2
3 = H1.

• From the four preceding equations, we have that

‖u1‖2 = 3‖u3‖2,

‖u2‖2 = 3,

‖u3‖2 = −t′ ∗ H1 ∗ t.

Definition 6. The hotter-colder basis is defined by (hc1, hc2, hc3) =
(

u1

‖u1‖
, u2

‖u2‖
, u3

‖u3‖

)
. It is

an orthonormal basis of R3.

Proposition 15. The vector ftm is in the affine space perpendicular to hc3 at the point

(0, 0, k)(hc1,hc2,hc3), where

k = −a(hc′3 ∗ t2)

We call this affine space the hotter-colder affine space.
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Proof

u′
3 ∗ ftm = t′ ∗ H3 ∗

(
−a ∗ (m2(1, 1, 1)′ − 2mt + t2) + h ∗ (1, 1, 1)

)

since H3 ∗ (1, 1, 1)′ = 0,

u′
3 ∗ ftm = 2a(t′ ∗ H3 ∗ t)m − a(t′ ∗ H3 ∗ t2)

but t′ ∗ H3 ∗ t = 0, so

u′
3 ∗ ftm = −a(u′

3 ∗ t2).

Finally

hc′3 ∗ ftm = −a(hc′3 ∗ t2), which is a constant independent of m.

�

Proposition 16. ftm lie in a parabola of equation Y = A∗(X−M)2+H in the hotter-colder

affine space. X (respectively Y ) is the projection on hc1 (respectively hc2), and the parameters

A, M , and H are

A = − 9
√

3

4a‖u1‖2
,

M = −a

(
2

3
‖u1‖t̄ + (hc′1 ∗ t2)

)
, and

H =
√

3
(
h − a

(
t̄2 − t̄2

))
.
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Proof

u′
1 ∗ fth = t′ ∗ H1 ∗ fth

= t′ ∗ H1 ∗ (−a ∗ (t − m(1, 1, 1)′)2 + h(1, 1, 1)′)

= −t′ ∗ H1 ∗ a ∗ (t − m(1, 1, 1)′)2,

because H1 ∗ (1, 1, 1)′ = 0,

= −a ∗ t′ ∗ H1 ∗ (m2(1, 1, 1)′ − 2m ∗ t + t2)

= 2a(t′ ∗ H1 ∗ t)m − a(t′ ∗ H1 ∗ t2)

= 2a

(
−‖u1‖2

3

)
m − a(t′ ∗ H1 ∗ t2)

= −
(

2

3
a‖u1‖2

)
m − a(u1 ∗ t2).

So,

X = hc′1 ∗ fth = −(
2

3
a‖u1‖)m − aC1, and

X2 =

(
2

3
a‖u1‖

)2

m2 +

(
4

3
a2‖u1‖C1

)
m + a2C2

1 .

Where C1 = hc′1 ∗ t2. So, for all A, M , and H

A(X − M)2 + H = AX2 − 2AMX + AM2 + H

= A

(
4

9
a2‖u1‖2

)
m2 +

(
4

3
A‖u1‖a

)
(aC1 + M)m

+ Aa2C2
1 + 2aAMC1 + AM2 + H. (6.7)
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On the other hand,

Y = e′2 ∗ fth =
1√
3

(
(1, 1, 1) ∗ (−a ∗ (t − m(1, 1, 1)′)2 + h(1, 1, 1)′)

)

= − 1√
3

(
a ∗ (1, 1, 1) ∗ (m2(1, 1, 1)′ − 2m ∗ t + t2) + 3h

)

= − 1√
3

(
(3a)m2 + (6at̄)m − 3a ∗ t̄2 + 3h

)
.

So,

Y = hc′2 ∗ fth = −(a
√

3) ∗ m2 + (2at̄
√

3) ∗ m + C2. (6.8)

Where C2 =
√

3(h − at̄2).

We are looking for A, M , and H such that hc′2 ∗ fth = A(X −M)2 +H for all m in R. Then,

by identification of the two equations 6.7 and 6.8

A
(

4
9a2‖u1‖2

)
= −(a

√
3)

(
4
3A‖u1‖a

)
(aC1 + M) = (2at̄

√
3)

Aa2C2
1 + 2aAMC1 + AM2 + H = C2.

(6.9)

So,

A = −
√

3a
(

2
3a ∗ ‖u1‖

)2 = − 9
√

3

4a‖u1‖2
.

M =
2at̄

√
3

4
3A‖u1‖a

− aC1 = −a

(
2

3
‖u1‖t̄ + (hc′1 ∗ t2)

)
.
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And finally,

H = C2 − Aa2C2
1 − 2aAMC1 − AM2

=
√

3(h − at̄2) +
9a

√
3

4‖u1‖2
(hc′1 ∗ t2)2 − 9a

√
3

2‖u1‖2

(
2

3
‖u1‖t̄ + (hc′1 ∗ t2)

)
(hc′1 ∗ t2)

+
9a

√
3

4‖u1‖2

(
2

3
‖u1‖t̄ + (hc′1 ∗ t2)

)2

=
√

3
(
h − a

(
t̄2 − t̄2

))
.

�
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Particular case: equally spaced measurements

Let c be the spacing between temperatures. Then, the expression of (hc1, hc2, hc3) is simpli-

fied.

t =




t1

t1 + c

t1 + 2c




t2 =




t21

t21 + c2 + 2t1c

t21 + 4c2 + 4t1c




hc1 =

√
2

2




1

0

−1




hc2 =

√
3

3




1

1

1




hc3 =

√
6

6




−1

2

−1




‖u1‖ = 3c
√

2.
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Corrolary 3. When the temperatures are equally spaced

k =
ac2

√
6

3

A = −
√

3

8c2a

M = 0

H =
√

3
(
h − a

(
t̄2 − t̄2

))
.

Proof

From the previous two propositions for the general case, we have that.

k = −a(hc′3 ∗ t2),

A = − 9
√

3

4a‖u1‖2
,

H =
√

3
(
h − a

(
t̄2 − t̄2

))
.

So by in the equally spaced particular case,

k = −a
√

6

6
((−1, 2,−1) ∗ t2) =

c2a
√

6

3
,

A = − 9
√

3

4a(3c
√

2)2
=

√
3

8c2a
,

H =
√

3
(
h − a

(
t̄2 − t̄2

))
.

Also from the previous proposition:

M = −a

(
2

3
‖u1‖t̄ + (hc′1 ∗ t2)

)
.
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Using that

hc′1 ∗ t2 = −2
√

2c(c + t1).

And

‖u1‖t̄ = (3c
√

2)(t1 + c).

We finally have, M = 0.�

6.3 Mathematical Foundation

We restate in this section the theorems, propositions and lemmas from Chapter 5 before we

show the proof

Theorem 1 For a fixed sampling vector t ∈ Rd, let the function R(., t) be such that

R(., t) : Rd′ → V

θ 7→ R(θ, t)

If R(., t) is a homeomorphism from Rd′

to V , then V is a manifold of dimension d′.

Proof V is a subspace of Rd′

, it is a topological space, its topology is induced by the

topology in (Rd, ||.||). Since Rd′

is separable, and R(., t) is an homeomorphism then V is also

separable. Since R(., t) is a homeomorphism from (Rd′

, ||.||) to (V, ||.||), then all neighborhood

Ω in V is homeomorphic to a neighborhood in Rd′

. �

Proposition 1 If two polynomials of degree k are equal in at least k +1 distinct points then

their coefficients are equal. If a sequence of polynomials of degree k converge in at least k + 1
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distinct points then their coefficients also converge.

Proof Let t be a d-vector in Rd, we can write the equation Pk(t) = q where Pk is a

polynomial of degree k as a linear equation Tkα = q, where Tk is a d ∗ (k + 1) matrix such as

(Tk)i,j = tj−1
i for i in 1 to d and j from 1 to k + 1, i.e

Tk =




1 t1 . . . tk1

1 t2 . . . tk2

. . . . . . . . . . . .

1 td . . . tkd




α is the (k + 1) ∗ 1 vector of coefficients of the polynomial Pk. If the coordinates of t are

different from each other, than the matrix Tk is of dimension k + 1 ( could show that by

induction). So if the two polynomials of degree k: Pk and Qk agree on d points (t1, . . . , td)

then

TkαP = TkαQ (6.10)

Since Tk is of dimension k + 1 then Equation 6.10 results in

αP = αQ.

Similarly if Tkαn converges to Tkα then αn converges to α. �

Corollary 1 When z is a polynomial of degree k and 2 ≤ k ≤ d − 1 (i.e dimension of the

data d limits the degree of the polynomial). Then

• In cases (1),(2), and (3) (one mode of variation) of Section 5.1, V is a manifold of

degree 1.

• In cases (4), (5), and (6) (two modes of variation) of Section 5.1, V is a manifold of
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degree 2.

• In case (7) (three simultaneous modes of variation), V is a manifold of degree 3.

Proof V is a subspace of Rd. For the one dimensional cases (1), (2) and (3), i.e when θ

is one parameter. V is a line when V is the vertical shift space of variation, and a curve

when V is the horizontal shift space of variation or when V is the generalist-specialist space

of variation. To prove that V is a one dimensional manifold by Theorem 1, we only need to

prove that

θ 7→ Rθ

is a homeomorphism from R to V , i.e Rθ is continuous, invertible and its inverse is continuous.

Invertibility: We need to show that for any t ∈ Rd,

Rθ1
(t) = Rθ2

(t) ⇔ θ1 = θ2. (6.11)

Since z is a polynomial of degree k, Rθ1
(t) and Rθ2

(t) are also polynomials of degree k on t in

all situations (1)-(7) defined in Section 5.1. Because the two polynomials agree at d points,

i.e t ∈ Rd, and d is greater than k + 1, the two polynomials have the same coefficients. So, in

particular by looking at the coefficients of the three highest degrees we have

1. θi = hi. If Rh1
(t) = Rh2

(t) then z(t) + h1 = z(t) + h2, so h1 = h2 for any t and any k.

2. θi = mi. Then by Equation 6.11 we have that z(t − m1) = z(t − m2), with highest

coefficients (the one for power k − 1):

cαk ∗ m1 + αk−1 = cαk ∗ m2 + αk−1

where c in a nonzero constant. So m1 = m2. This only requires k ≥ 1, and the equality
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of the second highest coefficients which is guaranteed if d > k.

3. θi = wi. From Equation 6.11, we have that w1z(w1t) = w2z(w2t). From the equality

of the highest coefficients it follows that wk+1
1 = wk+1

2 . Since w is positive, this implies

w1 = w2.

4. θi = (mi, hi) then,

z(t − m1) + h1 = z(t − m2) + h2. (6.12)

By equality of the (k − 1)th coefficient, we have that

cαk ∗ m1 + αk−1 = cαk ∗ m2 + αk−1

so m1 = m2. When we substitute this last equality in Equation 6.12, we have h1 = h2.

5. θi = (wi, hi) and

w1z(w1t) + h1 = w2z(w2t) + h2 (6.13)

then similarly to situation 3 (i.e θ = w), we find by equality of highest coefficients that

w1 = w2. We substitute this in Equation 6.13 and we have h1 = h2.

6. θi = (mi, wi), we find by equality of the two highest coefficients that w1 = w2 and

m1 = m2.

7. θi = (wi, mi, hi). Then

w1z(w1(t − m1)) + h1 = w2z(w2(t − m2)) + h2

For k ≥ 2 and equality of the two highest coefficients and the constant term we have

that (h1, m1, w1) = (h2, m2, w2).
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Continuity: Let d′ be the dimension of the vector θ, i.e d′ is 1, 2, or 3.

Showing the continuity of θ 7→ Rθ(t) for any t is equivalent to showing that as η converges

to 0 in (Rd′

, ||.||), Rθ+η converges to Rθ in (V, ||.||). Since the function z is continuous in all

cases (1)-(7), then the continuity of Rθ follows immediately.

Continuity of the inverse: is equivalent to show that if Rθ+h converges to Rθ, then h converges

to 0. We have this last property by Proposition 1. �

Proposition 2 For all θ0, the linearizing function Lθ0
is a homeomorphism from (V,Arcd)

to R. Moreover,

Lθ1
(x) = Lθ0

(x) + sign(θ1 − θ0)Lθ1
(θ0)

Proof

(i) Continuity of Lθ0
: If Arcd(xn, x) converges to 0, then by isometry |Lθ0

(xn) − L(x)|

converges to 0. So, Lθ0
is continuous.

(ii) Invertibility of Lθ0
: We need to show that Lθ0

(x1) = Lθ0
(x2) ⇒ x1 = x2. By isometry

the left hand side implies that Arcd(x1, x2) = 0, which implies that x1 = x2 (because

Arcd is a metric in V ).

(ii) Continuity of the inverse of Lθ0
: We need to show that

|Lθ0
(xn) − Lθ0

(x)| → 0 ⇒ Arcd(xn, x) → 0

. This property follows directly from the isometry.

�
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Proposition 3 For a one-dimensional differentiable space of variation (V,Arcd) satisfying

conditions of Theorem 1, we have that

R̃ = L−1
θ0

(Lθ0
) for all θ0

where

Lθ0
=

1

n

n∑

i=1

Lθ0
(Ri)

Proof The estimate of the Fréchet function Fn(R) is

Fn(R) =
n∑

i=1

Arcd2(Ri, R)

By isometry,

Fn(R) =
n∑

i=1

(Lθ0
(Ri) − Lθ0

(R))2

We have that

Argminx∈R

n∑

i=1

(Lθ0
(Ri) − x)2 = Lθ0

where,

Lθ0
=

1

n

n∑

i=1

Lθ0
(Ri)

Let R0 = L−1
θ0

(Lθ0
), we can show that R0 is an estimate of the Fréchet mean set,

∀R, Fn(R) ≥
n∑

i=1

(Lθ0
(Ri) − Lθ0

), and by isometry,

≥
n∑

i=1

Arcd2(Ri, R0)
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So, R0 is a minimizer (then it is a Fréchet mean estimate). On the other hand, let R̃ be a

Fréchet mean estimate. If R̃ 6= R0, then Lθ0
(R̃) 6= Lθ0

, so

Fn(R̃) > Fn(R0)

which is a contradiction (since both R̃ and R0 are Fréchet mean estimates, Fn(R̃) = Fn(R0)).

So, the Fréchet mean estimate is unique. �.

Theorem 2 For i.i.d random variables R1, . . . , Rn of measure µ in (V,Arcd) of finite Fréchet

mean and variance, and V satisfying the conditions in Proposition 3. We have that

dV (R̃, R̃F ) → 0 (a.s)∣∣∣∣
1

n
S̃SM − VarF

∣∣∣∣ → 0 (a.s)

Where R̃F is the Fréchet mean and VarF is the Fréchet variance.

Proof We will first show that the Fréchet mean is unique. We have that

E(Lθ0
(R)) = Argminx∈R

∫
(Lθ0

(R) − x)2dµ

Let R0 = L−1
θ0

(E(Lθ0
(Ri))), we can show that R0 is the Fréchet mean. Let F (R) be the

Fréchet function, then

∀R 6= R0, F (R) >

∫
(Lθ0

(Ri) − E(Lθ0
(R)))2dµ, and by isometry,

>

∫
Arcd2(Ri, R0)dµ

So, RO is the only element in the Fréchet mean set. Since by the law of large numbers,

Lθ0
→ E(Lθ0

(R))(a.s) (6.14)
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then by isometry of Lθ0
, we have that

dV (R̃, R̃F ) → 0 (a.s)

Similarly, since (Lθ0
(Ri) − E(Lθ0

(Ri)))
2 are i.i.d and of finite mean V arF , then by law of

large numbers
∣∣∣∣
1

n

∑
(Lθ0

(Ri) − E(Lθ0
(Ri)))

2 − VarF

∣∣∣∣ → 0 (a.s) (6.15)

On the other hand,

1

n
S̃SM − VarF =

(
1

n

∑
(Lθ0

(Ri) − E(Lθ0
(Ri)))

2 − VarF

)
+ (L̄θ0

− E(Lθ0
(R)))2 (6.16)

From equality (6.16), and using the two convergence results in (6.15) and (6.14), we have that

∣∣∣∣
1

n
S̃SM − VarF

∣∣∣∣ → 0 (a.s)

�

Proposition 4 For any differentiable template shape z, the space of variation V satisfies

the equality of path condition in cases (5) and (6).

Proof Without loss of generality, we will show the equality of path condition for case (5)

because the proof for case (6) is the same.

(i) For all h ∈ R,

∂

∂m
(z(t − m) + h) = −z′(t − m)
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Without loss of generality, let m1 ≤ m2. Then, by definition,

Arcd((z(tj − m1) + h)j , (z(tj − m2) + h)j) =

∫ m2

m1

∂

∂m
||(z(tj − m) + h)j ||dm

By combining the two previous equality, we conclude that the value of Arcd((z(tj −

m1))j + h ∗ (1, . . . , 1), (z(tj − m2))j + h ∗ (1, . . . , 1)) depends only on the value of m1

and m2 and not on the value of h.

(ii) For all m, h1, h2 ∈ R,

||(z(tj − m) + h1)j − (z(tj − m) + h2)j || = d|h1 − h2|

The right hand side depends only on the values of h1 and h2 and not on the value of m.

From the results in (i) and (ii), we have that case (5) satisfies the property of equality of

paths. �.

Theorem 3 For two-dimensional differentiable manifold of variation V for which the equal-

ity of path condition is satisfied the non-negative function defined as

dV : V ∗ V → R+

(R((α1, β1), t), R((α2, β2), t)) 7→
√

C2
α1,α2

+ C2
β1,β2

is a distance in V

Proof By the equality of path property, we have that

Cα1,α2
= Arcd (R((α1, β), t), R((α2, β), t)) ∀β, and

Cβ1,β2
= Arcd (R((α, β1), t), R((α, β2), t)) ∀α
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(i) By definition, dV is a non-negative function.

(ii) dV is symmetric because Cα1,α2
and Cβ1,β2

are symmetric.

(iii) If dV (R((α1, β1), t), R((α2, β2), t)) = 0, then

Cα1,α2
= Cβ1,β2

= 0.

So,

Arcd (R((α1, β), t), R((α2, β), t)) = 0∀β

Arcd (R((α, β1), t), R((α, β2), t)) = 0∀α

Since Arcd is a distance, this implies that R((α1, β), t) = R((α2, β), t) for all β, and

R((α, β1), t) = R((α, β2), t) for all α. Since R is a homeomorphism, these two equalities

imply that α1 = α2, and β1 = β2. So, R((α1, β1), t) = R((α2, β2), t)

(iv) Triangular inequality. Let Ri = R((αi, βi), t), let’s show that

dV (R1, R3) ≤ dV (R1, R2) + dV (R2, R3)

this is equivalent to

d2
V (R1, R3) ≤ d2

V (R1, R2) + d2
V (R2, R3) + 2 ∗ dV (R1, R2)dV (R2, R3). (6.17)
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We have that,

L.H.S of 6.17 = C2
α1,α3

+ C2
β1,β3

(by definition)

≤ C2
α1,α2

+ C2
α2,α3

+ 2 ∗ Cα1,α2
Cα2,α3

+

+C2
β1,β2

+ C2
β2,β3

+ 2 ∗ Cβ1,β2
Cβ2,β3

(b/c Arcd is a metric)

≤ d2
V (R1, R2) + d2

V (R2, R3) + 2 ∗ Cα1,α2
Cα2,α3

+ 2 ∗ Cβ1,β2
Cβ2,β3

Then, to show 6.17, it is sufficient to show that

Cα1,α2
Cα2,α3

+ Cβ1,β2
Cβ2,β3

≤ dV (R1, R2)dV (R2, R3)

which is equivalent to

C2
α1,α2

C2
α2,α3

+ C2
β1,β2

C2
β2,β3

+ 2 ∗ Cα1,α2
Cα2,α3

Cβ1,β2
Cβ2,β3

≤ d2
V (R1, R2)d

2
V (R2, R3)

which is equivalent to

2 ∗ Cα1,α2
Cα2,α3

Cβ1,β2
Cβ2,β3

≤ C2
α1,α2

Cβ2, β3
2 + C2

α2,α3
Cβ1, β2

2

which is equivalent to

0 ≤ (Cα1,α2
Cβ2, β3 − Cα2,α3

Cβ1, β2)
2

Since the last inequality is always true, dV satisfies the triangular inequality.

From (i), (ii), (iii), and (iv), we have that dV is a metric in V .�

Proposition 5 For all (α0, β0), Lα0,β0
is a homeomorphism from (V, dV ) to R2.
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Proof This proof is equivalent to the proof of Proposition 2. Since dV is a metric and Lα0,β0

satisfies the isometry property, then we can show that Lα0,β0
is continuous, invertible and the

inverse is continuous. �.

Proposition 6 For a two-dimensional differentiable space of variation (V, dV ) satisfying

equality of path condition, we have that

R̃ = L−1
α0,β0

(Lα0,β0
) for all (α0, β0)

where

Lα0,β0
=

1

n

n∑

i=1

Lα0,β0
(Ri)

Proof This proof is equivalent to the proof of Proposition 3 in the one dimensional case.

�.

Proposition 4 For i.i.d random variables R1, . . . , Rn of measure µ in (V,Arcd) of finite

Fréchet mean and Fréchet variance, and V satisfying the conditions in Theorem 3. Let R̃F

be the Fréchet mean and VarF the Fréchet variance. Then

dV (R̃, R̃F ) → 0 (a.s)∣∣∣∣
1

n
S̃SM − VarF

∣∣∣∣ → 0 (a.s)

Proof The proof of this theorem is equivalent to the proof of Theorem 2 in the one dimen-

sional case.�
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Proposition 7 For all origin O, and for a differentiable manifold V , the function d1,O

defines a metric in V .

Proof Let Ri,j = R((αi, βj), t).

(i) d1,O is positive by definition.

(ii) d1,O(R1,1, R2,2) = ||L1,O(R1,1) − L1,O(R2,2)||. So, d1,O is symmetric.

(iii) Triangular inequality is satisfied. i.e

d1,O(R1,1, R3,3) ≤ ||L1,O(R1,1) − L1,O(R2,2)|| + ||L1,O(R2,2) − L1,O(R3,3)||

≤ d1,O(R1,1, R2,2) + d1,O(R2,2, R3,3)

(iv) If d1,O(R1,1, R2,2) = 0, then Arcd2(R1,0, R2,0) = 0, and Arcd2(R0,1, R0,2) = 0 which

imply α1 = α2, and β1 = β2. So, R1,1 = R2,2.

From (i), (ii), (iii), and (iv), we have that d1,O is a distance.�

Proposition 8 The function d2,O satisfies the following conditions

(i) d2,O is non-negative.

(ii) d2,O is symmetric.

(iii) d2,O satisfies the triangular inequality.

If the mapping L2,O is one-to-one, then d2,O satisfies the condition

d2,O(R1,1, R2,2) = 0 ⇔ R1,1 = R2,2

which, in addition to the above conditions, makes d2,O a distance.
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Proof (i), (ii), and (iii) are true by definition. If L2,O is one-to-one, then d2,O(R1, R2) = 0

implies ||L2,O(R1) − L2,O(R2)|| = 0, which implies R1 = R2. When conditions (i)-(iv) are

verified, d2,O is a metric.�

Proposition 9 When V satisfies the equality of paths property, and dV is the distance we

defined in Section 5.5, we have that d1,O = d2,O = dV for all origins O in the manifold.

Proof When the equality of paths is satisfied, then for all origins O

d1,O(R1,1, R2,2) =
√

C2
α1,α2

+ C2
β1,β2

and

d2,O(R1,1, R2,2) =
√

C2
α1,α2

+ C2
β1,β2

So, d1,O = d2,O = dV .�

Lemma 1 If d1 and d2 are two distances in a space M , then the function d such that

d : M ∗ M → R+

(x, y) 7→ d(x, y) =
√

γd1(x, y)2 + (1 − γ)d2(x, y)2

is a distance in M for all γ in [0, 1].

Proof

(i) d is positive by definition.

(ii) d is symmetric since d1 and d2 are symmetric.

(iii) If d(x, y) = 0, then d1(x, y) = 0 and d2(x, y) = 0 which implies that x = y since d1 and

d2 are distances.
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(iv) Triangular inequality, we need to prove that

d(x, y) ≤ d(x, z) + d(z, y)

or equivalently that

d2(x, y) ≤ d2(x, z) + d2(z, y) + 2d(x, z)d(z, y) (6.18)

Let’s consider the left hand side of the inequality

d2(x, y) = γd2
1(x, y) + (1 − γ)d2

2(x, y)

≤ γd2
1(x, z) + γd2

1(z, y) +

+2γd1(x, z)d1(z, y) + (1 − γ)d2
2(x, z) +

+(1 − γ)d2
2(z, y) + 2(1 − γ)d2(x, z)d2(z, y)

d2(x, y) ≤ d2(x, z) + d2(z, y) +

+2γd1(x, z)d1(z, y) + 2(1 − γ)d2(x, z)d2(z, y)

To prove the inequality 6.18, it is sufficient to prove that

γd1(x, z)d1(z, y) + (1 − γ)d2(x, z)d2(z, y) ≤ d(x, z)d(z, y) (6.19)

We will reason by equivalence, inequality (6.18) is equivalent to

(γd1(x, z)d1(z, y) + (1 − γ)d2(x, z)d2(z, y))2 ≤ d2(x, z)d2(z, y) (6.20)
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On one hand,

L.H.S of inequality (6.20) = γ2d2
1(x, z)d2

1(z, y) + (1 − γ)2d2
2(x, z)d2

2(z, y) +

+2γ(1 − γ)d1(x, z)d1(z, y)d2(x, z)d2(z, y)

On the other hand,

R.H.S of inequality (6.20) =
(
γd2

1(x, z) + (1 − γ)d2
2(x, z)

)
∗

∗
(
γd2

1(z, y) + (1 − γ)d2
2(z, y)

)

= γ2d2
1(x, z)d2

1(z, y) + (1 − γ)2d2
2(x, z)d2

2(z, y) +

+γ(1 − γ)
(
d2

1(x, z)d2
2(z, y) + d2

1(z, y)d2
2(x, z)

)

After cancelling the common terms from the left and the right hand side of inequality

(6.20), we have the the inequality

0 ≤ γ(1 − γ) (d1(x, z)d2(z, y) + d1(x, z)d2(z, y))2

Since this last inequality is always true, then the triangular inequality is always true.

Since the function d satisfies (i), (ii), (iii), and (iv) then it is a metric in M .�
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Proposition 10 The non-negative function dV,O,γ defined as

dV,O,γ : V ∗ V → R+

(R1,1, R2,2) 7→ dV,O,γ(R1,1, R2,2)

such that

dV,O,γ(R1,1, R2,2) =
√

γd2
1,0(R1,1, R2,2) + (1 − γ)d2

2,O(R1,1, R2,2)

is a metric for all γ ∈ [0, 1) in a differentiable manifold V

Proof This proposition derives from Lemma 1 and the properties of d1,O, and d2,O.�

Corollary 2 For all fixed origins O in a metric manifold (V, dV,O)

1

n
S̃SMO −→ ṼarF,Oa.s

Proof Let Fn(x) be the estimate of the Fréchet function from the sample, i.e

Fn(x) =
1

n

n∑

i=1

d2
V (Ri, R)

Let xn be a minimizer of Fn, i.e

Fn(xn) = minx∈V Fn(x)

To use the results by [Bhattacharya and Patrangenaru (2003)], we need to show that (V, dV )

is a complete metric space and all bounded closed set is compact.
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1. Completeness: Let xn, and xm two points in V , then by definition of dV

dV (xn, xm) =
√

γd2
1(xn, xm) + (1 − γ)d2

2(xn, xm)

So, if (xn) is a cauchy sequence in (V, dV ), it is cauchy in (V, d1) and (V, d2). We know by

construction of d1 and d2, (V, d1) and (V, d2) are both homeomorphic to (R2, ||.||) (where

||.|| denotes the norm derived from the Euclidean metric). By this homeomorphism, a

cauchy sequence (xn) in (V, d1) converges to a1 in V . Similarly, a cauchy sequence (xn)

in (V, d2) converges to a2 in V . Let’s finally show that a1 = a2. Since V is a subspace

of Rd′

, we have that

||xn − a1|| ≤ d1(xn, a1) (6.21)

(b/c the Euclidean distance is the shortest distance), so (xn) converges to a1 in Rd′

.

Similarly, we have that

||xn − a2|| ≤ d2(xn, a2) (6.22)

(b/c the Euclidean distance is the shortest distance), so (xn) converges to a2 in Rd′

.

By equations (6.21) and (6.22), and using the triangular inequality of the Euclidean

distance, we have that

||a1 − a2|| = 0

So, a1 = a2. Then, dV (xn, a1) converges, so (xn) converges.

2. Compact sets in (V, dV ). Similarly, using the homeomorphism, a closed and bounded

set A in (V, dV ) is closed and bounded in (V, d1) and (V, d2). By the homeomorphisms

to (R2, ||.||), the space A is compact in (V, d1) and (V, d2), so it is compact in (V, dV ).
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So, using the results from [Bhattacharya and Patrangenaru (2003)], we have that

(xn) → RF (a.s)

where RF is a Fréchet mean. On the other hand, we have that

Fn(RF ) → V arF

Since

|Fn(xn) − V arF | ≤ |Fn(xn) − Fn(RF )| + |Fn(RF ) − V arF |

We have that

Fn(xn) → RF (a.s)

�

Lemma 2 If a set of real functions (Fn) is converges uniformly to a function F . For all n,

θ̃n is a minimizer of Fn, and the sequence (θ̃n) is convergent, then it converges to a minimizer

of F .

Proof The following lemma is useful for the proof of Lemma 2

Lemma 3. If a set of real functions (Fn) converges uniformly to a function F , and θn is a

minimizer of Fn for all n then the real sequence (Fn(θn)) is Cauchy.i.e |Fn(θn) − Fm(θm)|
converges to 0 as n and m converge to ∞.

Proof of Lemma 3 Since the sequence of function (Fn) uniformly converges to F , it is

uniformly Cauchy. We would like to show that

|Fn(θn) − Fm(θm)| ≤ ||Fn − Fm||∞, ∀n, m (6.23)
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This follows from

|Fn(θn) − Fm(θm)| = |Infθ∈A(Fn(θ)) − Infθ∈A(Fm(θ))|

= ||| − Fn||∞ − || − Fm||∞|

≤ || − Fn − (−Fm)||∞ = ||Fn − Fm||∞

The last inequality is true because for all real functions f and g, |(||f ||∞ − ||g||∞)| ≤ ||f−g||∞

�

Proof of Lemma 2. Let the limit of the sequence (θn) be θ′. We will prove that θ′ is a

minimizer of F , i.e ∀ε > 0, ∃ηε ∈ A such that

F (ηε) − ε < F (θ′) ≤ F (ηε).

Let ε > 0, then since θn minimizes Fn, we have that ∃ηε,n such that

Fn(ηε,n) − ε ≤ Fn(θn) < Fn(ηε,n) (6.24)

Note that ηε,n depends on ε and also on n, so before taking this inequality to the limit, we

need to find a lower bound that is independent of n. From Lemma 3, since (Fn(θ̃n)) is Cauchy,

for all n, m greater than n1,ε:

Fm(θ̃m) − ε

3
< Fn(θ̃n) (6.25)

On the other hand, since θ̃m is a minimizer of Fm then there exists ηε,m such that

Fm(ηε,m) − ε

3
< Fm(θ̃m) (6.26)
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Finally, since the sequence (Fn) is uniformly Cauchy, for all n, m greater than n2,ε

Fm(x) > Fn(x) − ε

3
; ∀x, and in particular (6.27)

Fm(ηε,m) > Fn(ηε,m) − ε

3
(6.28)

So, let n0 be greater than n1,ε and n2,ε than from the three inequalities 6.25, 6.26 and 6.28

we have for all n greater than n0 the three inequalities ( for simplicity we will denote ηε,n0
by

η0)

Fn(θ̃n) > Fn0
(θ̃n0

) − ε

3

Fn0
(θ̃n0

) > Fn0
(η0) −

ε

3

Fn0
(η0) > Fn(η0) −

ε

3

So, finally for all ε > 0 and all n greater than n0, there exists η0 (depends on ε but not on n)

such as

Fn(η0) − ε < Fn(θ̃n) ≤ Fn(η0) (6.29)

Since we have uniform convergence of Fn to F , it follows that ∀a > 0, ∃na s.a ∀n > na

−a < F (θ) − Fn(θ) < a, ∀θ and in particular (6.30)

Fn(θ̃n) − a < F (θ̃n) < Fn(θ̃n) + a and (6.31)

Fn(η0) − a < F (η0) < Fn(η0) + a (6.32)
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From Inequalities 6.29 and 6.32, we have that for all ε > 0 and all a > 0 and n greater than

max(n1,ε, n2,ε, na)

F (η0) − ε − 2a < Fn(η0) − ε − a < Fn(θ̃n) − a ≤ F (θ̃n), and

F (θ̃n) < Fn(θ̃n) + a ≤ Fn(η0) + a ≤ F (η0) + a, So

F (η0) − ε − 2a < F (θ̃n) ≤ F (η0) + a

Since θ̃n converges to θ′ and F is continuous, then F (θ̃n) converges to F (θ′), and we have for

all ε > 0 and all a > 0, that there exists η0 (depending only on the choice of ε) such that

F (η0) − ε − 2a < F (θ′) ≤ F (η0) + a

So

∀ε > 0, F (η0) − ε < F (θ′) ≤ F (η0)

which proves that the θ′ minimizes F . �

Proposition 11 The sequence of minimizers (On) converges to a minimizer OB

Proof We have that fn(O) converges to F (O) for all O in a compact set K, which implies

uniform convergence of fn to F . Moreover, for a sequence (On) in K, there is a conver-

gent subsequence. Then, by lemma 2 the sequence (On) has a convergent subsequence to a

minimizer O.�
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