Chapter 5

Mathematical Foundations

We saw in Sections 4.2, 4.3, and 4.4 an intuitive presentation of the space of variation for
one, two and more dimensions. In each case, we presented also an intuitive definition of
distance in the space of variation. For a given shape invariant model, we see in Section
5.1 some necessary conditions for the space of variation to be a manifold. We also show in
Sections 5.3, 5.5, and 5.6 that the functions intuitively presented in Sections 4.2, 4.3, and
4.4 are metrics. While we discussed in Subsections 4.2.2, 4.3.2, and 4.4.2 how to estimate
the center and spread of variation from the data, we prove consistency of these estimates,
for 1-dimensional, 2-dimensional, and d’-dimensional manifolds of variation in Sections 5.3,
5.5, 5.6, 5.7 respectively. The estimates of center and spread in the data converge to their

continuous counterparts, the Fréchet mean and the Fréchet variance, under certain conditions.

5.1 Shape invariant models and space of variation

We are interested in this dissertation in decomposing and quantifying the variation in data of
common shape along predetermined modes. So, we assume that the data can be represented
in a shape invariant model, where the common shape is known and the predetermined modes

could be parameterized by a vector 6.
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5.1.1 General shape invariant model

All the shape invariant models presented in Chapters 3 and 4 are examples of the general
model

zij=R(0i,tj) +€j,1<i<n;1<j<d

where the response z; ; varies nonlinearly as a function of ¢; € R, where 6; € R is the vector

of parameters of variation, and where R is the common regression function.

5.1.2 Space of variation

For data in R?, we define the space of variation V', corresponding to the parameter space

O c R?, the subspace of R? such that

r = (x1,...,24) € V & 30 € O such that x; = R(,t;)Vj;1 < j < d.

5.1.3 Examples

Let z be the common shape function, we saw in Chapter 4 some one parameter spaces of
variation (d’ =1 in cases (1)-(3)), two-parameter spaces of variation (d’ = 2 in cases (4)-(6))

and a three-parameter space of variation (d’ = 3 in case (7)).

1. When 60; = h; and R(0;,t) = z(t) + h; then the space of variation is the linear vertical

shift.

2. When 6; = m;, and R(0;,t) = z(t — m;) then the space of variation is the nonlinear

horizontal shift, this variation is called registration in the FDA literature.

3. When 6; = w; and Ry, = w;z(w;(t —m)), then the space of variation is the nonlinear

generalist-specialist or change in width.
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4. When 60; = (m;, h;) and R(0;,t) = z(t — m;) + h;, then the space of variation is the

nonlinear horizontal shift and the linear vertical shift.

5. When 0; = (w;, h;) and R(6;,t) = w; * z(w;(t — m)) + h; then the space of variation is

the nonlinear generalist-specialist and the linear horizontal shift.

6. When 6; = (w;, m;) and R(6;,t) = w; * z(w;(t — m;)) then the space of variation is the

nonlinear generalist-specialist and the nonlinear horizontal shift.

7. Finally, when we have three simultaneous modes of variation then 6; = (w;, m;, h;) and

R(Qi,t) = wiz(wi(t — mz)) + hi.

The amplitude problem, i.e

R(Qz, t) = z(@it),

is another example of shape invariant models in FDA, see [Ramsay and Silverman (1997)].
We saw in Chapter 4 that in cases (1)-(3), the space of variation V is a curve or a line. We
can also show that for the amplitude problem, the space of variation V is a curve. Lines
and curves are one dimensional manifolds under certain conditions on the parametrization.
In cases (4)-(6), we saw also that the space of variation V' is a plane or a surface which
are, under certain conditions, two-dimensional manifolds. Manifolds are subspaces defined in
differential geometry, which include all linear subspaces. We see in Theorem 1 a condition on
the common shape and the parametrization under which the space of variation V' is a manifold
of the same dimension as the parameter space. The mathematical definition of manifold are
given in Subsection 5.1.4. We see in Subsection 5.1.5, that the conditions of Theorem 1 are
satisfied for all cases (1)-(7) and for any polynomial template shape. This makes V' a manifold

of dimension 1 in cases (1)-(3), of dimension 2 in cases (4)-(6) and of dimension 3 in case (7).
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5.1.4 Manifold

This subsection gives some background in differential geometry. The differential geometry
definitions in this subsection follow the development of [Aubin (2000)]. Note that the curves
of variation and the surfaces of variation we saw in Sections 4.2, and 4.3 did not cross and
did not have any discontinuities. As we see in this subsection, a manifold of dimension d’ is
a type of topological space. It is Hausdorff which is a condition on the separability of the
space (defined in Definition 1). It is also locally homeomorphic to R? which guarantees some

smoothness and identifies the dimensionality d’ of a manifold (defined in Definition 2).

Definition 1. Hausdorff space. A topological space is Hausdorff if any two distinct points

have disjoint neighborhood.

Definition 2. Manifold. A manifold M of dimension d' is a Hausdorff topological space
such that each point P of M has a neighborhood €2 homeomorphic to RY. We call this

homeomorphism ¢p.

Although in this most general definition of manifold, the homeomorphism ¢p is local, i.e
depends on the point P, we focus in this Chapter on the particular case of the homeomorphism
¢ being the same for all points in the manifold.

From the definition of manifold, we have the following sufficient condition for V' to be a
manifold of the same dimension as the parameter space © C R¥.

Theorem 1. For a fized sampling vector t € R?, let the function R(.,t) be such that

R(,t):RY — V

0 — R(0,t)

If R(.,t) is a homeomorphism from RY to V, then V is a manifold of dimension d'.
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5.1.5 Special case: polynomial template shape

In Chapter 3, we fit the three parameter Shape Invariant Model with a polynomial template
shape. In the following Proposition and Corollary, we show that such a parametrization and

any polynomial template shape satisfies the conditions of Theorem 1.

Proposition 1. If two polynomials of degree k are equal in at least k + 1 distinct points then
their coefficients are equal. If a sequence of polynomials of degree k converge in at least k + 1

distinct points then their coefficients also converge.

See proof in Appendix Section 6.3.

Corrolary 1. When z is a polynomial of degree k and 2 < k < d — 1 (i.e dimension of the

data d limits the degree of the polynomial). Then

o In cases (1),(2), and (3) (one mode of variation) of Section 5.1, V is a manifold of
degree 1.

e In cases (4), (5), and (6) (two modes of variation) of Section 5.1, V is a manifold of
degree 2.

e In case (7) (three simultaneous modes of variation), V is a manifold of degree 3.
See proof in Appendix Section 6.3.

5.1.6 Fréchet mean and Fréchet variance in a manifold

To quantify the variation along a space of variation V', we need to define an appropriate metric
dy. In Section 5.3, we use the arc-distance as the metric in the manifold of variation V of
dimension 1. We define in Section 5.5 and Section 5.6 the appropriate metric in a manifold
of variation of dimension 2. In Sections 4.2 and 4.3, we saw how to estimate the center and
spread of variation from the data in a given manifold for a given distance. In this subsection,

we see a formal definition of mean and variance in a metric manifold as defined by Fréchet
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[Fréchet (1948)]. In a metric manifold (M, d) with measure y, let the Fréchet function be,

F(z) = /M &2 (., y)dpu(y)

This function is well defined if [, d*(z, y)du(y) < co,Vo € M

Let X be a random variable with measure p on M,

Definition 3. Fréchet mean set. In a metric manifold (M, d), the Fréchet mean set Ep(X)
of a random wvariable X, in the manifold M, with probability measure u, is the set of points

on the manifold which minimize the function F(z). i.e

XF € EF(X) ZﬁF(XF) = minxeMF(a:).

Note that although we can have more than one Fréchet mean, we can define a unique

Fréchet variance

Definition 4. Fréchet variance. The Fréchet variance is the value F(Xp) for any Xp in

the Fréchet mean set Ep(X).

Note also that the Fréchet variance is a scalar, and not a matrix, even for manifolds of

dimension d’ > 1.
Estimation

The measure of center and spread that we presented and discussed in Sections 4.2 and 4.3,
respectively R and SSM, were estimates of the Fréchet mean and Fréchet variance from the
toy example data. We can now define those estimates in a more general case, for given data

Ry,..., R, where R; = R(6;,t) in the metric manifold (V,dy ), the estimate of the Fréchet

function is

Fo(R) = Zn:d%/(Rn R) (5.1)
=1
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We can derive then the estimates of the Fréchet mean set Er,,(R) and Fréchet variance SSM

R S EF,n(R) - Fn(R) = minREVFn(R)

SSM = Y dy(Ri, R)
=1

Note that dy is the metric in the manifold that we intuitively constructed in Sections 4.2 and
4.3 and that we formally define in Sections 5.3, 5.5 and 5.6, to allow for the decomposition
of the variation in the data. Note also that in the particular toy example in Chapter 4, the
estimated Fréchet mean set had only one element (the estimate of the Fréchet mean). We
show in Sections 5.3 and 5.5 that for one dimensional and some 2-dimensional manifolds of

variation, there is only one Fréchet mean and one estimate of the Fréchet mean.

5.2 Linearizing the manifold

Linearizing is the tool which allows us in Sections 5.3 and 5.5 to show existence and uniqueness
of the estimates of Fréchet mean and variance and their consistency for our chosen distance dy, .
Linearization also allows us to construct an appropriate distance for 2-dimensional manifolds
in Section 5.6. In Section 5.3, we see that the appropriate distance in the one-dimensional
manifold is the arc-distance. The arc-distance is the distance of the arc between two points
in a curve. We call linearization a transformation of the manifold of variation V' of dimension
d’ into R? which preserves arc-distances along each mode in V. The linearization gives a new
look on variation, as we show in Sections 5.3, 5.5 and 5.6, the metric dy that we define is
equivalent to the Euclidean metric in the linearized space. In particular, if we linearize the
one dimensional manifold into R by preserving the arc-distances, then the Euclidean distance

in the linearized space is equivalent to the arc-distance in the manifold. Similarly, when
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the 2-dimensional manifold satisfies an equality of path condition defined in Section 5.5, the
distance dy that we define is equivalent to the Euclidean distance in R?. For the more general
cases in 2-dimensional manifolds, in Section 5.6, and d’-dimensional manifolds, in Section 5.7,
we refer to a general result in [Bhattacharya and Patrangenaru (2003)] for consistency of the
estimated Fréchet mean set to the Fréchet mean set. However, linearization is our tool for

defining an appropriate distance in this general case.

5.3 One mode of variation

As we intuitively justified in Section 4.2, when V is a space of variation of dimension one, i.e
either a line or a curve, the arc-distance or distance along the curve is the appropriate metric
to measure the spread. Let Ry and Ry be two points in the manifold, then there exist two
parameters 01 and 6, such that R; = R(6;,t) for i = 1,2. Without loss of generality, suppose

0, < 0, then the arc-distance defined as the refinement limit of linear interpolations, is

AI"Cd(Rl, Rg) = hmn_,oo Z
=0

n n

R0 000 ) 0 |

If the function R(0,t) is differentiable with respect to 6, the arc-distance is equivalent to

02 B
Arcd(Ry, Ry) = / —R(@,t)Hd@

o, |00

We define linearizing functions, in this 1-dimensional case, in Subsection 5.3.1. Linearization
is a useful tool to show existence, uniqueness and consistency of the estimates of the Fréchet
mean and the Fréchet variance in Subsection 5.3.2. Although the space of variation is defined
through parametrization, we note in Subsection 5.3.3 that the metric as well as the estimates

are parameter-free.
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5.3.1 Linearizing one mode

The arc-distance is a metric in the one dimensional space of variation. If we linearize the one
dimensional manifold into a line by keeping the arc-distances between the points fixed, then
the arc-distance between two points in the manifold corresponds to the Euclidean distance in

the line. Let £ be the class of linearizing functions, £ = {Lg, 8 € O} such that for all 6y in ©

Lo,V — R

0

z=R(0,t) — Lp,(x)

such that Lg,(x) = sign(d — 6p)Arcd(R(0,t), R(6o,t))

Then for a given parameter 6y, we can consider R(fp,t) as the origin in the manifold V' by
the transformation Lg, because by definition Lg,(R(6y,t)) = 0. For all 6y, Ly, satisfies the
isometry property, i.e

|Lgy(R1) — Ly, (R2)| = Arcd(R1, R2),

and the distance between two points Ly, (R;) and Lg,(R2) does not depend on the origin.
Note that the existence of an ordering (<) in the parameter space O gives a way of ordering
in the one dimensional manifold V. By definition of the space of variation and by using the

isometry property, the following proposition follows

Proposition 2. For all Oy, the linearizing function Ly, is a homeomorphism from (V, Arcd)
to R. Moreover,

Lo, (%) = Ly, (z) + sign(61 — 0o) Le, (60)
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See proof in Section 6.3 of Appendix.
5.3.2 Mean and variance

The linearizing tool allows us to prove the existence, uniqueness and consistency of estimates
of Fréchet mean and Fréchet variance for a one-dimensional manifold of variation V. In the
one dimensional case, for given data Rj,..., R, of measure p in the space of variation V/,
such that R; = R(6;,t), the estimate of the Fréchet function is

n

Fu(R) = Arcd®(R;, R)

i=1

And by isometry of Ly,, we have

n
Fo(R) =) (Lgy(Ri) — Lo, (R))? (5.2)

i=1
Because the Ly, (R;)’s are real values random variables, and Lg,(R) € R, the minimization of
F,(R) is straightforward. In particular, we can show the following proposition of existence

and uniqueness of estimates of the Fréchet mean in a manifold of variation of dimension 1

satisfying Theorem 1

Proposition 3. For a one-dimensional differentiable space of variation (V, Arcd) satisfying

conditions of Theorem 1, we have that

R = Ly (Lg,) for all 6y

where

_ 1 &
Lo, = n Z Lo, (R;)
i=1

Using the linearizing function and the law of large numbers for i.i.d random variables in

R we can also show that R and %S SM are consistent estimators of the Fréchet mean and the
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Fréchet variance respectively.

Theorem 2. For i.i.d random variables Ry, . .., Ry, of measure p in (V, Ared) of finite Fréchet

mean and variance, and V satisfying the conditions in Proposition 3. We have that

dv(R,RF) — 0 (a.s)

SSM — Varp| — 0 (a.s)

1
n

Where Rp is the Fréchet mean and Varg is the Fréchet variance.
See detailed proof in Appendix Section 6.3
5.3.3 Equivalence of Parameterizations
Several parameterizations might lead to the same space of variation V. For example, in the
generalist-specialist case, the space V' is defined as
V = {z € R%, 3w > 0 such that z = w * z(wt), t € R}
We can equivalently parameterize the same space V as

V={ze R?,3u € R such that © = exp p * z(exp ut), t € Rd}

A question of interest is would a different parametrization of the same space V lead to a
different center and spread? Because the arc-distance between two points does not depend
on the parametrization, the measure of center and spread do not depend on a particular
parametrization of V. So, although the space of variation is defined through a particular
parametrization, the center and spread in the manifold stay the same modulo an equivalent

parametrization which makes them in some sense parametrization-free.
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5.4 Two modes of variation, notation and comments

In Section 4.3, we saw three cases of two-dimensional manifolds corresponding to cases (4)-(6)
in Section 5.1. In all these cases, the space of variation V is a manifold of dimension 2 which

satisfies Theorem 1 and is parameterized by

x €V < I(a, f) such that z = R ((a, 8), t)

There are several possible metrics in a two-dimensional manifold. For example, the distance
of the shortest path along the manifold between two points is a metric (geodesic distance).
However, this distance does not allow for the decomposition of the variation into the modes of
interest which do not always follow geodesics. In Sections 5.5 and 5.6 we define metrics which
do allow for the decomposition. In cases (4) and (5), the manifold of variation corresponds
to the particular case where two same distance paths go from one point to the next following
the curves of variation, as we saw with a toy example in Section 4.3. This condition is
mathematically formalized in Section 5.5. Case (6) corresponds to the more general case
of inequality of paths. In the first situation, we mathematically define the equality of path
condition and show that the distance is a metric in Section 5.5. In Section 5.6, we consider

the second situation, the two possible linearizations and the choice of the metric.

5.5 Two modes: Particular case, equality of path between two

points

Suppose we have two modes of variation of interest, parameterized respectively by a and 5. If
we fix a parameter and let one parameter vary and find that the distance between two points

depends only on the values of the varying parameter, then we have equality of paths. We
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mathematically formalize this property is Subsection 5.5.1. We saw in Section 4.3 an intuitive
justification of the metric we chose to use in a two-dimensional manifold, we formally define
this function and show that it is a metric in Subsection 5.5.2. As in the one dimensional case,
the linearization presented in Subsection 5.5.3 is a useful tool to show existence, uniqueness

and consistency of the estimates of the Fréchet mean and Fréchet variance in Subsection 5.5.4.

5.5.1 Condition of equality of paths

Figure 4.8 shows intuitively the equality of path property for a toy example data set with two

modes of variation. This property is formally stated in Definition 5.

Definition 5. For a two-dimensional manifold of variation V parameterized by (o, 3), we

say that we have equality of paths if

\v/(a7/87a1)052)517/62) € 0
Arcd(R((a1, 5),t), R((a2,8),t)) = Cayay, and

Arcd(R((a, B1),t), R((a, B2),t)) = Cpg,

Where Cq, a0 (resp. Cp, g,) is a function depending only on the values of aq and o (resp.

B1 and B2) and not on the value of B (resp. a).

It is implied here that the arc-distances along each of the two modes are well defined for
all fixed values of the parameter of the other mode which requires a certain smoothness of the
manifold. Differentiability of the regression function R with respect to the two parameters o
(resp. () for all values of 3 (resp. «) are two sufficient conditions. We saw in Section 4.3 that
the condition of equal paths is satisfied for cases (5) and (6) of the toy example. Proposition

4 states that this property holds for those two cases and for all differentiable template shapes
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Proposition 4. For any differentiable template shape z, the space of variation V satisfies

the equality of path condition in cases (5) and (6).
See proof in Appendix Section 6.3

5.5.2 Distance along the manifold

When the equality of path is satisfied, we can simply define a metric in V' which allows for
the decomposition of the variation into one term which only depends on one parameter and

a second term which only depends on the other parameter

Theorem 3. For two-dimensional differentiable manifold of variation V for which the equality

of path condition is satisfied the non-negative function defined as

dy :V«V — RT

(R((a1, 1), ), R((02,82),8) = (/CZ 0y +C3, )

1s a distance in'V

See proof in Appendix Section 6.3.

5.5.3 Another look at distance through the linearizing function

For the one dimensional case in Section 5.3, the distance dy we defined in Theorem 3 is
equivalent to the FEuclidean distance in the linearized space of variation. The linearization
allows us to prove existence, uniqueness and consistency of the estimates of the Fréchet mean

and the Fréchet variance. Consider the following linearizing functions L, g, € £, associated
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with origins parameterized by (o, o).

Loggy:V — R2
"E:R((aa )at) = Laoﬂo(x)

Laoﬁo (w) = (sign(a - Ozo) * Ca,aov Sign(,@ - 60) * Cﬂﬁo)

Note that (o, f9) parameterize an origin in V' by the function L, g, because by definition

Lay,p, (R((a0, Bo),t)) =0

As in the one dimensional case, the ordering in the parameter space © gives also an ordering in
the space of variation V. For all possible (ag, 8p) in ©, Ly, g, satisfies the isometry property,
i.e

HLao,ﬁo (Rl) - Lao,ﬁo (R2>H = dV(Rla RQ)aVRlv Ry eV
By using the isometry property, and for a manifold of variation V of dimension 2 which

satisfies Theorem 1 and the equality of path property we can show the following proposition

Proposition 5. For all (o, o), Lag g, i @ homeomorphism from (V,dy) to R%.

So, the distance dy in the space of variation V is equivalent to the Euclidean distance in

the linearized space L, g,(V).

5.5.4 Mean, variance and decomposition

For data Ry,..., R, in V, the estimate of the Fréchet function is by definition

Fu.(R) = En: d¥(R;, R)
=1
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By using the isometry property we have this equivalent characterization of F,(R),

Fo(R) = Z HLaoﬁo (Ri) = Lag, 8 (R)H2 (5.3)
=1

This second expression of Fj, is easier to minimize because we know that the sums of square
S, ||X; — X||? is minimized by the average X = 13" | X;. So, we have the following
proposition for existence and unicity of the estimate of the Fréchet mean.

Proposition 6. For a two-dimensional differentiable space of variation (V,dy) satisfying

equality of path condition, we have that

R = L5 (Lags) » for all (a0, Bo)

where

1 n
Laggy = EzLao,ﬁo(Ri)
=1

See proof Section 6.3 of Appendix.

The spread in the data is quantified by §5’\]\_/4 such that
SSM =Y dy (R, R)? (5.4)
i=1

By construction, the distance dy allows us to decompose the variation into two terms, one
which depends on the variation along one mode (parameterized by «) and the other which

depends on the variation along the second mode (parameterized by (3). As we have from the
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characterization of dy in Theorem 3,

dv(Ri, R = CZ ,+C3 3
So,

533 — S+ 599,

Where,

ngﬁa = Z 21_7& and
i=1

§§Mﬂ = ch’iﬂ
i=1

This decomposition lies at the heart of the sum of square data analysis done in Section
3.5. As we have seen in the one-dimensional case in Section 5.3, linearizing is useful to show
consistency of the estimate of the Fréchet mean and consistency of the estimate of the Fréchet

variance.

Theorem 4. For i.i.d random variables Ry, . .., Ry, of measure pu in (V, Ared) of finite Fréchet
mean and Fréchet variance, and V satisfying the conditions in Theorem 3. Let Rp be the

Fréchet mean and Varg the Fréchet variance. Then

dv(R,RF) — 0 (a.s)

SSM — Varg

1
— 0 (a.
. ~ 0 (as)

5.6 Two modes: General case

In the two modes of variation general case, the two paths going from one point to the other
point in the manifold are not equal. We define a distance dy that takes into account those
two possible paths and which allows for the decomposition of the variance. When the equal-

ity of path is satisfied, this distance is the same as the one we defined in Section 5.5. We
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illustrated in Section 4.3, and Figures 4.10, 4.11 and 4.12 the two possible linearizations
of the two-dimensional space for a toy example. We mathematically define those two lin-
earizations in Subsection 5.6.1, and 5.6.2. For each linearization, we formally define a pos-
sible metric, and we combine these two metrics in Subsection 5.6.3. This metric allow us
to decompose the variation in Subsection 5.6.4. Using the general consistency result from
[Bhattacharya and Patrangenaru (2003)], we show consistency of the estimate of the Fréchet
variance in Subsection 5.6.5. As was the case in Sections 5.3 and 5.5, the linearizing functions
is defined with respect to an origin Ry = O corresponding to the parametrization (o, o).
However, the distance between two points in the general case varies with the origin. We

discuss the choice of an origin in Subsection 5.6.6.

5.6.1 First linearization

The first linearization maps V into R? by keeping the arc-distances along the curves, which
cross the origin O = R((«g, fo), t), constant ( see Figure 4.10 and 4.11 for a graphic illustration

of this linearization). Let R; ;, = R((o,B%),t) for 4,5 =0,1,2

Ll,O o VA R2
Ri1 — (m1,m2) such that
m = sign(a1 — Oé())AI‘Cd(RL(), Ro,o)

ny = sign(Bi — Bo)Arcd(Ro1, Roo)
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After linearization, we define the metric d; o between two points in the manifold as equivalent

to the Fuclidean distance in the linearized space such that

d17o:V*V — ]RJF
(Ri1,Ro2) — di,0(Ri1,R22)

dio(Ri1,R22) = ||[L1,0(Ri,1) — L1,0(R22)||

The following Proposition states that this function defines a metric,

Proposition 7. For all origin O, and for a differentiable manifold V', the function di o

defines a metric in 'V .

See proof, Appendix Section 6.3
We can further derive the expression of di o as a function of the parameters of variation

rather than the linearizing function as,

d%,o(Rl,thz) = A%+ B?, where
A? = (sign(ay — ag)Arcd(Ry 0, Roo) — sign(az — ag)Arcd(Ra o, RO,O))2

B? = (sign(B1 — Bo)Arcd(Ro1, Roo) — sign(B2 — Bo)Arcd(Ro 2, Ro))”

We can simplify A% and B? further

A2 = (sign(ag,al)Arcd(Rl,o,ngg))Q

= Aer2 (RLo, joo)
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Similarly, we can show that

B2 = Aer2(R071, Rg}g)

Finally,

d%,O(Rl,lv RQ’Q) = Arcdz(RLo, R270) + AI‘CdQ(RO’l, Rojg)
5.6.2 Second linearization

The second linearization also maps V into R?. However, this linearization keeps the arc-
distances along the curves which cross the linearized point constant (See Figure 4.10 and 4.12
for a graphic illustration of this linearization). The second linearization L9 o is defined as

follows,

Lyo:V — R?

)

Ri1 +—  (m1,m2) such that

m = sign(al — Oéo)Al"Cd(RLl, RO,I)

n2 = sign(B1 — Bo)Arcd(Ry 1, Rio)

With this linearization, we can define a function d2 o which corresponds to the Euclidean

distance in the linearized space.

d27o:V*V — R+

do.o(Ri1,Ra2) = |[|L2,0(R1,1) — Loo(R22)||
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We can rewrite ds o as a function of the parametrization as follows

do,o(R11,R22) = A%+ B2, where
A = (sign(a; — ag)Arcd(Ry,1, Ro1) — sign(ae — a)Arcd(Ra 2, R()’Q))Q

32 = (sign(ﬁl — ﬂo)Aer(Rl’l, RI,O) — sign(ﬁg — /BO)Aer(RQ,Q, RQ’O))Q

Proposition 8. The function ds o satisfies the following conditions
(i) da o is non-negative.

(ii) dao is symmetric.

(111) dao satisfies the triangular inequality.

If the mapping Lo o is one-to-one, then dp o satisfies the condition
d2.o(R11,R22) =04 Ri1 = Ra»
which, in addition to the above conditions, makes do o a distance.

See proof, Appendix Section 6.3
Although d3 o is not always a distance, it always satisfies conditions (i), () and (%ii), and we
can combine it with d; o to define a distance in Subsection 5.6.3. We can show that in the
particular case when the space of variation V is two dimensional and satisfies the equal path
property, the distance dy we defined in Section 5.5 is the same as the two distances dq o and

do 0 that we have defined in this section.

Proposition 9. When V' satisfies the equality of paths property, and dy is the distance we
defined in Section 5.5, we have that di,o0 = d2,0 = dy for all origins O in the manifold.
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5.6.3 Distance in the manifold

For a fixed origin O = Ry, we have defined two distances di,o and da o which correspond
to two different linearizations L1 o and Lo o of the space of variation V' into R2. Each one of
these two distances takes into account one possible path to go from one point to another in

the manifold of variation V. We can combine those two distances using the following lemma

Lemma 1. If di and do are two distances in a space M, then the function d such that

d:MxM — RT

(z,y) — d(z,y) = /vdi(z,y)? + (1 — 7)d2(z, y)?

is a distance in M for all v in [0,1].

See Proof in Appendix Section 6.3

The parameter v is a weight of each distance. From the lemma, we can show that

Proposition 10. The non-negative function dy,0  defined as

dvo~:VxV — RT
(Ri1,R22) — dvon(Ri1,Rap)
such that

dvo~(Ri1, Rep) = \/’Ydio(Rl,h Rao) + (1 —7)d3 o(Ri1, Ray2)

is a metric for all v € [0,1) in a differentiable manifold V

In the decomposition we presented in Chapter 3, the distance in the manifold generated by

the generalist-specialist and horizontal shift was with equal weights (v = %) for each distance

1 1
dv,o(Ri1, Re2) = \/Edio(Rl,l, Ra ) + Edg,()(Rm, Rap)
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We chose equal weight because there was no a-priori reason why one path should be weighted
more than the other path. We repeated the decomposition by changing the distance from full
weight on one distance (7 = 0) to full weight the other distance (y = 1) and the results were

similar.
5.6.4 Mean, variance and decomposition

For a fixed origin O = Rg. Let RO = R@1 Os be an estimate of a Fréchet mean (i.e in the

Fréchet mean set) then we can see how to decompose the variation with the distance dy o

SSMo = Y d¥o(Rig Ro)
=1
2 B, 1 2 B, 1 2 D
dvo(Rii Ro) = §d170(Ri,iaRO)+§d210(Ri,iaR0)
dio(Ris, Ro) = Arcd?(Rip, R, o) + Arcd®(Roji, Ry 5,)

~ ~ ~ 2
B o(Ris, o) = (sign(a; — ao)Arcd(Ryy, Roi) — sign(O1 — ag)Ared(Ro, By 5,)) +

~ ~ 2
+ (sign(ﬁi — ﬁo)Aer(Rm, Ri,O) — SigH(OQ — ﬁo)Aer(Ro, Rél,O))
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The advantage of defining the distance dy,0 by di,0 and ds o is that we can reorganize the

terms of the S/S\]\//[o such that

§:Q\J\//[O = m170+&5’NM270

Such that
— 1<
SSMyo = 3 ZAI‘Cd2(Ri,O; R, o) +
i=1
1o/, s E ?
—i—5 Z (&gn(ai — ag)Arcd(R; i, Ro;) — sign(O1 — ag)Ared(Ro, RO,Oz))
i=1
and
SSMso = SAred®(Ros, By p,) +

1 /. . ~ - 2
+§ <Slgn(6,~ — ﬁo)Aer(Rm, Ri70) — 81gn(02 — ﬂo)Aer(Ro, Rél,o))

—_—

For a given origin O, the term SSM o quantifies the variation along the mode parameterized

by « and the term SSNMQ’O quantifies the variation along the mode parameterized by .
5.6.5 Consistency

Showing consistency in the general case is not trivial. The following theorem establishes
consistency of the Fréchet mean estimates for a complete manifold, this results is shown in

[Bhattacharya and Patrangenaru (2003)]

Theorem 5. Let X be a random variable with measure p on a metric manifold (M, d). For
a finite Fréchet function, and for a complete metric manifold (M,d) in which every bounded

closed set is compact, the estimates of the Fréchet mean set are consistent estimators, i.e

X, (set) — Xp(set)a.s

We use this result to show consistency of %S SMo as an estimate of the Fréchet variance
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Varp o for a fixed origin O in the metric manifold (V,dy,0).

Corrolary 2. For all fized origins O in a metric manifold (V,dv,0)

1N

—SSMop — %Roa.s
n

5.6.6 Choice of an origin

In the decomposition presented in Chapter 3, we chose an origin O = R((cw, fp),t) in a

compact set K in V' to be one which minimizes the Fréchet Variance, i.e

VarF’O = minpek Vargo
where

Varpo = /d%/7o(R7RF7O)dM(R)

where RF,O is an element of the Fréchet mean set. A question of interest is, can this origin be
estimated from the data? Let f,(O) be the estimate of the Fréchet variance from the data,
ie

] —~— 1 & -
f+(0) = ~85Mpo = — ;dZO(Ri,iv R,.0)

where ]N%nyo is the estimate of the Fréchet mean associated to the origin O and the data

Rii,...,Ryn. Let O, be the estimate of 0) origin from the data

fn(on) = mznOern(O)

We have from Corollary 2 that f,,(O) converges almost surely to Varpo for every origin O.
Then, since O is in a compact set, this implies uniform convergence of (f,,) to Vargo. Since

the sequence O, is bounded, it has a converging subsequence. This lemma help us prove
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Proposition 11, which proves convergence of (O,) to O.

Lemma 2. For a set of real functions (Fy,) converging uniformly to a function F. Let 6,, be

a convergent sequence of minimizers of F,, then this sequence converges to a minimizer of F.

Proposition 11. The sequence (O) converges to a minimizer of the variance 0.

5.7 Multiple modes of variation

Case (7) defined in Section 5.1 is an example of three simultaneous modes of variation. This
space is a particular case of a three dimensional manifold, it satisfies an equality of path
property that we state in Subsection 5.7.1. We discuss in Subsection 5.7.2 an extension of
the distance we defined in Section 5.6 to the most general case of d-dimensional manifolds of

variation.

5.7.1 Three modes of variation, particular case

Because in case (7) one of the modes of variation is the vertical shift, the space of variation is
created by a shifting nonlinear 2-dimensional manifold generated by the horizontal shift and
generalist-specialist modes. Let V' be a 3-dimensional manifold of variation parameterized by
(o, B,7) and let R; ;5 = R((ou,Bj,7),t) be a point in the manifold. We denote the spaces

of variation V, as the 2-dimensional subspaces of V' such that

R eV, & J(ay, B;) such that R = R((o, 8i,7), t)

We can define in V,, a distance dy, as defined in Section 5.5 or Section 5.6. We can use dy,
to define a distance dy in V' in particular cases such as (7). The following property states the

property and the construction of dy .
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Proposition 12. If V satisfies the following property,

for all (a1, B1, a2, B2, 71,72)
dv,(Ri1,1, Ro21) = Cay 00,6
Arcd(Ri11, Rin2) = Cyyp

where Cu, 8, 00,8, (T€sp. Cy, y, ) 05 a function of (au, B, a2, B2) (resp. of (v1,72)) and does
not depend on 1 (resp. on (a1, b1, a2, B2)). Then the function dy defined as

dy :V«V — RT
(Ri1,1,R222) — dy(Ri1,1,Ra22) where

dv(Ryi11,Ro22) = \/d%/v(Rl,l,l,Rz,z,l)+A7’Cd2(Rl,1,1,Rl,1,2)

1s a metric in V.

As we saw in Sections 5.6 and 5.5 for the two dimensional case, the distance dy allows for

the decomposition SSM into three terms, each quantifying one mode. Using also the same

theorem as in Section 5.5, we can show consistency of our estimates.

5.7.2 Discussion

For the general case of a 2-dimensional manifold, we found two possible linearizing functions,
each preserving one (out of two) possible 2-steps paths between two points along the curves
of variation. In the general d’-dimensional manifold, the number of linearizing functions is
the number of possible d’-step paths between two points along the curves of variations which
is d'l. For each possible path i, we can define a linearization L; ¢, which allows us to define
a metric d; 0. We chose the metric in the manifold to be dp such that for any two points Ry
and Ry in the manifold

d’
1 !

d2O(R1,R2) = ﬁ E d@%O(Rl)RQ)
=1
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5.8 Data with errors

We have discussed so far how to estimate the variation in a manifold of variation. In practise,
the data does not lie in the manifold but is projected onto the manifold, i.e the data z; € R%
is such that

zi = R; + ¢

where R; is the projection of z; onto the manifold and ¢; is the additive error. In practise,
the projection is the point in the manifold which is closest to the data in R%, i.e minimizes
SSFE such that

||zi — Ri|| = mingey||z; — ||

This projection might not be unique. We saw in Section 3.5 several visual assessments of the
fit that would help detect multiplicity of fits. We can also use local information to choose
between multiple projections, so that for data which is close together in R?, their projections

onto V should be close together.



Chapter 6

Appendix

Here are the proofs of results cited in Chapter 3, 4, and 5. The Proposition is restated before

each proof.

6.1 Optimization

6.1.1 Fitting algorithm

In Chapter 3, we fit the data z;(t;) by the polynomial fit Z;(¢;) such that
éi(tj) = w,P(w,(t] - ml)) + hl

where P is a polynomial of degree k, and (w;, m;, h;) are respectively the width, the location
and the height parameter of the ith individual. We optimize for the coefficients of the poly-
nomial P which are common to all curves and for the three parameters (w;, m;, h;) which are
specific to each curve. Let n be the number of families and d be the dimension of the vector
t, the criterion that we use for optimization is minimizing the weighted SSE (weighted by
the sample size n; in each family) such that

SSE—TL*ZZZ ||Z@ tj) wiP(tj—mi)—hiHQ
k=17

i=1 j=1



