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1 Intro duction

In this proposal, we will presert an analysis of ewlutionary biology data and propose somenew
methodology to addressspeci ¢ questionsin this eld. The analysis' motivation came from evo-
lutionary biology, and its framework was in functional data analysis (FDA) but theseideas are
expectedto have a broaderimpact. In FDA, the statistical ertities are curvesinstead of individual

measuremets. The curvesin this analysis are called cortin uous reaction norm?! in ewolutionary
biology. The new methodology will proposeto quartify linear and more importantly nonlinear vari-
ations of the curvesassuminga common structure. Variation in reaction norm curvesis important
for ecologistsand physiologists becausethey describe the tradeo s inherernt in being ecologically
specialized or generalized. Although statisticians have been interested in nonlinear variations of
curveswith a common structure, the focus was more on realigning the curvesthen on quartifying

those variations, which will be proposedhere.

In Section2 we will discussthe data, someterminology from ewolutionary biology, and the types
of questionsthat the biologists would like to answer with the data. In Section 3, we will illustrate
somenew approadiesto theseproblemswith a simple example: parabolic curves. In Section4 , we
will discussthe data analysisthat hasbeendone. Finally, in Section5 we will proposea framework

in which to layout the problemsto be solved in the dissertation.

1a formal de nition of those curveswill be given in Section 2.1



2 Thermal performance curvesin evolutionary biology

To give an idea of the nature of the data, two examplesfrom ewlutionary biology will be used
in this section. The rst examplewill be analyzedin Section4. The data in the rst exampleis
from an experimert performed on caterpillars?, whereasthe data in the secondexample is from
experiments performed on wasps?. In both examplesa performanceof the organismwas measured
at dierent temperatures. In the rst example, the growth performance, quantied by the short
term growth rate, was measuredfor ead caterpillar at six temperatures ranging from 11°C to
40°C. In the secondexample,the locomotor performanceof the wasp, quanti ed by wasp velocity
or how fast the wasp walked a xed distance, was measuredat seven temperatures ranging from
12°C to 36°C. Sincethe variation of the performanceasa function of temperature is believed to be
continuous, it could be represerted by a curve called thermal performance curve or TPC. Moreover,
sincethe genealogyof ead individual is known, we can divide the population into seeral families,
not all of equal samplesize,where a family is the set of o springs with the sameparents. Figure 1
shawvs TPC curvesof caterpillars for 32 distinct families. Each curve is a linear interpolation of the
mean vector in ead family. Similarly, Figure 2 represerts the TPC curvesof 53 families of wasps.

Using these two examples,we will de ne in Section 2.1 the ewlutionary biology concepts of
phenotypic traits, reaction norm, and thermal performance. In Section 2.2, we will setthe goalsof

the analysisand illustrate old methods and the needfor new methods to read thesegoals.
2.1 Some terminology and concepts in evolutionary biology

2.1.1 Phenot ypic trait

The growth rate of the caterpillar in the rst example and the velocity of the wasp in the second
exampleare two phenotypic traits. In general, A phenotypictrait of an organismis any observable

physial characteristic of that organism. Other phenotypic traits of caterpillars include initial body

2pata kindly provided by J.G. Kingsolver
3For more details about the wasp data, refer to [Gilchrist (1996)]
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mass, massgained, body dimensions,color and pupal mass. Examples of phenotypical traits for a
plant are height, color and photosynthetic rate.

The growth rate of the caterpillar will depend on its geneticinformation and also on the tem-
perature. In general, we can considerthe value z that a phenotypic trait takesas a realization of
a random variable Z. The value of Z will depend on the two random e ects g and e. Where g
and e are the geneticand the environmental e ects respectively. In general,ewlutionary biologists
supposethat the genetic and the environmental e ects are independert. z is a scalar if we are
interestedin onetrait, z could be a vector if we are interestedin seweral traits at atime, and nally

z could be a continuous function, asin Section2.1.2.

Remark 2.1. Distinguishing genotype from phenotyge: We can think of the genotyge as the in-
heritable information carried in the genesof an organism, and the phenotye as the visible or
external physial manifestation of the organism. The phenotype is a compounding of genetic and

environmental e ects.

2.1.2 Reaction norm, z= Zy(e)

The thermal performancecurvesthat we described in the two previous examplesare a particular
caseof the more general notion of reaction norm. A reaction norm descrikes the phenotye that
a genotype produces across a range of environments. So, for a xed genotype g, the changeof a
trait asa function of someaspect of the environment e is called a reaction norm. When the change
Zgy(e) is corntinuous, the reaction norm is called cortinuous reaction norm. For example, growth
rate asa function of temperature, velocity as a function of temperature, body weight as a function
of diet quality, plant height asa function of soil nutrients, and photosynthetic rate asa function of

light intensity, are contin uous reaction norms.



2.1.3 Thermal performance curve (TPC), z= Zy(T)

As we saw in the previous two examples, a thermal performance curve is a continuous reaction
norm where the trait measures a performance of the organism, and the aspect of the environment

of interestis the temperature.

2.2 Template curve and genetic variations

In Figures 1 and 2 we seethat TPC curvestend to increaseslowly, to have one maximum and
to decreaserapidly. This feature is generally true for all TPC curves. Evolutionary biologists are
not only interestedin tting the common shape of a TPC but also on interpreting biologically the
variation in TPC within a family or betweenfamilies. The modes of variations of the curvesgive
an idea of the genetic constraints to evolution.

Similar data to the two exampleshave beenstudied in the longitudinal data framework, see
[Diggle, Liang and Zeger(1994)]. A classicalmethod to explore the modesof variation is Principal
Componert Analysis (PCA)“. In the discrete case, PCA decomposesthe variance matrix in an
orthonormal spaceof eigernvectors. To usethe cortin uity and smoothnessof the data, an extensionof
PCA for cortinuous curvescan be usedwherethe variance covariance function is decomposedin an
orthonormal spaceof eigenfunctions. Details, discussionand somevariations of theseextensionscan
be found in Chapter 6 to Chapter 8 of [Ramsay and Silverman (1997)]. Considering quartitativ e
data asin nite dimensionaltraits or cortinuous curvesand nding eigenfunctionsand eigervalues
was rst suggestedby [Kirkpatric k and Hedkman (1989)], and this method has been widely used
sincethen in quartitativ e genetics. Examplesof applications of this analysisin quantitativ e genetics
to mice growth rate is in [Kirkpatric k, Lofsvold and Bulmer (1990)).

A weaknessof PCA in the discrete or the cortin uous caseis that it doesnot e ectiv ely charac-

“PCA is an exploratory method used to identify linear directions of variations of the data. It has a simple linear
algebra derivation, the principal components directions are eigervectors of the variance-covariance matrix and the

standardized eigervalues give the percertage of the variation explained by ead direction, see[Anderson (1971)].



terize nonlinear variations. Each principal componert is data driven and it doesn't always have a
biological interpretation. In the approac that we will take, the directions of variation are of prin-
cipal interest to ewolutionary biologists. We will make two main assumptions,the rst assumption
is that the set of TPCs share a common shape that we will model as a template curve, and the
secondassumptionis that any TPC in this setis a linear or nonlinear deformation of the template
shape. The remaining structure in the data is modelled as noise.

Three modesof variation that are of keeninterest to evolutionary biologists are: Faster-Slover
variation or vertical shift of curves, Hotter-Colder variation or horizontal shift of curves, and
Generalist-Specialist variation or changeof width of curves. Thesevariations are all de ned relative
to a template shape and will be illustrated with a toy examplein Chapter 3.

To seethe limitations of PCA with these assumption, we chose one curve among the family
of curvesin the caterpillar data to be the template shape, and we used it to illustrate a linear
variation: the vertical shift in Figure 3 and a nonlinear variation: the horizontal shift in Figure
4.  An application of PCA to those two variations shaws that the rst principal componen
direction completely captures the vertical shift but fails to capture most of the horizontal shift.
Sincethe vertical shift variation is linear, the mean curve is a good estimate of the common shape
or template shape as shown on the right quadrant of Figure 5, and the variation is easily identi ed
by the rst principal componert direction PC1 asshown in Figure 6. However, sincethe horizontal
shift variation is nonlinear, the mean curve is a poor estimate of the common shape as showvn on
the right quadrant of Figure 7 and the variation is not identied by PCA asshaown in Figure 8.

Models similar to those of this section have been previously considered. The focus of these
analysis was more on estimating the template curve and the deformation, or realigning the set of
curvesto get a better estimate for the common curve. The shape invariant model was suggested
in [Lawton, Sylvestre, and Maggo (1972)]. A semiparametric model to realign the curveswas pro-
posedin [Hardle and Marron (1990)]. A structural averagewasproposedin [Kneip and Gasser(1992)]
and [Kneip, Li, MacGibbon, and Ramsay (2000)] by aligning chosenlandmarks of the curvesand
estimating the alignment function. In [Wang and Gasser(1997)], and [Wang and Gasser(1999)]
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time warping techniqueswere usedto align the curves,which doesn't require a choice of landmarks.
In the parametric PCA presened in [Silverman (1995)], the realignmernt and PCA decomposition
are done both at the sametime. In the analysisthat we will introducein Section 3 and apply to
the data in Section4, we will assumethe existenceof a common shape in the set of curvesand that
every curve is a linear or nonlinear deformation of this common shape. The focus of the analysisis
on quartifying predetermined directions, rather than estimating the common shape or estimating
an alignment function. To quantify nonlinear directions of variation we will need new tools that

we will justify using a point cloud represertation in Section 3.

Summary

PCA nds only linear variations, the directions of variation are all data driven, and do not have a
biological interpretation. Methods in functional data analysis focus more on realigning the curves
to nd abetter estimate of the common structure or to apply PCA. In the method | will propose,
the modes of variations are chosento be of interest to ewlutionary biologists. The main focus of

this analysis will be to quartify the linear and nonlinear biological modes of variation, one at a

time, under the common shape assumption.
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3 Toy example: parab olas

3.1 Mo des of variation

We will illustrate in this chapter the three modes of variation of certral interest to evolutionary
biologists (i.e. Faster-Slover, Hotter-Colder, and Generalist-Specialist) with a simple examplein
three dimensions. The advantage of working in three dimensionsis that we can intuitiv ely visualize
the data in the curve spaceand in its corresponding represenation in the point cloud space. We
will usea simpli ed template shape, a parabola, and record the data at only three temperatures

(t1;t2;t3). Let P bethe family of downward opening parabolas,
P=ff;f(t)= exp(a(t m)?+ h;8t2 T;(a;m;h) 2 R3y:

Let famn) be a member in the family of parabolas P. The three modes of variation of curvesare
equivalent to three constraints to ewlution that we will de ne by considering one variation at a
time. In the point cloud represenation, illustrated in Figure 9 ead curve f; will be represerted by

a point having coordinates (fi(t1); fi(t2); fi(ts)).

3.1.1 Faster-Slo wer

The Faster-Slover biological variation is a simple vertical shift of curves. Someindividuals in the
population have higher growth rates at all temperatures (Faster), or have lower growth rates at all
temperatures (Slower), relative to the mean TPC of the population. So under the Faster-Slover
constraint, there exists a function f .m:ny in P sud that the individual i will have a growth rate
curve
fi = flamn) + hi:

The value of h; will depend on the individual i, 1 i n. As shown in Figure 10 when this
vertically shifted family of parabolasis represerted as a point cloud, they all lie in a line. Thus,
this variation is linear and one dimensional. This property holds for all template shapes and all

dimensionsd aswill be formalized in Proposition 1 of the Appendix.

14
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3.1.2 Hotter-Colder

The Hotter-Colder biological mode of variation is a simple horizontal shift of curves. Certain
individuals havetheir peakin growth rate at hotter temperatures(Hotter) whereasother individuals
have their peak growth rate at colder temperatures (Colder). Sounder this constraint, there exists

a function f 3m:n) in P such that individual i will have a growth rate curve
fi(t)z f(a;m;h)(t m,),8t2T

The value of m; will depend on the individual i, 1 i n. The main fact in this case,which
motivated our analysis,is that the data points fall in a one dimensional manifold , more precisely
in a parabolic curve aswe seein Figure 11. This parabolic curveis in a 2 dimensional vector space
(plane). A proof of this result for the parabola template shape as well as a speci cation of the
plane and the equation of the parabola curve is in Propositions 3 and 4 of the Appendix. For

any other template curve and a higher dimension d, the points will still fall in a one dimensional

17



manifold or curve. We call a curve in dimension d a structure that would be characterized by

3.1.3 Generalist-Sp ecialist

The Generalist-Specialist biological mode of variation is a Fatter-Thinner change of width of the
curves. Someindividuals have a lesspronounced, low peak over a wide range of temperatures
(Generalists), whereasother individuals have a high peak over a narro w range of tempera-
tures(Specialists). There are multiple ways of characterizing the Fatter-Thinner changeof width of
curves. A one dimensional mathematical formulation that is sensibleto ewolutionary biologist of
this direction will be proposedin Section 5.

However, for the simple parabolic case, we know that the Generalist-Specialist variation is
included in a two dimensional spacede ned by the 2 dimensional mode of variation that we will

call 2d-changein width.

3.1.4 2d-change in width

We de ne the 2d-changein width mode of variation as follows. There is a function f ..y in F

sudh asthe individual i will have a growth rate curve
fi = exp(af) famn)t hi;

for acertain f ;mny, andall i, 1 i n. Figure 12 shavs that when the 2d-changein width mode
is represened as a point cloud, the data points fall in a 2 dimensional space(plane). For other
template curvesin dimensiond, the data with a 2d-changein width variation will always fall in a

2 dimensional linear spaceas proven in Proposition 1 of the Appendix.

3.2 Quantifying the directions

For linear variations, the total sum of squarescan be decomposedorthogonally in projection sums

of squaresand errors sum of squaresusing the euclidean metric. Moreover, the variance of the

18
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projections on the linear space quantify the amount of variation in the data in that direction.
For nonlinear variation, as we seein Figure 13 the errors and projections on the one dimensional
manifold are not, in general, orthogonal.

To quantify a nonlinear mode of variation, we needto reconsiderour measureof certer and
spreadin the data by using the geodesic metric or metric along the manifold ®. The certer and
the spreadin a direction should be de ned relative to the onedimensional manifold of this direction
in the point cloud space. To illustrate this last point we will usethe parabola template shape and
the Hotter-Colder direction of variation, in this casethe one-dimensionalmanifold is a parabola.

We de ne the geodesicmean of a direction to bethe certer of the data alongthe onedimensional
manifold. For the parabola exampleand the Hotter-Colder direction of variation, we comparedthe
pointwise average and the geodesic mean in Figure 14. As we seethe geodesic mean is a better
represettation of the certer of the data in a speci ed direction.

We de ne the geodesic spread of a direction by the spreadalong the one dimensional manifold
of that direction. This measureof spreadis di erent from the variance. The variance dependson
the euclideandistance betweenthe points in the data cloud. For the Hotter-Colder direction, aswe
seein the top of Figure 15, if we represen the parabolas corresponding to the data points along a
line linking a point to the geodesic mean, the parabolas of intermediate points are not a horizontal
shift of ead other. Whereas,if we represen the parabolas corresponding to the data points along
the one-dimensionalmanifold linking a point to the geodesic mean, aswe can seein the bottom of
Figure 15, then the parabolas of intermediate points are a horizontal shift of ead other. Intuitiv ely,
the spread along the one-dimensionalmanifold is equivalent to the spread of the maxima (i.e the
parameter of variation for the Hotter-Colder direction) of the parabolasin the curve space. We will
de ne the gendesic sum of squaesin Section 5.3 by using the geaesic distance and the geodesic

mean. The geodesic sum of squakes will be a more meaningful quarnti cation of the variation in

5Geodesic distance in di eren tial geometry de nes the distance betweentwo points in a manifold, if the manifold
is one dimensional then it is simply the distance along the curve. For a very comprehensiwe de nition of a manifold

and the geadesic distance, seeChapter 2 of [Small (1996)]
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Figure 13: Projection on the horizontal shift curve.

that speci ¢ direction, than the usual sum of squaresof the model (SSM).

3.3  Summary

The faster-slover and the 2d-changein width modesarelinear . The hotter-colder mode is nonlinear
and the generalist-specialist mode is nonlinear in the general case. Becausethey are linear, the
rst two modes could be completely captured and quanti ed by a PCA-lik e analysis. The data is
projected in a vector space. Although the nonlinear variations are not projected in a linear space,
they can be projected in a manifold. The two last modesfall within a pattern and this information
should be usedto capture and quartify them. The geaesic distance could be usedto de ne the
geodesic mean and geodesic spread, respectively the certer and the spread of the data along the

manifold.
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Figure 14: Top left: The data (.) and the pointwise mean (X). Top right: Curve represenation
of the data (solid line) and the pointwise mean (dashel line). Bottom left: The data (.) and the
proposedmean (X). Bottom right: The curve represenation of the projections (solid line) and the

geadesicmean (dashel line) of the data with respect to the horizontal shift.
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Figure 15: Top left: The projections (.) and points (X) in the euclideandistance line. Top right:
Curve represenation of points in the line. As we march along the line, the width, height and
location of the maximum vary. Bottom left: The projections (.) and points(X) along the curve.
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4 Analyzing the data

In this section, we will presert a preliminary analysis of the caterpillar data that was introduced
in Chapter 2. We will rst look at a PCA of the data in Section4.1, which will motivate the new
analysisin Section 4.2. The main goal of the new analysisis to project the data in directions of
biological interest and quartify the variation in ead direction. The algorithm, projections and
results will be preserted in detail for onedirection: the horizontal shift in Sections4.2.2and 4.2.3.
Similar analysis was performed for two other directions, the vertical shift and the 2d-changein

width ©, and the quanti cation of thesedirections is discussedin Section4.2.3.

4.1 PCA analysis

Figure 16 shows the result of a PCA on the data, we can seein the rst row the data, the pointwise
average of the data, and the mean residual. The following rows show projections in the eigen
directions ordered in descendingpercert of the meanresidual sum of squaresexplained. So, in the
rst column we nd the six principal componerts directions, i.e eigervectors, and the percert of
total variation explained by ead direction. In the secondcolumnwe nd the projection of the data
onto ead direction, and nally in the third column we nd the cumulativ e residuals.

The rst principal componert direction PC1 explains most of the variation (about 65%) in the
data. The shape of PCL1 indicates that most of the variation in the data occurs at the two last
temperature measuremets. This mode of variation tendsto obscureinteresting biological variation.
In particular, doesthe PCL1 direction correspond to a horizontal changein optimal growth rate or a
Hotter-Colder trade o or doesit correspond to a Generalist-Specialist tradeo ? PCA seekslinear
directions of maximal variation which turns out to be dierent from the directions of biological

interest.

5The 2d-changein width wasusedasa rst approximation to the Generalist-Specialist mode of variation.
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4.2 Template modes of variation analysis

In the following analysis, we make the assumptionsthat all TPCs have a commontemplate shape,
and that ead individual curve is a deformation of the template curve by one or sewral prede-
termined biological modes of variations. The three biological variations that we consider are the
horizontal shift, the vertical shift and the 2d-changein width. The rst stepin this analysisis to
selectan appropriate template curve. After the selection, the algorithm nds the best t of the
data onto the template curve with the given mode of variation, say horizontal shift. The nal step
is to visualize the results of the analysis by looking at the projections on this direction of variation

and the residuals, and to quartify the variation in that direction.

4.2.1 Template curve

The chosentemplate curve is a polynomial of degreefour that has a uniqgue maximum over all the
range of temperatures. Let fy,.. be a polynomial of degreefour with only one maximum at zero .

We can write fyc as

1X2 N 2_bX N B + exp(c)

fre(X) = X2 (Z 3 5 ) for (b;c) 2 R?:

Figure 17 shows a polynomial with those characteristics. Let the coe cien ts (a;w;m; h) in R* be

responsible of scaling and shifting horizontally or vertically fy,.c. Then, any polynomial in P
P=1fff()= exp(a@ fpc(exp(w)(t m))+ hg

will, like fy,.c, be of degreefour and have only one maximum. To simplify the optimization, the
valuesof b and exp(c) were chosenvisually to be 1 and 14to t the data the best. In the following

analysis,we will t atemplate shape to the data and will allow only one variation at a time. So,

for the horizontal shift variation, the location parameter m varies from one family to the

other, and the scaling parametersw; a; h are the samefor all families.

"Then f ) = X (x+ b)*+ exp(c) for somescalarsb and c.
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Figure 17: Template shape, polynomial of degree four with the following parameters

(b;c;exp(w); exp(a); m; h) = (14; 1;0:74; 0:0004 35; 1.6).

for the vertical shift variation, h variesfrom onefamily to the other and w;a; and m are the

samefor all families.

for the 2d-changein width, a and h vary from onefamily to the other and w and m are xed.
Given the template shape and for ead parameter of variation, the algorithm has the samesteps.
Sowithout lossof generality let's considerthe horizontal shift variation algorithm.

4.2.2 Algorithm

In the caseof the horizontal shift, if we have n curves( i.e in our example we have 32 curves)then
the number of parametersto optimize is n + 3 becausewe needto nd the n location parameters
in the vector m = (m;);=1.n, Whereead m; is the location of the maximum for ead curve, and the
common scaling parametersa, h and w. Let SS;.h.w:m be the sum of squaresto minimize. To nd

the optimal value of the parametersby starting with initial valuesof the common parametersonly,
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a simple algorithm was rst usedto optimize the locations parametersand the scaling parameters
consecutively. The results of the simple algorithm wereusedto get starting valuesfor all parameters

to usea faster global algorithm that optimizes all the parametersat once.

Simple algorithm

1. Initialization (step 0): Choosevisually initial valuesag, hg and wg for common scaling pa-

rameters.
2. lterativ e step: for step k:
Replace a, h and w by the values ax_1, hx_1 and wx_1 in SSghw:m, let SSm =
SSayhiwim -
Find the vector m, that minimizes SSy. .
Replacem by the valuesin the vector my, and let SSy.a:n.w = SSahw:m -

Find (a1 ; hk+1; W1 ) that minimize SSy.ahuw -

3. Final step: Reshift the data horizontally accordingto the t m;j's.

This algorithm corvergedfor this data and the projections are shown in Figure 19.

Global algorithm

To acceleratethe algorithm and optimize all the parametersat the sametime, we useda constrained
optimization in matlab with randomized initial valuesfor m;'s. From the previous results of the
two step algorithm, we had an idea of the valuesand range of the location of the maximums. Sowe
usedrandom normally distributed m;'s, with mean = 35 and standard deviation = 2 8. Since
the sum of squaresis minimized with respectto all the parametersat once,the algorithm hasonly

one step:

8The algorithm will converge for a standard deviation in the interval [2 7]
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Raw Data

Trait

L L L
15 20 25 30 35 40
Temp

Figure 18: Raw Data, ead curve represetts the mean per family.

1. Initialization(step 0): Choose appropriate initial xed values ag, hg and wg for common

scaling parameters. And a vector of locations of maximums m;'s, wherem; N (; ?2).
2. Find all the parameters: a; h; w; and m;'s that minimize SSah.w:m.

3. Final step: Reshift the data horizontally.

4.2.3 Results and discussion

For the horizontal shift, the algorithm converged to the projections showvn in Figure 19. The
common valuesfor a, w, and h as well as somesummary of the valuesof m;'s is in the rst row
of the table 4.2.3.We seefrom the projections that there is a visually signi cant horizontal shift of
the curveswhich illustrates the hotter-colder mode of variation in the data. The spreadof the data
along the one-dimensionalmanifold of this direction is equivalert to the spread of the parameter
of variation m among those projections. A useful residual plot, shown in Figure 20, displays L »

distancesbetweenead curve and its projection. The six best ts, i.e. those above the upper line
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in Figure 20, are shavn in Figure 21 and the six worst ts, i.e. those below the lower line in Figure
20, are shown in Figure 22. Becausewe are comparing ead curve to the sametemplate shape, we
can horizontally shift the data as showvn in Figure 23 to seewhat remains of the variation after
subtracting the horizontal shift e ect. Finally, Figure 24 givesa visual impressionof goodnessof t
of the template shape to the horizontally shifted data. In this gure, the data points are the data
from Figure 23 that we compareto the optimized commontemplate shape. This gure re ects our
idea of comparing the data to the geodesic mean of the projections instead of the pointwise average
curve as explained in Section 3.2.

We notice from the best ts in Figure 21 that the template curve describesthe common shape
well. We seetwo typesof mists in Figure 22. The rst type of mist is due to the constraint in
the direction of variation, in particular maximal height of the curvesare all the same. We can see
in Figure 22 that the template shape doesnot t well at the maxima for families 7, 19, 32 and 6.
We can seethis mist alsoin Figure 24, in the cluster of points high above the maximum of the
template shape. The secondtype of mist is dueto the unique maximum constraint of the template
shape. The curvesfor families 19, 18 and 17 in Figure 22 seemto suggestthat there might be a
valley in the curves. In Figure 24, we can notice that the point cloud is above the template shape
in the shifted temperature range [-15,-10]and below the template shape in the shifted temperature
range [-10,5] which suggestsalso the existenceof a valley. To seeif this valley in the family curve
data exists in the individual curve data or is due to horizontal shift variation within ead family,
we repeated the same previous analysis with individual curvesinstead of mean curves per family.
The results shown in Figure 25 suggestthat the valley that appearsin the family plots is due to
within family variation.

We can seein Figures 26 and 27, the projection of the data onto the vertical as well as the
2d-changein width modesof variations. The table presers the results of the algorithm applied to

ead direction °, we can seethat the values of the common parameters are consisteri acrossthe

®We allowed for negative value of the coe cien t " exp(a;)" in the 2d changein width mode
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Horizontal Shift projections

0.5 - -

Figure 19: Projections on the horizontal shift direction. This variation explains about 25% of the

variation in the data.

three variations. We seealso that the variance of the variable gives an idea of the variability in
ead direction.

It wassurprising to evolutionary biologiststhat the vertical shift mode did not explain very much
of the variations comparedto the horizontal shift and the 2d changein width. This decomposition
of the variation leadsto think that selectingfor caterpillars with high growth rate in a certain range

of temperatures would not result on selectingfor high growth rate at all temperatures.
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Horizontal Shift Residuals
2.2 T T

1.8 © —

1.6 -

141 . b

Residual
-
5
T
Il

08~ ® . -

0.6 ,

0.4 © —

02 I I I I I I
0 5 10 15 20 25 30 35

Family

Figure 20: Residuals. The horizontal axis is the family index.i.e from 1 to 29. Notice that all
residualsare positive becausethey represen the L, distance betweenead curve and its projection.
The two horizontal lines separatethe 6 best (seein Figure 21) and 6 worst residuals (seein Figure
22).
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curve 8, resid =0.27946 curve 12, resid =0.33849 curve 22, resid =0.41609

05 05 05
15 20 25 30 3 40 15 20 25 30 35 40 15 20 25 30 35 40
curve 2, resid =0.49171 curve 14, resid =0.53672 curve 11, resid =0.54522
25 25 25
2 2 2

15 20 25 30 35 40 15 20 25 30 35 40 15 20 25 30 35 40

Figure 21: The six best ts. The raw curve is in red and the projected curve is in blue.
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curve 7 curve 19 curve 18

A

15 20 25 30 35 40 15 20 25 30 35 40 15 20 25 30 35 40

curve 32 curve 6 curve 17

15 20 25 30 35 40 15 20 25 30 35 40 15 20 25 30 35 40

Figure 22: The six worst ts. The raw curve is in red and the projected curve is in blue.
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Horizontally Recentered data
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05

25 20 15 10 5 0 5
Temp

Figure 23: Horizontally shifted data. Thesecurve have all their maximum at 0. Oncethe maximum

of the curve is found by the algorithm, the shift is subtracted.

Horizontally Recentered Data
T

251 B

Trait

L L L L L L L
-25 -20 -15 -10 -5 0 5
Temp

Figure 24: Compare the template curve to the horizontally shifted data.
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Horizontally Recentered Data
8 T T T T

Trait

I I I I
15 10

Temp

Figure 25: Compare the template curve to the horizontally shifted data for individual curves. We
can seehere, that there seemto be one maximum.

Vertical Shift projections
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I
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I ]
25 30

35 40

Figure 26: Projection of the data on the vertical shift mode.
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Change in width projections

L L L L L )
1s 20 25 30 35 a0

Figure 27: Projection of the data on the 2d changein width mode.

Mode of variation

Common parameters variable (Range, mean, sd)

Horizontal Shift

(exp(a);w;h) = (3:49 1074,0.74,1.6055)| m;([31:85; 38:59];, 34:9; 1:88)

Vertical Shift

(exp(a);w;m) = (3:64 107%;0:74;34:5) | h;j([1:38;1:96]; 1:62; 0:12)

2d changein width | m = 33:9 exp(a)([ 0:36; 7:55], 3:27; 1:.94)

104 and,
h;i ([0:88; 2:51]; 1:54; 0:45)
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5 Prop osed work

Supposethat we have a set of curveswith a common shape or template curve. Let f (t) be this
template shape. We saw in Sections3 and 4 that we can write two modes of the variations of

biological interest, Faster-Slaver and Hotter-Colder, as follows:

Faster-Slaver: family i has a growth rate function f (t) + h; + i, where the vertical shift h;

dependson family i, and ; is the noiseon the model.

Hotter-Colder: family i hasa growth rate function f (t m;) + ;, wherethe horizontal shift

m; dependson family i, and ; is the noisein the model.

In both cases,we have two sourcesof variations: the curve variation driven by the shift and the
variation due to the error term. The Faster-Slover mode is linear and the data points with this
variation fall in a one dimensionallinear space. The Hotter-Colder mode is nonlinear and the data
points with this variation fall in a one dimensional manifold or curve. We saw in Section 3.1.3that
the Generalist-Specialist variation could be expressedin seweral ways, we sav also in Section 3.2
how we could quartify ead mode of variation.

We will proposea one dimensional formulation of the Generalist-Specialist direction in Section
5.1. We will explore a generalmodel that takesinto accourt all those modes of variation as well
as the error in the model in Section 5.2. In Section 5.3 we will discusshow to quartify and test
the signi cance of the variation in ead direction using the proposedmeasuresof certer and spread
along a manifold i.e. gendesic mean and geodesic spread respectively. Finally, we will explore
interpretation of the results given the nonorthogonality of the direction in Section5.4 and propose

a robustnessstudy in Section 5.5.

5.1 Other nonlinear one-dimensional variations

As discussedin Section 3.1.3, the Generalist-Specialist variation tries to capture the change in

width of curves, or the negative assaiation betweenthe height at the peak and the spread of the
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curve. This visual characterization could be modelled mathematically by the following generalform
of one dimensional variation

(wi) f(wit) (5.1.1)

for a certain template curve f (t), a positive width parameter w; for family i, and for an increasing
function . For a given function , the data points with a Generalist-Sgecialist variation will fall
in a one dimensional manifold in a d dimensional space. An interesting family of one dimensional
manifold is generatedby the choice

(W) =w : (5.1.2)

The parameter in 5.1.2is commonto all families. The valueof will be optimized to minimize
the sum of squared errors of the model and initial values of this parameter will be determined
visually to t the data.

The Generalist-Specialist mode as formulated in equations 5.1.1 and 5.1.2 is not linear. The
parameter of variation of this mode is the width parameter w. The quanti cation of this mode of
variation will be equivalent to quantifying the amount of variation in a one dimensional manifold
or the variance of the parameter w as explained in Section 3.2.

Similar toolsto the onedeweloped for the Hotter-Colder and Generalist-Specialist could be used
to quartify any nonlinear one dimensional variation.

Once nonlinear one dimensional variations are fully explored, it would be of interest to explore
higher dimensional variations in higher dimensional manifolds represerted by a multi-parameter
functional region. An example of higher dimensional linear version, 2d-change in width, was dis-

cussedin Section 3.1.4.

5.2 Mo del

We would like to set up a generalframework that includesall of the biological variations, linear or

nonlinear, and the noisein the measuremets. We can rst considerthe model where family i will
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have a growth rate Yj; at temperature tj of the form
Yij = Ri(t) + i (5.2.1)

where R;(t) is the regressionfunction and ; is the noise.
R;i(t) should cortain information on the template shape f (t), and allow scalingtransformations
of this template shape. More precisely let ; bethe function responsiblefor scalingthe temperature

t, and ; be the function responsible for scalingf (t) then a generalversion of R;(t) is
Ri(t) = i(f(i(1); (5.2.2)

Let be the parameter of variation characterizing eadh mode of variation. We think of the
two functions and as being parametric functions of . The Hotter-Colder, Faster-Slaver and
2d-changein width de ned in Section 3 aswell asthe Generalist-Specialist variation asde ned in
equation 5.1.1, are particular casesof model 5.2.2. The corresppndenceis summarizedin the table

in this section. The variation of the function R;(t) would then quantify the variation in a specic

direction.
Mode of variation value
Hotter-Colder or Horizontal shift | m; i(x) = x
i(x)=x m
Faster-Slaver or Vertical shift h; i(X) = x+ hy
i(x) = x
2d-changein width a;; h i(x) = exp(a)x + h;
i(x) = x
Generalist specialist Wi i(X) = w, x
i(X) = wix

Similar shape invariant models as the one proposedhere were previously considered. As illus-

trated in Figure 28, the focus of previous analysis was more on estimating the template curve and
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Figure 28: Right: Two curveswith a commonshagpe. Left: The two curvesare realigned. The focus

of previous analysiswasto realign the curvesor estimate the deformation.

estimating the deformation, or realigning the set of curves. The focus of our analysis, asillustrated
in Figure 29, is to decomposethe variation and quantify ead mode of variation of biological inter-
est. Becausethe focusin the analysis proposedhere is di erent, we will optimize the parameters
di erently. Each mode of variation is one dimensional characterized by a parameter of variation

that variesfrom curve to curve. All other possibleparametersof variations are consideredcommon
to all curvesand are absorbed in the template shape term f (t). The total number of parameters

to optimize will re ect the number of di erent deformations that we allow in the model.

5.3 Quantifying the variation

In Model 5.2.1, R(t) is a random function whosedistribution depends on the distribution of the
parameter of variation . Let E(R(t)) and V(R(t)) be the mean and the variance of R(t) with

respect to a suitable geometricmeasure. The geometric measureis a measurealong a manifold, see
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Figure 29: Right: Two curveswith a common shape. Left: The variation is decomposedon the
three modesof biological interest. The focus of the proposedanalysisis to decomposethe variation

into Faster-Slaver mode, Generalist-Specialist mode, and Hotter-Colder mode.
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Chapter 4 of [Small (1996)] for a de nition of this probability measureon a manifold. We de ned
in Section 3.2 the geodesic mean and the geodesic spread as the certer and the spread along the
manifold assaiated with the direction of variation of interest. Let's denote the geodesic mean of
the Ri(t)'s by RT(T) And let dg(Ri(t); R (t)) denotethe geadesicdistance betweenR;(t) and R; (t).
Then we proposeto de ne the geodesic sum of squaesequivalertly to the usual sum of squaresbut

using the geodesic mean and geadesicdistance instead of the usual mean and euclideandistance.

De nition 1. The geodesic sum of squaesis de ned by
— n — \ 2
SS= Iy (de(Ri®:;RM))

To quartify a direction of variation, we proposeto usethe following ratio of sum of squares

SS
Rss= ——
SS+ SSE
where SSE is the usual sum of squarederrors of the model. i.e SSE = L, (Y, Rj)2
Under the assumption that N ( o; 2), aproposedwork is to

establish the relationship betweenV (R(T)) and the variance of .

prove the consistencyof %évs asan estimate of V(R(t)). i.e As the samplesizeincreasesthe

1 ey .
~SS convergesto V(R(T)). Another goalisto nd the rate of corvergence.

test the signi cance of the variation in a direction. i.e Hg : = constart, against H; :

varies, using the statistic RSS.

5.4 Adapting to non orthogonalit y

The directions of variation de ned in Section 3.1 that are of interest to ewolutionary biologists are
not orthogonal in the usual sense sowe can not decomposethe total variance asa sum of variances
in eadh direction and a sum of errors. In Section4 the three directions of variation were considered

separately i.e the three projections were all found independertly from ead other using the raw
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data, without taking into accourt possible overlaps betweenthe directions. Proposedwork is to
considerthe variations consecutiwely, in order to explore the overlaps betweenthe directions. For
example, rst nd and subtract the vertical shift variation. Second, nd and subtract the horizontal
shift variation from the residuals of the rst step. Finally, nd the Generalist-Specialist variation

from the residuals of the secondstep. We could then explore the e ect of order of t in

the decomposition of the total sum of squaresinto conditional geodesicsumsof squares where
a conditional geodesic sum of squae is a geadesicsum of squareof a mode of variation found

after subtracting the e ect of one or more modes of variation from the data.

the residuals. For example, are the residualsresulting from tting the horizontal shift after
subtracting the e ect of vertical shift the same as the residuals resulting from tting the

vertical shift after subtracting the horizontal shift?

A dierent approac that we plan to explore with respect to orthogonality is to nd a metric
for which those directions are orthogonal to eat other sothat the contribution of ead mode to

the total variation could be separated,and the order of t would not matter.

5.5 Robustness of the results to the template shape

In the caseof the vertical shift, as proven in Proposition 1 of the Appendix, no matter what
the template shape f (t) is, this variation is completely de ned by the d-vector (1;:::;1). So,
the linear spaceof the vertical shift variation is always the sameindependertly of the template
shape. For a one dimensional nonlinear variations, the variation is explained by a manifold and
the characterization of the manifold will depend, in general, on the template shape f (t). For the
parabolic toy example introduced in Section 3 and the horizontal-shift variation, the equation of
the parabola in the point cloud spacedependson the equation of the parabola template shape, see
the Propositions 3 and 4 in the Appendix for the results.

Robustnesswill be assessedia a sensitivity analysisbasedon the real data, and via a simulation
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study. By trying dierent template shape on simulated data sampledat d points, and comparing

the results of the quarti cation of the modes of variations for the di erent template shapes.
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6 App endix

In section 6.2 we will identify the linear spacesof variations of the two modes Faster-Slaver and
2d-change in width as de ned in sections3.1.1 and 3.1.4. Those results hold for any family of
curveswith a commontemplate shape. In section 6.3, we will identify the Hotter-Colder variation
for the parabola template shape toy example usedin Section 3. We will show that in the point
cloud represetation, the data with this variation lie in a parabola curve in an ane space. The
characterization of the a ne spaceis givenin Proposition 3, and the equation of the parabola curve
is derived in Proposition 4. Finally, the ane spaceand the equation of the parabola are derived

for the special caseof equally spacedtemperature measuremets.

6.1 Notations, and Assumptions

We will usethe following notation

d is the dimension of the problem, it is the number of distinct temperature measuremets.

i.e in the caterpillar exampled = 6.
n is the number of families, i.e in the caterpillar examplen = 29.

t is the individual or the vector of temperature measuremets.

We will supposethat we have a family of curvesf; with a common template shape fo. The vector

6.2 Faster-Slower and 2d-Change in Width

The proposition 1 will state that for any family of curve with a non constart template shapef ¢ and

in the point cloud represertation. Similarly, for any family of curve with a non constart template
shape and a 2d-changein width variation, the data will fall in a plane spannedby two d vectorsin

the point cloud represenation.
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The Var-Cov matrix of this family is at most two dimensional. In particular

For the Faster-Slowervariation a= a |4, and h 6 h 14, then the Var-Cov matrix is one

dimensional and 14 is the eigenvetor.

For the 2d-changein width variation a6 a |4, andh 6 h |4, then the Var-Cov matrix is

two dimensional and the eigenvetor space is spanned by the two vectors 14 and f tg.

Remark 6.1. Note that the proposition implies that the plane of 2d-changein width space of

variation includes the line of Faster-Slower variation.

Pro of
Let denotethe data by the d n matrix X
X =ftg a+1q h
and usethe following notations
1 n
a = -— i
. Za., and
i=1
$(a)

1 n
h = ﬁiZl:hi;and

%(a a Iy)(a a Iy); likewise

S(h) = %(h h 1,)(h h 1,); and
r’(a;h) = %(h h 1,)(a a I,): Moreover
fte = ftg ftglg;notethatfte? In:

Then
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1
X = =X 1
nn

= aftg+h Iy
And let X be the certered data
Xe = X X I}
= fto (@ a In)'+1g (h h Iy
= ftc (@ a In)'+1g (h h I)+fte(@a a Iy)

SA(X)

Xe X!

= nSa)ft. ft,+n (f to?S?(a) + SA(h) + 2f torz(a;h))ld I
Sincethe two vectors f t. and Iy are orthogonal to ead other, the results of proposition 1 follow
from this last decomposition.
6.3 Hotter-Colder mode in the parab olic case

When d = 3, the growth rate ft was measuredat three distinct temperaturest;, to, and t3. Let
fm be a downward open parabola with maximum at m, the location parameter. Let a and h be

the scaling parameters of the parabola. For the Hotter-Colder variation, a and h are common to
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all families and m varies for ead family.

ty
t = to ;
t3
tf
t2 = t2 |;and

2
1:3

fm(tl)
ft, = fm(tz) | = am? (1,11 2m t+t3)+h (1;11)"

fm (t3)

A speci ¢ orthogonal basis(uy; up; u3z) in this three dimensional spaceis de ned by:

2t + to + t3
up = tp 2tp+tz | =Hi t
t1+ty 23
1
u = 1
1
ta t3
us = t3 t; | =Hsz t
t; t

Where
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Hi = 1 2 1
1 1 2
0 1 1
Hz = 1 0 1
1 1 O

The vector u; is independert of the data whereasthe vectors u; and us depend on the tem-
perature measuremets. Howewer, u; and us depend only on the spacingbetweenthe temperature

measuremets, sotheir expressionis simpli ed in the equally spacedcase( seesection 6.3).

Prop osition 2. (ug;u»;us) is an orthogonal basis of R3.

Pro of

Hy Hi = O
Hi u, = 0;and (6.3.1)
Hé us = 0:

Then the three vectors are orthogonal to ead other. So (uy; u»;us) is a basisof the three dimen-

sional space.

Some prop erties of Hy and Hj

I will usethe following properties in the following derivations of Proposition 4 and Proposition 3

and Corollary 1.
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H1 is symmetric, and its H# is a multiple of H .

Hi = Hg

Hf = 3Hyu
Someproperties of H3 are

Hy = Hs;

!/

u Hs u 0 for all u in R3:

H. and H3 are orthogonal to ead other,

Hs Hi 0; and related by the equation

Hi = Hu

From the four precedingequations, we have that

ku;k? = 3kusk?;
kusk? = 3
kU3k2 = t/ Hi t

De nition 2. The hotter-colder basis is de ned by (hcy; hcy; heg) = ( yg . Uz . Us ) It is an

orthonormal basis of R3.

Prop osition 3. The vector fty is in the ane space perpendicular to hcg at (0; 0; K) (e, :hepihes) »

where k = a(hc; t?). We call this ane space the hotter-colder ane space.
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Proof

uy ftm = t' Hs (a (m*L;11) 2mt+t?)+h (1;11)
sinceHs (1;1;1) = 0,

uy ftm = 2at’ Hz t)m a(t’ Hs t?)
butt’ Hz t=0,so

up ftm = a(uy t?):
Finally

he; ftm =  a(hcy t?); which is a constart independert of m.

Prop osition 4. fty lie in a paratola of equationY = A (X M)2+ H in the hotter-colder a ne
space. X (respectively Y) is the projection on hcy (respectively hcy), and the parameters A, M,

and H are
A = ﬁ
4akuik?’
M = a(%kulkt+(hc/1 t2)>;and
H o= "3 a@@ ©)):
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Pro of

Ull f th

So,
X

X2

t' Hy fty

(a (t
a (t

t' H, m(1;1; 1)) + h(1;1; 1))

t' Hi m(1;1;1))?;
becauseH; (1;1;1) = 0;
a t' Hy (m?(1;L1) 2m t+1t?d

2a(t’

2

<:—23aku1k2>m a(uy t?):

Hi t)m
2
kU]_k >m

a(t’ Hi t?)

alt’ Hi t?)

he, fty= (:—iakulk)m aCy; and

2 ? 2 4, 2~2
éakulk m<+ éa kuikCy | m + a“Cy:

Where C; = hc) t2. So,for all A, M, and H

AX M)?+H

On the other hand,

Y=e’2 fth

oo-?'_‘ oo-?H

AX?2 2AM X + AM2+ H

A <ga2ku1k2> m? + <gAku1ka) (aCi+ M)m

+ Aa?C? + 2aAM Cy + AM 2+ H:

Pl—g((l;l;l) (a (t m111))%+ h(111)))
—(a (L1 (M*L;L1) 2m t+t?)+ 3n)

= (Ba)m?+ (6at)m 3a t2+ 3n):
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So,

Y =he, ftp= (apﬁ) m2+(2atp§) m + Cy:

Where C, = P 3(h at?).

(6.3.3)

We are looking for A, M, and H such that hc, ft, = A(X M)?+ H for all m in R. Then, by

identi cation of the two equations6.3.2and 6.3.3

A (3a%ku1k?)
(3Akuika) (aCy+ M)
Aa2C2 + 2aAM Cy+ AM 2 + H

(@ 3)
QapQ
Czi

(6.3.4)

aC;= a (%kulkt + (hc] t2)> :

<§ku1kt + (hc) t2)> (he) t?)

So,
. . 3
(2a kupk)®  4akuik?”
M = 42at 3
§Aku1ka
And nally ,
H = C, Aa’C? ZaAbM C: AM? 0
_ pé(h at?) + %a §(hc’ 2)2 %9a 3
- . 4ku, k2t 2ku k2
% 3 (2 C o0
= 3(h a(t2 t?):

54



Particular case: equally spaced measuremen ts

Let ¢ be the spacingbetweentemperatures. Then, the expressionof (hcy; hcy; hes) is simpli ed.

t1
t = t1+cC
t1+ 2c
5
t? = t2+ 2+ 2tic

t2 + 4c% + 4t;c

p_ 1
hc = _2 0
1 2
1
p_ 1
hc = _3 1
2 3
1
hcy = p—é
3 = 6 2
1
kujk = 3cIO 2:

Corrolary 1. When the temperatures are equally spaced

p_
. a0286
_ 3
A= g
M = 0
_ Py 27 .
H = 3(h a(t? t9)):



Pro of

From the previous two propositions for the generalcase,we have that.

k = a(hgy t?);

W 93
4aku1k2'

H = p§(h a(t2 t?)):

Soby in the equally spacedparticular case,

apé

= —(( 12 1) t})=
6 p_ p_—

_ 9 3 3

4a(3c 2)? " &”a’
"3 az 1))

2’6

3

Also from the previous proposition:

Using that

We nally have,M = 0.

M = a(%kulkt+ (hc} t2)>:

he, t? = 2p§c(c+t1):
And
p_

kukt = (3¢ 2)(ty + O
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