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1 Asymptotics of MLE for ARMA Time Series

First, let us recall the results of Brockwell and Davis (B&D):

Assume X is a causal invertible ARMA (p, q) process with parameters 37 = ( #1 B2 ... Bp+q ) =
(1 ... ¢p 61 ... 6; ). We assume the noise sequence {e } consists of IID random variables
with common mean 0 and variance o2. Note that o2 is not explicitly included as an unknown
parameter though it is often estimated independently once 3 has been determined.

Suppose we have observations X7, ..., X, and calculate the maximum likelihood estimate Bn

The main result as stated by B&D is that \/n(3 — 8) <, N[0,V (3)]. To define V(B), B&D define
two auxiliary processes {U;} and {V;} by the equations ¢(B)U; = €, 0(B)V; = ¢ (where as usual,
$(B)=1—¢1B—...—¢pB”, §(B) = 1+ 6,B + ...+ 0,B9), and let U= ( Uy ... Up_, ),V =
( Vimr ... Viy ) for some fixed ¢. Then

T Ty 171
Ve) = | tivor, vt | )

In particular, for an AR(p) process, U; coincides with X; and (1) allows the simpler represen-
tation

V(B) = o°T,%, (2)

where I'j is the covariance matrix of ( X7 ... X, ).

B&D also state the result in the following alternative form (p. 386). Suppose the spectral
density of X; is of the form f(\) = %g(/\) where

|Gl
g(N) PR (3)
The V(B) = W(B)~! where W has entries {wjr},
_ 1 g7 [ 0logg(A;B) | fOlogg(X;B)
Wik = 47?/—7r{ 98, }{ 95, }d/\. (4)
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Proof that (1) and (4) are equivalent
Case 1: Suppose 1 < j,k < p. So we have

dlog g(X; B) 0 ; » . ~
B {0l + lox(0(e™) — log(0(e™) ~ lox(o(e ™)}
oA o—iiX

o) o)

and similary for 310%97(/\?5), so the right hand side of (4) becomes

OBk
1 7 ijA —ijA ikA —ikA
7/ - Y - —iX - Y - oy (A (5)
Am Jon | 0(e?)  glem) [ | o(e?)  ple™)
However, we also have (from the fact that the spectral density of U; is %|¢(ew‘)|_2) that

1 1 T ei(j—k)A
—E(U; = — ——d\. 6
AP0 = 5 [ G )

However, (5) and (6) are equivalent because of the result (see B&D, three lines before the end of
p. 386)

/ﬂ— ei(j+k))\¢_2(€i>\)dA _ /7T 6—i(j+k))\¢—2(e—i)\)d)\ - 0. (], k> 1) (7)
—Tr —T

To see that (7) is true, there are two possible proofs: (a) write ¢~ 1(e”) = 322 4h.e"" with
S e < oo; then [T_eAUHK) S2 5™ ahahse?THAIN = 0 because each j + k + 1 +s > 0; (b)
substitute either e = z or e™ = z and rewrite (7) as a contour integral around the unit circle
in the complex plane; the integrand becomes zj+k—1d>(z)_2 which is analytic inside the unit circle;
hence the integral is 0. Note also that the same proof works if ¢~2(e™**) is replaced by either

0=2(e7™) or ¢~ (e=™)07 (e™™) (see (10) below).

Case 2: Suppose j,k > p, say j =p+j', k = p+ K so that (3;,8x) correspond to (0;, 0y ).
Then, similarly to (5), w;, becomes

17 eid'A o—id'A k' o—ik'x
L / oy O )
A J_z | 0(e?)  B(e=N) [ | 0(e?r)  O(e~N)

while

LB,V Lo
G2 ViVi) = %/_ﬁ 0(eM)2"
so the result follows by the same argument as Case 1.

Case 3: Suppose j < p, k =p+ k' > p. In this case, w;j, is

1 7 i —ijA ik/\ —ik'2
7/ o 4+ bdn (8)
Ar S | 0(e)  p(e™) | | 0(e)  O(e™)

We need the following small extension of the result at the beginning of Chapter 3 of the notes:

suppose X; has spectral density fx(\) and V; = S ¢, X¢—p, Zy = . dsXi—s, with 32 < o0,
S d? < co. Also let C(z) =Y. ¢.2", D(z) = 3 dsz®, convergent on |z| < 1. Then

Cov(Yy, Zoir) = /” EFAC (M) D (e fc (\)dA ()

—Tr



From this result we deduce
1 1 s ei(j—k/)A
—EU—jVi—y) = — ———d\. 10
o2 (Us-3Ve-k) 27 /_ﬂ B(e)f(e=) (10)
The equality of (8) and (10) follows from the extension of (7) noted earlier.

Before going further, we note the following elementary result: if {z,} are a sequence of real
numbers and z,, — x as n — oo, then

1 n
—Zazt—m:. (11)
M=

Now we turn to our own derivation of the asymptotic result for B

Assume that the optimal linear predictor of X; given X; p, k& = 1,...,n is of the form
> h—1 Tn kX¢—k and that the resulting optimal mean squared error is P, 1. In particular, for n = t—1,
we have the optimal predictor X; = Z’;;_ll -1k X¢—k. Also define the sequence {7} by the expan-

sion 7(2) = Y22 2, m(2) = ‘g((j)) We claim (proof given later) that as n — oo,
Tk — T for each k >0, (12)
Pn,l — o2 (13)

From the prediction error decomposition, the likelihood L,, based on observations X1, ..., X, is
given by

)

_ T iz (K- X0)?
L, = tl;[l[(QWPtl,l) exp{ 5 B, .

Ignoring 27 constants, ¢, = —log L,, and its derivatives are given by
"1 1(X, — X;)?
b, = —log P;_ ——
n ;_2 0og I1—1,1 + 2 Py :|7
or "1 9 0X; Xi—X; 10P_11 (Xi—Xy)?
O L O g, 0% XX 10D (X=X
8ﬁj — _2 aﬁ] 8@ Pt,1’1 2 8@ Ptfl,l
ol SN PX; X - X, 0X,0X; 1
n__ Z 1 log P11 + t At ¢ t 04
0800k — 120008k 0Bi0Bk  Pi—1n OB OBk P11

0X: 0P, 11 Xi— Xy 10°Pqy (Xi—Xp)? 0P_110X: Xi— X
N 85]‘ OBk ' Pt2—1,1 - 5 aﬁjaﬁk ' Pt2—1,1 - aﬂj OBk . Ptz—l,l
_|_6Pt—1,1 OP 11 (X; — Xt)Q]

op; OBk Piia b

1 0%, 1 1 82 0X, X, 1
“E = = ———logP_11+E
n {aﬁjaﬁk} n;[Qaﬁjaﬁk oL {aﬁj 9Br | Prois
_}8213,:—1 11 n OP 1, 0P 1, 1 }
2 0Bj0Br  Pi—11 9B; OBk Pf;2—1,1 .

(14)

Since P;_11 — o2 (independent of 3) as t — oo, and since P;_1 1 is continuously differentiable
with respect to 3, it follows that the partial derivatives of P;_1 1 and log P,_1 1 with respect to



components of 3 tend to 0 as ¢t — oo, so by (11), the first, third and fourth terms in (14) all tend
to 0. For the second term, we have

6)2} 8Xt ket 877”87”5
ES w5 %5 = r—s
{aﬁj aﬁk} lel o5; op, X
_ Z Z on, 87rs )
r=1s=1 aﬂ] aﬁ
Hence we find (again using (11)) that
1 0%, 1 & X O, O
—E - — —s). 15
n {aﬁjaﬂk} o2 ;; a5, 05, X" =) (15)

First, we note that if X; is AR(p), then (15) leads directly to the Brockwell-Davis formula. For
in that case, m; = ¢; = f; for j = 1,...,p (and 7; = 0 for j > p) so (15) is exactly %Wx(j — k).
Hence the normalized Fisher information matrix is U%Fp and its inverse is 02F; 1 asin (1).

For the general case (15), we have

1 X 87T7~ 871'5 . . i > 87TT 87T8 ’L(T‘*S))\
LY g g = 53 o [P g an
1 ™ 0 > ir 0 - —is
_ 02/#6@{21 > /\}aﬂk{;wse A}fX(A)dA
N {<i>(6“)} o {¢<e—ik>}e<ei*>9<e—ﬂ> o
2w )08 | 0(e?) | 9Bk | 0(e=) | p(ei)p(e=H)

We break this up into three cases, similarly to (4).

If 1 < j,k <pthen
2 o ijA —ikA
1g! 2 :1/ A
n | 0808k 21 Jor @) Ple?)

1
= EU U (16)

If j,k>p,say j=p+j, k=p+k, then

2 T A —ik' A
gl % _ SRR
n | 0808 r 0(eN) G )

1
= EE%_j/‘/vt_kl' (17)
For the third case, if j < p, k =p+ k&’ > p, then by (10),
2 T LidA —ik/ A
lpl Ot _1/ . i
n | 08;08% 21 J_n ¢(e)  B(e=N)

1
= —3BU Vi (18)




This completes the proof that the limiting Fisher information matrix is given by (1).
Proof of (12) and (13)

Given the sequence n = {1, 2,3, ..., }, suppose we have a subsequence n’ on which m,,  converges
for every k > 0, say m,  — m. It will suffice to show 7, = m;, for each k.

First, we note that

0o 2
E (Xt -y w,th_k> > ol (19)
k=1

(19) follows because we earlier showed that the optimal predictor of X; given the infinite past has
mean square prediction error o2 (which is achieved when wj = my, for all k).

However, we can also try the solution

= _ {ﬂ'k ifkﬁn,
ok 0 ifk>n.

From earlier results about L? convergence we have that

n 2 0o 2
lim E (Xt -y frn,kXt_,ﬁ> = E (Xt -y kat_k>
k=1 k=1
= 0'2.

Thus by Fatou’s Lemma,

oo 2 n 2
E (Xt = w;th> = E lim <Xt -3 Wn,kth>
k=1 k=1

IN

2

n

lim inf E (Xt - Z wn,kxt_k>
k=1

2

n

< liminfE (Xt - ; frn,kth>

= o2 (20)

However, comparing (19) and (20), it follows that E (X; — Y52, WZXt_k)Q = o2, and hence, from
our earlier optimality result about prediction given the infinite past, that 7; = m;, for all k. This
completes the proof of (12) and (13).

1.1 Proof of Asymptotic Normality

So far, we have shown that the Fisher information matrix based on observations Xi,..., X, is
asymptotically of the from nV(3)~!, where V(3) is given by (1). It remains to be shown that
this actually implies asymptotic normality of ,3 with asymptotic covariance matrix n=*V(3). For
this we use Sweeting’s Theorem, a very general result on asymptotic normality of the maximum
likelihood estimator due to Sweeting (1980).

Following Sweeting, suppose £,(3), B € B, for some B C RF, is the negative log likelihood of a
parameter vector 3 based on observations Xj, ..., X,,, and let Z,,(3) denote the matrix of second-
order derivatives of ¢,(3) — this is the (random) observed information matrix. Sweeting also



assumes there exist non-random square matrices A4, (3) where A,,(3)~! — 0 uniformly in compact
subsets of B, and such that, for any fixed ¢ > 0,

Wn(ﬂ) = An(B,)_IIn(F)[An(/B,)_l]T = W(B)a (21)
where
o (3 satisfies [4,(8)" (8"~ B)| < ¢,

o if I' is any matrix (84,...,8;), 8; € B for i = 1,...,k, then Z,(I") is Z,, with the ith row
evaluated at 3,

o Pr{W(B) >0} =1.

Then, with probability tending to 1 as n — oo, there exists Bn locally minimizing ¢,,(3), such that
WY2AT (B — B) L N[0, I). (22)

In (21), = refers to uniform weak convergence: if P 8 is a sequence of probability measures

indexed by 8 € B, then P, 3 = Pgif JudP, 8~ S/ udPg for all real bounded uniformly continuous

functions u.

In the case of time series, it is possible to set A, = nl/21 i (Ix is the k x k identity matrix, where
here k = p +q), W(B) = V(B)~!, then the result (22) becomes

Vav(B)~V2(B - B) L N[0, I). (23)

The remaining task is therefore to verify (21) in this case. This means, in effect, establishing a law
%4y
of large numbers for 95,00

From (14) we have

1 9%, 1 N[l 92 PX; Xi— Xy 90X, 0X; 1
- = - Z 75 a5 log P11+ :
n 0B;08% n =12 90B;008k 0608k  Pi—11 0B 0Bk Pi—1:1
00X 0Py X - X, 10°Piiy (X -X)? 0P, 0X; X - X,
9B OBk Pthl,l 2 0B;0Pk Pthl,l 9B 9Pk Pt271,1
_i_aptfl,l OP_11 (X; — X;)?
9B; e Pt3—1,1

(24)

Since we have already calculated the mean of (24), to complete the result it will suffice to show
that the variance of (24) tends to 0, uniformly in 3.

We shall only outline how to do this, and since the main contribution to the mean comes from

the third of the 7 terms in (24), we shall concentrate on that here, i.e. on showing that the variance
of

Iy~ 1 0%0%
n = P,_11 0B; 00

t=1

(25)

tends to 0 as n — oo. In principle, the other terms in (24) follow from similar arguments.
So, let’s concentrate on (25). First, we note the following:

Lemma. If Y1, ..., Yy are jointly normally distributed with covariances of the form Cov(Y;,Y;) =
Tijs 1<1,7 <4, then COV(EY},Y]A&) = Oik0j¢ + 000 jk.



Proof. WLOG the means are all 0. If Y has positive definite covariance matrix X, then we can
write ¥ = AAT for some matrix A (for example, A could be the Cholesky decomposition of ¥, in
which case, A is lower triangular, though the triangularity property is not needed for the following
discussion). In this case we can write Y = AZ, where Z = ( Zy Zo Z3 74 )T, Zi,..., Z4 being
independent N[0,1]. Note that E(YY7T) = E(AZZT AT) = AAT =%,

However with this notation (and writing a;; for the (i, j) entry of A), we have

E (Z Z Z Z airajsaktafquZsZtZu>

= 3 Z Qir Qjr Ok Qpr + Z azrajrakrafs + Girajsapraps + airajsaksaér)
7,8 T#S

= D (QirGjrarass + airjsaraes + QirajsQrsaer)
T S

= 04j0ke + Oik0j1 + 0i0 k- (26)

E(Y;Y;Y;,Ye)

In the middle of (26), we used the fact that

3 ifr=s=t=u,
E(Z.ZsZZy) = 1 ifr=s#t=uorr=t#s=uorr=u#s=t,
0 otherwise.

The result of the Lemma then follows from (26) and the fact that E(Y;Y;)E(Y,Yr) = oijore. QED.

We now return to the proof that (25) has variance tending to 0 as n — co. We can approximate
(25) by

] A& O, Ong Oy Oy
n20_4 ZZZ Z Z Z 85] aﬁk 8/63 8I8k COV (Xt—TXt—S7Xt’—r’Xt’—s’)
B n oo 0o N 0o oy Oms Oy Oy P g
T 2222 > 05, 0By 5, O {”X(t rotdrx(t - -t )

+7X(t’—r’—t+s)’yx(t’—s’—t—i—r)}. (27)

We split this up into the same three cases as earlier, according to whether j and k are < p or > p,
but in this case we give the argument only when 1 < j, k < p, since the other two cases are similar.

We use results such as

i —iA
)Y T Gt = =) = [ FEEIETE ) (i
5 J

o o—ikA
2 / p(e) p(e=)
2

g .
= oowt —t+j—k)

ei/\(t,—t)d)\

to reduce (27) to

222[%154 +7U(t'—t—|—j—k)vU(t’—t—j+k)]. (28)
t=1¢=1



It then easily follows that (28) tends to 0 as n — oo. For instance, the first term in (28) is
ﬁ Zf;lnﬂ(n — Dy (r)? < 47r12n S u(r)? = % with K a constant. The second term is
bounded similarly using the inequality vy (' —t +j — k)yg(t' —t —j+ k) < S(w(t' —t+j —
k)2 4+ qu(t' —t — j + k)?). Moreover, the upper bound on the variance is independent of 3, so the
convergence is uniform as 8 varies over compact spaces.

This argument establishes that (25) converges to 0 in probability, uniformly over compact
subsets of 3. We do not calculate explicitly the remaining terms in (24), but similar arguments are
applicable to those terms.
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