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11. Moving Window Methods

Idea: to perform kriging at a sampling lo-
cation s, we should restrict ourselves to a
“window” of sampling stations close to s,
within which it is reasonable to assume a
homogeneous model. Compromise between
stationary models and truly nonstationary
approaches.

Here we follow primarily Haas (1995).
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Specifying the model

Suppose we have a sample {Z(¢;,s;)} from
a spatio-temporal process Z at n time-space

points {(¢;,s;), 1 <7 < n}.

Specify two parameters:
eitme window m
esampling fraction f.

To predict at (tg, Sg):

e Restrict to observations within time win-
dOW (t() — %,to —+ %)

e Within that time window, select spatial
points in order of nearness to sg, until n, =
n f. points have been selected.

e it these n. data points to the regression
model

Z(t,s) = p(t, s, B) + ¥(u(t, s, B))R(t, s)
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where p and 9 are parametric functions of
 and R is a residual process,

e Covariance function for R assumed to be

C{R(tl, 81), R(tg, SQ)}
=Cr(ts —t1)Cs(s2 — 51)

C'r: temporal covariance function
(C's: spatial covariance function each sta-
tionary within window

Haas assumed “spherical” form for C, Cg
(with geometric anisotropy?)

May need separate model for different sea-
sons.

e Then perform kriging at (¢g, s¢), with pre-
diction standard error S.(tg, Sg)-
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Some complications

1. Selection of window size: Haas recom-
mended cross-validation based on accuracy
of prediction variances (rather than mini-
mizing the prediction variances)

2. The covariances estimated by this ap-
proach do not lead to a positive definite
covariance matrix over all the sites. Haas
(1998) proposed a way round this using nu-
merical analysis algorithms to find the near-
est p.d. matrix in some metric, but this is
not as good as finding an explicit stochastic
model for the entire process.
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Recent developments (Haas 2002)

Features:
e Multivariate processes

e Transformations to normality —
represent as trend + residual

e [urther transformations of residuals to
remove skewness and kurtosis

e Possible long memory in time

e Local or global estimation
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Some specifics

1th coordinate process W;, write as W, =
t=*(Y;) with Y; continuous (possible for W;
to be discrete, e.g. counting process)

Y, = u; + R;, n; parametric trend, R; resid-
ual

Transform R; to Z; to remove skewness and
kurtosis

COU{Z’i(xla Y1, tl)? Zj(x27 Y2, t2>} —
Ci;(g,h) where g is the spatial separation
and h is the temporal separation

Separable covariance functions, temporal
covariance includes a parametric
long-memory component

LOMAP process: for prediction at a speci-
fied space-time point, restrict to cylindrical
window as in earlier Haas papers. Window
size selected by cross-validation
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GLOMAP process: represent global covari-
ance function as a finite sum of local co-

variances using kernel weights (cf. Section
14)
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12. The EOF method and extensions
EOF=empirical orthogonal functions

Also called Karhunen-Loeve expansion and
many other things

In finite samples reduces to principal com-
ponents analysis

Good background refs: Cohen and Jones

(1969), North (1984). Follow Cohen and
Jones initially
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Formulation: independent observation vec-
tors (X;(s),yi), 1 < i < n where each X;
ranges over s € D (bounded) and y; is the
variable we want to predict

(e.g. y;=temperature at Washington air-

port, X;=pressure field over the northern
hemisphere)

Model
D

e; ind. of X;(s), s € D.

LSE for B(s) solves

Zin’i(t):/DZXq;(S)Xi(t)B(S)dS.

Assume y; and X;(s) have mean 0.
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n — Ooo:

n” Zinz’(t) — Cy (1),
n=! ZXi(x)Xi(t) — C(s,1),

where C)(t) is the covariance of y; and X, (¢)
and C(s,t) = Cov{X;(s), X;(t)}. Hence
B(s) solves
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Karhunen-Loeve expansion: solve

/D O, ) ()t = A (5).

v = 1,2,..., to find eigenvalues A, eigen-
functions 1. Typically can find complete
orthonormal basis {1, } such that

1 fv=yp
/Dw,u(s)wu(s)ds_{o 1fu7é,u

and for any square integrable function g,

g(S) — Z auwv(S%

0y = /D g\, (3)ds.

In particular,



Also have representation of process itself:

X(s) =) 2,2*y(s),

2, ~ NJ[0,1] (i.i.d.)

The solution to integral equation

is given by

B(S> — Z 51/%/(8)
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In practice, truncate the sum at v = V.
Leads to principal components regression
tfor y;.

Also, in practice, we would only observe the
X;(s) process at a finite set of locations s,
and in this case, the whole analysis is equiv-
alent to finding a principal components de-
composition of the sample covariance ma-
trix of X.
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Summary

1. For general class of C(s,t), find complete
orthonormal basis of eigenfunctions v,, with
eigenvalues A, ; the covariance function and
the process itself can be expressed as ex-
pansions in the v, .

2. Best predictor of y; is of form
| Xi(s)B(s)ds where we can express B(s)

as an expansion in functions ),

3. In practice, use principal components
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Combining stationary models and EOF's

Nychka and Saltzman (1998), Holland et al.
(1999)

O(s1, 59) =
o (s1)0(s2) [p{(l — a)d(s1 — $9)

+ ()46_”81_82'/9} -+ Z Aywu(Sl)wu(SZ)] 9
Z(s) = a(s){(ap)1/2zo(s)
+ Z a,,)\,l/Qw,,(s)} + €(s)

where €(s) ~ N[0,0%(s)(1 — a)p] indepen-
dently at each site s.
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Wavelet expansions

Nychka, Wikle and Royle (1999) used

wavelet expansions in place of eigenfunction
expansions on an M x N grid.

Z(S) — Z CLV%(S),

basis functions ¢, given,
(CL,/) ~/ NMN[O, Ea]. Then

Y, =0y, Ul

Disadvantage: unlike eigenfunctions expan-
sions, cannot assume ., diagonal

Advantage: In practice, can get away with
sparse matrix for >,, and then there are
significant computational advantages to
choosing 1, with convenient properties.
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13. Deformation models

Covariance function and dispersion:

0(81,82) = COV {Z(Sl),Z(Sg)},
D(s1,s2) = Var {Z(s1) — Z(s2)},

If either C(s1,s2) or D(s1,S2) depends on
s1 and sg only through ||s; — s2l|, the pro-
cess 1s homogeneous.

Simple inhomogeneous models

D(s1,52) = 2v(]|Ao(s1 — 52)]]);
J—1

D(s1,82) =2 ) %(ll4;(s1 = s2)I]).

7=0

(geometric anisotropy, zonal anisotropy)
too simple for real applications.
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Guttorp-Sampson idea:

D(s1,52) = 270(f(s1), f(52))

with 9 some homogeneous semivariogram
and f a nonlinear function from G-space to
D-space.

Fitting methods

1. Original Sampson-Guttorp (1992) algo-
rithm: three stage procedure involving mul-
tidimensional scaling to determine embed-
ding of site locations in D-space, followed
by smoothing splines to construct a smooth
map, then estimation of ~p.
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2. Alternative due to Guttorp et al. (1994):
Minimize

> (d”? d”) I+ T(f2))s

» dij

where d;; 1s the empirical dispersion be-

tween sites ¢ and 7, d;; 1s the modeled dis-
persion, f; and fy are the r and y coordi-
nates of the deformation and

- (5

2£;\°  [0%f;\°
2 .
" <3w3y> +(5’y2> }dxdy
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3. Maximum likelihood (Mardia-Goodall
1993, Smith 1996): parameterize f; and f5
in terms of radial basis functions and mini-
mize

N N -1 A
NLLH = 7 log|S| + —— tr (2—12)

where N is number of replications, > is
modeled correlation matrix and > is sample
correlation matrix.

For stationary covariance Cy may take stan-
dard parametric form (e.g. Matérn) or else

C
Colh) = 3" bedo(weh)

with Jy a Bessel function, cf. Shapiro and
Botha (1991).
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Key issues here:

(i). Number of RBF functions to include
(AIC, CV,...)

(ii). Optimization of high-dimensional like-
lihood (multimodal)

4. There are also two recent Bayesian ap-
proaches due to Damian et al. (2001) and
Schmidt and O’Hagan (2000). Both meth-
ods represent the G-space to D-space trans-
formation as a stochastic process rather
than a deterministic function, and use

MCMC sampling ideas to fit the model.
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Fxample (Smith 1996)

Wisconsin Lake

Michigan

Michigan

lllinois

Indiana

Ozone in Chicago. Estimated correlation
matrix from 21 stations including 3 outlying
stations
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In this example we used the transformation
(x,y) — (fP(x,y), fP(z,y)) where

FO(@,y) =iz + pbibay + > 0 ni(x, ),

i=1
fP (@,y) = pbibax + b3y + Z 5§2)77i(5’37 v),
i=1
ni(x,y) = r7 logr,
ri = (@ —2:)? + (y — ys)?

where by > 0, by > 0,> 6; = > dx; =
> 0;y; = 0.

The centers (x;,y;) were the same as the
actual stations, arranged in (some almost
arbitrary) order, and the number of cen-
ters m was chosen by various criteria. The
spatial model for the transtormed data was
assumed to be Matérn.
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Log likelihoods and CV scores:

Number of LLH CV
centers m

0 H98.7 3.34
4 049.3 3.39
5) 672.3 3.47
0 089.2 3.49
7 701.3 3.93
8 745.3 3.33
9 793.7 3.44
10 754.3 3.44
11 765.7 3.60
12 772.1 3.74
13 772.3 4.01
14 777.9 4.33
15 782.2 5.22
16 793.0 7.08
17 802.0 6.44
18 805.6 3.92
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Ccv

CV scores
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D-space
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Semivariogram plot in G-space.
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one of the three outliers

o means neither station an outlier

130



0.8 A

0.6 A

04 -

0.2 A

0.0 0.1 0.2 0.3 0.4

Semivariogram plot in D space
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14. Kernel-based models
Some refs:

Higdon (1998, 2001), Higdon et al. (1999),
Barry et al. (1996), VerHoef and Barry
(1998), VerHoef et al. (2000), Fuentes
(2002), Fuentes and Smith (2001).

Basic idea:

/Ku—s u)du, s €S,

where K () is a kernel and w(-) is white
noise.

Covariance function:
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Examples:

1. Gaussian case: if K(u) o< exp (—%HUHZ)
then C'(u) o exp (—%||ul[?).

2. Suppose C'(u) is a d-dimensional Matérn
covariance with parameters (¢, «, ). Then
K (u) is also of Matérn structure with pa-
rameters (¢'/2, a, ¥ — %)

2 4
Here define Matérn (Fuentes, 2002) by

Co,av(u) =
7Td/2g/5
VI (v + d/2)a?v

(e [ul])" Ky (] [ul])

with Fourier transform

Coan(w) = p(® + ||w]]?) "~/
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3. Suppose d = 2 and K(u) = 2(1 —
Hu||*)I(||u|| < 1) (Epanechnikov kernel). If
|h|| = 2t for 0 <t < 1, define

8  8t?
Co — — = =,
15 3
8t
61257
16+8t2
Co — — — S
° 15 ' 37
8t
C3:—§7
L _8
T

Also let

B:,;(a,b):/ (=11 — 1)1,
0

Then
4

3 k 1
C(h) = — CkBl—tz (57 5 —+ 5) .
k=0
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Nonstationary extension:
/ K( u)du, s € S.

e.g. Higdon et al. (1999) derived an explicit
formula for the covariance function of this
process when

K. (1) o exp (-%uTz(s)—lzJ,) |

They used this in a hierarchical Bayesian
context but there are a number of other
possibiilities for building models from these
foundations.
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Higdon (2001) has considered discrete
forms of the kernel model

(s) = D wyK(s — uy),

with w; iid. N(0,1). When combined
with an overall mean and random measure-
ment error, this leads to the mixed models
structure

y = ul, + Kw + €,
easily handled by REML techniques.
Extensions:

Multi-resolution models

Spatial-temporal processes
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A specific model (Fuentes 2002):

/K s — Wzppy(s)du, (1)

where for each 6, zy(-) is a stationary spatial
process, but the nonstationarity comes from
allowing #(u) to vary with location w.

Two interpretations of (1):

1. For each 0 write

Zg(u) (S / \/ fou) (

in terms of a common white noise w. This
process is of Higdon form with kernel

= eis @ /K(s — u) \/fg(u) (x)du

When 6(u) is a constant 6, z(s) is just the
process zg(s).
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2. Let 2g(,)(-) be independent for each wu.
The covariance function of this process is

Cov{z(s), z(s')}
— /K(s — u)K(S, — U)Cg(u) (8 — S/)du

When 6(u) is constant, this is a stationary
process, but not the stationary process with
covariance (.

In practice, often replace u by a discrete
variable, the integral by a sum over a finite
number of kernel-weighted covariance func-
tions.

138



Application to Models-3 output on SO,

concentrations and corresponding monitor
data from CASTNet.

1. Discrete sum of zg(,)(-) with kernel
weights.

2. Each zy(,) a Matérn process, sill param-
eter varies across locations.

3. Hierarchical model for sill with latitude,
longitude and random spatial components.

4. “Change of support”: allow for discrep-
ancy between grid cell and point data

5. Bayesian estimation and prediction

6. Results used to obtain predictive distri-
butions for 6 sites — compare with monitor
data at those sites.
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Models-3: SO2 Concentrations
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Models-3 output, mean SOy concentrations,
week of July 11 1995
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SO2 concentrations (CASTNet)

CASTNet data, mean SOy concentrations,
week of July 11 1995
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SO2 concentrations (CASTNet)

Mean SO, concentrations at selected sites,
week of July 11 1995
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Sill for SO2
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Modes of posterior distribution of Matérn
sill parameter from Models-3 data

143



Longitude Effect for the Sill parameter
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Air pollutant: SO2
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Predictive distributions of Models-3
concentrations at 6 selected sites
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Evaluation of Models-3 Evaluation of Models-3
interpolated output

o o |
(q\V] N
[Te} [To i
— ™ —
o
()
©
o™ o
o s
(O] ©
) 2 = IN
= N| S
[
IS
Lo + 0 NC
NC
FL
o 1 o J
05 1.0 15 2.0 25 3.0 05 1.0 15 2.0 25 3.0
CASTNet CASTNet

Comparisons of CASTNet predictions with
Models-3 output: (L) crude comparison,
(R) after allowing for change of support.
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15. Markov random fields
as spatial models

Principal reference: Besag (1974)

Consider data { X;} defined on a lattice with
a neighborhood structure: N, is set of neigh-
bors of ¢ (symmetric: j € N; if and only if
1 € N])

@ (b) (©

KO

VAVAVAVAN

(a) Square lattice, first-order neighbor

scheme.
(b) Square lattice, second-order neighbor

scheme.
(c¢) Triangular lattice.
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Could specity models in terms of joint prob-
abilities p(x1, ..., z,), or conditional proba-
bilities of the form p(x;|z;, 7 # 1).

Example 1 (auto-logistic model): X1, ..., X,
are 0—1 random variables and
PriX; = 1|X; = x;, j #1i}
=Pr{X; =1|X; =z;, j € N;}
~exp(ag + e, BijTy)
1+ exp(ay + > ien, BijTi)

Example 2 (auto-normal):

Xil(Xj =25, j# 1) ~

N\ i+ Z Bij (x5 — 1), 0°

JEN;
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The auto-normal model should not be con-
fused with

Xi = i + Z Bij(X; — py) + €,
JEN;

¢; independent N (0, 0?),
known as the simultaneous equation model.

Question: How do we know these defini-
tions are consistent, i.e. that there is a fam-
ily of joint probabilities which generate the
above conditional probabilities?

For auto-logistic, try

P(T1, s Tn) X €XP (Z QT
k

1 v
+ §>J >J ijxjxk).

J kENj
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Then
PriX; =1|X; =a;, j #1}
PriX; =0[X; =5, j # i}
~op(x1y e mim1, L T, e, Th)
op(x1,y e, i1, 0, i1, o, Th)

—exp i o; + Z ﬂij ;ﬁjiazj
JEN;

If 8;; = B, this is auto-logistic.

Similarly, for auto-normal case, if 3;; = 3,
the joint density is

p(T1, ..., Ty) X
( )

eXp§ — = (ili‘j — Mj)bjk(l“k — [k) ¢
.k

/

where matrix B has entries {b;} given by

1 if 7 =k,
bjk = —Bjr if j € Ny,
0 otherwise.
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Result:
X ~ N, B~1.

For simultaneous equation model, write
B(X —p) =¢
where € ~ N|0, I]. Then
X ~ N, (B'B)™].

Do not require B symmetric in this case.

In general, it’s not easy to check that a
set of conditional probabilities is consistent
with a family of joint probabilities, unless
the latter can be explicitly constructed.
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Brook’s (1964) method: choose some refer-
ence state (z7,...,z") and calculate

n

p(xla 7xn)

p(x7;s ..y T},)
n—1 "

— p(aj].? 7x1,7x?/—|—17x?;—|—27 7x'n,)
=0 p([lf{, 7x:<7x:<—|—17xi-|—27 7xn)

—1

17 P@i |2, @ i, e @)

i=0 p(xj—Flle? ceey xf;7 'CC’I;—I—27 ceey xn)

This operation must be invariant to changes
in the reference state and permutations of
the indices.
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The breakthrough in developing general
classes of models came with the

Hammersley-Clifford Theorem (1970). We
state it in the form given by Besag (1974).

A Markov random field is characterized by
the property that all conditional probabili-
ties take the form

p(zilz;, j # 1) = plile;, j € Ny)

where N; denotes the set of neighbors of ¢
under some lattice structure.

Define a clique to be any subset of sites with
the property that each member of the clique
is a neighbor of each other member. As-
sume (initially) that there are only finitely
many values x; available at each site, and
that one of these is (arbitrarily) labelled O.
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Positivity: p(x) > 0 for any state x =
(561, cees mn)

Define
q(x) = log {%} -

Then there exist functions g;(x;),
gii (i, x;), etc., such that

0(x) = wigi(z:) + Y wiwjgij(wi, x;)

i< j
+ E iEiiEjilfkgz'jk(C'?z‘,CUj,ZCk)
i<j<k

+ ..+ T1T2... 2012, . (T1, T2, ..oy Tny).

The Hammersley-Clifford theorem is then:

For a Markov random field, g;;.. s(xi,x;, ...,
xs) is non-zero if and only if {1, 7, ..., s}
form a clique. Subject to this restriction,
the g’s are arbitrary.

154



Specific Spatial Models

General class of auto-models, for which

q(x) = Z rigi(x) + Y Bijix,

1<J

and (;; = 0 unless ¢ and j are neighbors.
Associated conditional probabilities are of
form

PriX; = x;|X; = x;, j # 1)
PT{XZ = O‘X] — .CEj, j 7é Z)

= exp |2 S gi(z:) + > Biyzy o | 5
j

in which §;; = 0 unless ¢ and j are neigh-
bors, and also 3;; = B;; for all 7, 7.
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Examples: auto-logistic, auto-normal,
auto-Poisson, auto-exponential,...

e.g. auto-Poisson says X;|X; = x;, j € N;
has a Poisson distribution with mean

[y = €xXp | o + Z Bi;ix
JEN;

However, for this to define a finite proba-
bility distribution we need 3;; < 0 for each
(4, 7) pair. This makes it an unsuitable
model for count data with positive depen-
dence. Fortunately, there are by now nu-
merous alternatives available for that.
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Models for square lattices

First-order model:

g(x) =)

+ 01 @iy o Y Wi,

Second-order model:

q(x) =« E T
+ 1 E Ti iTiy1,j + P2 E Ti i T4 541
T M E T Tit1, 41 Y E T i1 -1

but this is not the most general form of
model, since in this case there are cliques of
three neighbors so one could include terms
of the form Lj,jLi—1,5L5,5—1 etc.
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For Gaussian models, one can re-express
these models in terms of the conditional
mean of a random variable given its neigh-
bors, e.g.

E{X’i,j|X’i’,j’7 (ilvj/) # (7’7])} —
+ B1(Xiz1j + Xitv15)
+ Ba( X -1 + X5 j41)

or

E{X; ;X g, (' 5) # (4,7)} =
+ B1(Xiz1,j + Xit1,5)
+ Ba(Xij—1 + Xijt1)
+ 71(
+ 72

Xic1j-1+ Xit1,j+1)
Xi 141+ Xiy15-1).
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16. Inference in Markov random fields
Coding methods (Besag 1974)

Example: in a first-order lattice, the set of
points (¢, ) for which ¢ — j is odd is inde-
pendent of the set of points for which it is
even, so we can write down a conditional
likelihood for the even points

H p(xi,j‘xz”,j’a (ilaj/) # (Zv.]))

(i,7): 1—j even
and similarly for the odd points.

Pseudolikelihood

Besag (1975): combine odd and even coding
likelihood to produce

H p(xz’,j‘xz”,j’a (ilaj/) # (Zv.]))

all pairs (2,7)
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Easy to compute but large-sample proper-

ties uncertain (much modern literature on
this)

Exact and approximate MLEs for Gaussian
Processes

Difficulty in exact likelihood is |B)|.

Whittle’s approximation, modified by Be-
sag: = log|B| is approximated by the coef-
ficient of 225 in the power series expansion

log | 1 — Zﬁ]kz{zé“
jik

Improvements: Guyon (1982), Dahlhaus
and Kiinsch (1987)
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Simulated maximum likelihood
(Penttinen 1984, Geyer-Thompson 1992)

Consider models of form
p(x;0) = C(0)F(x;0)

where F'is a known function of data values
X in terms of unknown parameters 6, and
C'(f) is a normalizing constant defined by
the property that the sum or integral of p
is 1, but not directly computable.

Idea: fix some reference value 6, estimate
ratios C'(6)/C'(6p) by simulation.

Fix 0y and let X1 ..., XM) denote M sim-
ulated realizations from the stochastic pro-
cess when 6y is the true parameter. For
the moment, we do not consider how such
simulations might be generated. Also let X
denote the actual data which are observed.
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We then have that

X ), ;0) F(X; 0o)
M Z F(X(m) 0y) F(X;0)

is an unbiased estimate of

C(6h) F(X;6p)
CH) F(X;6)

i.e., the likelihood ratio of 6y to 6.

To see this, the key step is the calculation

F(X(m).9)
Eg,
F(X(m); 6p)

= FF(g;;O)) - C(00) F(x;600)
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MCMLE scheme: generate a single
sequence X1 ... XM) from some given 6y,
then to minimize the sum (4.25) analyti-
cally with respect to 8. The simulation pro-
cedure is more efficient the closer 0 is to the
true MLE 6, so sometimes the procedure is
repeated several times, using the estimate
from one minimization at the initial 6, for
the next. One good use of the pseudolikeli-
hood method is to generate the initial 6.

(Generation of initial simulations:

e Gibbs sampling

e Hastings-Metropolis
e Swendsen-Wang

e Perfect sampling

Only cover first two here.
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Gibbs sampling. Start with arbitrary x(?) =
(x§0) x%o))

(1)

denoted x; ’, from the conditional distribu-

tion of X7 given Xy = a:éo),...,Xn = %(%0).

Then generate a new value of x5, denoted

. Generate a new value of 1,

2l ), from the conditional distribution of X5
given X; = aj(l),Xg = a:éo),...,Xn = 337(10).
Continue up to the generation of x( ) from
the conditional distribution of X, given

X1 = :cgl), ey X1 = :1:,2121. This com-
pletes one ieration of the sampler. Then,
starting from the new vector x1), return to
x1 and repeat the whole process to generate

x(2). Repeat many times.
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The Hastings-Metropolis algorithm. Again
we start with an arbitrary x(°) and gener-
ate a new “trial value” x’ from some dis-
tribution ¢(x’;x(®)) which depends on x(%.
Typically, but not necessarily, x’ is formed
from x(% by just changing one component.
Then form the ratio

q(x9): x"VF(x';6p)
q(x’;x(o)) (X(O) 80)

O =

If & > 1 then we accept xX’; in other words,
set x(1) = x’. If a < 1, we perform an inde-
pendent random drawing: with probability
a, accept x' and set x(1) = x’: otherwise,
reject x’ and set x(1) = x(0).
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17. Examples of Markov random fields

1. Mercer-Hall (1911) data (see also Whit-
tle 1954, Besag 1974, Cressie 1993). Data
show wheat yields on 500 plots arranged in
a 20 X 25 array.

2. An example from current particulate
matter research

166



Models fitted within S-PLUS

y~ N[XB, 5]

N a given neighborhood matrix, W a given
diagonal matrix of weights.

CAR:
S =(I—-pN) ‘Wo=.

SAR:

S={I—-pN)Y'W=I - pN)}to2.

MA:

S ={(I+ pN)YW(I — pN)'}o?.
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Least squares ANOVA Least squares ANOVA

0.6 -
0.2 A
0.4 -
*g » 0.1 -
0.2 A I
c 0.0 1°
£ o0 |- z
o) x
o 01
-0.2 A
-0.2 A
-0.4 A
5 10 15 20 25 5 10 15 20
Column Row
Median polish Median polish
0.3
0.6 -+ 02 |
5 04 ) * +— 01 A'.
] 3]
= 9]
L =
< 02 1, W oo |
E L 2
3 00 1 o et 01 A
-0.2 A ° 02 A
-0.4 A . 03 A
5 10 15 20 25 5 10 15 20
Column Row

Row and columns effects for Mercer-Hall
data, computed by least-squares ANOVA
(top plots) and by median polish (bottom
plots)
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Left-hand half: E-W Left-hand half: N-S

0.6
0.40
05
0.35
S . e S
S 049, e > 0.30
03 1 0.25 -
0.2 0.20 .
10 20 30 40 50 10 20 30 40 50
d d
Right-hand half: E-W Right-hand half: N-S
0.35 - * . 0.35 -
030 { T 0.30 -
) z
> >
025 1 . . 0.25 -
0.20 -, 0.20 -,
10 20 30 40 50 10 20 30 40 50
d d

Variogram estimates for Mercer-Hall data,
computed separately for E-W and N-S di-
rections, and for the left-hand and right-
hand halves of the data.
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b1 52
Coding 1 0.332 0.128
Coding 2 0.354 0.166
(S.E. 0.03 0.03)
Whittle 0.368 0.107
MLE 0.364 0.114
(S.E. 0.024 0.025)
Left half:
MLE 0.400 0.000
(S.E. 0.029 0.033)
Right half:
MLE 0.275 0.191
(S.E. 0.041 0.043)

Estimates first-order model using coding
and Whittle methods (from Besag, 1974)
and by exact MLE.
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51 B2 Y1 Yo
Code 1 0.344 0.043 0.079 -0.062
Code 2 0.318 0.085 0.016 0.011
Code 3 0.407 0.243 -0.067 -0.034
Code 4 0.361 0.236 —-0.092 -0.041
(S.E.  0.05 0.06 0.07 0.06)
Whittle 0.381 0.160 —0.015 -0.056
MLE 0.380 0.171 -0.020 -0.060
(S.E. 0.024 0.046 0.037 0.035)
Left half:
MLE  0.400 0.019 0.000 -0.025
(S.E. 0.029 0.075 0.055 0.055)
Right half:
MLE 0.329 0.274 —-0.042 -0.116
(S.E. 0.042 0.053 0.051 0.049)

Estimates for seond-order model in Mercer-

Hall data.
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Use of SAR modeling by the HEI
Re-Analysis Project (Krewski et al. 2000):

151 cities — compute a standardized mor-
tality rate for each city

Regress on city-wide covariates, including

50,4 and SOs.

Spatial dependence: enclose each station
within a Thiessen polygons, then define two
stations to be “neighbors” if their Thiessen
polygons are touching. Assume SAR struc-
ture.
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Results

“Independent cities model” (allows random
effects at city level, but not spatial depen-
dence): RR due to SO4 on its own is 1.25
(95% CI: 1.13-1.37) but when SO, and SO-
are modeled together, the respective effects
due to SO4 and SO, are 1.13 (1.02-1.25)
and 1.27 (1.15-1.40).

After fitting SAR model:
RR due to SO4 alone is 1.20 (1.06—1.36)

For model including both SO4 and SOs,
relative risks are 1.08 (0.91-1.28) and 1.31
(1.12-1.54)

173



18. Markov random fields
as spatial priors

1. The Clayton-Kaldor model
2. The Cressie-Chan model

3. Besag, York and Mollié (1991) and other
papers by Julian Besag and co-authors

4. Hierarchical models for disease rates

(Bernardinelli and co-authors,
Waller et al. 1997)

5. Model-based geostatistics (Diggle, Tawn
and Moyeed 1998)

6. Comparisons: geostatistics vs. MRF
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Clayton-Kaldor (1987): Number of cases .5;
in a susceptible population of size n;.

{0;, 1 <1¢ < N} independent Gam(a, v),
£(0;) o< 07 exp(—adb;).
Conditionally on 6;,
S; ~ Poi(n;0;)
Integrated distribution is beta-binomaal:

(25) (o) Tl

Mean n;v/a, variance n;v/a + nfv/a?.

V—FOi
Oé‘|‘ni,

E{6;]S;} =

“Empirical Bayes” estimate for 6;.

Estimation of o and v: MLE or MoM.
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Clayton-Kaldor model 2: Log-normal

B; = log 0;
(617 75"’&) ™~ N(:ua E)

No closed-form expression for joint distribu-
tion of .S;, but use EM algorithm (or Gibbs
sampler...)

i p Y wig (B — 1),
j

Var{ﬂi\ﬂj, j 7& Z} — 0'2.

e.g. w;; = 11t 5 € INV;, 0 otherwise.

B~ Nlp,o?(1 — pW)71].
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Cressie-Chan (1989)

S;: the number of SIDS cases in county ¢
n;: number of live births in county ¢
Freeman-Tukey transformation:

1/2 1/2
; 1 i+ 1
y, (10005) +< 000(.S; + )) |

T T

= pi+ Y e (Vi — 1),
JEN;
Var{Z;|Z;, j € N;} = 17,

equivalent to
Z ~ Nlu, (I = C)~*M],

with M = diag(7Z, ..., 72).

n

—0O3fa . P
Assume ¢;; =01if j ¢ N;, and CijT; = CjiT; -

|



Here 77 oc n; I and a possible model for Cij

1S
Cij = ¢ - {C(k)d;;*}(n;/ni)"/?,

where d;; 1s distance between stations ¢ and
7, kis 0, 1 or 2, and C(k) = i{min(d;;)}".
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Besag, York and Mollié (1991)

(See also Besag et al. 1995, Besag and Hig-
don 1998)

Observations y = {yx, k € T}, states © =
{x;, i € §}. Often, S =T and

fylz) = ka (Yre|zr).

If x is only unknown, inference based on the
posterior density

p(zly) o< p(x) f(y|z).

“MAP estimate”: choose £ to maximize.

Further unknown parameter: distribution
of x (and y|x) depends on other unknown
parameters.
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E.g. disease mapping problem,

yi|x; ~ Poiln;e*],
r=t+u-+wv,
t = X0,
u ~ spatial process,
v ~ N[0, \],].

p(u) x exp{ — Zwijgb(ui —U;) ¢,

(“pairwise difference prior”). Specific cases

may be ¢(z2) = 22/(2k) or ¢(z) = |z|/k.

First case:

s Dt 1L
(] —1

. " 202
Wi+ RAw;,
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Posterior distribution of (u, v, k, \) given
data vy is of form

p(“? /U7 KZ? )\‘y)

X ﬁ e~ nic" ("f'%ew)y .
i=1 Ji:

1
—n/2 E :
K / eXp _ﬂ (UZ — U,])Z

1~]

1
A~ 2 exp {_ﬁ v?} (A K).

where 7(\, k) denotes prior density.

Difliculties with integrability near A = 0,
x = 0, so assume

T(A, K)
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Hierarchical spatio-temporal models (Waller
et al. 1997)

Environmental justice assessment involves
(1) exposure assessment at given locations,
(2) estimation of sociodemographic variables
(3) measuring disease incidence.

Focus on relation between (2) and (3).
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y;e¢: disease incidence in region ¢, subgroup
¢, time period t,

Yier ~ Pot|Eip1ie],

where F;y; is expected incidence under con-
stant risk and ;s = exp(uee) is relative
risk.

piee =z B+ 28w + 057 + ¢1V
where first two terms represent fixed effects

of time and region, Hgt) ~ N[/iét)al/T(t)]
(i.i.d.),

o\l ~

[ waqb;t)’ Aa? ]

Here w;; and a; are defined by a lattice
structure.
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A number of similar models have been con-
sidered by Bernardinelli and co-authors (see
references)

Heirarchical Bayesian structure — many is-
sues associated with identifiability

MCMC algorithm for fitting

Use empirical predictive criteria for model
selection, e.g.

Cz(yneW7 yobs)
1
Y¢.obs + 5
=23 (oot 5o ()

— (yﬁ,obs — yé,new)}-
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Application. Follow lung cancer deaths for
21 years in 88 counties in Ohio. Classify by
race (B/W) and gender. Particular interest
in effect of a uranium recycling facility near
Cincinnati.

Conclusions:

Increase in lung cancer rates over 21 year
period

Increased clustering and increased hetero-
genelity over time

Increasing rates from west to east (effect of
smoking?)

Increased rates near uranium facility
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Model-based geostatistics (Diggle, Tawn and
Moyeed 1998)

The idea: extend kriging to non-Gaussian
processes

Example 1: Radionuclide concentration on
Rongelap Island

Y,: ~v-ray count at local : =1, ..., 157
Y; ~ Poilt;\(x;)],
where t; is observing time at location ¢ and
log A(z) = p+ S(x),

with S(z) a zero-mean stationary Gaussian
process.

Example 2: Campylobacter infections —
record all locations (by postcode) of
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incidences of a disease

Y; ~ Bin|n;, P(x;)],
P(x)
1 — P(x)

log =pu+ S(z).

More generally: replace u by d(z)? 3 to al-
low regression component at each site.

General structure

S(x) a Gaussian spatial process of mean 0,
covariance structure o?p(z — '),

Y; depends on S(x;) through a mean M;,

h(M;) = S(z;) + d} 8 for known link func-
tion h, known regressors d;, unknown pa-
rameters (3.

Observe Y; at n current locations; may also

want to predict S at m new locations, de-
noted S*.
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Joint density of Y is

[ TL#:lSw))ga(s)ds,

Joint density of Y and 5™ is

/Hfi(yi|s(xi)>gm+n(8,8*>d37

Predictive density of S* given Y is ratio of
last two quantities.

MCMC implementation: 6 are parameters
of Sm successively update (i) 0 given S, (ii)
S given Y, 0, 3, (iii) 0 given Y, S, (iv) (once
chain has reached equilibrium) S* given .S,
6. Hence estimate posterior distribution of

parameters and Bayesian predictive distri-
bution of S*.
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Comparison of geostatistics and MRF' ap-

proaches to prediction of a PMyq field
(Cressie et al. 1999)

Pittsburgh area: 40 stations for PMyy. Use
1996 data, 27 stations. Focus on one par-
ticular day for prediction

Log transformation for closer fit to normal
distribution. One station is a spatial outlier
— drop.

Geostatistical modeling: Define principal
axis directions (ENE-WSW, NNW-SSE),
consider geometrically anisotropic spherical
covariance structure. Fit by Cressie WLS
method.

MRF modeling: Assume

lOgCCZ'|ZC_f,; ~ N[AZ, 7',&-2],
Ai =i+ ZCij{logl‘j —Hits (%)

2 __ 2
Cf,;jTj — CjiT; -

189



Assume 7; constant,
~ nmin{d;;}
Cij — d 3
2]
where d;; is distance and nisone of 171, ..., 4
according to direction sector.

Fit MLEs pu, 72, n1, ..., N4, use (*) to gener-
ate predictions off the grid.

Comparisons

Prediction error results by cross-validation:
Bias Var MSE r

G -.54 27.4 27.7 A7
My -.02 15.8 15.8 71
My .66 27.1 27.9 .54

Go: geostat model without re-estimated pa-
rameters

My: MRF model without re-estimated pa-
rameters

M;: MRF model with re-estimated param-
eters
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19. Maximum entropy and Bayesian
approaches to network design

19.1 Motivation for entropy criteria
19.2 Bayesian background

19.3 Bayesian spatial analysis

19.4 Hierarchical models

19.5 Discussion and extensions

19.6 Entropy-based criteria for design

19.7 A proposal for fully hierarchical models
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19.1 Motivation for entropy criteria
Lindley (1956), Bernardo (1979)

Consider experiment F which will yield
data X,
X ~p(- | 9).

Measure of information contained in E:

1B =[x [ 7o o)

(1 | )
= dipda.

- log
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Decision-theoretic formulation

According to the Bayesian viewpoint, W is
a random variable, and the outcome of the
experiment £/ may be represented by the
statistician’s reporting a probability distri-
bution, 7' (1)), to represent her “belief”
about ¥ after conducting the experiment.

Utility function, u(7'(-), ) represents gain
in reporting 77 when true value of W is 1.

Expected utility after experiment is

/ u(wt (), ) | D). (%)

Assume:

(a) u is proper if (*) is maximized over all
probability distributions 7' by setting
() =7 | z).

(b) u is local if u(w'(-), ) depends on 7' (-)
only through 7' (7).
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Bernardo’s theorem: If u is proper and lo-
cal, then it must be of the form

u(ri(-), 1) = Alog ' (¥) + B(¥),

where A s constant and B is a function of
Y alone.

Interpretation

Expected utility before and after
experiment are

/ {Alog () + B(@)}n()dy,

/ { [{Aarogn(w | 2) + Bw)}

(¢ | x)dw}m(x)d:c,

and the difference is AI{FE, 7}.
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19.2 Bayesian background

Multivariate and matrix normal:
X ~ N,(u,%) has density

(277)_p/2|2‘_1/2.

. exp {—%(w — ) S (@ u)} -

If X and M are (p X ¢q) matrices and the
covariances are of form

Covi{zij, Tre} = fingje,

then
X ™~ NPCI(MaF@G)

with density
(2m) P92 | F| 02| G| P72 - exp

—%tr{F‘l(X - M)G Y X - M)}
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Partitioned multivariate normal:

Suppose X ~ N,(u,X), partitioned so that

xo) o= (i)
X — , — ,
(X(2) 8 2
211 212
p—
(221 E22)

Then the conditional distribution of X (1)
given X2 = x4 is normal with mean

1 + L1035, (T2 — p12)
and variance

Y1 = 11 — S12855 So1.
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Wishart distribution:

D~ W,(A,m)
if D= Z ZJZ]T, Z1, ..., Zm Indep.

N,(0,A). Den81ty of form

Cp,m‘D‘(m_p_l)/2 1 1
AT exp —§tr(DA )

provided m > p — 1.

Inverse Wishart: for us, ¥ ~ IW, (¥, m)
means the same as X7 ~ W, (W1 m).

Matriz t. if
27~ Wy(Pom+p—1),
T|X ~ Npel0, 2 ® Q)
the T is said to have a matrix t distribution

(Dickey (1967), Johnson and Kotz (1972)),

written

T ~t(p,q; P,Q,m).
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Density: given equivalently by

— 1
—pq /2 m4+p-+q .
. q< 2

1
m-+q—1 _
{Fq< > )} |Q‘(p+q 1)/2,

|P\Q/2\Q 4+ TTpT’—(m+p+q—1)/2

or

— 1
—pq/21 m+p+q :
wrer, (R

r m+p—1 _1.
P 2
|p‘—(m+p—1)/2|Q|—p/2.
|p—1 4+ TQ—lTT|—(m+p+q—1)/2.

Here

m oA T (M1
Fp(i)zw IIr 2

j=1
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Partitioned Wishart matrices

Suppose C' ~ Wp_l(B,m), p=a-+band C
and B are decomposed as

T = 01202_21,
Bijs = Bi1 — B12B3, Box,
n = B12B3;

Then

Chig ~ Wi (Byja, m),
T|Cl|2 ~ Nab(T], Cl|2 ® 32_21),

where, also, Co2 is independent of (Cyjq, 7).
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Bayesian multivariate regression

Suppose Y1, ..., Y, independent with
y;j ~ Np(Bxj, X).
Prior for (B, ):

X~ W, (¥, m),
B|Y ~ N, (B, L@ F1).

Hyperparameters (m, ¥, BY, F).

Posterior distribution:

m — m + n,
v —- v+ H,
B — B*,
F— G,
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where

G = Suz + F,

B* = (Sye + B°F)G™*,

H=S,, - B*S,, — S,.B*"

+ B*S,, B*T + (B* — BY)F(B* — B°)T

Here
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Predictive distributions: Suppose K new
observations are taken to form p x K ma-
trix Y * with corresponding g x K covariate
matrix X*.

Y* X", B, Y~ N,g(BX", ¥ ® I).
Combine this with

S|Y ~ WU+ H,m+n)
B|Y,Y ~ N[B*, X ® G~ 1]

we find as an intermediate step
Y X5, 2 Y ~N|B*X"™,
Y@ (I + X G71X),
and so
(Y* — B*X™*)|X*,)Y ~t(p, K; (¥ + H)™ 1,
Ik + X* TG "X m+n—p+ 1).
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Information in MV normal and t distns

If a random variable X has density f(x),
define the information in X to be

1) = [ f(a)log f (a)ds.

(Note: Entropy is —I1(X).)
If X ~ N,(u,2), then

I(X) = E{log f(X)} = const — % log 3.
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If T ~ t(p,q; P,Q, m), then

I(T) = —% log

L,((m+p+q—1)/2)
i log{ T (m+q—1)/2) }

- 5 log|Q| -  log|P

m+p+q—1C m-+p+q—3j
S e (M

7=1

(1)

[4(+): digamma function,
I',: multivariate gamma function.]
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19.8 Bayesian spatial analysis

Le and Zidek (1992)

Assume p = u + g locations with v “un-
gauged” and g “gauged”.

yj ~ Np(BZEj, Z)

Partition

Write



Recall: conditional mean of y§1)

is Biz; + T(y§2) — Bsz;) and conditional
variance is 2iqo.

(2)

given v ;

Also write Y. in the form

5 (21|2+TZ227T T2:22
_ - ,
2i00T 2199

Joint prior:
S~ W H(®,m),
B|Y ~ N, (B, L@ F1).
Equivalent to:

Sag ~ Wi H(Woa,m — u),
2|2 ™ ng(‘l’m’m),
712112 ~ Nug(n, Y12 ® U3 ),

where (W22, U2, ) represents the same de-
composition of the prior covariance matrix
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U as (322,212, 7) does of ¥; in particular

n = W,U,,. Also Yoy is a priori indepen-
dent of (21|27 ’7').

Observed data based on
’y§2) |B, E, CEj ~ Ng(Bijy 222).

An elementary fact about Bayesian statis-
tics: if the model parameter 6 factorizes as
(01, 602) with 6, and 65 a prioriindependent,
and if the distribution of the observed data
D depends only on 65, then the posterior
distributions of 6; and 6, are also indepen-
dent, the posterior for #; being the same as
the prior and the posterior for 65 the same
as if we did not consider 6; at all.

w1 (01)m2(02) f(D]02)
J [ m1(01)m2(602) f(D]62)d01d6;

o (0) - m2(02)f(D|62) |
| ma(62) f(D]02)d0
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Apply with

0 = (E1|2777 By — B? — 7(B2 — Bg))a
(92 = (BQ,ZQQ).

Then

ZQQ‘D ~ Wg_l(\llgg -+ Hgg,m — U+ n),
B3| D, %92 ~ Ngg(B3, 522 @ G7),

where
G = Sa:a: - Fa
BS — (Syzzc + B(Q)F)G_l,
* w1
Hap = Sy2y2 — BZSCUZJQ — S?JQCUBQ
+ B3 Swe B3 + (B; — BY)F(B; — BY)".
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Key features of result:

(a) Those parts of the model that relate to
y?) are identical to the standard Bayesian
calculations for multivariate regression. In
particular, we may calculate a predictive
distribution for a future observation y(Q)*,
which is multivariate t.

(b) The parameters relating to the condi-
tional distribution of ¥V given y(? are un-
affected by the data, i.e. the posterior dis-
tributions are the same as the priors. In
particular, this applies to the predictive
conditional density of y(" given y®"
which is multivariate t.

(c) Nevertheless, the marginal predictive
density of y(l)*, obtained by multiplying
(a) and (b) together and integrating out

y(z)*, is affected by the data, because the
marginal predictive density of y(?) is.
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19.4 Hierarchical models

Need more structure on ¥ to get meaningful
interpolations

Simple model:
v ot ifi=y,
po® ifi# g,
Could also consider parametric structures
on ¥ as in standard geostatistics (Switzer).

Suggests hierarchical models of form

Y| B, S, xj ~ Ny(Bawj, ¥ao),
S0, m~ W, (T, m),
B|Y,B°, F ~ N, (B, > ® F 1),

where B, X etc. depend on additional pa-
rameters # and we assume prior

0~ ().
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Possible approaches now:

1. Ignore the prior on # but obtain “type II
MLE” for 6 based on integrated likelihood.
Could integrate out X analytically but they
preferred to use the EM algorithm for this.

2. Fully Bayesian. Not yet used in practice.

Extensions

1. Brown, Le and Zidek (1994) consider the
case of K pollutants measured at each site,
with a prior covariance matrix ¥ of form

U=A®Q,

with A a p X p matrix of intersite covari-
ances and €2 a K x K matrix of covariances
between the variables.

Advantages: Simplifies specification of ¥
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Computational advantages if p and K both
large

2. Le, Sun and Zidek (1997) extended this
to data missing by design: suppose L of the
gK possible site X pollutant combinations
are never observed (g=number of sites with
some data). They then proposed an exten-
sion of the EM algorithm to estimate the
full gK X gK covariance matrix rather than
just the (¢gK — L) x (¢K — L) submatrix
corresponding to the non-missing values.
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19.5 Discussion and extensions
Advantages over traditional kriging:

e Predictive distributions take account of
unknown parameters

e Less reliance on parametric models

e Allows full use of covariates

e Multivariate kriging as easy as univariate
Applications:

Air pollution network in Ontario

Brown, Le and Zidek (1994)

Le, Sun and Zidek (1997)

Used model from Sampson and Guttorp
(1992) to model nonstationary covariance
structure in ¥ (not fully Bayesian)

213



Sun, Zidek, Le and Ozkaynak (2000):

Interpolate PM field from 10 stations in
Vancouver

Used a CV approach to assess quality of
spatial predictions

Not temporally independent: their method
was to fit a common time series model at
each site and apply spatial analysis to resid-
uals

“Spatial leakage” phenomenon

If they assumed separability of the spatio-
temporal covariance they could in principle
avoid that by extending preceding analysis
to include a temporal covariance as well as
spatial covariance — not tried.
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19.6 Entropy-based criteria for design
First formulation: Caselton-Zidek (1984)

Divide p = u + g sites into two subsets, g
sites gauged and rest ungauged. Y repre-
sents random field at all p sites, but subdi-
vided into Y and Y®) corresponding to

the ungauged and gauged sites respectively.
Assume Y ~ N,(u, %), p and ¥ known.

Information criterion

211

YW y®y — [y = log S
1]2

Equivalent to minimizing

> “log(1 - p}),

where p?, p3,... are the squared canonical
correlations between U and G.
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Reformulation: Caselton-Kan-Zidek (1992)

Definition of entropy (Jaynes 1963):

TJ:L((?) } |

H(Y) = E{—log

(m a reference measure)

CZ criterion: choose U to minimize
HU|G)—-H(U).

However, CKZ criticized this as ignoring
the information in (. Instead, minimize

H(U|G) directly. Because
H(U,G) = HU|G) + H(G),
this is equivalent to:

Choose G to maximize H(G).

216



MVN case: choose G to maximize |Yos|.

CKZ considered 1 and X unknown but es-
timated through data on complete network.
Prior of form

~1
Y~ W) (U, m),
plE ~ Ny (s f710),

posterior of same form with (¥, m, u°, f) re-
place by (¥, m, i°, f).

Predictive distribution: split future obser-
vation into ¥ ungauged and y(?
gauged, focus on prediction of y(?)".

Predictive distribution of 32" — [19 is

t(g,l,\I/22,1—|—f m—u—g-+1)
and the entropy is of the form

~log |Was| + constants.

H(G) =
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Therefore, the network design problem re-
duces to choosing G to maximize log |Was].

Application to the optimal reduction of a
set of p = 81 stations in a wet deposition
monitoring network. n = 48 months’ data
available — still caused problems with de-
grees of freedom for estimating . Another
paper by Wu and Zidek (1992) avoided that
problem by dividing into regions of < 48
stations per region.

Algorithm for reducing network: drop one
station at a time.

Later extended the formulation to include

hierarchical models for ¥: Brown-Le-Zidek
(1994)
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Incorporating costs: Zidek-Sun-Le (2000)

ZSL extended the CKZ methodology to in-
corporate costs of measurement

Choose new sites to maximize

log ‘(I)addlg |

— lOg ‘(I)add — (I)add, gq)g_lq)g, addl

Accounting for costs: if potential site s has
entropy F(s) and cost C(s), choose s to
maximize

O(s) = E(s) — DE C(s)

for some conversion factor DE.

Also mention new algorithms for finding
combination of sites to maximize an entropy
criterion (Ko et al. 1995, Anstreicher et al.
1996).

219



19.7 A proposal for fully hierarchical models

(1, X)|0 ~ g(p, X)0),
0~ m(0).

Can find MCMC sample {6,, 1 < a < A}
from the posterior density w(0]Y).

The full predictive density is

[ ] [ 16 100500,

7 (0|Y)dpudSdo

However, the integral with respect to 4 and
Y. 1s possible analytically, so reduce to

:/ﬁm@WWJMwHM



which we would in practice estimate by

A

" 1 «

fpred — Z § fpred(y(2) |(9a7Y)
a=1

We still need to evaluate entropy, however.

1. Generate 64, ...,04 from posterior distri-
bution of 6 given Y.

2. Fix some reference value 9, e.g. sample
mean of 61,...,0,4. ¥ etc. computed using

0.

3. Generate independent z1, ..., zp from
Ny(0,1,), S1,...,Sp from Wg_l(lg,m — u).

4. For each b € {1, ..., B}, define

222(17) 1/2519\1]1/2
y@(b) = 49+ (1 + fF~HY222(0)2
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5. Calculate

B
I:](G) = —é Z log fpred(y(Z)*(b)‘Y)'
b=1

orals® (B
fpred(y<2) * (b) ‘(9, Y) ,

where fpred(y(z)*|6’~, Y) is the analytic pre-
dictive density derived from the multivari-
ate t distribution.

Note that we use the same random numbers

for all possible (&, to facilitate comparisons
among different GG of same size g.
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20. Methods based on
optimal design theory

20.1 The General Equivalence Theorem

Classical formulation of optimal design
theory:

b
1=1

where f; are known functions of design
points x;, 01, ..., 8, are unknown coefficients
and, as usual in linear regression theory,

¢; are uncorrelated errors with mean 0 and

common variance o2.

Write in form
Y, = Fnﬁ T €,

information matrix oc F1'F),.
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Write in form
FIF, = / F () f ()T de ()

with &, the discrete measure that places
mass % at each z;. Define

/ f(2)f(z) T dé(z),

for any positive measure £. Optimal design
criteria are of the following form: choose &
to minimize W{M (&)} for some functional

Examples:
e D-optimality: ¥ = —log |M(&)|.
o A-optimality: U = tr{M (&)~ 1}.

o F-optimality: W is largest eigenvalue of

M(§)~
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o G-optimality: ¥ = max,cy d(z,§)
where d(z, &) = f(x)T M (&)1 f(x).

(Prediction variance interpretation)

Note that
[ dtw.€de(@) =p
X

If we can find £* for which max,cx d(x, &*)
= p, £* must be G-optimal.

General equivalence theorem

Suppose 0, i1s a unit point mass at x, and
consider modifying £ into

géz,:c — (1 o O‘)f T a5x7
where 0 < o < 1. Then

M(&h,) = (1 — ) M(§) + oM (0z).

oL,T

225



The derivative of W, in the direction 9, is

o(x,€) = lim ~ [W{M(E] )} — W{M()}].

al0 v

The General Equivalence Theorem asserts
that the following are equivalent:

(1) £ minimizes W{M (&)},
(2) ¢(x,&*) > 0 for all z,

(3) ¢(x,&*) achieves its minimum at points
of the design, i.e. at points x which have
positive point measure under £*.

Also leads to an algorithm: to find opti-
mal design iteratively, increase mass of £ at
points where ¢(x, &) is minimum

Fxample. Consider ¥ = —log |M(£)|. Sup-
pose & = &,,, the point measure with mass %
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at each of x1,...,z,,. Let F,, be correspond-
ing design matrix. Assume new design &,, 11
created by adding point mass at x, so that

Fop1 = (F]  f(z))" and

n 1

nt ——05.
n—|—1€ +n+1

€n+1 —

We also have
Fg+1Fn+1 = Fan + f(x)f(x)T
Therefore, |F,l, | Fy1] is

Fy Eyl - I, + (Fy )~ (@) f(2)"
=|E Fo {1+ f(z)" (F) Fo) "' f(2)}

using the determinant identity |I,,+B* C| =

I,, + CB*| applicable whenever B and C
are both m X n matrices.
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Since |ELF,| = nP|M(&,)], we have

U{M(&nt1)} — plog(n +1)
— W{M(fn)} — plogn

g {14 L0
and hence
Tim WM (61)} — P{M(E)]
= lim nplog n; 1
~ lim nlog {1 + d(‘i’g)}
=p—d(z,&,).

Since, for large n, any design & may be ap-
proximated by one concentrated on n
equally weighted points, we conclude

¢(x7€) =D~ d(ib,f)
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With this interpretation, condition (2) for
the D-optimality of a design &* reduces to

d(zx, &) < p for all x,

and we have already seen that this implies
G-optimality of the design &. Therefore,
provided we extend the notion of design
to allow arbitrary measures &, the General
Equivalence Theorem implies that
D-optimality and G-optimality are equiva-
lent.
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20.2 The Fedorov-Muller approach

Ref: Fedorov and Miiller (1989)

Assume

yir = f(x) 0 + e, 1<i<n, 1<t <T,
where y;; denotes time ¢t and location z;.

Random effects model: 6; ~ N[0y, Dy| in-
dependently at each t. So

Y — FTHt—I-Gt, E{Ht} — (9(), COV{Ht} — DO,
or equivalently

E{y:} =0y, Cov{y,} =1+ F'DyF.

Three cases:

230



(a) Og, Do known, #; to be estimated for
each t,

(b) Dy known, 6y and each 6; to be esti-
mated,

(¢) 0o, Doy both unknown.

Only consider (a) here. Optimal estimator
of 0, is

0, — (DO_1 + nM)_l(Do_leo + Fyy),
where M = n~'FF". In this case,
E{(6; — 6,)(0; — 6,)T} = (Dg' + nM)~L.

¥ = —log|Dy ' +nM|.

By General Equivalence Theorem, observa-
tions should be placed at locations which
maximize 1 (x, &), where

Y(@,8) = (@) {Dg " +nM (&)} f(a).
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Alternatively: Use kriging to estimate at
unobserved points, place observations
where kriging variance is largest.

Since the latter approach is equivalent to
finding the G-optimal design, the two meth-
ods are the same.

Moral of the story: Classical optimal design
criteria can be used to solve network opti-

mality problems.

Unfortunately, this result does not extend
to more realistic spatial models.
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20.83 Designs for estimating a regression
function in a spatially correlated field

Ref: Miiller (2000)

Yi = 77(%7 ﬂ) - €y

where 7(-, ) is a known nonlinear function
dependent on an unknown parameter (3,
and Cov{e;, €} = c(z;, x;) is known.

Information matrix:

M(A) =) > i@)[C(A) eawn® ().

rceAx' €A

Design criterion:

aomax P{M(A)},

where n is the given number of monitors
and X is the sampling space from which
the values x; must be selected.
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Approximate information matrices.

Idea: original information matrix leads to
functions of ¢ which are not concave or dif-
terentiable, so must modify it.

Modification 1:

MO = ) > i)

x€S€ x’€S€

[C(Se) + W], LT (),

where € > 0 and W(9(¢) is a diagonal ma-
trix with entries

WO E),., = log { (55 )} ,

and £(¢) = (Z$ES£ £(x)M€)€ is a continuous
approximation to &max = max{{(x),x €
Se}t. (Se: support of €)
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Idea: Gives high weight to designs with ap-
proximately equal masses on their support.

Modification 2:

M) =3 ) )

x€Se ' €S
[C(Se) + Wi ()5 mn" (a),

where W9 (€) is a diagonal matrix with en-
tries

oo (5)

Een(m) = {K' + &(x)/ Y =k,
e = {R+ Z £(x)tere — k.

CCES,;:

Idea: Force weights to be at least x > 0. In

practice take k ~ +.
n

Then construct iterative design procedure
based on gradient of | M\ (&),
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20.4 Other design objectives:
Estimating the variogram

Criteria of Warrick and Myers (1987):
Assume interpoint distances are grouped
into classes for variogram estimation.

1. For each distance-angle class, the num-
ber of pairs should be as large as possible,
particularly for short distances,

2. The average of the distances in each class
should be close to the plotted distance,

3. The variance of the distances in each
class should be small,

4. The average of the angles in each class
should be close to the plotted angle,

5. The variance of the angles in each class
should be small.
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Miiller and Zimmerman (1999) considered
designs to maximize the information matrix
for a parametric variogram model, when the
estimator is variogram-based. Their proce-
dure is complicated to implement. Here, we
propose an alternative based on the MLE.

Suppose the current data are represented by
an n-dimensional vector Y with mean u(6)
and covariance matrix V' (6), both paramet-
ric functions of some p-dimensional 6. Let
M (0) denote the Fisher information matrix,
i.e. the matrix with entries m,.;(0), 1 <r <
p, 1 < s < p, where

B 0% log f(Y;0)
mrs(ﬁ)—E{ 96,00, }
Then

L (OV 0V
ms(f) = 3 (ae 90, 1)

&u 1 Ou
c%’r v 20,
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Suppose we consider adding a new obser-
vation y* at location x. The joint distri-
bution of (Y7 y*)" is normal with mean

(T v)" and covariance matrix
(T‘é ;) where v and ¢ are the mean and

variance of y* and 7 is the vector of cross-
covariances between Y and y*. The condi-
tional distribution of y* given ¥ = y is of
the form N (3, o), where 3 = v+71V =1 (y—
p) and o = ¢ — 77V =1r. The (r,s) contri-
bution to the information matrix from y*,
conditional on Y =y, is

1 Oa O« N 1 08 00
202 00, 00, « 00, 00,

However, (3 is a function of y, so we need to
take a further expectation to evaluate the
unconditional expectation. Defining w =
V=17, this turns out to be
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1 8&8044_1 8V_wT8u
202 00, 00, o | \ 90, 00,

ov o+ Op Ow _ Ow
| (@93 —Y (99) i &%Vc‘ws}

Collecting the entries into a matrix U(#),

we see that the new information matrix af-
ter adding y* is of the form M (0) + U (0).
Choose new design point z to maximize

OLM(0) +U(0); — PLM(0) -

However, U is of the form WW™* where W
is p X 3. Then for D-optimality,

M +U|=|M+WW?"
= |M|-|Is+ WM 1w,

so the only determinant that needs to be
re-evaluated for each 2 is that of a 3 X 3
matrix.

239



20.5 Combining estimative and predictive
criteria

Work of Zhengyuan Zhu (2002)

Choose S = {s1,...,8,} C D.
Process Z(x) ~ N|u(x), >(0)].
Problems:

1. Optimal sampling design for prediction
2. Optimal sampling design for covariance
parameter estimation

Initially concentrate on problem 2. Use
log|Z| as design criterion, where Z is the
Fisher information matrix.

Assume p(x) = w(M(x);3) as a linear or
nonlinear regression function.
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When 1 = 0, components of Z are

1
Lin(0) = §tr{z—1zjz—1zk},

where Zj = 82/89]

Locally Optimal Designs

Criterion will minimize
Vo(S;0) = —log|Z(0;5)],

equivalent to D-optimality.

“Local design” minimizes Vj for fixed 6 us-
ing preliminary estimate 6.

“Minimax design” minimizes

maxgco Vo(S;0).

Disadvantage — gives most attention to 6
for which V{(.S;0) is large for all S.
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Instead, use relative efficiency

Z(6; 5)

X))

where S(6) is locally optimal at 6.

Invariant to smooth nonlinear transforma-
tions of 6.

In practice, discretize ©, maximize
V1(S,0) over a finite set of 6.

Bayesian approach
Utility function U (0, S, Z)
If U = Vl then
Z(6; S)|
VSz—/log p(0)do.
5= ), 8 g st

For general U, U(S) is

/ / U9, S, Z)p(0]Z, S)p(Z|S)dodZ.
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Using Shannon information for U, leads to
() =~ [ log[Z(6:5)lp(0)do
e

(Chalenor and Verdinelli 1995) — equiva-
lent to V5(S) but preferable computation-
ally.
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Numerical Algorithms

Suppose the objective is to choose

S ={s1,...,5,} C D to minimize some ob-
jective function V(5). In practice we will
restrict D to a finite set, say |D| = N, but
this still leaves (]X ) possible designs.

Ko et al. (1995) shows that for some design
problems it is possible to obtain exact solu-
tion via a branch and bound algorithm, but
their largest example had N = 27, n = 13,
(27) = 20,058,300. We are interested in

13
N =~ 10*. Exact solution not possible.

Proposed method uses simulated annealing.
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The idea of simulated annealing

Suppose we have a current design S.
Choose some trial new design S* in a neigh-

borhood of S.
1. If V(5*) < V(S), accept S*.

2. f V(S*) > V(S5), accept S* with prob-
V(S)=V(S*)
T

S and generate a new S* for the next iter-
ation.

ability exp ( ); otherwise stay at

T is called the “temperature” and should
osradually be reduced as the number of iter-
ations increases.

The steps S — 5™ also decrease in size with
the number of iterations — initially use a
large neighborhood, then decrease.

Initial value of S is critical — optimize si-
multaneously from several starting values of
S, then take the best among these.
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Summoary of Conclusions

The locally optimal design is highly depen-
dent on 6

Minimax and Bayesian designs are better
overall, but not as good as the locally opti-
mal design for a specific 6.

Minimax and Bayesian designs both sub-
stantially outperform regular sampling de-
S1gns.
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Two-step design for prediction with
estimated parameters

Select n sampling points from a region D.

Theoretical work by Su and Cambanis
(1993)

Simulated annealing too complicated for
n > 100.

Propose two-step procedure: use some sites
to find best design for prediction with
known covariances, then find best remain-
ing sites (conditional on those already se-
lected) to produce best design for estima-
tion.

The proportion of sites in each stage is op-
timized to get the best prediction with es-
timated parameters.

Criteria: The goal is good prediction over
the whole of D.
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Let V(zg,S5) be the optimization criterion
for prediction at a specific location xy.

Then consider integrated or maximum
mean square (weighted) error:

A(S):/DV(:L‘,S)w(x)dx
or
M(S) =sup{V(x,S)w(x), © € D}.
Difficulty when parameters are unknown:
want good point predictors and prediction

intervals with accurate coverage probabili-
ties.
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“Plug-in” method vs. Bayesian prediction
Consider Z(0) = AT(0)Z, BLUP for Z,.
Then Z(6) is the plug-in or EBLUP.

Assume AREML estimator — makes
Z(0) — Z(9) independent of Z(0) — Z,.

)
= E{(Z(0) — Z0)*} + E{(Z(0) — Z(6))*}
= M(0) + E{(\T(0)Z — \T(0)2)*}

249



Second term 1is

A tr {1(9)1 (%)T 2(0) (%) }

where % i1s the matrix with entries gg"%’.
J

Leads to

Vi(xg,S) = M(0)

+ tr {Z(e)l (%)T »(0) (%) } :

cf. Harville and Jeske (1992), Zimmerman
and Cressie (1992).
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The uncertainty in estimating uncertainty

Var{M(0)} )
(%) o (%)

Possibility of using some linear combination
of V1 and V5 as the design criterion, but it’s
not clear how to weight them.
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An alternative way of characterizing the
discrepancy between the predictive densi-
ties based on the true 6 and the estimated
§ is to use Kullback-Leibler divergence,

A

Define
0
(O, W|X) = Cov{% logp(W|X, 8),
9, (W1X,0)"
Then

70, W, X))=Z(0|X)+Z(6;W|X).
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Stein (1999) suggested

D(9,0; Z(x0)|Z)
~ %tr{I(@; Z)7VL(0; Z(x0)|2)}
_ B{M©) — M(9)?)
4M(0)?
E{(Z(0) — 2(0))*}
2M () '

_I_

The first of these leads to design criterion
Vg(ZCQ, S) — M(@) [1‘|‘

gtr {Z(0;2)'7(0; Z(xO)‘Z)}] '

Suggest ¢ = 2 when V3 = V] + 2]\‘4/2(9). Call

this the estimation adjusted (EA) criterion.
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Bayesian criteria

Recall Bayesian predictive formula for pre-
diction at xg given Z:

(2 (x0)|2) = / p(Z(0)| 2. 0)p(6] Z)do.

In principle one could use some criterion
based on this predictive distribution (e.g.
the expected width of a 95% posterior pre-
diction interval) as a criterion for choosing
a design.

However there are practical difficulties: the
predictive density can only be evaluated us-
ing Monte Carlo methods, and in practice
one would have to repeat the calculation for
many xg to get a usetul result.

Therefore, prefer to concentrate on simpler
approximate criteria such as EA.
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Two-step design

e For p € (0,1), find (1 — p)n design points
to minimize mean squared prediction error
assuming 6 known

e Given these (1 —p)n design points, choose
remaining np design points to minimize
—log|Z| for the complete design, where 7
is the Fisher information matrix

e Repeat for several values of p and choose
p to minimize an overall criterion for pre-
dictive error

In practice, can often use a regular design
for the first step, and p << 1; then np is
small enough to use simulated annealing in
the second step.
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21. Other approaches to network design
21.1 Haas’s approach

Haas (1992) proposed procedure for opti-
mally selecting new locations in a monitor-
ing network, based on (a) the mean relative
error of estimation (estimate standard error
divided by estimate), and (b) the standard
deviation of the relative error estimate at
the subregion’s center. Idea to balance pre-
diction vs. estimation criteria.
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21.2 Oehlert’s approach
Oehlert (1993, 1995, 1996)

Features of his approach:

1. A novel spatial-temporal model for sul-
fate deposition. A natural candidate for

Bayesian/MCMC analysis, though he did
not use those ideas

2. Optimal design characterized in terms of
either regional or local prediction errors

3. For network reduction, precise criterion
does not matter too much because the
method largely removes redundant station.
For network addition, criterion is more im-
portant

4. Most ambitious exercise was to remove
100 stations from a 249-station network.
The increased prediction variance using
one-at-a-time optimal deletion was much
smaller than using random deletions
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21.8 Two methods by Nychka and Saltzman
Ref: Nychka and Saltzman (1998)

First approach: regression and vartable se-
lection

Useful when

(a) reducing an existing network given past
data on the entire network,
(b) the variable predicted is something mea-
surable in the past data (e.g. average over
the whole current network)

In that case, it is possible to dispense with
spatial modeling altogether and just use re-
ogression. The optimal design problem is
then one of deciding which columns of the
design matrix to keep, i.e. a problem of
variable selection.

They used leaps (Furnival and Wilson 1974)
and lasso (Tibshirani 1995) algorithms to
do this.
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Second approach: space-filling designs

Find designs to “fill space” in some suitable
sense.

1/q
Cp,q(D) = (Z dp($7D)q> :

xeC

where p < 0,9 > 0. Limits p — —oo and
g — oo result in “minimax” criterion, i.e.
minimize the maximum distance from any
point in C' to the nearest point in D C C.

Other metrics? e.g. Trujillo-Ventura and
Ellis (1991) used

N
min [z; — [/,
i1 7
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21.4 The Bayesian approach of P. Mdller

e.g. Sansé and Miiller (1997). Problem
of reducing a set of 80 rainfall stations in
Venezuela to one of 40 stations.

Decision-theoretic: utility function associ-
ated with network D of form

u(D,y) =C > T(lyi — §i(yp)| < 0)

1eDec

—Zci—l—Co,

€D

where 0 is a target for prediction accuracy,
(' is payoft for correct prediction, c¢; is the
cost of operating station ¢ and C is con-
stant — need u(D,y) > 0 for all D and y.

Risk function:
U(D) = E{u(D,y)}.
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The idea: Embed this in a Bayesian estima-
tion problem by treating the design as an
unknown “parameter’” and sampling from
the density

WD, 0,y) < p(0)p(y|0)u(d,0,y).

We then obtain a “posterior distribution”
of D by Monte Carlo sampling; the mode of

this distribution will approximate the opti-
mal D.
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22. Designs for data assimilation
Berliner, Lu and Snyder (1999)
The problem:

Xo (p-dimensional) represents “current
state” of weather (time tg). p ~ 107.

X1 = Fy(Xp) represents deterministic evo-
lution of system to some future time point
t1. At this point we take some observations
Y of dimension ¢ ~ 10°.

Real interest is in Xy = Fj(X;) at some
turther time point ¢5. Will use Y together
with numerical model to predict X5.

However, =~ 50 of the observations in Y cor-
respond to an aircraft flight and are there-
fore under the experimenter’s control. The
design problem concerns these observations.
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The problem is highly nonlinear and
chaotic, and of far too high a dimension to
compute even linear solutions, and is there-
fore totally intractable by any normal mea-
sure of tractability.

A possible model

Xo ~ Np(po, Uo),

X1 = AoXo + €0, €0 ~ N,(0, V),
Y =BX1+n, n~ N, 0,W),

Xo ~ A1 X1 + €1, €1~ Npy(0, V7).

B and W may depend on design D.
Comments:

1. BLS didn’t have ¢y and €7 but it costs
nothing to include these, and they may be
useful, e.g. if we can’t in practice handle
the full p = 107 dimensions
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2. BLS included nonlinear response terms
FO(XO), Fl(Xl) instead of A()Xo, Ale,
but it i1s not clear that this is any better
since they were eventually forced to
linearize anyway

Solution: X1 ~ N,(u1,U;) where
1 = Aopo, Ur = Vo + AgUp A} .
We then have

Y ~ N,(Buy, W + BU,B"),
X2 ~ Np(Al;ula Vl -+ AlUlA?)?
E{(Y — B,ul)(Xg — Al,ul)T} — BUlA{

The joint distribution of Y and Xy is

W + BUBT  BU AT
A ULBT v+ A UAT |



Hence, the conditional distribution of X5
given Y has mean

A+ AU B (W+BU,B") "1 (Y —Buy),
and covariance matrix
S=V+AUA]
— A UL BY (W 4+ BU,BY)"'BU, AT .

Design problem: write B = Bp, W = Wp
and hence S = Sp depending on design
D, and hence maximize ®(Sp) for some
suitably chosen design criterion ®. For ex-
ample, ®(5) = |S| would be D-optimality,
®(S) = tr(S) is A-optimality.

Possibilities for D-optimality: write
S| = |Vi + A U A |- |W + BU BT |71
-|W + BU,B' — BU, A{
(Vi + AU AP AL UL BY.
(*)
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Reduces to g X ¢ determinant.

If in fact Y is (YL YL )" where Y; of di-
mension q —d is fixed observations and only
Y5 of dimensions d is controlled, write

Wii Wia B
W= . B= |
( War  Wag ) ( Bo )
Then

W + BU, B! =

Wi1 + BiU1 Bf Wiz + BiU1 B3
Wot1 + BQUlB,iT Woo + BQUlBg

and hence
‘W + BU,B"| = |Wy1 + BiU B} |-
- [Wag + BoUy By — (Way + BoU 1 BY)
(W1 + BiUL B Y (Wi + BLULBY)).

A similar simplification is possible for the
third factor in (*). Hence in practice, the
largest determinant we have to evaluate is
of a d X d matrix.
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Conclusions on Network Design

1. Max entropy approach is most sophis-
ticated but there are gaps, e.g. no treat-
ment of fully Bayesian hierarchical models
and (related) no designs for estimating spa-
tial covariance hyperparameters

2. Design optimality criteria simpler in con-
ception but maybe they have gone further
in actual implementation

3. Ad hoc approaches may be the most
practical

4. Data assimilation problem has many

possibilities for incorporating ideas intro-
duced in “network design” contexts.
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