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Introduction

• Spatial Misalignment: The locations of exposure data and
health assessments do not match.

• Measurement Error: The health effects analysis often use the
predictions from an exposure model, which contains some mea-
surement error as predicted value, unequal with the true expo-
sures.

• Existing Approaches:

i) Plug-in approach

ii) Exposure simulation approach

iii) Out-of-sample regression calibration estimator (RC-OOS)

iv) Bayesian approaches
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Modeling Framework

• Let X be the vector of the true exposures, W be the vector
of (not misaligned) measurements, U = W − X the vector of
measurement errors, S be the vector of smoothed estimates of
X, V = X−S the vector of the error after smoothing and Y the
health response.

• Let (·)∗ indicates the values at locations without exposure
observations and µ∗i = E(Y ∗i |X∗

i ,Z∗i ). Then the following model
is

g(µ∗i ) = β0 + β1X∗
i + βzZ

∗
i , i = 1,2, · · · , ny

where g(x) is a link function, Ui ∼ N(0, σ2
u), i = 1,2, · · · , nw and

Z∗i is a q × 1 vector of covariates measured without error.

• To estimate exposure, we get predictions S∗ = (S∗1, S∗2, · · · , S∗ny
)T

using the smoothing procedure.
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Modeling Framework (cont’d)

• Exposure estimates are generated often using one of approaches

to spatial smoothing.

• Consider a Bayesian framework with GP prior on X(·). Then,
(

X
X∗

)
∼ N

[(
µ1
µ2

)
,

(
R11 R12
R21 R22

)]

The interim posterior before any health analysis for the distribu-

tion of X∗ given W is

X∗|W ∼ N(µ2 + R21(R11 + σ2
uI)−1(W − µ1),

R22 −R21(R11 + σ2
uI)−1R12).

• The OLS estimator based on a regression model using E(X∗
i |W)
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is unbiased. Thus we can write

X∗
i = E(X∗

i |W) + V ∗i ,

where V∗ has mean zero and variance-covariance matrix Σ∗ equal
to the posterior variance above.

• Other smoothing techniques create the similar structure, X∗ =
S∗ + V∗, where S∗ ⊥ V∗ and the residual term V∗ has a non
diagonal covariance structure.

• The uncertainty in X∗ by the covariance matrix Σ∗ = V ar(X∗|W)
is spatially correlated and heteroscedastic.

• Focus on the linear regression model

Y ∗i = β0 + β1X∗
i + βzZ

∗
i + εi, i = 1,2, · · · , ny

where εi ∼ N(0, σ2
ε ) and independent of the measurement errors
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Plug-in approach

• Direct use of smoothed predicted values of exposure as a co-
variate.

• First, fit the exposure model for [X∗|W] and use S∗ instead of
X∗ in health model:

Y∗ = β0 + β1X
∗ + ε = β0 + β1(S

∗ + V∗) + ε = β0 + β1S
∗ + η

where η = β1V
∗ + ε, nondiagonal error structure.

• The OLS estimator β̂1 is unbiased, but the variance estimator is
not correct due to the correlated, heteroscedastic error structure
(Carroll and others, 1995).

• In practice, bias or unbias of OLS estimator occur in different
situations such as the degree of smoothness, sparse monitoring
data and correlation of confounders and exposure.
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Exposure simulation approach

• Use the simulated exposures as an attempt to correct the

variance of the plug-in estimator.

• Generate M samples X∗
(t) = S∗+ V∗

(t), t = 1,2, · · · , M from the

estimated distribution of [X∗|W] and each M samples is used as

a predictor to fit the health model.

• ̂β1(t): average of overall estimate and

V ar(β̂1) = V ar(E( ̂β1(t))) + E(V ar( ̂β1(t))).

• The approach goes back to the classical measurement error

structure, which produces biased estimates.

• The size of the bias depends on the size of Σ∗.
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Out-of-sample regression calibration estimator

• Use the held-out data to fit a calibration of X∗∗, where (·)∗∗ is

the values at locations where exposure is observed but held out

of the main model fitting.

• S∗∗ is the smoothed estimates of those locations based on

the remaining exposure data and Z∗∗ is the matrix of covariates

measured without error for those locations. Then the model

frame is

X∗∗
i = γ0 + γ1S∗∗i + γT

z Z∗∗i + εx,i,

where E(εx,i) = 0 and V ar(εx,i) = σ2
x.

• We obtain γ̂ = (γ̂0, γ̂1, γ̂T
z )T and calculate new estimated ex-

posures, X̂∗
i = γ̂0 + γ̂1S∗i + γ̂zZ

∗
i .
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Bayesian approaches

• Way for uncertainty associated with using the predicted expo-

sure values in the health model and getting a correct variance

estimate

• Fully Bayesian approach:

Use the samples from the distribution [X∗, β|Y∗,W,Z∗].

• 2-stage Bayesian approach:

The first-stage for the exposure model is [X∗|W] ∝ [W|X∗][X∗]
and the second-stage for the health model is

[X∗, β|Y∗,W,Z∗] ∝ [Y∗|X∗,W,Z∗, β][X∗|W][β].
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Applications
Simulations

• N = 500 simulated data sets with nw = 82 monitoring stations

• Generate W without instrument error, W = X = g + δ with

g ∼ N(µ1,R(ρ, v)) and δ ∼ N(0, σ2
δ Inw).

• Scenario A: very smooth surface

Scenario B: moderately smooth surface

Scenario C: more heterogeneous and the roughest surface

Scenario D: the same as Scenario C,

but exposure is not causally related to health (β1 = 0)
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Traffic Particles and Birth Weight in Boston Area

• The association between traffic-related particulate matter by

motor vehicles and birth weight in the greater Boston area

• Exposure data: BC and elemental carbon (EC) particles,

use the exposure model suggested by Gryparis and others (2007).

• Health outcome: Birth weights in greater Boston area over

Jan.1, 1996-Dec.31, 2002
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Discussion

• Exposure simulation can show very poor performance under

some realistic situations.

• The performance of the different approaches depends on the

underlying exposure surface such as the amount of spatial het-

erogeneity.

• To explain relative practical performance of the different meth-

ods, traditional concepts of measurement error can be helpful.
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