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Abstract

We consider estimation of finite dimensional parameters defined by a set of moment restrictions
when observations on key variables are missing-at-random. We consider the verify-in-sample and
verify-out-of-sample cases of Chen, Hong and Tarozzi (2008) and present parametric alternatives
to their semiparametric estimators. These alternatives are extension of the Augmented Inverse
Probability Weighted (ATPW) estimator of Robins, Rotnitzky and Zhao (1994). We also consider
a modification proposed by Cao, Tsiatis and Davidian (2009) and present it as a one-step update
of the AIPW estimators. Compared to other parametric estimators, the AIPW estimator and
its modification provide additional protection against inconsistency due to parametric misspeci-
fication. They are also locally efficient in the absence of misspecification. Simulation results in
the context of missing instrumental variables suggest that both estimators are likely to be useful

when the researcher is reasonably certain about key components of the parametric specifications.
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1 Introduction

We present parametric alternatives to Chen et al. (2008)’s semiparametric estimators for finite-
dimensional parameters defined by a set of moment restrictions when observations on key variables
are missing from the sample. The parametric estimators are based on two approaches originally
proposed by Robins et al. (1994) and Cao et al. (2009). Such estimators, while common and are
found useful in the biostatistics and statistics literature, have been largely overlooked in economics.!
Our paper seeks to fill this gap.

Consider a sample {R;, Z; := (Y;,X;)}, from {R,Z := (Y, X)}. Y is a key variable and Y;
can be missing. The binary variable R; is 1 if Y; is missing, and is 0 otherwise. X denotes the
other variables and X; is always observed. We refer to the part of the sample with missing Y;’s (i.e.,
R; = 1) as the primary sample, and the other part (i.e., R; = 0) as the auwiliary sample.?

The parameter value of interest, 0 € © C R, is uniquely defined by a set of moment restrictions.

We consider the following two distinct cases for defining 6°:

“verify-in-sample”:  E[g(Z;6)] = 0 if and only if § = 6°, (1)

“verify-out-of-sample”:  E[g(Z;0)|R = 1] = 0 if and only if § = 6°. (2)

Chen et al. (2004) present five important examples where (1) or (2) occur. The latter has received
less attention, at least in the generality of (2). Following the general framework of Chen et al. (2008)
we consider both set of restrictions in a unified way while describing the parametric estimators.

With missing observations, identification of #" has traditionally been achieved by the “missing-
at-random” (MAR) assumption.> MAR ensures that the distribution of Y, conditional on X, is same
in the primary and the auxiliary samples. This is the maintained assumption in our paper.

Our goal is consistent and, when possible, efficient parametric estimation of #° under (1) or (2).
The parametric alternatives presented here belong to the class of the doubly-robust locally efficient
Augmented Inverse Probability Weighted (AIPW) estimators and are extensions of the original work
by Robins et al. (1994) and Cao et al. (2009). We also draw heavily from Chen et al. (2008).

'Exceptions include Wooldridge (2007), Busso et al. (2009, 2011), Graham (2011) and Graham et al. (2011a).

2This terminology is slightly different from Chen et al. (2008), but the rest of the paper is faithful to their exposition.

3See, among (many) others, Rubin (1976), Rosenbaum and Rubin (1983), Robins et al. (1994), Robins and Rotnitzky
(1995), Rotnitzky and Robins (1995), Hahn (1998), Hirano et al. (2003), Chen et al. (2008), and Graham et al. (2011a).



Related literature

Two key quantities involved in the estimation of #° are qo(X;6) := E[g(Z;0)|X] and po(X) := P(R =
1|/X) = E[R|X]. Estimators are characterized by their treatment of these two quantities.

Chen et al. (2008) propose two semiparametric estimators, conditional expectation projection
generalized method of moments (CEP-GMM) and IPW-GMM, of estimation of #°.* The estimation
consists of two steps. The first step is a nonparametric sieve estimation of either ¢o(X;0) (for CEP-
GMM) or po(X) (for IPW-GMM). The second step is a GMM estimation of #° based on a properly
weighted moment vector involving the first-step nonparametric estimates. These estimators should
be preferred in relatively large samples because under minimal assumptions both are consistent for °
and their asymptotic variances attain suitable semiparametric efficiency bounds (SEB) established
in Chen et al. (2008). However, depending on the smoothness of the functions ¢o(X;6) and po(X),
and the dimension of the proxy variables X, relatively small samples may not allow for the presence
of enough terms in the basis functions that would adequately approximate qo(X;#) and/or po(X).?

For possible better finite-sample behavior, researchers often postulate parametric models for
qo(X;0) or po(X). The former gives the parametric imputations (PI) estimators and the latter gives
the IPW estimators [see, for e.g., Qin et al. (2008), Wooldridge (2002, 2007, 2010)]. These estimators
are inconsistent if the postulated parametric models (PPM)s are incorrect. Even with correct PPMs,
their asymptotic variance may not attain a suitable SEB under standard data generating processes.

Robins et al. (1994) consider estimation of parameters (6°) in a regression function with missing
regressors and propose a method that uses PPMs for both ¢o(X;0) and po(X). This gives the
ATPW estimator that is consistent if at least one of the PPMs is correct, and hence is doubly-robust
(DR) to parametric misspecifications [see Scharfstein et al. (1999)]. The asymptotic variance of the
estimator also attains a suitable SEB when both PPMs are correct. This is the local efficiency (LE)
property. Numerous papers have since considered the original AIPW estimator, its extensions, and
various other DR estimators for the estimation of population or sub-population averages [see, for

e.g., Hirano and Imbens (2001), Statistical Science (2007:22), Cao et al. (2009), Tan (2010, 2011)].

4The term “semiparametric estimator”for 6° is used to refer to two-step estimators when the first step involves fully
nonparametric estimation of unknown (infinite dimensional) nuisance parameters. Other estimators are referred to as
“parametric” although they do not require a fully specified (conditional) likelihood function.

®See Assumption 5(5) in Chen et al. (2004), Assumption 4(5) in Chen et al. (2008) and the simulation results for
Designs 2, 3 and 4 (last 3 rows) in Graham et al. (2011b) [also see, condition (v) in Theorem 6 of Hahn (1998) and
Assumption 5 of Hirano et al. (2003)].



Our paper

We follow Robins et al. (1994) and present AIPW estimators for #° defined by moment restrictions
(1) or (2). Our goal is more general than estimation of parameters that can be explicitly expressed as
population or sub-population averages, as has been the focus of the limited use of AIPW estimators
in economics. We are interested in parameter values implicitly defined by a set of moment restrictions
(not necessarily for regression, as has been the focus in biostatistics). This extension seems natural
but, to our knowledge, the parametric methods mentioned hitherto have not been applied to our
general setup in (1) and (2) with the exception of Wooldridge (2007) and Graham et al. (2011a)
(both consider (1)). Given the importance of the setup, as highlighted in Chen et al. (2004), this is
an important and practical gap in the literature. Our paper seeks to fill this gap.

However, as noted by Kang and Schafer (2007), the AIPW estimators may not be better than
the other parametric estimators when either PPM is incorrect. Part of the drawback is addressed
by Cao et al. (2009) who propose a modification of the AIPW estimator in the context of moment
restrictions (1) with scalar valued g(Z,0) = Y — 6.5 We extend this modification to our setup in
(1) and (2). The extension is nontrivial given the generality of our setup that includes as a special
case the setup of Cao et al. (2009) and others.” These modified AIPW estimators are also DR to
parametric misspecifications. Their asymptotic variances attain suitable SEBs when PPMs for both
po(X) and qo(X;0) are correct. So they are also LE. Moreover, we design the estimators to be
A-optimal (made precise in Section 4.1) in the class of DR-LE-AIPW estimators when the PPM for
po(X) is correct but that for ¢o(X;6) is not. To reduce computation, we present them as two-step
estimators. The first step is the AIPW estimation whereas the second step is an updating to achieve
A-optimality.

We anticipate that the AIPW and the modified AIPW estimators will be useful in practice
when the researcher is reasonably confident that at least one of the PPMs is correct, and when
semiparametric approaches are deemed less attractive due to relatively small sample size or other
reasons. We take the PPMs as given (by experts) and discuss the consequences of them being correct

or wrong on the asymptotic behavior of the AIPW and the modified AIPW estimators.

5Tan (2011) provides another interesting solution in the context of (1). We do not pursue it in the current paper.

"It also imposes a cost in terms of the generality of our exposition. Unlike Chen et al. (2008) (but like Wooldridge
(2007) and Graham et al. (2011a)), we are restricted to just-identified models. Extension to over-identified models is
straightforward for the AIPW estimators, but not for the modified AIPW estimators.



The paper is organized as follows. Section 2 describes the theoretical framework. Sections 3 and
4 present the AIPW and the modified AIPW estimators respectively. Section 5 discusses possible
extensions. Section 6 presents a small Monte-Carlo experiment studying the finite-sample behavior
of various parametric estimators in the context of a missing instrumental variables regression. We
conclude in Section 7. The paper is, unfortunately, heavy in notations. We collect all the notations
in Section A of the Appendix for the convenience of readers. Proofs of the stated results are standard

and mechanical, and hence relegated to Section B of the Appendix.

2 Framework

First we state our maintained assumption M that describes the given framework.

Assumption M:

(1) (R,Y, X) are random variables such that §° € int(©) satisfies the moment restrictions described

in (1) or (2). © C R? is compact.

(2) (i) g: 2 x O — RL Zis the support of Z := (Y, X). (ii) [|g(z;0)||*> < b(z) for all z € Z
and 0 € © where b(z) > 0 and E[b(Z)] < oco. (iii) g(z;6) is continuous in § € O for each
z € Z. (iv) g(z;0) is continuously differentiable in 6 € int(©) for each z € Z. There exists an
open neighborhood A (0Y) C © containing #° such that for all € N (0°), E[||G(Z;0)|] <
and E[|G(Z;0)||R = 1] < oo where G(z;0) := %g(z;@). Gpy = E[G(Z;0°)] and Gy :=
E[G(Z;6°)|R = 1] have full rank d.

(3) (R, Y:, X;), is an i.i.d. sample from (R,Y, X), but Y; is missing if and only if R; = 1. There

exist constants k., x* such that 0 < k. < po(X) :=P(R=1|X) <rk*<1las. X.
(4) Y L RIX.

Remarks: M(1) defines the parameter value of interest #° and the parameter space. M(2) describes
the moment vector. M(3) defines the propensity score of missingness, po(X), and imposes bounds
on it. This is a technical requirement.® Naturally this implies that py := P(R = 1) € [k, x*]. M(4)

defines the missing-at-random (MAR) setup and is crucial for identification of #°. m

8This is the strong-overlap assumption. Frolich (2004) and Busso et al. (2009, 2011) present systematic simulation
studies of the consequences of its violation in the context of estimation of average treatment effect (and on the treated).



Now we consider three toy examples to illustrate the consequences of MAR on using only the
non-missing observations (the so-called “complete-case estimator”), a practice that is common in
applications. The first two examples are well known. But the third one has received little attention
and hence will be the subject of the simulation study in Section 6. We note the importance of using
the inverse probability weighted moment vector, and subsequently motivate the ATPW estimator.
For brevity, we only consider the moment restrictions in (1) for this illustration. See Chapter 19.8
of Wooldridge (2010) for a textbook treatment of inverse probability weighting.

Toy example - 1: Missing outcome variable in ordinary least squares regression

Consider a model Y = X6° +¢ (all scalar). Let E[Xe] = E[e] = 0. §° := E[XY]/FE[X?] is defined
by (1) with ¢(Z;0) = X(Y — X0). Using only the non-missing observations gives the estimating
equations 2", (1 — R;))X;(Y; — X;0) = 0. The estimator § = E[(1 — R)XY]/E[(1 — R)X?] =
E[(1—po(X))XY]/E[(1-po(X))X?] # 6° (generally) unless a stronger assumption E[e|X] = E[e] = 0
(i.e. E[Y|X] = X0% holds. On the other hand, using an inverse probability weighted moment
vector g(Z;0)/(1 — po(X)) restores balance between the primary and the auxiliary samples. This
gives the estimating equations Y ;" {(1 — R;)/(1 — po(X;))} Xi(Yi — Xﬁ) = 0 and the estimator
05 Bl T XY/ Bl 5y X7 = 6° by using M(4). m
Toy example - 2: Mlssmg explanatory variable in ordinary least squares regression

This is similar to toy example 1 with the roles of ¥ and X interchanged. m
Toy example - 3: Missing instrumental variable in instrumental variables regression

Consider a model X; = X0 + e. Let E[Xae] # 0, Ele] = 0, E[Ye] = 0 and E[Y X5] # 0.
0° .= E[Y X1]/E[Y X3] is defined by (1) with g(Z;6) = Y(X; — X26). Using only the non-missing
observations gives the estimating equations Y ;" (1 — R;)Yi(X1; — X2:0) = 0. The estimator 6 KR
E[(1-R)Y X1]/E[(1-R)Y X5] = E[(1—po(X))Y X1]/E[(1—po(X))Y X3] # 6° generally (and not even
under the stronger assumption E[e|Y] = Ele] = 0). But, the inverse probability weighted moment
vector g(Z;6)/(1—po(X)) gives the estimating equations Z?Zl{(1—Ri)/(1—pg(Xl-))}Y;(Xli—Xgia) =

0 and the estimator 0 2> El; YX1 El7 Y X5] = 6° by using M(4).? Since this example
(

(X)

is apparently at odds with the literature, we present a simulation study of it in Section 6. m

So, under MAR, inverse probability weighting of the moment vector by the unknown po(X) :=

9The definition of MAR in the context of toy example 3 is at odds with the more conventional use of it by Mogstad
and Wiswall (2011) or Abrevaya and Donald (2011) who found consistency using only the non-missing observations.



P(R = 1|X) leads to consistency. The parametric IPW estimator uses an estimator of po(X) based
on a PPM. However, it is also clear that the parametric IPW estimator is inconsistent if the PPM
is incorrect. Even otherwise, its asymptotic variance does not generally attain a suitable SEB [see
Hahn (1998), Hirano et al. (2003), Wooldridge (2007) and footnote 11 of Graham et al. (2011a)].

The AIPW and modified AIPW estimators are precisely meant to address these two problems
of the parametric IPW estimators. These estimators work directly with a feasible version of the
efficient influence function by replacing the unknown infinite dimensional nuisance parameters, such
as qo(X;0) and po(X), by PPMs involving unknown finite dimensional nuisance parameters. See
Chen et al. (2008) for a unified treatment of the efficient influence functions and their variances, i.e.,
the SEBs [also see Robins et al. (1994) and Hahn (1998).] We list them below.

Under moment restrictions (1), the efficient influence function is G[_l]li/)ﬁf(ﬂo), where

1-R

%Z)Hl]f(e) T (X) [9(Z;6) — qo(X;0)] + qo(X;0). 3)

The superscript “inf’stands for infeasible because (3) depends on possibly infinite dimensional un-
known nuisance parameters po(X) and go(X;6%). On the other hand, the efficient influence functions
under moment restrictions (2) are different based on the propensity score py(X) being completely
unknown, partially unknown (up to finite dimensional unknown nuisance parameters), or completely
known. [We do not consider the case where po(X) is completely known because our focus is DR

estimators.] If po(X) is completely unknown, the efficient influence function is G[*Q]lq/)g}f_cu(ﬁo) where

pO(X) winf(g) + R — pO(X)

inf
0) :=
Vig]—cu(0) vo VH "

q0(X;0) (4)

and the subscript “cu”stands for completely unknown. If py(X) is partially unknown (denoted by
subscript “pu”) up to finite dimensional unknown nuisance parameters, say -, the efficient influence

function is G[fz]ld}fg}fipu(ﬁo), where

R — po(X)
Po

B 0) = P uit0) 4

i w(X:0)15,(:%). o)

S, (7°) is the score vector (defined below in PS(2)) for v evaluated at 4°, which is the unknown true

value of the finite-dimensional nuisance parameters v such that p(X,~%) = po(X) a.s. X. II(.].) is



used to denote the population least squares projection.'®

The corresponding SEBs, i.e., the asymptotic variances of the efficient influence functions, are

SEB) = Gy B [ufif (0%l (6°)] o), (6)

SEBy o, = Gl B [ (00 o (0)] 0" (7)
o — inf inf’ -1/

SEB[Z]*PU T G[2}1E [w[ﬂfpu(go)wp]fpu(eo)} G[Q]l (8)

These were established by Chen et al. (2008), but their expressions are not central to our discussion.
In the sequel we use the following abbreviations: “[1]”for “verify-in-sample”; “[2]-cu”for “verify-

out-of-sample” with propensity score completely unknown; and “[2]-pu”for “verify-out-of-sample” with

propensity score partially unknown (i.e., known up to finite dimensional nuisance parameters 7).
The key components for the AIPW and modified ATPW estimators are the PPMs for ¢o(X;0)

and po(X). The generic PPMs are defined in Model-CE and Model-PS.

Model-CE: For each § € ©, the PPM for ¢o(X;0) is ¢(X; 6, ) where 3 is a dg x 1 vector of unknown

nuisance parameters belonging to a parameter space B(f) that is a compact subspace of R% and is

possibly dependent on . For each 6 € O, there exists a unique 8°(#) € int(B(0)) such that

BY6) = argﬂrené%)Q(G,ﬁ), where 9)
Q,B) = %E (1= po(X))(9(Z;0) — a(X;6,8)) (9(Z;0) — q(X; 06, 8))] - (10)

Model-PS: The PPM for py(X) is p(X;y) where 7 is a d, x 1 vector of unknown nuisance parameters
belonging to a parameter space I' that is a compact subspace of R%. There exists a unique 7° €

int(I") such that

A0 = arg{lylglch(v), where (11)
L(v) = E[Rlog(p(X,7))+ (1 - R)log (1 —p(X;7))]- (12)

The properties of the AIPW and the modified ATPW estimators depend on the assumption PPM

below defining the correctness of the PPMs. These assumptions may or may not hold.

OFor any two random vectors Za and Zp with mean zero and bounded second moment such that E[Z BZH is
nonsingular, the population least squares projection of Za on Zp is I1(Za|Zp) := E|ZaZ | {E|ZZ5)} " Zs.



Assumption PPM:

(CE) 8°(0) € B(f) defined in (9) uniquely satisfies A,(X;60,8) = 0 a.s. X for each § € © where

Ag(X;0,8) = q(X;0) — q(X; 0, 5).
(PS) 4° € T defined in (11) uniquely satisfies A,(X;7) := po(X) — p(X;v) =0 a.s. X.

For notational convenience define A, (X;60) := Ay (X;60,8°(0)) and A, (X) := A,(X;70).
Remarks: (10) is unconventional because the RHS contains the scalar multiple 1 — po(X). This
does not affect the main results related to the AIPW estimators. A more conventional representation
would require the objective function to be inverse weighted by the estimated 1 —p(X). When PPM-
(CE) is not true, 8%(6°) is usually different depending on whether it is inverse weighted.!! The
modified AIPW estimators exploit this dependence to improve upon the AIPW estimators.

Typically 5°(f) and ~° are estimated by nonlinear least squares (NLS) and (conditional) quasi
maximum likelihood (QML) respectively. Following White (1981) and White (1982) we list below
the standard assumptions required for consistent and asymptotically normally distributed NLS and
QML estimators. For brevity we write the assumptions in a compact form that may not be conducive
to appreciate their significance (but these assumptions are already well known).

Assumption CE:

(1) gq(z:6,p) is continuous in § € © and § € B(#) for all z € X (support of X). ¢(z;6,0) is
twice continuously differentiable in 5 € int(B(6)) for all z € X and # € ©. The deriva-
tives are denoted by ¢g(X;6,3) = a%,q(X;Q,/B), and for each j = 1,...,d, q8,;(X;0,8) =
%gﬁ,qj(X;G,B). q(x;0,8) and ¢3(X;0,3) are continuously differentiable in § € int(©) for
all z € X and for all § € B(0) and int(B(#)) respectively. The derivatives are denoted
by q9(X;0,8) = %Q(X;Q,,B), and for each j = 1,...,d, qgp,(X;0,8) = %jﬁ,qj(X;G,B).
The following dominance conditions hold — (a) supgece Supgep(9) lq(x;0,8)|1> < b(z), (b)
SUPgco SUPgeint(B(6)) las (3 0, B)|I> < b(x), (c) supgeo supgen(s0(0)) 14885 (%30, B)|| < b(z), (d)
SUPger(90) SUPgen (g0 (o)) Ul G0 (3 0, B)I| + [la0s,5 (x5 0, B) ||} < b(x) — for all z € X where b(X) > 0
and E[b(X)] < oo, and N'(°(#)) C B(6) is some open neighborhood containing 5°(#) for 6 € ©.

' This should not be surprising because Toy example 1 showed that inverse probability weighting does not matter (for
consistency) when the regression function is a conditional expectation, but does matter otherwise. However, in informal
simulations (not reported here) based on the design of Kang and Schafer (2007), we found that such inverse probability
weighting, as advocated by Hirano and Imbens (2001), provides remarkable improvement in the finite-sample behavior
of the AIPW estimator irrespective of PPM-(PS) or PPM-(CE) being correct.



(2) °(6) defined in (9) is such that suppepr(go H%BO(G)H < b for a fixed b > 0.

(3) A®(0,8) == —F [%@2@@1(9,5)} and BP)(0,8) .= E [%Qz(e,ﬁ))a%qu(G,ﬁ) are continuous
in B€ N(B°#)) and in § € O, and are nonsingular at 3 = 3°() for 6 € ©.

Assumption PS:

(1) p(z;v) is continuous in v € T for all z € X. p(x;7v) is twice continuously differentiable
in v € int(I') for all z € X. The derivatives are denoted by p,(X;v) = a%,p(X;y) and
Pyy(X57) = %p’y(X;'y). The following dominance conditions hold: sup.,ci(r) [y (x5 9) 1% +
SUD, e (40) 1Py (@5 7) || < b(x) for all & € X where b(X) > 0 and E[b(X)] < o0, and N(7") C T

is an open neighborhood containing v°

(2) AW (y) := —F [8%,5%1-(7)} and BW(y) := E [S%i('y)S’%i(’y) are continuous in v € N(7°),

i Ri—p(Xi;
and are nonsingular at v =~°. [S, () := %Li(y) = W%pg()(;’y).]

Remarks: CE(2) imposes smoothness that will be sufficient for our results.!?> We note here that
this is a critical assumption that allows us to consider the various estimating equations in the sub-
sequent sections separately. Rest of the assumptions are standard and will also be maintained for
the discussion of the AIPW and the modified AIPW estimators. In terms of notation, @Q;(6, 3) used
in CE(3) and L;(7y) used in PS(2) are defined in (20) and (22) respectively (and are related to the

sample counterparts of (10) and (12)). m

3 AIPW estimators under moment restrictions (1) and (2)

In this section we define the ATPW estimators for all three cases: [1], [2]-cu and [2]-pu. We provide
intuitions behind them and then state their asymptotic properties in Theorem-3.2.
3.1 Definition

To define the three ATPW estimators, first we list the notations to be used. For any 6, v and 3, define

the postulated parametric versions of the efficient influence functions in (3), (4) and (5) (without the

12Weaker conditions, such as ||8°(61) — 8°(02)|| < b||f1 — 62| for any 61,62 € N(6°), should serve the same purpose
with minor modifications in the proofs of our results.

10



pre-multiples G[_l}l or Gt , Or Got ) as

2] 2)-pu

1—-R;
Y07, 8) = = p(Xiv) [9(Z;0) — q( X350, 8)] + q(X4; 0, B), (13)
w[Q]fcu,i(aa'Y?B) = W¢[l},i(0777/8> + WQ(Xz‘; 0,8), (14)
o078 = "By 0. 411 (BE 0, )15, ). )

(14) and (15) are still infeasible given 6, and 5 because of the presence of the unknown py and
the population projection II(.|.). So define the corresponding estimated versions {/;[1],i(0777 B) =
Di11,i(0,7, B), Dpg—cui(0,7, B) and Ppgy_pu (0,7, 8) by replacing po with fo == np/n (where n, =
>iy R; is the size of the primary sample), and II(.|.) with its sample analogue ﬁ(]) which, similar
to TI(|.), is defined as TH(Za|Z5) i= (S)oy Za5 25, ) (X1 2675,

should be a subscript n in the 121\78 because these are triangular arrays. We omit it to avoid further

1
Zp,i- In principle, there

notational clutter.

The AIPW estimators for 6° in the three cases — [1], [2]-cu and [2]-pu — are defined as follows:

~ 1<~ o~
Case - [1] : 9[1] solves E Z?’D[l]vz (9[1],7,ﬁ(9[1])) = 0, (16)
i=1
~ 1 &~ ~ PPN
Case - [2]_011 : 9[2]—Cu solves 5 Zw[Q}—cu,i (9[2]—Cu7775(0[2]—cu)> =0, (17)
=1
~ 1 o ~ ~ PPN
Case - [2]-pu : fpy)_py solves — > dp—pus (9[2]7pu777ﬁ( [Z]fpu)> =0. (18)
i=1

~

For each 6 € ©, 3(0) is the NLS estimator defined as

BO) = g min > Qu0.5), where (19)
Qi(0,8) = %(1 — Ri)(9(Zi;0) — q(X:;0,5)) (9(Zi;0) — a(Xi; 0, B)). (20)
7 is the QML estimator defined as
- 1 ¢
N = arg I,rylglzc - Zz; L;(vy), where (21)
Li(y) = Rilog(p(Xi, 7))+ (1 —Ri)log (1 —p(Xi;7)). (22)

11



3.2 Double-robustness (DR) and Local efficiency (LE)

ATPW estimators work directly with the influence functions in a parametric sub-model which, when
correct, should have no effect on the asymptotic variances. Since they actually use the efficient
influence function, the asymptotic variances attain the suitable SEBs when the PPMs are correct,
meaning the estimators are LE.'® Less apparent is the DR property, and hence we consider this
first.!4 The idea is the same for all three cases (and also for the modified AIPW estimators). So, for
the purpose of brevity, focus on case [1], i.e., on the estimator (/9\[1].

The expectation of (13), i.e., the population estimating equation for a given 6,7 and 5°(#) can

be expressed as

E [0, 8°0))] = Elg(z [(1 5 io))[g(z;e>—q<x;97/3°<9>>}
= Bz -5 | Xﬁufﬂ

by using M(4). If PPM-(CE) or PPM-(PS) holds, i.e., if Ay(X;6) = 0 for each 6 or A,(X) =0 a.s.
X, then, by M(1), the above expectation is zero if and only if § = §°.1> So consistency depends only
on the validity of moment restrictions (1) (i.e., on M(1)) as long as one of the PPMs is correct. This
is what leads to the so-called DR property [see Scharfstein et al. (1999)].16

For the intuition behind LE, consider any 6 € int(©). A mean-value expansion gives the following

useful decomposition

Z%m( 7. B(6 ))

. 1 n 1 n
n;¢f \FZ i€ \/ﬁ; el \/ﬁ;T(g)
+04(0)v/n(F = °) + Ta(0)v/n(B(0) — B°(6)) + op(1), (23)

13Theorem 2.1 and its neighborhood in Graham (2011) give an insightful discussion of how the apparently much
more informative MAR (i.e. M(4)) assumption under case [1] is captured by the form of the efficient influence function.

Busso et al. (2009) (Section II.C) also stress on the relative importance of the DR, property (to economists) in their
discussion of estimators for average treatment effect (and on the treated).

'5This also explains why, unlike Assumption 2.1 of Graham et al. (2011a), we do not restrict our assumption PPM-
(CE) to only 6 = 6°. Doing so in our context would require imposing (not intuitive) additional assumptions for the
above expectation to be zero uniquely at 8 = 6°.

While DR could directly be shown for all three cases using the decomposition in (34) (that we actually use in the
proof), we do not do so here to avoid referring the readers to the notational appendix for this crucial DR argument.

12



where the (new) quantities in the second and the third line in the RHS of (23) are

1 R; — po(X3)

( . _tu T PolAd) .
Tw® = =1y A0
(2) 1= R; Ay (X;) o )
T = =12 po(X3) 1= p(Xi579) 9(Z558) = a0(Xi:6)],
@ gy = X)) oy
Ty[l],z(e) T 1 _p(Xz,’}/O) Aq(Xlae)a

1- p(X) py(Xi57°)
E{ x; >A(X“9>1—<Xm0>}’

—p
Ap(X ) n g0
b L — p(Xi;7? )qB(X“aﬂ (0))] '

Uy (0) = E[a,ﬂ)[l},i (9a70,50(9))]

{85’¢[1 (6.1°, ﬁo(é’))]

\/H(B(G) — B%6)) = Op(1) and \/n(¥ —4°) = Op(1) under assumptions CE and PS [see White
(1981) and White (1982) or Lemma 3.1 below]. Now consider the scenario where both PPM-(CE)
and PPM-(PS) hold, i.e., Ay (X;6) = 0 for each § and Ap(X) = 0 a.s. X. Therefore T[(l]) 0) =
T(0) = T((0) = 0 as. X, W,(6) = 0 and W(9) = 0. This implies

ii{b\ <00’\B( ) Zwmf 90 +o (1) and

\/ﬁ [1],2 » Vs \/» (1] P ,

i=1
1~ 9 ~ e
" > 20 Vi <90,%5(90)) = G +op(1),
i=1

and hence the asymptotic variance of the AIPW estimator under case [1] attains the SEB in (6).
Additionally, the decomposition in (23) also shows that when PPM-(CE) is correct, estimation of
~ does not affect the asymptotic variance of the AIPW estimators. Similarly, when PPM-(PS) is
correct, estimation of 8 does not affect the asymptotic variance of the AIPW estimators.

The same intuition behind DR, LE and asymptotic variance (in general) holds for the AIPW

estimators defined in (17), (18) and the modified AIPW estimators to be defined in the next section.

3.3 Asymptotic properties

An useful intermediate result for the asymptotic properties of the AIPW and the modified AIPW

estimators is stated in Lemma-3.1. Then the main result of the paper is presented in Theorem 3.2.

Lemma 3.1 Let assumptions M, CE, PS hold. Then the following results hold for 5 and 3(0) defined

n (21) and (19) respectively as n — oo:

13



(a1) 7 =",

(a2) v (7=~ 4 N (0, [40] 7 BO) [40] 7).

(b1) B(6) 2 BY(0) uniformly in 6 € ©.

(b2) Forany0 € ©, v (B(6) — 80)) % N (0, [AD(6,8%0))] " BO(6,5°(0)) [4°)(0, 8°(6))] _1/)-

Eaxpressions for A, B0 A®) (9, 39(9)) and BP) (0, 58°(0)) are given in Section A of the Appendiz.

These results are well known since White (1981) and White (1982); the only apparent difference
being the underlying notion of uniformity in 6. The following theorem describes the properties of

the AIPW estimators for the three cases: [1], [2]-cu and [2]-pu. This is the main result of the paper.

Theorem 3.2 Let assumptions M, CE, PS hold. The postulated models Model-CE and Model-PS
are given. Then the following results hold for the AIPW estimators 0[1], 0[2] cw and 0[2 « defined in

(16), (17) and (18) respectively, as n — oo:
(i) If PPM-(CE) or(and) PPM-(PS) holds, then 3[11,5[2]_% and 1/9\[2]_pu are consistent for 6°.

1) (a ot - an - old, then Al ,AQ —ew AT Az _pu CcOnverge in distribution
If both PPM-(CE d PPM-(PS) hold, then 0y}, 0| d O d b

to normal variables with mean 0° and variance equal to the SEBs defined in (6), (7) and (8).

1) (b) If PPM-(PS) holds but PPM-(CE) does not, then 51 ,52 —ew and 52 _pu converge in distri-
(1> 7[2] (2]-p

bution to normal variables with mean 6° and variance given by a generic form:
SEB+ G War [5(90, 50(90))] GV

where £(6, B) := TMW(0, 8) — 11 <f(1)(9,5)]5’7(70)>. The expressions of TV (6, 8) for all three
cases are given in Section A of the Appendiz.G = Gy for case [1] and Gy for cases [2]-cu and

[2]-pu. SEBs for the three cases are defined in (6), (7) and (8) respectively.

1) (c) If PPM-(CE) holds but PPM-(PS) does not, then @\1 and 52 _eu CONnverge in distribution
(1] 2]

to normal variables with mean 6° and finite variance.'”

"Unlike in (ii.a) and (ii.b), the expression for the asymptotic variance in (ii.c) does not lead to any insight about
the behavior of the AIPW estimator and hence is not reported. It should be noted that case [2]-pu is not relevant for
(ii.c) because it imposes PPM-(PS).
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Remarks: (i) is the DR property of the AIPW estimators. Unlike other parametric estimators such
as PI or IPW that are inconsistent when, respectively, PPM-(CE) or PPM-(PS) is incorrect, the
AIPW estimators are consistent as long as (at least) one is correct. (ii) shows that if PPM-(CE)
or PPM-(PS) is correct, then AIPW estimators are asymptotically normal with mean 6% and finite
variance. Part (a) shows that the asymptotic variance attains the SEB. This is not necessarily true
for the PI estimator [see Qin et al. (2008)] or the IPW estimator [see Wooldridge (2007) and footnote
11 of Graham et al. (2011a)]. Part(b) quantifies the inefficiency of the AIPW estimators. It is this

inefficiency that the modified AIPW estimators in the next section tries to minimize. m

4 Modified ATIPW estimators

We present the modified AIPW estimator as a two-step estimator where the first step is the AIPW
estimation and the second step involves updating to achieve a certain optimality. We focus on the
updating step to avoid repetition. Generic quantities and statements that are valid for all three cases

are reported without the subscripts “[1]”, “[2]-cu”and “[2]-pu”to avoid notational clutter.

4.1 Modification for A-optimality

The form of the asymptotic variance of the AIPW estimators given in Theorem-3.2(ii.b) motivates
the modified ATPW estimators in the spirit of Cao et al. (2009). Under this scenario one may wish
to estimate the parameters 3 in ¢(X;60°, ) such that it converges in probability to some 5*(8°) €
int(B(6°)) satistying G—1Var [2(90, ﬁ)} GV —GWar [€(6°, 5*(90))} GV is p.s.d. for all 8 € B(6).
This would minimize the variance (extra over SEB) of the AIPW estimator under the conditions of
Theorem-3.2(ii.b). However, we are unable to provide a simple method that would minimize the
variance and still retain the other properties of the AIPW estimator unless @ is a scalar parameter.'®

A compromise is to modify the goal and induce a probability limit 5*(6°) € int(B(6")) for the
estimator of # such that Theorem-3.2 (i), (ii.a) and (ii.c) remain correct and, at the same time, under

the conditions of Theorem-3.2(ii.b),

Trace (G_lVar [5(90, 5)] GV -G War [5(90, 5*(90))} G—l’) >0 (24)

18 Over-identified models can be easily accommodated with modified AIPW estimators if 6 is a scalar.
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for all 8 € B(#°). This is in the spirit of A-optimality in the design of experiments literature.!® Under
suitable conditions (Lemma 3.6 of Newey and McFadden (1994)), and for a given 6, 3*(#) solves the

first-order condition of the optimization problem in (24), i.e.,

0 = SE[EeHCGE0.).
=0 = E :(;ﬁfﬂy(e,,@)) GG {TW (0, 8) - 11 (TW(6,8)5,(+")) }
_E K;BH (700,8)15,(:*)) ) 616~ {TW (0, ) 11 (TV(6,5)I5, (")) }]
S0 = E((%ﬂ”'(@,ﬁ)) GG {T(”(G,ﬁ)—H<f(1)(9,5)|5w(70))}: (25)

The term on the second last line above is zero and gives the simplification in the last line of (25).2
Since ¥ is consistently estimable and so is G (given 6° and +%), treat them as known for now.
I1 (T(l)(G, B)\Sv(vo)) in (25) is just a least squares projection of T(M (6, 8) on S (79).

Now recall that when PPM-(CE) holds, we would still require 5*(8°) = 8°(6°) so that the results
in Theorem-3.2 (i), (ii.a) and (ii.c) remain correct. To incorporate this, we follow Cao et al. (2009)
and define 3*(#), for a given 0, as the solution of the following augmented system. For a given 6 € O,
let 8*(6) and A° := [A},..., \Y]’ solve the following dg + d X d- equations

o ~

B| (5570 00) 66 {7005 - 15,00}

E [57(70) {fj“)(e,ﬂ) - S;(VO)AJ-H for j=1,....d.

(26)

(27)

Remarks:

(i) For a given § (and @), (27) gives A)(8) = {E [$,(+°)8,(+*)]} " E [57(70)@(1)(9,5)] for

19Tn our context, this seems to be a more relevant goal than the related concepts of D-optimality (minimizing the log
of the determinant) or E-optimality (minimizing the maximum eigen value).

20T see the zero consider any j =1..., ds and note that
S P[00 B0 B [5,60T 6.0)] 66 {F0.0) —11 (TV0.)15,07) ]
= %E [Trace (8,0 {B" (")} " B [$,0)TV 0.8)] ¢~ {T(60,8) - 11 (T (6,8)/5,(:) } )]
= Trace ({Bw(fyo)}il %E [SW(VO)T(I)/(G,ﬁ)} G VG 'E [{f(”(g,ﬂ) —1I (f<1)(075)‘57(70)) } S:/(’YO)})
= 0

because E [{f“) — H(f(l) \Sw)} S;} = 0 by the definition of least squares projection.
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j=1,...,d. PS(2) implies that the solution is unique. Plugging AY(3) := [A}(B),...,A%(B)]" in (26)
gives (25). As explained above, this leads to the optimality defined in (24).

(ii) Now suppose PPM-(CE) holds. M(4) implies that (27) can be equivalently written as 0 =
E [57(70) {Tj(l)(e,ﬁ) — SﬁY('yO)/\j}] for j = 1,...,d, by using the law of iterated expectation. But
T7M(9,8°(0)) = 0 when PPM-(CE) holds. Therefore, under PPM-(CE) and PS(2), the unique
solution for (27) is A” = 044, . Plugging this in (26) and using M(3) along with the same arguments
as in Lemma-3.1, it follows that the unique solution to the system (26) and (27) is 8*() = B°(0)

and A” = 04xq, . Therefore, when PPM-(CE) holds the system gives 3*(6) = 5°(9) defined in (9). m

4.2 Definition and discussion of the modified AIPW estimator

For the sake of reference, first we list the functional forms of T} (6, 8). For case [2]-pu we list instead
a useful simplification of f(l)(ﬁ, B) from (46) in Section B of the Appendix. For all, we ignore the

negative sign (in front) and the constant multiple 1/py because they do not affect our purpose here.

R — po(X) , ,
% 9(2:0) — a(X;0,8)],

Case - [3]-pu:  po(X) }f_ﬁ((])((;;))

Case - [1] and Case - [2]-cu:

[9(Z;0) —q(X;0,5)] .

This gives, for a given 6 and ~, the following unified representation for the sample analogs of (26)

and (27), i.e., the sample estimating equations for § and A = (A1,...,\g)’

n

1 1—R1 XZ';
0 — 72 p(Xi;v) %
n = 1-p(X;7y)1-p(Xisy)

;

: Xl; (2
pzj((Xi;J)) [c(Xm) (91(Zi;0) — q1 (X450 5)) XLMV))M}

Vs

(28)

: Xz; (3l
% [c(Xi;v) (9a(Zi;0) — qa(Xi; 0, B)) — ﬁ)\d}

c(Xi;7y) := 1 in cases [1] and [2]-cu and ¢(X;;v) := p(Xi;7y) in case [2]-pu. On the other hand,

~

G(0.7) = 3 X Ty G(Z530) in case [1] and G(0,7) = 5 Xy e W32 G(Z5:0) in

cases [2]-cu and [2]-pu where py := n,/n.
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Remarks:
(i) The last d x d, estimating equations in (28) for Aq,...,\; respectively are easy to follow at

7% and at given  and 3. Under standard regularity conditions, the estimated (0, B) converges in

. 1—po(X)  PL(X:?")ps(X1n®) 11! 1-po(X) PL(X1°) . .
probability to {E [l—pz()g(wo)p(}(wo)(l—;(XwO))}} E [l—pl()g(;wo) ljp(X;vo)c(X’70)Aq’d(9’6))} which,

when considered under PPM-(PS) and PPM-(CE), conforms with the intuition in the last subsection.

(ii) Under PPM-(PS) and suitable dominance conditions, RHS of the first dg estimating equations
in (28) at v = 7 converge uniformly to the population estimating functions in (26) (once the omitted
po and the signs are reconsidered). To see this, consider, for e.g., case [1] and assume PPM-(PS)

holds so that we can safely focus at v = 4°. The estimating functions in (26), using M(4) are

R — po(X) R — po(X)

[9(Z;0) — q(X;0,8)] — A

05(X;0,8)GVG™! { R — po(X) P}, (X;57°) H

1—po(X) 1 —po(X) 1—po(X) po(X)
X)L 1 -1 Y — (X _ Py (X377)
E ll_pO(X)Q,B(X>0>B)G G {[9(279) Q(Xagvﬁ)] A po(X) } )

which, under standard regularity conditions and because ¢(X;~y) = 1, is the probability limit of the

first dg estimating equations in (28). This conforms with the intuition in the last subsection. =
Equipped with the intuition behind the updating step, now we present the modified AIPW

estimators extending the original idea of Cao et al. (2009), and remark on its asymptotic properties.

The modified AIPW estimators for the three cases [1], [2]-cu and [2]-pu are defined as follows:

~ 1 S~ -~
Case - [1] : fpy solves — ;7/’[1]71' (9[1],%5(9[1],7)) =0, (29)
~ 1 <~ ~ o~ N
Case - [2}_011 : 0[2]—011 solves g Z w[Q]—cu,i (9[2]—cu7 g 6(0[2]—cu7 7)) =0, (30)
i=1
~ 1 <~ ~ o~ N
Case - [2}_pu : ‘9[2]7pu solves E Z w[Q]fpu,i (0[2]7pu7 s 6(0[2]7pu,7)) =0, (31)
i=1

where 7 is given by (21). é\[lbé\[Q]fcu and 5[2],pu are the AIPW estimators defined in (16), (17) and
(18) respectively. B(g[l]ﬁ), B(@Q]_Cuﬁ), and B(ﬁ[g]_puﬁ) are solutions for § from (28) with v =%
and, respectively, 6 = 67[1}, 0= (/9\[2]_011 and 0 = @\[2}_1)“ for cases [1], [2]-cu and [2]-pu.

Remarks:

(i) The modified AIPW estimator is in essence obtained in two steps. The first step obtains the
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ATIPW estimator of #° (along with 7). The second step revises the estimator of 3 based on (28) by
using 7 and the first step AIPW estimator; and finally obtains the modified AIPW estimators of §°
by solving for 6 from (29) (or (30) or (31), depending on the case) after plugging in 4 and the revised
estimator of 8. Given the computational burden, such a two step method is likely to be more useful
rather than simultaneously solving for # and g from (28) and (29) (or (30) or (31)). It also seems
natural since one may be inclined to report both the AIPW and the modified AIPW estimators.
(i) In the spirit of a one-step Newton update of the ATPW estimators () in (16), (17) and (18),
we can alternatively express the modified AIPW estimators (6) in (29), (30) and (31) respectively in

asymptotically equivalent forms. A generic form of the update for all three cases is

[ Zaeﬂ/”(’ M))] %Z@(@%B@ﬁ)). (32)
=1

To get a heuristic idea of the essential feature of this one-step Newton update note that (29) (or (30)

or (31)) implies that for some mean-value 3 (element-by-element) the following relationship holds:

-~

S 1[}1 (A E (9)) = 0 by definition of the AIPW estimators. Under the generality of our setup,
0)

vn (5( 9) — B(6 ) p(1) (and, crucially, not op(1)) when PPM-(CE) holds. £ 377 | a%%' <9, 9, B)
KR Ws(60°, 89(0Y)) (defined in Section A of the Appendix) when PPM-(CE) holds because E(@ﬁ) KR
£°(0) under PPM-(CE) (see Remark(ii) following (27)) and because 5(9) L B2(9) always (see
Lemma-3.1(b1)). But Wgz(6°,8°(0°)) = 0 when PPM-(PS) holds. So there is asymptotically no

update due to the revised estimator of 5 only when both PPM-(PS) and PPM-(CE) hold. Updating

in (32) happens under all other scenarios.?!

(iii) The revised estimator of (3 is constructed with the following goals: (a) the modified ATPW

2'In this sense the modified AIPW estimator is not quite similar in spirit to the estimator of Tan (2011) that is
asymptotically equivalent to the IPW estimator when PPM-(PS) holds, and to the AIPW estimator when PPM-(PS)
does not hold. For the modified AIPW estimators there can be (a non-standard) updating even when PPM-(CE) holds

(if PPM-(PS) does not hold), because /n (E(é, ) — B(é)) = Op(1) and NOT op(1).
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estimators should be DR, (b) the modified AIPW estimator should have an asymptotic variance that
equals the SEB whenever PPM-(PS) and PPM-(CE) hold, and (c) the modified AIPW estimator
should be optimal in the sense of (24) among the DR-LE-(i.e. satisfying (a) and (b))-AIPW estima-
tors whenever PPM-(PS) holds but PPM-(CE) does not. Therefore, the modified AIPW estimator
has an advantage over the AIPW estimator in case [2]-pu, which imposes PPM-(PS). In general,
since both estimators are consistent and asymptotically normal, optimality in the sense of (24) is a
major advantage, especially if 6 is scalar valued.

(iv) The only additional theoretical considerations are related to the asymptotic properties of
the revised estimator of 3. Consistency would simply require some additional dominance conditions
beyond those already stated.?? For this, unlike in CE(1), we can focus at #. Further uniformity
with respect to 6 is not required because under the relevant scenarios, the AIPW estimator used for
the revision of  is already consistent. The general form of the asymptotic variance follows from
Section 6 of Newey and McFadden (1994). However, given the three stated goals in Remark (iii),
none of these should be a major concern once we note from (23) that the asymptotic distribution of
ATPW estimators is not affected by that of the estimators of 5 (when PPM-(PS) holds) and ~ (when
PPM-(CE) holds). m

5 Related method and possible extensions

Graham et al. (2011a) consider estimation of #° in just-identified models under case [1] and propose
an estimator, called the IPT estimator, based on augmenting the original moment vector. Their
work is closely related to our paper and its possible extensions. So we briefly discuss their work here.

The IPT estimator is computed from an augmented system of moment restrictions obtained by us-
ing additional restrictions based on PPMs po(X) = p(r(X)7°) and ¢o(X;6°) = t(X)B" a.s. X. where
r(X) and ¢(X) are known random vectors, and p(v) is an increasing function with lim,_,_~ p(v) =0
and lim,_,, p(v) = 1. The IPT estimator is consistent when either PPM is correct, and attains the
SEB in (6) when both are correct. The functions 7(X) and ¢(X) have their first element as 1, and
the remaining elements (rows) are possibly some finite truncation of a basis function for the function

space of X. Depending on the smoothness of po(X) and qo(X,6°), and the size of the sample, these

22Throughout we have used Theorem 2 of Jenrich (1969) to establish uniform convergence in probability of the sample
estimating functions to the population estimating functions, that is required for the consistency of the estimators.

20



may or may not be the preferred or flexible enough or parsimonious functional forms. Nevertheless,
IPT is a novel and useful method for estimation with MAR data. The IPT estimator always lies
in the convex-hull of the data. The ATPW and the modified AIPW estimators do not possess this
nice property. The IPT estimator also exactly balances the primary and the auxiliary samples.?3
The IPW, AIPW and modified AIPW estimators can, however, be modified to do the same, for e.g.,
(i) by following Cao et al. (2009)’s proposal of enhanced projection or (ii) by introducing an extra
parameter, say, 7 in the PPM for po(X) as 7 + p(X;~) and estimating 7 and v by QML under the
restriction that the estimated propensity score lies between 0 and 1. [Model-PS allows for this.]
Returning to the general idea of augmentation for possible improvements under parametric mis-
specifications, we note that one can also augment the sample moment vector with additional DR
moment restrictions. For e.g., in the context of case [1] (i.e., moment restrictions (1)) such augment-

ing moment restrictions can be based on moment vectors of the form:

hi(0,8,v) = (Ri—p(Xi;7)(1 = Ri—1)[9(Zi-1,0) — ¢(Xi-1; B)],

hi(0,8,v) = (Ri-1—p(Xi—1;7))(1 — R:)[9(Z;,0) — q(Xi; B)]

for i = 2,...,n. One can also use their inverse probability weighted versions like the original moment
vector. Such augmentation will never lead to inconsistency (when the original estimators were
consistent) and can only decrease the asymptotic variance when any PPM is incorrect. Exploring
the benefits of such moment augmentation under parametric misspecifications, relaxation of the

strict-overlap in M(3), and extension to over-identified models are the topic of our future research.

6 Finite-sample behavior: Monte-Carlo experiment with MAR IV

In this section we conduct a simulation experiment based on Toy example - 3 and demonstrate
the inconsistency due to ignoring missing observations when the instrumental variable is MAR, the
correction for it due to the IPW estimator, and finally the refinement due to the AIPW and the

modified AIPW estimators. This example of MAR instrumental variables has not received much

2 As noted in Section ITT of Busso et al. (2011), it also means that the IPT estimator is not computable when such
balancing is not feasible. This happened in roughly 40 percent of their replication data set associated with their designs
1 and 5 (and roughly 5 percent for designs 2, 3 and 4).
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attention in the literature. To our knowledge the only papers considering a similar setup but with
a fundamental difference in the MAR assumption and, hence, its consequences are Mogstad and

Wiswall (2011) and Abrevaya and Donald (2011).

6.1 Simulation design and the estimators

Consider a random sample {Y;, X1;, X2;}"" ; drawn from the following model:
X; = X'+ (u+tv), Xoa=Y +u,

where (u,v) ~ N(0, I2) are the model errors. We consider two designs that differ in the specification
for the unconditional distribution of the instrument Y. In Design-I, Y ~ N(0, 1) whereas in Design-
I, Y ~ Bin(1,.5). In both cases Y is independent of u,v. The parameter of interest is 6. Its value
8° (= —1) is defined by the moment restriction (1) with g(Z;0) = Y/(X1 — X26). The full-observation
IV estimator é\Fu]l_Obsn_ =31 YiX1;/ > YiXo; is consistent for 6. This is the benchmark.

Now we construct the MAR-sample by drawing a random sample {R;}! | from R where
. 11 2
R| X1, X9 ~ Bin | 1,po(X) = 1 + —arctan(X7) |, (33)
T

and then by deleting the Y;’s corresponding to R; = 1. The choice of po(X) is influenced by the
strict-overlap assumption in M(3). Being overly cautious, we use the additive factor 1/4 instead of
1/2 unlike the standard Cauchy distribution function.

With missing Y;’s, the full-observation estimator, our benchmark, is no longer feasible. We
consider the following parametric estimators based on the available observations as alternatives to
the benchmark: the complete-case estimator é\comp_case =Y. (1-R)Y; X/ > (1 — Ry)YiXo;
the IPW, the AIPW, the modified AIPW (MAIPW) and the IPT estimators.

For the conditional expectation go(X;6) = E[Y | X1, X2](X1 — X20), the postulated model (PPM-
CE) used is ¢(X;6,8) = t(X)5(X1 — X20) where t(X) = [1, X1, X3]. The PPM-CE is correct for
Design-I.

For the propensity score po(X), we consider three options for the postulated model: (i) the

infeasible true po(X), (i) a correct PPM-PS p(X;v) = 1+ L arctan(y x X?), and (iii) two commonly
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used but wrong PPM-PS p(X;v) = exp(r(X)y)/[1 + exp(r(X)y)] where r(X) = [1, X1, X2] (PPM-
PS-1) and r(X) = [1, X1, Xo, X7, X3, X1X2] (PPM-PS-2).24 [We do not estimate the propensity
score in option (i).]

A word on the computation of the IPT estimator. We greatly benefit from using the codes gen-
erously made available by Graham et al. (2011a) on the first author’s website. Their code carefully
incorporates the computational details described in Appendix A of Graham et al. (2011a). In partic-
ular, we use the function files IPT_LOGIT.m, IPT_LOGIT_CRIT.m and IPT_LOGIT_PHI.m. Only
PPM-PS-1 and PPM-PS-2 are considered for computation of the IPT estimator.

6.2 Summary of results

Based on 10000 simulations we estimate the mean bias, absolute bias, standard deviation and inter-
quartile range of all the estimators for sample sizes n = 500 and 1000, and report them in Tables
1 (Design-1, n = 500), 2 (Design-1, n = 1000), 3 (Design-2, n = 500) and 4 (Design-2, n = 1000).
More results and the Matlab code for the reported results are available from the authors.??

The simulation results conform with the theoretical discussion. Ignoring the MAR instruments
leads to bias in the complete-case estimator and the bias does not vanish as sample size increases.
This is different from Mogstad and Wiswall (2011) and Abrevaya and Donald (2011). The bias is
removed by the IPW, the AIPW and the modified AIPW estimators using the infeasible true po(X)
or the estimated correct PPM-PS.

The IPW estimator with the wrong PPM-PS-1 or the mildly wrong PPM-PS-2 is badly biased. On
the other hand, the AIPW and the modified AIPW estimators, by virtue of their double-robustness
property, avoid this problem whenever PPM-CE is correct. In fact, even with the mildly wrong
PPM-CE (i.e., in Design-1T), the ATPW and the modified AIPW estimators enjoy almost no bias.

As expected, the AIPW and the modified AIPW estimators are more precise than the IPW

estimator in all cases considered here.? The only theoretical result that was not borne out by our

24Parametrically estimating binary choice models based on logit or probit is unlikely to approximate the true po(X)
in (33) perfectly. Although, thicker tail makes logit preferable to probit. Hence our choice (iii). Still the tail is not
thick enough and we trim the estimated p(X;7) at .05 (not important) and .95 to avoid instability. Column 1 of Tables
1 and 2 reports that the average percentage (of sample size) trimmed is negligible and decreases with sample size.

25The IPT estimator appears in only two parametric specifications. So we discuss it separately after describing the
simulation results for the other estimators that are directly related to the theoretical discussion in our paper.

26The smaller standard deviation of the IPW estimator due to the use of the estimated correct PPM-PS rather than
the true po(X) is already a well known fact [see, for e.g., Wooldridge (2007) and Graham (2011)].
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simulations is that the modified AIPW estimator using the infeasible true po(X) or the estimated
correct PPM-PS is actually not more precise than the AIPW estimator when PPM-CE is wrong (i.e.,
in Design-IT). As documented in Table-5, such improvement in precision is, however, obtained when
q(X;0, ) directly models go(X; ) following Wang and Chen (2009) (paragraph after equation 3 on
page 493).27 On the other hand, with the mildly wrong PPM-PS-2, the standard deviation of the
modified ATPW estimator is smaller than that of the ATPW estimator. This is a useful observation
because the theory in our paper is silent about the gains in precision when PPM-PS is wrong.

In all aspects — mean bias, absolute bias, standard deviation and interquartile range — the AIPW
and the modified ATPW estimators are closest to the infeasible full-observation IV estimator and
hence seem desirable in terms of their behavior in finite samples. The same conclusion holds in the
unreported simulation results under similar data generating processes.

Now we discuss the finite-sample behavior of the IPT estimator based on the same simulation
experiment. In Design-1 and with PPM-PS-1, the IPT estimator is poor and is similar to the
corresponding IPW estimator. With PPM-PS-2 it improves but still is slightly worse than the
modified AIPW estimator. In Design-II and with PPM-PS-1, the IPT estimator is good in terms
of precision but is badly biased compared to the AIPW or the modified AIPW estimators. With
PPM-PS-2 the IPT estimator is better than the rest. The relatively good performance of the IPT
estimator with PPM-PS-2 is due to the richness of this specification for the propensity score.

Comparative studies of the finite-sample behavior of many of these estimators under specific
settings can also be found in Frolich (2004), Kang and Schafer (2007), Cao et al. (2009), Busso
et al. (2009, 2011), Qin et al. (2009) and Graham et al. (2011b) (and many others). Finite-sample
behavior depends strongly on po(X), qo(X;0) and the PPMs used. For e.g., in each of the cited
papers above, a different estimator appears to be the preferred one based on the behavior in finite
samples (although either the ATPW or the modified ATPW or both were actually competitive when
considered). Needless to say that it is not difficult to find a setting where the ATPW and the modified
ATPW estimators perform poorly. Generally this is related to the characteristics of the propensity
score function (for e.g., violation of M(3)). However, in such cases the performance of the IPW

estimator is also typically not much better. In summary, based on our experience with simulations,

2Tt was surprising to notice this difference in results simply due to the intermediate step of modeling E[Y'|X] that
was done for the convenience of freeing the computation of the estimator of 6 from the nuisance parameters .
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we agree with Busso et al. (2011)’s conclusion “At a minimum, we recommend that researchers ...

present results from a variety of approaches ...”.

7 Conclusion

We consider the missing data problem and present parametric alternatives to Chen et al. (2008)’s
semiparametric estimation of #° defined by the moment restrictions in (1) or (2). The two parametric
alternatives — the AIPW and the modified AIPW estimators — are extensions of the original estimators
proposed by Robins et al. (1994) and Cao et al. (2009) (under special cases of our setup). We consider
the verify-in-sample and verify-out-of-sample setup of Chen et al. (2008) and discuss the asymptotic
behavior of these estimators under the MAR assumption and demonstrate their double-robustness
and local efficiency properties. A small Monte-Carlo experiment illustrates the nice finite-sample
behavior of these estimators in the context of a linear IV regression with MAR instrumental variable.

In theory, the AIPW estimators are not difficult to compute. They are presented in a way so
that one can recursively solve a set of estimating equations for the parameters of interest #° and
another set of estimating equations for the nuisance parameters 8. The modified ATPW estimators
do not add much to the computational burden because they only involve one additional step of
Newton-updating after the computation of the AIPW estimators.

We anticipate that the ATPW and the modified ATPW estimators will be useful in practice when
the researcher is reasonably certain about key components of the parametric specifications, and when
semiparametric approaches are deemed less attractive due to relatively small sample size or other
reasons. The semiparametric estimators of Chen et al. (2008) are consistent and semiparametrically
efficient under minimal assumptions on po(X) and go(X;#). Needless to say that these estimators are
preferable when sample size is “relatively”large. On the other hand, the computationally (relatively)
convenient ATIPW and the modified AIPW estimators are based on parametric specifications for
po(X) and qo(X;6), which, when correct, can lead to better behavior in “relatively”small samples.
Importantly, unlike many other parametric estimators, the AIPW and the modified AIPW estimators,
by virtue of their double-robustness property, provide an additional guard against inconsistency due

to parametric misspecification, and are also locally efficient in the absence of misspecification.
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A Appendix: Notations

The notations are listed in the following order. First we collect the notations related to the PPMs
Model-PS and Model-CE. Then, we list the notations related to our main result. Also, throughout,

all the population-related notations involving + are expressed at v = ~°.

Ap(Xi,y) = po(Xi) — p(Xis7)
Ap(Xi) = Ap(Xi7°)
)
Py (Xi3y) = WP(XZ‘;'Y%
82
pyy(Xi3y) = WP(XM)
) o g ) _ Ri_p(Xi§7) / .
Siln) = avLZ(V) p(Xm)(l—p(Xi;v))p7(Xl’7)
A = E[aa,s (70)}
. [ 9, (X39%)py (X57°) (1 + Ap(X)p(XiYE)Qﬁ(ﬁ?;)WO)J — Ap(X)py(X37°)
p(X;57°)(1 = p(X;9Y))
BY = E[8,:(/")8:(")]
_ | PGP (X5 (po(X) (1 = p(X59°)) — p(X37°) Ap(X)
i PAHXGA0) (1 = p(X;79))2
Ay(X5,0,8) = qo(X:i;0) —q(X550,5)
Ny(X:i,0.8) = 9(Zi:0) — a(X:;0,5)
Aq(Xz‘JQ) = Aq(XiSHaBO(Q))
)
q9(Xi:0,8) = %q(Xi;ﬂ,B)
2
988, (Xi:0,6) = aﬁawqj(Xi;H,ﬁ), for j =1,...,d, where q¢(X;;0,8) = [q1(.), q2(.),-- -, qa(.)],
2
QQQJ(Xi;H,ﬁ) = 8988,8/qj(Xi;6’6) for ] = 1, . ,d
®) _ [
0.5) = B | 5550i0.0)
d
= B (1po(X)){q’g(X;H,ﬂ)qxs(X;Gaﬁ)Zqﬂﬁ,j(X;G,ﬁ)Aq,j(X;H,ﬂ)}]

=1
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E

B0.5) = B | 5 Qu5.0)550u5.6)
= B[ po(X)d5(X:0,8) {V(9(Z: O)1X) + Ay(X;0, B)N,(X;6, 5)} a5(X: 0, )]
008 = B[ 2 0.0)]
S Bl — X)) (X0,8) (K30,
j_1+ E [(1 - po(X))qs(X:0, 8) (E[G(Z;0)|X] — (X0, 8))]
TO0,8) = We(6,8)+Us(6,8) [A0(6,5)] P (6,5),

where the expressions for Wy (6, 3),

Us(0,3), and related quantities for all 3 cases are given below.

Expressions for case [2]-pu impose po(X) = p(X;7°), i.e., Ap(X) =0 as. X.
[0 1 [ 1 —po(X Ay(X
Vo)(60,8) = E _@1/1[1],1(9,70,5)_ =F WG(Z;9)+%QQ(X;975)]
[0 1 1 —po(X
B0.0) = E|guina@n%0)| = B | B a6, 0 (i)
) [ 1
Vg (0,8) = E 66,711[1 i(0,7 ,5)— =F WAP(X)Qﬁ(X;9>ﬁ):|
_ o]0 0 ol o [PX5A0) [ 1= po(X) ,
Votoal®8) = B | 00| = B[P L LM 7).
Ap(X) _
1 —pp(X,"yO)qe(X,e,B)}}
F g -
q’y,[Q}—cu(&ﬁ) = F 71!)[2 —cui(9 ’Vo B) :plO\I]'y,[l](eaﬁ)
1
\Ilﬁ[Z}fcu( 76) = F 85,%2 cuz(efy B) ITO\II,B,[I}(QHB)
[0 X
2 [2}—pu(975) = FE 89,¢[2]—pu,i( Y 75) =E |:p02()0 )G(Z70):| :E[G(Zve)’R: 1]
0 1 1
\Il'y [2}—pu(976) = F W@b[Q}—pu,i(ea’YOaB) = \Il'y,[Q]—cu(evﬁ) + 7E [Aq(X;Q,,B)pV(X;’yO)] X
0
< (10, + (B (5,008,000 B[ 5,00 )
1 1
“” [w(mA“X;@’mpv(X” ﬂ
1 X;~0
qjﬁ,[ﬂ—pu(&ﬁ) = aﬁ,¢[2 puz(a ’Y ﬁ):| pOE [MAP(X)Qﬂ(X»Qzﬁ)} =0
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The following is an useful decomposition of the infeasible postulated parametric versions of the

efficient influence functions, defined in (13), (14) and (15), evaluated at 4°, 3°():

$i(0,7°, 8°0)) = () + TV (0, 8°(0)) + T (0. 8°9)) + TV (0, 8°(9)). (34)

For each of the three cases, the form of the function 1*(6) is defined in (3), (4) and (5) respectively.
The other quantities on the RHS of (34) are listed below for each of the three cases, [1], [2]-cu and

[2]-pu. The expression for case [2]-pu imposes po(X) = p(X;7°), i.e., Ay(X) =0 as. X.

10,08 = 1R A (X6, 5)
TO0.6) =~ (3(230) - (X))
10.0.8) = e A (X6, 5)
Ty i(0.8) = Tff]’ @
T cai®9) = ;OT[E?L@
T 0i0.8) = T
I R R e TN )
T ei(0:8) = 0
15 i (0:8) = 0

The quantities 7 (6, 3) (for all the three cases [1], [2]-cu and [2]-pu) and £(0,8) from Theorem-

3.2(ii.b) and used throughout for the modified ATPW estimators are

&0.8) = 10,8 ~1(T(0.8)15,4(:"))

Ei(e,m = T00.8) -1 (T(0,8)15,4(+")) where
o R; —po(Xi) R .
ff;}lcu@(e,/@) = —Tﬁ) ()
~(1) _ Ri—po(Xi) po(Xi) ~ . o (Bi—po(Xi) 2 . 0)
T[ﬂ*pu,i(&ﬁ) = 1 _pO(Xz) D0 Aq(XZa976) inl < Do Aq(leevﬂ)‘S%z(7 ) :
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B Appendix: Proofs

The proof for Lemma 3.1 is standard at least since White (1981, 1982). Hence we only give a sketch
of it. However, since we need — (i) B (9) TN B°() uniformly in § € ©, and (ii) the influence function
representation of the estimators — for the proof of Theorem 3.2, we highlight them below.

Proof of Lemma 3.1:

(a) Reference: Theorem 2.2 (consistency) and Theorem 3.2 (asymptotic normality) of White (1982).
(al) For each i = 1,...,n, L;(y) is continuous in v € T' by PS(1) and M(3). Also, |Li(7)| <
[ log(1 — #.)| + | log(*)] < o0 by

(a2) 7° € int(I"). So (al) and PS(1) imply that with probability approaching 1, 7 is such that
1< 0 o _ 1 -
- = —_ —— 35
02y = 2l ®

Therefore, following the same steps as in Theorem 3.2 of White (1982), and noting that — (i) the
probability limit v* solves the population first order conditions, E [S,(7)] = 0,2 (ii) 7 € N (1) with

probability approaching 1 — assumptions in PS directly give

Va1t = [a0]" = Zs, )+ op(1), (36)

d, N<07 [A(w} BO [Am]l).

(b) Reference: Theorem 2.1 (consistency) and Theorem 3.3 (asymptotic normality) of White (1981).
(b1) First note that foreach i = 1,...,n, Q;(0, ) is continuous in 8 € B(f) and § € © by CE(1). Also
1Qi(0,8)] = (1 — R)llg(Z::0) — a(X530, B)| < 2b(Z:) + b(X:)] by M(2)(ii) and CE(1a). Therefore,
under our assumptions, %Z?:l Qi(0,5) il Q(0, 8) uniformly in 5 € B(f) and § € © by Theorem 2
of Jenrich (1969). Second, note that Model-CE states that £°(#) is the unique minimizer of Q(8, 3)
for any € ©. Also Q(6, ) is continuous in 8 € B(6) and 6 € © by CE(1). Therefore, 3(6) KR B°(9)
uniformly in 6 € O.

(b2) B9(0) € int(B(#)). So it follows under our assumptions that with probability approaching 1,

28M(3) and PS(1) ensure that the conditions in Lemma 3.6 of Newey and McFadden (1994) hold.
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B(0) is such that

n

— %Z ;/)BQ@-(@, B(9)) = % > (1= Ri)qh(Xi; 0, (6)) [g(z,-; 0) — q(X:;0, 3(9))] .37
=1

i=1

Therefore, following the same steps as in Theorem 3.2 of White (1981), and noting that — (i) the
probability limit 5°(8) solves the population first order conditions, F [%Qi(e, 5)} =0, (ii) B 9) €

N(BY(0)) — assumptions in CE(1) and CE(3) directly give

va (Bo) - 8°0) = [a®0.20)] fzaﬁ B(0) + op(1), (38)

4w (0. [a00.20)] B0, 0) A@w,ﬁ(’(e»}‘l’). .

Proof of Theorem 3.2: We write the proof omitting the subscripts “[1]”, “[2]-cu”and “[2]-
pu”because the arguments are the same for all three cases. At each step of the proof we specify
the forms of the generic expressions specializing for each of the three cases.
Part (i) CONSISTENCY

The arguments for the consistency proof of Z-estimators in Theorem 5.9 of van der Vaart (1998)
are used. The only difference is that the sample estimating function £ 3% | wz( 9,8 (#)) involves
estimated finite dimensional (py, 5 and ) and infinite dimensional (II(.|.)) nuisance parameters.
Step-1: We establish that the sample estimating function % Yo @EZ-(G, ~, B\ (#)) converges in proba-
bility to a population estimating function F [wi(ﬁ, 72, B0 (0))] uniformly in # € ©. For this, we take
the following intermediate steps.

Step-1A: A mean-value expansion of the sample estimating function gives

;ZW&B@

where 4 and 3(6) are mean-values, varying row by row, such that |5 —~°|| < |7 —~"|| = Op(1/y/n)

29M(2)(ii), CE(1)(a) and CE(1)(b) ensure that the conditions in Lemma 3.6 of Newey and McFadden (1994) hold.
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and ||B(8) — B°(0)|| < [1B(8) — B°(8)|| = Op(1/+/n) by using Lemmas 3.1(b)and 3.1(a). In addition,
by Lemma-3.1, ¥ € N'(7") and 8(0) € N'(8°(6)) with probability approaching 1.

Step-1B: The first term on the RHS of (39) converges in probability to E[;(6,~°, 8%(#))] uni-
formly in # € ©. This can be proved by verifying the conditions in Theorem 2 of Jenrich (1969) as
follows. (1) © is compact. (2) Under our assumptions, 1;(6,~7°, 8°(9)) is a continuous function of 6
at each z € Z and R; = {0,1}. This follows from M(2)(ii), CE(1), PS(1), and by noting M(4) and
PS(2).30 (3) ||i(8,7°, 8°(0))|| < e(Z;) where E[c(Z)] < oo. Non-sharp (and needlessly complicated)
dominating functions ¢(Z) for the three cases are as follows. For case [ =/b(2)/(1 - k*

b(X)(2 — k*)/(1 — k*). For case [2]-cu, ¢(Z) = 1/[r(1 — K* [ \/74- \/7] For case
2pu, o(2) = (5 /) [VBZ)/(1 = &%) + BX)(2 = 5)/(1 = 57)] + B (y (X:6,8)8,(7))
(B [Sy(v )S5 (y ]~ \/7/2 31 Hence the first term on the RHS of (39) EiR E[:(0,7°, 8°(0))]
uniformly in 6 € ©.

Step-1C: The second and third terms on the RHS of (39) are op(1) uniformly in § € © because
of the following reasons. (1) Under our assumptions, the terms inside the curly brackets are Op(1)
uniformly in § € © because we have already noted before that the mean values are such that
5y € N(3Y) and 5(0) € N(°(0)) with probability approaching 1. (2) Lemma 3.1(al) implies ¥ —+° =
op(1) (not depending on 6). (3) Lemma 3.1(b1) implies 3(6’) — B°(6) = op(1) uniformly in 6 € ©.

Step-1D: Now consider the last term on the RHS of (39). For case [1], this is identically 0. For

case [2]-cu,

3|
=)
=
=)
=)

Po

(0)) - i(0.5.50))] = { pr BEN: <>>}[p0‘ﬁ0], (40)

where pp = n,/n (bounded away from 0 a.s. (R,Z)). On the RHS, the term inside the curly
bracket is Op(1) uniformly in # € © by the same logic as before after noting that ¥ € A (7°) and
3 (0) € N(B°(6)) with probability approaching 1. The term inside the square brackets on the RHS
is op(1) (not depending on ). Therefore, the last term on the RHS of (39) is op(1) uniformly in

6 € © for case [2]-cu. For case [2]-pu, first note that for a generic Za;, > .. 1(Z4,|S,:(7)) =

N E[S,(7v°)S,(7°)] is non-singular and continuity is preserved under inverse.
) (%ﬂxmq(X; 0, ﬁ)Sﬁ,(y)) < oo by CE (1a) and PS(1) by using Cauchy-Schwartz inequality.
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Yoy ﬁ(ZAvi\S%i(ﬁ)) = 0 because > | S4,i(7) = 0 by definition of 4 in (35). Therefore, we obtain,

3\'—‘

5.5 PP 1S 1-R p(Xiy) A (Y
z::[ 0.7, 8(0 %(9,%6(9))} = {nlgl—p(Xi;’y) 5 [9(Zi;0) — (X3 6, B)]

+p()£¢;7)q(Xi; G;ﬁ)} [po —ﬁo]
Do Po

- {iz%_pu,xmﬁ(e))} = ()

DPo

Similar to case [2]-cu, on the RHS, the term inside the curly bracket is Op(1) uniformly in § € O,
whereas that inside the square brackets is op(1) (not depending on ). Therefore, the last term on
the RHS of (39) is op(1) uniformly in 6 € © for case [2]-pu.

Combining Step-1A, Step-1B, Step-1C and Step-1D, we get from (39) that the sample estimat-
ing function %Z?:l 1@-(0,/7\, 5(9)) converges in probability to the population estimating function
E [1(0,7°,8°(9))] uniformly in 6 € ©.

Step-2: Now we show that if either PPM-(CE) or PPM-(PS) is correct, then E [¢;(6,~", 8°(8))] = 0
iff 6 = 0. First note that £ [:(6,7°, 8°(9))] = E[v(0)] + E[TN(0)] + E[T?(6)] + E[T?) (6)]
(identity). For the three cases, ¥'"(0) is defined in (3), (4) and (5). Ti(l)(ﬁ) (2)( ) and T (9) are
long expressions and are defined in Section A of the Appendix. Under assumption M, E[T; (1)(9)]
E[T?(6)) = 0. E[TY(0)] = 0 if either PPM-(CE) or PPM-(PS) is correct.32 On the other hand,
E[™(0)] = 0 iff § = 6° , and therefore, ° is the unique solution of the population estimating
equations. Finally note that E[¢™(6)] is continuous in @ (follows from M(2)(iii), M(2)(iv) and
M(3)). Therefore, if either PPM-(CE) or PPM-(PS) is correct, then compactness of © implies that
for any arbitrary € > 0, infg.9_go|> | E(:(0,~°,8°(0))] = infg.1g_go|>e |E(™(0))]] > 0. So the
second condition in Theorem 5.9 of van der Vaart (1998) is also satisfied.

Hence Step-1 and Step-2 give that 6 L 00 if cither PPM-(CE) or PPM-(PS) is correct.

Part (ii) ASYMPTOTIC NORMALITY
Recall from Lemma-3.1 that 5 € A'(7°), and for any § € ©, 3(A) € N(8°(0)) with probability

approaching one. From Part(i) we know that heN (6°) with probability approaching one. Therefore,

32For case [2]-pu PPM-(PS) has been imposed.
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from (39), the definition of 6 and under the maintained assumptions of the theorem, it follows that

~ ~

0 = ;ﬁ ;Wﬁ, 5(0))

) Vlﬁzwo’vo’ﬁowo))*[%(90’50(90”+‘1’6<9°’ﬁ°<9°>> 56| /(@ — 6°)
=1

o6’
+ <0° BO(0°) V(3 —2°) + Ws(6°, 8°(6°)vn(B(6) - 5°(6))
Z[J (0.7.3(8) - (0.7, B(@) | +or(1). (42)

This is where we use CE(2). ¥y(6,05),¥3(0,5) and ¥, (6,3) are long expressions and hence are
defined in Section A of the Appendix for each of the three cases [1], [2]-cu and [2]-pu.

To proceed, first note that the first term on the RHS of the last line of (42) is identically zero
for cases [1], [2]-cu and [2]-pu. For case [1], this is obvious. For case [2]-cu this follows from the
definition of 8 and (40). For case [2]-pu this follows from the definition of 9, (41) and case [2]-cu.

Second, consider the last term on the second to last line of the RHS of (42). From (38), using
the continuity of A®)(#, 3°(9)) and noting that continuity is preserved under inverse, we obtain via

a mean-value expansion that

v (5O - 5°@) = [AP6",50)] [fZaﬁQz (0, 6°(0%)) + CO) (8, B(6°)) /(B — 0°)

D(6°,8°(6°))

5P OWRE =0 +or ),

o LGOI [ IZaBQz (6°,8°(6%)) + CD(8°, 6°<9°>>ﬁ<59°>]
—@ﬁo(eowﬁw = 0°) + op(1).

(AP)() and CP)(.) are defined in Section A of the Appendix. In addition, note that here we use
CE(2) again.) Therefore, from (42), and using (38) and (36), we obtain

val=0) = = [70@. 80| [f2¢z A%, B(6) + (6, BV — 1)

+ (6%, 8°(6%))v/n(B(6°) — B°(6°)) | + op(1)
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= Va@-6) = —'J“)(eO,ﬁO(eO))"l\}ﬁiwiw%w%e%)
B B =1

_ :J(B)(HO,,BO(HO)): 1 (90 ,80(90) |: } ZSVZ

_ B0, 2(6%)] ! w5609, 8°(6%)) [A(B)(Go,ﬁo(eo))} 1 S QQZ-(QO,BO(GO))
L - =1

+op(1) (43)

where J)(0, 3) := Wy (0, B) + V(0. 8) [APD) (0. 5)] " CD(0,5).

The influence function representation in (43) is crucial. Let us now consider the 3 scenarios — (a)
both PPM-PS and PPM-CE hold, (b) PPM-PS holds but not PPM-CE, and (¢) PPM-CE holds but
not PPM-PS — for all the 3 cases: [1], [2]-cu and [2]-pu.

(a) When both PPM-PS and PPM-CE hold, using the expressions (please see the Notations
section, i.e, Section A of the Appendix) of the involved quantities in (43) we get, for all 3 cases, that:
Di(0°,7°, 8°(8%)) = ¥"(6°), w4 (6°, 8°(6°)) = 0, W(6°, 5°(6°)) = 0. In addition, J) (6%, 5°(¢°)) =
Wy(6°,8°(6°)). Under scenario (a) and in case [1], ¥g(6°,5°(0°)) = E[G(Z;6")] = Gpj. Under
scenario (a) and in cases [2]-cu and [2]-pu, ¥ye(0°,8°(0%)) = E %G(Z;QO) = E[G(Z;0")|R =
1] = G- Therefore, \/ﬁ(g— 9) = G—1L ZZ LUIE(@%) + op(1). Hence the mean-zero normal
variable, to which \/5(67— 6°) converges in distribution, has a variance matrix equal to the SEBs:
SEBy), SEB[g)_cy and SEBg_p,, defined in (6), (7) and (8) respectively.

(b) Now consider the scenario when PPM-PS holds but PPM-CE does not. The involved quan-
tities, for all three cases — [1], [2]-cu and [2]-pu — are: 1;(6°,7°, 8°(6°)) = ¥inf(00) + Ti(l)(ﬁo, B2(6%)),
W5(0°,8°(6%)) = 0, ¥y 1y(6°,8°(6%)) = E[G(Z;6°)] = G, Up j21—cu(0°, B°(0°)) = Vg 2 (67, B2(8°)) =
E [2096(2:0)] = BIG(Z:00)|R = 1] = Giapy Wy (6% 8°(6%)) = Bl Aa(X500)p, (X:90)]
and W, 10_c,(0°,8°(6°)) = W, o_pu(0°,8°(6%)) = ;%Wy,[1}(90750)~ Furthermore, in scenario (b)

A = BM) . Therefore, with these specialized expressions for the three cases, (43) gives

n

\/ﬁ(é\_HO) _ (90 BO 90 [ Z mf 90 IZT(I) 90 BO(HO))

+ Op(l)

(90 60(90))[ } WZSW
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By noting that E [Ti(l)(ﬂo, 30 (00))5&2-(70)} = —0,(0° B°(6°)) (please see the notations in Section A

of the Appendix) under scenario(b), this gives

~

V=0 =~ 80°) [%Z@“WOH\/152&(90%0(90)) +op(1)

(44)

where, for all the three cases, &(6, 3) := T.(l)(ﬁ, pg)—1I (Ti(l)(ﬁ, ﬁ)|5w('yo)>. For cases [1] and [2]-cu

7

this representation is obvious. For case [2]-pu, it follows by noting that

(1) R; — po(X;) po(X;) } R; — po(X;) ) 0
T[Z]—pu,z'w’B) T po(Xi) o Aq(Xw 97/8) —1I ( 0 Aq(Xza 0, ﬁ)‘s ,1(7 ))
= T 0.9) + 1 (R A 0,915, 00) ) (45)

where for any two generic Z4 and Zp, I+ (Z4|Zp) := Z4 — 11(Z4|Zp), and hence the second term
on the RHS of (45) is uncorrelated to S, ; (7).

Note that both terms inside the square bracket on the RHS of (44) converge in distribution
to mean zero normal variables.?> Furthermore, in all three cases, Cov(zpinf(QO),Ti(l)(GO, B2(6%))) =
Cov(yi(0°), S,.:(7°)) = 0. Therefore, it follows directly from (44) that under scenario (b) the

mean-zero normal variable, to which \/ﬁ(é\ — 6°) converges in distribution, has a variance matrix
SEB + Wy (6%, 5°(6")Var [€:(6°, 8°(6°))] Wy (6°, 5°(6%))

that is larger than the SEB (in a positive semi-definite sense). Finally, since Var [&(6°, 8°(6°))] =
Var [{:-(00, 50(00))} (by the law of iterated variance), W 1(6%, 8°(6°)) = Gy and Wy 191, (6, 8°(6°))
\1197[2]_pu(00, Bo(0°)) = Gy in this scenario, the asymptotic variance can be written equivalently as
SEB +G~'Var [@(90, 50(90))] G,

(¢) Now consider the scenario when PPM-CE holds but PPM-PS does not. Note that this
scenario does not apply to case [2]-pu. So we focus on cases [1] and [2]-cu. The only simplifications

of the involved quantities, for all three cases — [1], [2]-cu and [2]-pu — are: 1;(6°,4°, 8°(0Y)) =

33The mean zero part is true for &(6°, 8°(6°))) because both T}”(eo, B°(6°)) and S,,,(v°) have mean zero.
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Pint(0) +T 269, 8(69)), W, (09, 8°(0°)) = 0. Therefore, (43) gives

VRl -6) = - [100 0] wamf R G )

(60, 3000 [A96°, 826" = 37 2L 0u(62, 826 | + op1).

Under our assumptions, =37, yinf(69), LYo 7 (60, 8°(6°)) and = 377, 2Qu(6°, 3°(6°))
jointly converge in distribution to mean-zero normal variables. Therefore, \/ﬁ(g —0°) also converges
in distribution to a mean-zero normal variable. However, the asymptotic variance is not equal to the
SEB unlike in scenario (a), nor does it simplify to a meaningful form unlike in scenario (b). m
Remark: [A simplification used for the modified AIPW estimator under case [2]-pu]

(45) gives an useful simplification under scenario (b) for case [2]-pu that results in

oy puil0.B) = T (0.8) — 1L (Tl (6. 8)15,.0")

= 1 (1Y) (0. 8)15,:(:7)

- (18 00+ B 5 g s )
ol [(Bi = po(Xi) po(X5) y (0 )
=1 ( 1—po(Xi) po Ag (X350, 8)[55,:(77) (46)

and similarly for Q?[Q],pu,i(e, B).
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Tables: Results for Section 6

% trimmed Parametric IV-Estimators Mean Bias Abs. Bias Stdev  IQR
Full-Obsn -0.0016 0.0504  0.0632 0.0847
Comp-Case 0.1953 0.1968 0.0870 0.1140
PS-model: infeasible true po(X)
IPW -0.0022 0.0817 0.1035 0.1357
ATPW -0.0017 0.0607 0.0766 0.1021
MAIPW -0.0018 0.0608 0.0768 0.1024
PS-model: p(X;7) from true po(X)
IPW -0.0012 0.0817  0.1034 0.1353
ATPW -0.0017 0.0607 0.0766 0.1022
MAIPW -0.0017 0.0613  0.0775 0.1027
PS-model: p(X;7) from PPM-PS-1
IPW 0.1951 0.1967 0.0875 0.1145
lower tail: 0 AIPW -0.0019 0.0596  0.0753 0.1006
upper tail: 0 MAIPW -0.0016 0.0607 0.0768 0.1019
IPT 0.1938 0.1955 0.0876 0.1147
PS-model: p(X;7) from PPM-PS-2
IPW -0.1288 0.1443 0.1291 0.1663
lower tail: 0 ATPW -0.0014 0.0718 0.0914 0.1180
upper tail: 0.7 | MAIPW -0.0020 0.0625  0.0791 0.1039
IPT -0.0018 0.0628 0.0793 0.1048

Table 1: Design-I (MAR instrument ¥ ~ N(0,1)):
averages over 10000 replications in Matlab with seed 0 for random number generation.
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Sample size n = 500. Results are based on



% trimmed Parametric IV-Estimators Mean Bias Abs. Bias Stdev  IQR
Full-Obsn -0.0011 0.0357  0.0449 0.0601
Comp-Case 0.1965 0.1966  0.0612 0.0816
PS-model: infeasible true po(X)
IPW -0.0016 0.0581  0.0731 0.0982
AIPW -0.0015 0.0431  0.0544 0.0727
MAIPW -0.0015 0.0432  0.0545 0.0729
PS-model: p(X;7) from true po(X)
IPW -0.0011 0.0581  0.0731 0.0980
ATPW -0.0015 0.0431  0.0544 0.0729
MAIPW -0.0015 0.0433  0.0547 0.0730
PS-model: p(X;7) from PPM-PS-1
IPW 0.1963 0.1964  0.0614 0.0820
lower tail: 0 ATPW -0.0013 0.0422  0.0533 0.0715
upper tail: 0 MAIPW -0.0011 0.0431 0.0543 0.0734
IPT 0.1956 0.1957  0.0615 0.0821
PS-model: p(X;7) from PPM-PS-2
IPW -0.1384 0.1416  0.0930 0.1227
lower tail: 0 AIPW -0.0011 0.0515  0.0652 0.0857
upper tail: 0.6 | MAIPW -0.0014 0.0443  0.0558 0.0746
IPT -0.0012 0.0446  0.0562 0.0748

Table 2: Design-I (MAR instrument ¥ ~ N(0,1)):

averages over 10000 replications in Matlab with seed 0 for random number generation.
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Sample size n = 1000. Results are based on



% trimmed Parametric IV-Estimators Mean Bias Abs. Bias Stdev  IQR
Full-Obsn -0.0048 0.0728  0.0915 0.1219
Comp-Case 0.2438 0.2462 0.1090 0.1420
PS-model: infeasible true po(X)
IPW -0.0067 0.1123 0.1428 0.1853
AIPW -0.0049 0.0861 0.1090 0.1456
MAIPW -0.0052 0.0863 0.1091 0.1456
PS-model: p(X;7) from true po(X)
IPW -0.0052 0.1119 0.1423 0.1856
ATPW -0.0048 0.0861 0.1090 0.1455
MAIPW -0.0054 0.0872  0.1101 0.1466
PS-model: p(X;7) from PPM-PS-1
IPW 0.1361 0.1487 0.1062 0.1408
lower tail: 0 ATPW 0.0026 0.0844 0.1065 0.1412
upper tail: 0 MAIPW 0.0043 0.0873 0.1110 0.1460
IPT 0.0982 0.1207 0.1052 0.1400
PS-model: p(X;7) from PPM-PS-2
IPW -0.1578 0.1824 0.1715 0.2216
lower tail: 0 ATPW 0.0139 0.0939 0.1186 0.1523
upper tail: 0.5 | MAIPW 0.0013 0.0866  0.1094 0.1462
IPT 0.0047 0.0862 0.1088 0.1441

Table 3: Design-II (MAR instrument Y ~ Bin(1,.5)): Sample size n = 500. Results are based on
averages over 10000 replications in Matlab with seed 0 for random number generation.
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% trimmed Parametric IV-Estimators Mean Bias Abs. Bias Stdev  IQR
Full-Obsn -0.0026 0.0504  0.0632 0.0849
Comp-Case 0.2465 0.2466 0.0750 0.1007
PS-model: infeasible true po(X)
IPW -0.0041 0.0776 0.0982 0.1289
AIPW -0.0033 0.0600 0.0754 0.1011
MAIPW -0.0034 0.0600 0.0755 0.1012
PS-model: p(X;7) from true po(X)
IPW -0.0033 0.0774  0.0980 0.1292
ATPW -0.0033 0.0600 0.0754 0.1011
MAIPW -0.0035 0.0604  0.0759 0.1013
PS-model: p(X;7) from PPM-PS-1
IPW 0.1381 0.1405 0.0732  0.0983
lower tail: 0 ATPW 0.0041 0.0587 0.0735 0.0985
upper tail: 0 MAIPW 0.0065 0.0611 0.0759 0.1020
IPT 0.0999 0.1066 0.0726  0.0967
PS-model: p(X;7) from PPM-PS-2
IPW -0.1671 0.1728  0.1199 0.1587
lower tail: 0 ATPW 0.0180 0.0671 0.0825 0.1092
upper tail: 0.4 | MAIPW 0.0027 0.0604  0.0758 0.1015
IPT 0.0086 0.0602 0.0749 0.1005

Table 4: Design-II (MAR instrument Y ~ Bin(1,.5)): Sample size n = 1000. Results are based on
averages over 10000 replications in Matlab with seed 0 for random number generation.

42



Sample size | Parametric IV-Estimators Mean Bias Abs. Bias Stdev  IQR

PS-model: infeasible true po(X)

ATPW -0.0030 0.0943  0.1189 0.1576

MAIPW -0.0028 0.0932 0.1176  0.1549
500

PS-model: p(X;7) from true po(X)

ATPW -0.0022 0.0939  0.1184 0.1563

MAIPW -0.0034 0.0921 0.1164 0.1533

PS-model: infeasible true po(X)

AIPW -0.0022 0.0651 0.0820 0.1085

MAIPW -0.0019 0.0641 0.0809 0.1079
1000

PS-model: p(X;7) from true po(X)

ATPW -0.0017 0.0648 0.0817 0.1096

MAIPW -0.0025 0.0634  0.0800 0.1064

Table 5: Design-II (MAR instrument Y ~ Bin(1,.5). Results are based on averages over 10000
replications in Matlab with seed 0 for random number generation. Improvement in precision due to
modified AIPW over AIPW when PPM-PS is correct but PPM-CE is wrong is evident here. The
only thing done differently is that we use a PPM-CE that directly models E[Y (X — X260)|X] without
the intermediate step of modeling E[Y|X] first. [See the paragraph after equation 3 on page 493
in Wang and Chen (2009) for a related discussion.] The resulting estimators are worse than the
corresponding AIPW and modified AIPW estimators reported in Tables 3 and 4. However, they are
still better than the corresponding IPW estimators reported in Tables 3 and 4.
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