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Abstract

Projection-type Score Tests for Subsets of Parameters

Saraswata Chaudhuri
Co-Chairs of the Supervisory Committee:

Professor Eric Zivot
Department of Economics

Professor Thomas Richardson
Department of Statistics

In this thesis we introduce a new projection-type score test for subsets of pa-
rameters. Although the new test is based on the projection principle, it is
generally less conservative than the usual projection-type tests. In particular,
we show that the new test is asymptotically equivalent to the locally optimal
(usual) score test. We also show that while the (usual) score test may over-reject
the true value of the parameters of interest when the nuisance parameters are
not identified; the new test, by virtue of projection, can be useful in guarding
against uncontrolled over-rejection. We demonstrate the practical usefulness
of the new test in the context of inference on subsets of structural coefficients

in linear Instrumental Variables regressions.
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Chapter 1
INTRODUCTION

In this thesis we are concerned with the problem of asymptotic inference on
subsets of parameters based on the score statistic. We motivate the problem,
review the literature and present a non-technical discussion of our contribution
in this introductory chapter. A technical discussion along with examples of our
proposed method of inference is presented in the subsequent chapters.

Almost always, only specific parameters within a larger model are the ob-
jects of primary interest. For example, a common interest in economics is to

estimate the return to schooling from a wage equation of the form
Inwage = o + 3 x educ + v x ControlVars + Model Errors (1.1)

where educ and [nwage denote respectively years of schooling and logarithm of
wages [see, for example, Griliches (1977), Angrist and Krueger (1991), Black-
burn and Neumark (1992), Card (1995)]. The coefficient 3 represents the rate

of return to schooling and is often the parameter of primary interest.

1.1 Common problems with the usual Wald-type inference

The usual practice in such cases is to report a /n-consistent point estimator B
along with the standard error. More informative is the practice of reporting the

corresponding (1 — ¢)-level Wald-type confidence region given by

a 2
{ﬁo : w <31 - e)} (1.2)



where n denotes the number of observations, V denotes a consistent estimator
of the asymptotic variance of \/ﬁ(ﬁ — ) and x?(1 — ¢) denotes the (1 — ¢)-th
quantile of a (central) x? distribution. Such regions are called the Wald-type
confidence regions because they can be obtained by inverting a size-c Wald test
of the hypothesis H : 5 = ;. The finite-sample properties of such regions
depend on the quality of the first-order asymptotic approximation

—\/ﬁ (B: 6) <, N(0,1). (1.3)
\/;

However, it is well known that in finite-sample, the Wald-type confidence
regions are not invariant under (real) one-to-one transformations of the pa-
rameters [see Gregory and Veall (1985)]. For example, (if 3 # 0) and if 3° is the

parameter of interest then, in general,

~

o 2 3 23)2
{ﬁé’:wéx?(l—e)}%{BS:%SX?(l—E)}-

A more serious drawback of the Wald-type confidence regions was high-
lighted by Dufour (1997). To recognize the problem it may be helpful to re-
strict our attention to the inference on (5 based on instrumental variables (IV).
Suppose that the variable educ is correlated with the ModelErrors in (1.1) and
one reports a Wald-type confidence region based on the IV estimator B using
exogenous instruments that are, unfortunately, also uncorrelated with educ.
Based on such exogenous but irrelevant instruments, the reduced forms corre-
sponding to (1.1) with any value of the parameter (5 in the entire real line are
observationally equivalent. Also the asymptotic approximation in (1.3) does
not hold in this case [see, for example, Phillips (1989) and Staiger and Stock
(1997)]. Here the Wald-type confidence region, which is always bounded by

construction, is misleading in the sense that it tends to be spuriously precise



and, as a result, may not even possess any coverage probability. See Dufour
(1997) for an analytical discussion of the phenomenon and Zivot et al. (1998)
for simulation results showing the undesirable lack of coverage probability of
Wald-type confidence regions.

Dufour (1997) and Nelson and Startz (2007) discussed a broader set of mod-
els where inference based on the Wald test can be problematic. While some of
these problems are fundamental to the underlying models and not particularly
to the Wald test, it has been shown recently that the score test and the likeli-
hood ratio (LR) test can be used to salvage the problem of inference at least in
the context of IV regressions.

Since a major part of this thesis deals with IV regressions, we do not focus
on the Wald-type inference in the rest of the paper. Inference based on the score
test is often computationally more attractive and requires fewer assumptions
than inference based on the LR test [see, for example, White (1982)]. More-
over, as will be clear in the sequel, the score principle has certain advantages
that allow us to design a new technique of inference for subsets of parameters,
which is the main contribution of this thesis. Hence we restrict our attention

to inference on subsets of parameters based on the score test.
1.2 Inference based on the usual score test

Moving to a more general model [than (1.1)], let us denote the parameter(s) of
interest by #; and the nuisance parameter(s) by #,. We follow this notation in
the rest of the thesis.

Provided that the method of inference allows for a score function, the usual
score test rejects hypotheses of the form H, : 6; = 6, for large values of the
score statistic evaluated under the null hypothesis. For example, consider like-
lihood based inference of a correctly specified model under standard regularity

conditions. Let [(0;,60;) be the sum of the log likelihood function of n obser-



vations, V,[(0,6,) be the first partial derivative of [(6,,6,) with respect to 6,,
and fij(el, 05) be a consistent estimator of the (i, j)-th block of the partitioned
information matrix for i,j = 1,2. Then the score statistic for the hypothesis

H, : 0, = 0,, can be defined as

!~

1 ~ —_— A
Iffg(e*l, 02(041)) | V12l(0i1,02(601))] (1.4)

Ra(01,02(0.1)) = = [T120(0.1, 62(0.0))]

where

@1(91,92) = vll(91792)_:/Z-\12(‘91>92)f521<91792>v2l<91792>
T112(01,02) = 111(91792)—112(91792)12}1(91,92)121(91792)-

%V/Sl(el, 0-) is an estimator of the population efficient score function for 6¢,; i.e.,
the part of the score for #; orthogonal to the space spanned by the score for
0,. Following van der Vaart (1998) we refer to v,,/(61,6,) (and similar terms
to be introduced later) as the efficient score for #,.! If the true value of 6,,
say 0y, is known a priori, one can set (%(0*1) = 0pe; although then it is more
efficient to define the score statistic as L [V,1(6.1,009)]' Z1;! (6.1, 002) [V11(6.1, 602))-
However, knowing 6, is unlikely, and in practice one usually sets 9}(9*1) to some
estimator of A, restricted by the null hypothesis H, : §; = 6,,. Rao’s score test
uses the restricted maximum likelihood estimator of 0, [see Rao (1948)], and
Neyman’s C(«) test allows for any /n-consistent estimator of 6, [see Neyman

(1959)].

When the null hypothesis is true, R; (6.1, §2(9*1)) converges to a central y?

distribution (with degrees of freedom equal to the dimension of §;) under stan-

Tt should be noted that Cox and Hinkley (1974) (page 107) referred to vl(6;,0-) as the
efficient score for 6; and subsequently in the literature v, 5l(6;,6>) has been often referred
to as the effective score for 6;,. We hope that our choice of terminology will not be unduly
burdensome to readers.



dard regularity conditions; and hence quantiles of the y? distribution can be
used as the critical values for the score test. Variants of (1.4) have been widely
used in the literature under more general conditions — for example, Newey
and West (1987) introduced the score (Lagrange Multiplier) test in the context
of Generalized Method of Moments (GMM), while Boos (1992) introduced the

generalized score test in the context of General Estimating Equations (GEE).

In the next chapter we consider the score-principle for methods of infer-
ence based on the general extremum estimation framework. This framework
is broad in its scope and includes inference based on widely used methods such

as M, GEE and GMM estimations as special cases.

For any such method, let R1(9*1,é2(0*1)) denote the score statistic (modi-
fied accordingly) for testing H; : 6, = 6., and let R;(0o,002) asymptotically
follow x2 where v; and 6, are respectively the dimension and the true value
of the parameters 6; for i = 1,2. In a correctly specified model and under stan-
dard regularity conditions, 0(6,;) is \/n-consistent for 6y, and Ry (0,1, 0:(6,,)) is
asymptotically equivalent to R;(6.;,6y2) for local 6,,. The usual score test re-
jects the null hypothesis at level € if Ry(6,1,05(6.1)) > X2, (1 — €). Therefore, a

(1 — €)-level confidence region obtained by inverting the score test is given by
{0*1|R1(9*1, 02(0.1)) < o, (1— 6)} :

While optimality properties of tests are in general complex when v, > 1;
under certain assumptions, it can be shown that when v, = 1, the score test de-
scribed above is a local normal approximation to the Uniformly Most Powerful
Unbiased test for the hypothesis H; : §; = 6,; against two-sided alternatives.
Similar local optimality statements can be made on the confidence region ob-

tained by inverting the score test.

However, it is important to note that the properties of the usual score test



depend crucially on the assumption that «%(601) is a \/n-consistent estimator of
the nuisance parameter ¢,. When this assumption is not satisfied, the proper-
ties of the score test are not well known and, depending on the structure of the
model, this may lead to over or under-rejection of the true value of the param-
eters of interest, i.e. the test for H, : #; = 6,; can be over-sized or under-sized
(in other words, upward or downward size-distorted).

In the paradigm of classical hypothesis testing, while an under-rejection
of the true value of the parameters is associated only with the loss in power,
over-rejection of the true value is more undesirable. For example, in a series of
papers, Dufour and his co-authors [Dufour (1997), Dufour and Jasiak (2001),
Dufour and Taamouti (2005b,a)] strongly recommended the use of projection-
type tests that rule out the upward size-distortion at the cost of considerable
loss in power.

The USSIV (unbiased split-sample IV) test considered by Chaudhuri et al.
(2007) is an example of a test that over-rejects the true value of the parameters
of interest due to the inconsistent estimation of the nuisance parameters. We
briefly discuss their results in the next chapter of this thesis.

Inconsistent estimation of the nuisance parameters can, in principle, affect
the size of the score test in different ways and a general discussion along that
line is beyond the scope of this thesis. However, as mentioned earlier, if one can
ensure that the score statistic R;(6y1, 6p2) converges to a central X?,I distribution
when evaluated at the true value of the parameters, then we show that it is
possible to correct for the uncontrolled over rejection of the true value of the
parameters under certain conditions.

We achieve this through a new method of projection-type inference based on
the score statistic R;(6;,02). We also show that the new method of projection
introduced in the next section is generally less conservative than the usual

method of projection recommended by Dufour and his co-authors.



The main idea behind this new method of projection follows from Robins
(2004), and we gratefully acknowledge the help of Jamie Robins in the concep-
tion of this thesis.

The asymptotic convergence of R;(6p1,002) to a known distribution is the
single-most important requirement for the validity of the results based the
new method of projection. Although we restrict our attention to the usual y?
approximation of the limiting distribution, all that is actually necessary is that
R1(0o1,002) is (asymptotically) pivotal. A set of sufficient conditions required
for the validity of our results in the context of extremum estimation is listed
under Assumption S in the next chapter. Loosely speaking and going back to
the context of maximum likelihood estimation, if 711 2(6o1, 002) is positive defi-
nite and if for i, = 1,2, f; (0) EiN Z;;(6y), then the new method of projection
can be applied to solve the problem of uncontrolled over-rejection.? Moreover,
we also show that if it is possible to obtain a /n-consistent confidence region
for the nuisance parameters 6, then the new method of projection, unlike the

usual method, does not entail any loss in asymptotic power.

1.3 A new method of projection-type score test

Suppose that Co(1 — ¢, 0,1) is a uniform asymptotic (1 — {) confidence region for
6> when the null hypothesis H; : #; = 0,; is true. The new method of projection-
type score test rejects the null hypothesis if

(1) either Co(1 —(,0.1) = @,

ii) or inf RQ*,9>21—.
(ii) L 1(0x1,02) > x5, (1 —¢€)

2We are unable to identify the general characteristics of models for which such conditions
will be satisfied. This is because under the usual smoothness conditions, often the prop-
erties that make ég(@ol) inconsistent for 6y, also lead to Z;;(0o1,002) being inconsistent for
Z;;(601,602) for i,j = 1,2. Identifying the general characteristics of such models is a subject
of future research. Some progress in that direction has been achieved in the pioneering work
of Nelson and Startz (2007).



This can be seen as a two-step procedure: in the first step we construct a
(restricted) confidence region for the nuisance parameters such that the region
has correct coverage probability 1 — ¢ under the null hypothesis; and in the
second step we reject the null hypothesis if the infimum (with respect to 6
inside the confidence region) of the statistic R, (6., 6,) is larger than the x? (1 —
e) critical value. As mentioned before, this method is motivated from Theorem
5.1 in Robins (2004). Similar techniques of hypothesis testing in the presence
of nuisance parameters were also suggested by Berger and Boos (1994) and
Silvapulle (1996).

While an empty confidence region Cy(1 — (,f,;) may seem counterintuitive;
it is possible to obtain a null set when the confidence region is not obtained by
inverting a Wald test. Basically this means that the underlying test rejects all
possible values of the nuisance parameters ;. In Chapter 3 we will see that
such confidence regions can occur with distinctly positive probability and hence
it is important to take the empty set into account. Notwithstanding, under the
null hypothesis H; : 6, = 0,1, the region Cy(1 — (, 6.,) contains the true value 6,
with asymptotic probability at least 1—(. Hence it follows from Bonferroni-type
arguments that the asymptotic size of the new method of projection-type score
test cannot ever exceed ¢ + (.

Furthermore, under standard regularity conditions and conditional on Cy(1—
¢,0.1) # @, any point belonging to C2(1—(, 6,1) is y/n-consistent for 6,. Hence for
v/n-local 6,4, it can be shown that infg,cc,1-c0.,) R1(0s1,02) = Ri(0s1,602) + 0p(1).
Thus, conditional on the first-stage confidence region being non-empty, it is pos-
sible to show that the new method of projection-type score test is asymptotically
equivalent to the usual score test against \/n-local alternatives.

When the standard regularity conditions are not satisfied, the usual tech-
niques of asymptotic inference applied to finite-samples can be misleading. In

particular, as we have noted before, if violation of the regularity conditions



leads to inconsistent estimation of the nuisance parameters 6., then the usual
score test may over-reject the true value of the parameters 6,. The new method
of projection-type score test can be useful in guarding against the uncontrolled
over-rejection under some of these non-regular cases; while enjoying the desir-
able local optimality properties of the usual score test (and hence the Wald and

LR tests) whenever the standard regularity conditions are satisfied.

1.4 Weak instruments and weak identification - Violation of regular-
ity conditions and methods of inference for subsets of parameters

In practice, (asymptotic) violation of the standard regularity conditions is not
rare; the much studied “weak instrument” problem serves as a common exam-
ple [see for example Nelson and Startz (1990a,b), Bound et al. (1995), Staiger
and Stock (1997)]. If the correlations between an endogenous regressor and
the corresponding instruments in a linear IV model are small, and if the level
of endogeneity is high, it usually takes an unfeasibly large sample size for the
standard asymptotic techniques to be valid; and in finite-samples the Wald,
LR and score tests tend to be over-sized. Furthermore, the usual asymptotics
degenerate when the actual correlations are zero.

To address this problem, “weak instrument” asymptotics were introduced
by Staiger and Stock (1997), in which the correlations between the endogenous
regressors and the corresponding instruments approach zero with increasing
sample size (at rate \/n). In this setting, the two-stage least squares (TSLS) and
the limited information maximum likelihood (LIML) estimators of the struc-
tural coefficients, i.e. § = (¢!, 6,)’, are inconsistent and the usual Wald, LR and
score tests for testing the parameter vector 6 are over-sized [also see Wang and
Zivot (1998) and Zivot et al. (1998)].

Alternative techniques for jointly testing all the structural coefficients have

now been proposed, which are robust (in terms of size) to the presence of
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weak instruments. For example, the Anderson-Rubin (AR) test was recom-
mended by Dufour (1997) and Staiger and Stock (1997), the K-test was pro-
posed by Kleibergen (2002) and Moreira (2003) and the Conditional likelihood
ratio (CLR) test was proposed by Moreira (2003).

Returning to the problem of testing subsets of structural coefficients, i.e.
H, : 0, = 6.,, one can always use the projection techniques based on these tests
[see Dufour and Taamouti (2005b,a) and Zivot et al. (2006)]. However, such
projection-type tests can be conservative. We show that our new method of
projection is, in general, less conservative than the usual projection-type tests.

As an alternative to the projection-type tests, Kleibergen (2004) showed that
if the instruments are strong for the nuisance parameters 6., one can replace 6,
with their LIML estimators restricted by the null hypothesis, and use the K and
CLR tests (with proper adjustment for the degrees of freedom) to test the null
hypothesis H; : §; = 0,;. Stock and Wright (2000) and Zivot et al. (2006) sug-
gested similar modifications to the AR test using the restricted TSLS or LIML
estimators. In a recent working paper Kleibergen (2007) also showed that when
the instruments are weak for the nuisance parameters 6, the plug-in princi-
ple applied to the AR, K and CLR tests leads to tests that are asymptotically
conservative.

Stock and Wright (2000) generalized the idea of weak instruments in a lin-
ear IV regression to “weak moment conditions” in a GMM framework. The
weak moment conditions lead to “weak identification” of the parameters and,
as expected, the GMM estimators of the parameters are inconsistent and the
usual Wald, LR and score tests for these parameters are unreliable.

Kleibergen (2005) extended his K-test to the GMM setup and also showed
that when the nuisance parameters 0, are strongly identified, the K-test can
be applied for testing H; : 6; = 60,; using the K-statistic evaluated at the null
(i.e. plugging in the Continuous Updating estimator of 6, restricted by the null
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hypothesis) and adjusting the degrees of freedom accordingly. Similar proce-
dures can be applied to extend the CLR test to the GMM framework when the

nuisance parameters are strongly identified.

The K-statistic is, in principle, a score statistic. Hence the new method of
projection can be readily applied to the K-statistic. Under the weak identi-
fication framework, we show that our projection-type test statistic (based on
the K-principle) is asymptotically equivalent to Kleibergen’s K-statistic for /n-

local alternatives whenever the nuisance parameters 0, are strongly identified.

Furthermore, because in this particular setup it is always (i.e. even for
unidentified 6,) possible to construct asymptotically valid confidence sets for
the nuisance parameters under the null, we show that the size of the new
method of projection-type test can be bounded from above by any pre-specified

value.?

We recommend the use of the new method of projection-type score tests in
cases where inconsistent estimation of the nuisance parameters leads to the
standard tests being over-sized. While the usual projection techniques can also
be used in these cases to guard against the over-rejection of the true value of the
parameters of interest, the new method of projection-type tests can be shown
to be more powerful than the usual projection-type tests under quite general

conditions.

3In an e-mail exchange, Frank Kleibergen recently told us that he and Sophocles Mavroeidis

are jointly working on showing that the plug-in technique applied to the S, K and GMM-
M (CLR) tests leads to conservative tests whenever the nuisance parameters are weakly
identified. This opens a new possibility for improvement when the nuisance parameters
are weakly identified: a judicious choice of ( may increase the asymptotic relative efficiency
(ARE) of the new method of projection-type test with respect to the K-test. We plan to pursue
this in the future.
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1.5 Notations

We use the following notations in the rest of the thesis. If A = [A4;,..., Ay] isan
a X bc matrix, A" is its unique Moore-Penrose inverse, vec(A) = [A},..., A, ],
devec(A) = [(Ay, .., A (Ap-1yern,- - Ape)'] and ||A|| := \/trace(A'A). If
A is full column rank then P(A) = A(A’A)"'A’ and N(A) = I, — P(A) where I,
is the a x a identity matrix. If A is a symmetric positive semi-definite matrix
then A2 is the lower-triangular Cholesky factor of A such that A = A3 A3 If
A = ((Ajj))ij=12 1s such that the diagonal blocks A4;; and Ay, are non-singular
then A;; ; = A;; — AijAj_leji denotes the Schur complement of 4;; fori # j =1, 2.

Lastly, we use the acronym w.p.a.1 for “with probability approaching one”.
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Chapter 2

THE NEW PROJECTION-TYPE SCORE TEST IN
EXTREMUM ESTIMATIONS

Consider a random sample z = (z1,...,2,) € S drawn from the unknown
distribution Py, € {F : 0,41 € ©}. Let the true parameter value 6, = (0(,,0(,)
be such that 6, € interior(©;) where ©; is a compact (v;- dimensional) subset
of R¥ for ¢ = 1,2. The parameter space © = ©; x O, is a compact subset of R”
where v = vy + 1s.

Define an extremum estimator of 6 based on the random sample = as

-~

0, = arg max Qn(z,0) (2.1)

where Q,(z,0) : S x © — R is any criterion function measurable in z for
all # € ©. The definition of the extremum estimator in (2.1) covers the M-
estimators such as those obtained by maximum likelihood, quasi-maximum
likelihood, least squares, etc., and the Minimum Distance estimators such as
the GMM estimator. GMM estimation has received much attention in the
last two decades and offers an interesting application of the new method of
projection-type score test. Hence we discuss it separately in the next chapter
under more specific assumptions. The general theory discussed in this chapter

is probably better suited for M-estimators.!

For simplicity, we base the discussion of the new projection-type score test

1Of course any M-estimator, viewed as a solution of a first order condition (i.e. what van der
Vaart (1998) calls a Z-estimator), can be interpreted as a GMM estimator [page 2116, Newey
and McFadden (1994)].
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for the null hypothesis H; : 6; = 0., on a set of “high-level” assumptions sum-
marized under Assumption A [see chapter 4, Amemiya (1985) for details].

Assumption A:

Al. Q,.(0) = Q,(z,0) is twice-continuously differentiable and n~'Q,(#) con-
verges uniformly to a non-stochastic function @(6) which has a unique

maximum at 6.

A2. nV2v,0,(0,) > U; where v;Q,(0) = 0Qn(Z,0)/06; for i = 1,2. Also
(W, W] ~ N(0,, B(6y)) for some finite, positive definite matrix B(6,) where
B(0) = (Bi;(0))

. _, 1s continuous in an open neighborhood of ¢,.
17]7 I

A3. n71'VyQ,(0) converges uniformly in probability to a finite, continuous,
negative definite matrix A(0) = (A4;(9)),;_, ,
(vijQ"(e))i,jzlz and VZ]QR(G) = 8(V1Qn(0))’/89j

where the matrix V4 Q,,(0) =

We use A = A(6y) and B = B(6y) for notational convenience. Following As-
sumption A3, we use A(f) = n'VyQ,(0) as the estimator of A(d). We refer
to B(6) as some consistent estimator for B(#) without explicitly mentioning its
functional form.

Before introducing the new projection-type score test in this context, we
briefly review the usual score test for H; : 6; = 0,;.

Denoting 0, = (0.,,0,(0,1)), the score statistic for testing H, : 6, = 6., is

*19 Yn2
defined as

Ri(0) = | =9120,(0) ] [G0)BOIG0)] " | 2915000 22)
where 0,,(0.,) = arg max Qp (0., 02), (2.3)

V12Qn(0) = V1Q,(0) — A12(0) A3, (0)V2Qu(0) and Gy(0) = [L,. —A;2(0) A5,(0)].

The score test rejects the null hypothesis H; : 6, = 0,; at level e if Rl(é*) >
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X2, (1 —¢). An alternative form of the score statistic, motivated by the Lagrange
Multiplier principle of Aitchison and Silvey (1958) and Silvey (1959), is given
by

1 1

Zn0u0)| [060B0)G0)] [ Fne6)] e

alt/ o\ __
Rl (9*) - \/ﬁ \/ﬁ

While it is obvious that both forms of the score statistic are observationally
equivalent when the nuisance parameters are replaced by some 6, such that
0Q,(041,02) /005 = 0; the score statistic in (2.2) has a major practical advan-
tage: it allows 6, to be replaced by any ./n-consistent estimator [see Lemma
A.4(iii) in the Appendix]. This particular flexibility of the score statistic R;(6,)
is later utilized in constructing the new projection-type score test. The asymp-
totic validity of the alternative form of the score statistic in (2.4), however, is
only maintained when the nuisance parameters are replaced by some 6, such
that 9Q,, (0.1, 05)/00; = 0,(1) [under Assumption A, the estimator 6,,5(6,,) in (2.3)
satisfies this property w.p.a.1] and this can be computationally costly [see ex-
ample 3.1 in Bera and Bilias (2001)]. In the rest of the paper, by “efficient score
statistic”, we will refer to a statistic similar to the one considered in (2.2) —i.e.

a quadratic form of the estimated efficient score for #;, which simultaneously

admits interpretation both as Rao’s score and Neyman’s C(«) statistic.
2.1 The new projection-type score test

Suppose that it is possible to construct a confidence region Cy(1 — (, 0,;) for 6,
such that under the null hypothesis H; : §; = 0,1, the region Cy(1 — (,0,;) has

uniform asymptotic coverage probability (at least) 1 —(. Denoting 6, = (¢.,,6.,),

2Denoting 0Q,,(0)/06 by V¢Q.,(#), the score statistic in (2.4) can be also alternatively written
. Y A - . N

as RY2(0.) = [ J590Qu(0.)] [G(0)B@E)C0.)] | J70Qu(d.)], where G(6) = [G;(6).C5)

for any arbitrary v, x v matrix Gs, as long as V,Q,(0,) = 0. We mention this form because,

as we will see later, Kleibergen’s K-statistic is defined in a similar spirit.
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the new projection-type score test rejects the null hypothesis H; : 6, = 60, if

(1) either Co(1 — (,0.1) = @

(ii) or infy ,ec,(1—¢0..) R1(60:) > x2 (1 —e).
At this point we do not specify how the confidence region for the nuisance pa-
rameters 0, is obtained in the first step. In the next chapter we discuss in
detail some of the important advantages derived from a judicious choice of the

first-stage confidence region.

It is important to note that Assumption A does not include non-regular cases
such as the instrumental variables regression with weak instruments. In such
a non-regular case while it can still be possible to obtain a valid (though pos-
sibly conservative) confidence region for the nuisance parameters, consistent
point-estimation of the nuisance parameters (and the parameters of interest)
may not be feasible [see, for example, Section 2.3]. Of course, if it is possible to
obtain /n-consistent estimators for a subset of the nuisance parameters, then

constructing the confidence region for those parameters is unnecessary.

Theorem 2.1
(1) Let C2(1 —(, 01) be such that lim,,_., Pry,, [0o2 € Co(1 — (,001)] > 1—C(. Then

under Assumption A,

T Pruy [{Ca(1 =) = @YU, inf | Rallon,0.2) > x5, (1= 9} <+

(ii) Let 0,1, = 0y + d1/\/n € ©, where d; € R" is fixed. Let C3(1 — (,0,1) be
nonempty w.p.a.1 and suppose that for any 0., € Co(1 — (,0.1), /1|02 — Op2|| =
O,(1). Then under Assumption A,

Jim Prog, [{Co(1 =€, 0a) =2} U{ QGCQi(f%f_w 1)31(9*1,9*2) > x;, (1 =€)}

= T}LI{.IO PT‘QOI [Rl(e*la 902) > Xil(l - E)}
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Theorem 2.1 discusses the asymptotic properties of the the new projection-
type score test and is proved in the Appendix. It shows that the size of the new
projection-type score test is always bounded from above by ¢ + (, irrespective of
the asymptotic length of the first-stage confidence region. Moreover, if w.p.a.1l
the confidence region Cy(1 — (, 0,1) is non-empty and the value of 6, where the
infimum of the test statistic is attained within Cy(1 — ¢, 6.;) is y/n-consistent for
05, then Theorem 2.1 also shows that this test is asymptotically locally equiv-
alent to the infeasible efficient score test, which rejects H; : 8, = 0,; at level ¢
if R1(041,602) > x2 (1 — €). The infeasible efficient score test uses the unknown
true value of the nuisance parameters 6, and enjoys certain local optimality
properties under standard regularity conditions. Often this asymptotic equiv-
alence can be ensured by constructing the confidence region Cy(1 — ¢, 0,;) such
that it belongs to the /n-neighborhood of the true value 6, as is mentioned
in the statement of the theorem. We describe the process of the construction of
such confidence regions in the next chapter.

Finally we note that, under the conditions of the theorem, the local asymp-
totic equivalence of the new projection-type score test extends to the usual score
test (mentioned before in (2.2)) and the Wald test, which rejects H; : 6, = 0,; at
level e if Wy(6.1) > x2 (1 — €) where

~

Wl (9*1) = n(enl - 9*1)/5\2?_1 (é\n)(é\nl - 9*1)
and (0, (0) is the top-left v, x1 block of Q(6) = ((Q;(6)))ij12 = A" (8,)B(6,) A" (6,)
[see Lemma A.4 in the Appendix].?

Readers are referred to Gourieroux et al. (1983) and Newey and McFadden

(1994) for other forms of the Wald and score tests. We do not consider the LR

3The form of the Wald statistic and the score statistic can be simplified if it is known a
priori that A(6y) = —B(60y) [see White (1982)]. The usual score test and the Wald test are
asymptotically equivalent to the LR test against \/n-local alternatives when A(6y) = —B(6y).
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test here because the asymptotic y? distribution of the test statistic requires an
additional assumption that A = —B.* We also do not consider the Hausman-
type tests because these tests are locally optimal for a different hypothesis,
A5y Az (61—0.1) = 0, whose equivalence with the hypothesis under consideration
depends on the stringent condition that v, < v; and Ay, is full row rank [see

Holly (1982)].

It should, however, be mentioned that like the usual score test, the new
projection-type score test is also not particularly suited for cases where the
nuisance parameters are absent under the hypothesis being tested [see Davies
(1977, 1987)]. For example, consider a regression model with an additive non-

linearity, which takes the form °
yy = 01f(09, 24) + vy, where wuy ~ (iid)N(0,1).

Under the null hypothesis H; : #; = 0, the nuisance parameters 6, are absent;
meaning that any valid confidence region for 6,, obtained under the null hy-
pothesis, should be identical to the entire parameter space for 6;. Hence the
new projection-type test reduces to comparing the infg,co, R1(0,6;) to the x2,
critical value. To apply the usual score test in such cases, it is important to
consider the restricted estimator of 6, as a stochastic process of 0;; treating it
simply as the arg maxg,co, @.(0,02) leaves room for implementational ambigu-
ity. The usual score test and the new projection-type test have poor power at
the point of unidentification; in fact, the latter provides a lower bound to the

asymptotic power of the usual score test. Of course, in this case one can fol-

4Under the null hypothesis the LR statistic, in general, tends to a weighted sum of x? vari-
ables with unknown weights [see Foutz and Srivastava (1977) and Kent (1982)].

See Hansen (1996) for examples of the regression form: y; = 47+ 0, fi(02, 2;) +u; and cases
where it is of interest to test if the nonlinear term f(65, z;) enters the regression or not; i.e.,
to test H; : 6; = 0. See Nelson and Startz (2007) for more examples.
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low Conniffe (2001) and replace 6, by its unrestricted estimator in the score
statistic R;(0,0;) defined in (2.2) and obtain better power as long as the true
value 6y, # 0. Note that the alternative forms of the score statistic do not allow
such modification. This technique can be extended to the new projection-type
score test by constructing an unrestricted first-stage confidence region for the

nuisance parameters 6.
2.2 Sufficient conditions for the validity of the new test

Finally, it is important to note that the new method of projection offers wide
flexibility in designing a test for the sub-vector ¢,. Provided that it is possible to
obtain a valid first-stage confidence region for the nuisance parameters 6,, the
only requirement in designing a valid projection-type (score) test for the null
hypothesis H; : #; = 0,; is a statistic which is (asymptotically) pivotal under
the null hypothesis. Although for local optimality properties it is necessary
that such a (pivotal) statistic be based on the efficient score for #,; a valid (not
necessarily optimal) test for H; : #; = 0,; can be based on a wider choice of
(pivotal) statistic. For example, any functional f, : S x © — R" satisfying the
following set of sufficient conditions, summarized under Assumption S, can be
used to construct such a (pivotal) statistic that can be used in designing the
new projection-type score test.

Assumption S:

S1. f,(2,0) = H,(2,0)h,(z,0) where H, = ((H,,)) is such that the (i, j)-th

element H,; ;) : SxO — Rfori=1,...,v,j=1,...,kand h, : Sx O — R*

/l:hj

for some finite positive integer k.

S2. h,(2,0) = £(0) ~ N(u(f),Z(0)) such that u(6y) = 0 and Z(6,) is finite.b

6“=” is used to denote weak convergence to the Gaussian stochastic process ¢, indexed by 6
[see Andrews (1994)].
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H,(z,6y) and h,(z,0y) are asymptotically uncorrelated.

S3. V,.(0) = H,.(z,0)2(0)H](z,0) is such that lim,, ., V,,(0) is finite, continuous
and positive definite at 6, w.p.a.1. V,(0) = H,(z, 6’)@(9)H,’l(z, ) such that
1V (6) = Vau(0)]| = 0p(1) in some open neighborhood of 6.

Assumption A implies Assumption S and hence the following discussion
based on Assumption S is also applicable to inference based Assumption A.

Using Assumption S, an asymptotically size-¢ test for the hypothesis H, :
6 = 6, on the full parameter vector can be designed by rejecting the hypothesis
when R(6,) > x%(1 — ¢) where

R(6.) = f.(2,0)V(6,) fu(z,0,).7 (2.5)

If, in addition, plim,_, H,(6.)u(0.) # 0 w.p.a.1 for 6. # 6,, then this size-c test
will be asymptotically unbiased. However, evaluating the loss in ARE with
respect to the usual score test needs more specific assumptions.

The same principle can also be used to construct an asymptotically pivotal
statistic for testing the hypothesis H; : #; = 0,; on the sub-vector ¢;. In particu-
lar, if we can partition H, and V, such that H, = [H e,

n

[2}] where H,; is v; x k
for i = 1,2 and XA/n = ((Vn[i,ﬂ))LFL% then an asymptotically pivotal statistic for
the new projection-type score test can be constructed as

Ri(0) = fiuo(0)V, 5 (0) fapa(z,0) where (2.6)

n

Fopa(2:0) = Hupy(2,0)hn(2,0) = Vina (0)V, ) (0) Hupey (2, 0) i (2,0) - (2.7)

As before, a size-¢ test for the hypothesis H; : §; = 0,; on the sub-vector ¢, can

be designed by rejecting H; : 0; = 0,1 when R;(0.1,602) > X?,l(l — ¢€). This test

"The description of the statistic R(6.) fits the LM (K) statistic proposed by Kleibergen (2002)
and Moreira (2003).
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will be asymptotically unbiased if plim,,_,_ H,,;1)(0s1, Oo2) 11(61, 602) # 0 w.p.a.1 for
0.1 # 0o1. However, 0y, is unlikely to be known, and the test remains valid if 6,
is replaced by any /n-consistent estimator.® When it is only possible to obtain
a valid confidence region for 6, but not a consistent estimator, then the new
method of projection-type score test based on the statistic R;(0.1,62) in (2.6),
which is asymptotically pivotal at # = 6,, can be used for testing H; : 6, = 0,,.
In the following section we present a simple application of this new projection-

type score test in the context of split-sample IV regression. The description is

rather elaborate and is hoped to be helpful in explaining the methodology.

2.3 Application to a split-sample linear IV regression
Consider the linear IV model

y = X1601 + Xabp2 +u
Xo = ZIly +n2

where y is the dependent variable, X = [X, X5] are the endogenous regres-

sors, u, 7 = [y, 72] are the unobserved correlated structural errors and 7 is the

8Tt is worthwhile to observe that if 9~n2(0*1) is a root of Hy o) (041, 02)h(041,02) = 0,,%1, then,

using (2.5) and defining 0, = (0.,,0,(6.1))’, other statistics for H;, : 6, = 6,; can also be
constructed as:

RA(4,) = K/ (2,0,) ;[1](2,5*)17;[11'2] (6.)Hopy (2, 0.)hn (2, 6..) (2.8)
R2(9,) = R(6,) (2.9
where R (6.) 2 R4,) T Ra2(4,). (2.10)

The first term in (2.10) is analogous to what we have throughout referred to as the efficient
score statistic; the second term is analogous to the usual form of the score statistic derived
from the LM principle; and the last term is analogous to the form used by Kleibergen (2004,
2005) to define the K statistic for testing H; : §; = 0,,. Lastly, note that all the three forms of
the statistic are robust to the scaling of the term H,,(z, 8) by nonsingular matrices. This allows
for different orders of magnitude (in a possibly probabilistic sense) of H,,[1j(z,0) and H,y(z,0).
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matrix of non-stochastic instruments.?® Let the dimensions of §; and II; be re-
spectively v; x 1 and &k x v; for i = 1,2 where v = v; + 15 and v, 1, and k are fixed
and finite integers. Assume that the order condition k& > v is satisfied. We do

not, however, impose the restriction of full column rank on IT = [II;, I,].

Suppose that there are n i.i.d. observations on y, X and Z, and assume that

fort =1,...,n the structural errors
1 Pul  Pu2
(W, Mgy M2t) iLd N(0,X) where X = | p, 1  pio is unknown. (2.12)
P2u P21 1

Split the sample randomly into two sub-samples denoted by a and b — the first
one containing n, observations and the second one containing n;, = n—n, obser-
vations such that min{n,,n,} > k. Let y;;), X(;) and Z;) represent the matrices
containing the n; observations in the ith sub-sample (i = a,b) where the obser-

vations are stacked in rows.

Define X(ij) = Z(i)ﬁ(j) and ﬁ(j) = (ZEJ.)ZU))”Z&.)X(]-) for i,j = a,b. We point
out that the USSIV estimator of 6, proposed by Angrist and Krueger (1995),
can alternatively be defined as an extremum estimator that maximizes the

objective function
1 I Ty -1 v/
Qul0) = =3 (v = Xew)' X (Xl X)) Ky (i = X)) (2.13)

with respect to 6 provided X (’a))A( (@) and is nonsingular. The objective function
focuses just on the structural parameters ¢, and 0, by partialling out the other

parameters Il and Y. In this model, II can be estimated consistently as long

9We impose this rather restrictive assumption on the instruments just for the purpose of
exposition. The results in this section are valid with instruments that are independent, ex-
ogenous or predetermined with respect to the structural errors [see Chaudhuri et al. (2007)].
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as limn~'Z'Z is positive definite and X can be estimated consistently in any
\/n-neighborhood of IT and 6,. The objective function is twice continuously dif-

ferentiable with respect to 0. The gradients and the Hessian are respectively

v@@n(e) = )?(/ab) (y(a) - X(a)e) g1V1ng szn<9) = )?Eab)i (y(a) - X(a)e) for i = 17 27

V@an(9> = _X(,ab)X(a) giving Vian(Q) = _X(,ab)z‘X(a)j for i,j = 1, 2.

Assuming that n,/n — ¢ where cis a constant € (0, 1), it is instructive to see
how Assumption A works in this example. Let us do it in reverse order starting
with Assumption A3, which describes the curvature of the objective function.

1 na |2, a2

Z\n
P . a a)'l(a)
~VapQu(6) > —plim—* | T, (a)

Mg

I1 + 1T}, = —I'TI =4, (2.14)
if limn,; 1Zéi) Zi = Y for i = a,b. The probability limit does not depend on ¢ and
hence is uniform in 0 and, further if T is positive definite and II is full column
rank, then the probability limit is a negative definite matrix as required in A3.

Now consider Assumption A2. Again, the same set of sufficient conditions,
i.e. the convergence of n;'Z(; Z; to a positive definite matrix T (for i = a,b)

and the full column rank of IT ensures that A2 holds because

L 90Qu00) = =i Ziwt) 4, N(0, cII'YTI = B) (2.15)
\/ﬁ 0<n\V0) — n (b) \/n—a ) = . .

Finally, consider Assumption Al. The same set of conditions ensures that

~ —~ ~ 1 ~
1 n XX g Uy X(ar) [ X(X@) |  X{apl@
- n@ — __ae_e/ (ab) 0_9__‘1 (a) (a) (ab)
nQ (9) Qn( 0 ) Ny (0o ) 2n  ng Ng Ny
o~ o~ ~ 1 ~
g Xant@ e X@) (XX ) XwXe o
2n< 0 ) Ng 2n  ng Ng Ng (0o )
£, —5(90 —OYIUYTI(0, — 0) = Q(6) (2.16)
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where () is a non-stochastic function of § attaining a unique maximum at
0 = 6y. Hence under the conditions that n,; 1ZE¢)Z(1') converges to a positive

definite matrix T (for i = a,b) and II is full column rank; the USSIV estimator

~ ~

~ —1
Oussiv = (Xfab)X(a)> X{an)Y(a)s (2.17)

obtained by minimizing (2.13), satisfies Assumption A and all the results dis-
cussed before in this chapter hold. Moreover, since (2.14) and (2.15) imply that
A = —B one can also construct a LR test for testing the parameter vector
0 or the sub-vector #,. However, it is obvious that under such standard cir-
cumstances, the USSIV-framework is not useful because of the lost precision
(information) due to sample-splitting. Inference based on the standard TSLS
obtained by maximizing the objective function Q™*S(9) = (y— X0) P(Z)(y— X6)

is more efficient when Assumption A is satisfied.

2.3.1 Why consider the USSIV-framework then?

At the risk of repetition, note that the convergence results in (2.14) — (2.16) de-
pend crucially on two conditions — the positive definiteness of limn='2'Z(= T)
and the full column rank of II. Combined together, they imply the requirement
of positive definiteness of II'YTI, the probability limit of (1/n times) the inner
product of the projection of X on to the space spanned by the columns of Z,
and hence is related to the relevance of the instruments Z for the endogenous
regressors X. Intuitively this means that the space spanned by the projected
endogenous regressors is v-dimensional where v is the number of endogenous
regressors, i.e., there is no multicollinearity among the columns of projected X.

The condition related to the relevance of the instruments has received a lot
of attention recently and is helpful in recognizing the usefulness of the USSIV-

framework. When II'Y1I is rank deficient, the standard asymptotics degenerate
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and it is not possible to find consistent estimators for every element of 6 [see
Phillips (1989)]. Because of the lack of uniform convergence in (2.14) — (2.16),
when II'TTI is nearly rank deficient, it may take an unfeasibly large number of
observations for the standard asymptotics (under Assumption A) to provide a
good approximation of the finite-sample properties of the inference [see Bound

et al. (1995)].

The weak instrument asymptotics characterizes the near rank deficiency of
II'YTI using a local-to-zero approximation of II. Staiger and Stock (1997) also
showed that such approximations are more representative of the finite-sample
properties of the inference when II (and hence IT'YTI) is nearly rank deficient.
Assumption WI below describes a simplified form of the weak instrument char-

acterization of Staiger and Stock (1997).
Assumption WI:

For i = 1,2, let II; = Opxy, Lisi=0) + n~/*Cil(5,219) + Cilj5,—1) where C; is a k x v;
matrix of fixed and bounded elements such that C = [C,, Cs] is full column rank

and ¢; are constants such that 15,—g + 1i5,=1/9) + 1[5,=1] = 1.

The case with §; = 1 fori = 1, 2 is the regular case where Assumption A holds
and hence standard techniques such as TSLS are valid, while the other eight
cases refer to partial or complete unidentification (weak identification) of 6. We
present this notion more formally in the next chapter where we also show that
similar to the other tests in the literature, the new projection-type score test
does not work when the inference is based on TSLS (interpreted as a GMM).
Furthermore, Chaudhuri et al. (2007) showed that the USSIV estimator of 6 is
inconsistent under the weak instrument asymptotics and hence the standard
Wald or score tests (in this case the USSIV score test) for H : 6, = 0., can be

over-sized.

However, the USSIV-framework is useful in the sense that Assumption S is
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satisfied under Assumption WI. To see this first note the properties of the score
function that follow from [see (2.14) and (2.15)]. Let 6. be such that /n(6.—6,) =
dy for some finite real number dy = (d}, d,)’ [where d; is a v; x 1 vector for i = 1, 2].

Observe that conditional on sub-sample b,

P

(Yia) — X(@)0:) N(Z(0)) (W) — X(@)bs) = ¢,

SI—=3|=

X Eab))?(ab) L cﬁ’(b)Tﬁ(b) is positive definite [Okamoto (1973)],

1 1 1 ) d = 5/ -
—V0@n(0.) = Z=V6Qu(00) + {EWQQ”(G)} dy L N (\/EH(b)THdg, cH(b)TH(b)>

where 0 is such that /n||0 — 6,|| < v/n||0, — 6|| = ||dg| and hence
, 1 ~ ~ ~ 1
(iv) 7 {len(é’*) - <Xfab)1X(ab)2> (X(,ab)2X(ab)2> V2Qn(9*)}
L N (Vellfy, TN (0 Ty ) 12Ty, el TN (T2 Ty ) T2 T )

A~

The above observations suggest that Assumption A holds in the USSIV-
framework conditional on sub-sample b and hence so does Assumption S. There-

fore, the usual score statistic for jointly testing ¢, and 6, takes the form

o — X' P(X1ap) W) — X
R55(p) — Eyu (a) )GE (@) (Y(a) = X(a) )0' 2.18)
(Y(@) — X@0)'N(Za) W@ — X@)0)

ng—k

This is same as the split-sample statistic considered by Staiger and Stock
(1997) and Dufour and Jasiak (2001). From (i), (i) and (iii) it follows that
R55(6y) <, \2.19 Hence the usual method of projection based on the score statis-

tic rejects the null hypothesis H; : 6§, = 0,; at level at most € if

inf R5S(0,1,05) > v2(1 —e). (2.19)

02€RY2

0The asymptotic test “based on generated regressors”, proposed by Dufour and Jasiak
(2001), rejects the null hypothesis 6 = 0, at level ¢ if RS (6,,602) > x2(1 — e).
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On the other hand, from (2.2), (i), (ii) and (iv), it is clear that the efficient

score statistic for ¢, which takes the form

(W@ — X@0)'P (N (X (ab>2)X<ab>1) (Y(@) — X(@?)
nalfk@(a) — X)) N(Z ) (Y(a) — X()?)

R9(9) = , (2.20)
satisfies the property R5%;(6y) 4, X2, . But, as shown by Chaudhuri et al. (2007),
this result is not of much use in designing the usual score test (in this context,
the USSIV score test) when 6, # 1. This is because when 6, is not identified,
it is not possible to obtain a consistent estimator of 6;. In particular the es-
timator 0,(0p1) = ( X (,ab)gX(a)2)_1 X{ .2 (U@) — X(@0o1), obtained by maximizing
Qn(0o1,02) with respect to 65, is inconsistent. This is known to cause the up-
ward size-distortion of the (USSIV) score test for H, : 8, = 6., based on the
USSIV-framework, when the unknown nuisance parameters 6, are not identi-
fied; the distortion is more severe when the corresponding regressors X, are

highly endogenous.

However, Chaudhuri et al. (2007) also showed that the confidence region

Co(l =, 0u) = {0.2)R%M(0,) < x2,(1—()}, where (2.21)
(Y@ — X@0)'P ()? <ab>2> (Y@ — X@?)

RSSalt(Q) _ ’
’ nal—k(y(a) - X(a)e)/N(Z(a))(y(a) - X(a)9)

is such that — (i) it always has the correct coverage probability 1 — ¢, (i) it is
never empty, and (iii) only 6., in the \/n-neighborhood of 6y; has non-zero prob-
ability of being contained in this region when ¢, = 1, i.e., when 6, is identified.
Therefore, the new projection-type score test can be applied to test H, : 6; = 6,4.

The new test, as described before, rejects the null hypothesis when

i v n(1=e). 2.29
O*QECQI(I%_Cﬁ*I)Rl (0 ) > Xl/1< 6) ( )
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In the next sub-section we present a Monte Carlo study of the finite sample
behavior of the new projection-type score test described in (2.22) and show its

superiority over the usual projection-type score test described in (2.19).

2.3.2 Finite-sample properties: Simulation study

The simulation study shows that - (i) the new projection-type score test is
not as conservative as the usual projection-type score test, and (ii) when 0
is identified, the finite-sample power of the new projection-type split-sample
score test “almost” attains the “infeasible power envelope” provided by the
finite-sample power of the infeasible score test, which rejects H; : 6, = 0, if
R (0.1, 002) > X7, (1 — e).

The data generating process (DGP) from the model in (2.11) is similar to
that in Dufour and Taamouti (2005a). Our results are based on 10,000 replica-
tions and are also supported by a more extensive simulation study conducted

by Chaudhuri et al. (2007). The DGP is described below.

1 08 08
@ =08 1 03 |, 00=050=1n=100,n,=75and n, = 25.
08 0.3 1

(b) The first column of Z is an n x 1 column of ones and the elements in the
other & — 1 columns are generated as i.i.d. N(0, 1) variables but are kept
fixed over simulations. We report the results for £ = 4 and & = 10 (for
size-comparison only). The results are similar for other choices of k£ (not

reported) that are not too large as compared to n, and n,.

(c) IIis constructed such that IT = C/\/n where C = [C,, C,] and the elements
of C; are set at 0, 1.1547 and 20 when §; = 0, 1/2 and 1 respectively for

1 = 1,2. This satisfies the classification of “unidentification”, “weak iden-

tification” and “strong identification” by Dufour and Taamouti (2005a).
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The usual and new projection-type (split-sample) score tests never over-
reject the true value of 6; even in finite-sample [see Table 2.1]. The results
are similar even if we consider sample size as large as 10,000 with n; = 7,500
and ny, = 2,500 [see Table 2.2].

Now let us turn to the finite-sample rejection rate of the false values of 6.
This discussion is based on Figure 2.1.

It is clearly evident that the new method of projection is considerably less
conservative than the usual method; for example, the rejection rate of the new
test with ¢ = 1%, ¢ = 5% uniformly dominates the rejection rate of the usual
projection-type split-sample score test with ¢ = 10%.

Regarding the choice of ( and ¢: the conservativeness of the new test de-
creases more rapidly when ¢ increases. Moreover, when 6, is strongly identi-
fied, the effect of the choice of ( on the over all conservativeness of the new test
seems to be negligible.

Validating the analytical discussion in this chapter, the simulations also
provide ample evidence of the (local) asymptotic equivalence between the new
projection-type (split-sample) score test and the infeasible split-sample score

test when 6, is weakly identified or strongly identified.



30

Table 2.1: Rejection rates for H : 6, = 6, when n, = 75, n;, = 25.

Identi-
fication for 6, dy =0 by =3 dy =1
for 0, Instruments k=4 k=10 k=4 k=10 k=4 k=10
usual: 5% 0.0 0.0 0.7 0.7 1.6 1.4
usual: 10% 0.0 0.0 2.1 1.7 3.5 3.5
new: (4%+1%) 0.0 0.0 0.0 0.0 0.9 0.8
0 =0 | new: (1%+4%) 0.0 0.0 0.0 0.0 3.4 3.3
new: (1%+5%) 0.0 0.0 0.2 0.1 4.2 4.2
new: (6%+5%) 0.0 0.0 0.5 04 4.4 4.5
infeasible (5%) 5.4 5.5 5.3 54 5.5 5.4
usual: 5% 0.0 0.0 0.8 0.7 2.0 1.5
usual: 10% 0.2 0.1 2.1 1.8 3.9 3.4
new: (4%+1%) 0.0 0.0 0.2 0.0 1.1 0.8
01 = % new: (1%+4%) 0.0 0.0 0.2 0.0 3.8 3.2
new: (1%+5%) 0.0 0.0 0.2 0.1 4.6 4.1
new: (6%+5%) 0.0 0.0 1.0 0.4 4.8 4.3
infeasible (5%) 5.4 5.5 5.4 54 5.7 5.2
usual: 5% 0.0 0.1 1.3 0.6 1.7 1.8
usual: 10% 0.2 0.2 3.0 1.6 3.4 3.5
new: (4%+1%) 0.0 0.0 0.2 0.1 1.0 1.1
0 =1 | new: (1%+4%) 0.0 0.0 0.2 0.1 3.4 3.7
new: (1%+5%) 0.0 0.0 0.2 0.1 4.2 4.5
new: (6%+5%) 0.0 0.0 0.8 0.4 4.4 4.7
infeasible (5%) 5.3 5.2 5.3 54 5.2 5.3
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Table 2.2: Rejection rates for H : 6, = 6y, when n, = 7500, n;, = 2500.

Identi-
fication for 6, Jy =0 0y =1 dy =1
for 6, Instruments k=4 k=10 k=4 k=10 k=4 k=10
usual: 5% 0.1 0.1 0.7 0.9 1.6 1.5
usual: 10% 0.3 0.2 1.6 2.2 3.2 3.3
new: (4%+1%) 0.0 0.0 0.0 0.1 0.9 0.8
01 =0 | new: (1%+4%) 0.0 0.0 0.1 0.1 3.3 3.5
new: (1%+5%) 0.0 0.0 0.1 0.1 4.0 4.5
new: (56%+5%) 0.0 0.0 04 0.5 4.3 4.6
infeasible (5%) 5.0 5.6 4.8 5.1 5.1 5.2
usual: 5% 0.1 0.0 0.7 0.9 1.4 14
usual: 10% 0.2 0.2 1.5 2.1 3.2 3.2
new: (4%+1%) 0.0 0.0 0.0 0.0 0.9 0.8
01 = % new: (1%+4%) 0.0 0.0 0.0 0.1 3.0 3.4
new: (1%+5%) 0.0 0.0 0.0 0.1 3.8 4.2
new: (5%+5%) 0.1 0.0 0.4 0.6 4.2 4.4
infeasible (5%) 5.4 5.1 4.8 5.2 5.2 5.0
usual: 5% 0.1 0.1 0.6 1.1 1.6 1.5
usual: 10% 0.2 0.1 1.5 2.8 3.3 3.2
new: (4%+1%) 0.0 0.0 0.0 0.2 1.0 1.0
01 =1 | new: (1%+4%) 0.0 0.0 0.1 0.1 3.3 3.4
new: (1%+5%) 0.0 0.0 0.1 0.1 4.0 4.3
new: (56%+5%) 0.0 0.0 0.3 0.6 4.2 4.5
infeasible (5%) 5.1 4.8 4.7 4.9 5.0 5.0
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Figure 2.1: Rejection rates for H; : 6; = 6,; when 0, is strongly identified,
ne = 75,n, = 25 and k = 4.
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Chapter 3

THE NEW PROJECTION-TYPE SCORE TEST IN GMM

In this chapter we describe the application of the new projection-type score
test to a widely used sub-class of extremum estimators — the GMM estimators.
The assumptions made here are more specific to the GMM framework than

those of the last chapter.

The moment restrictions defined below can (but need not) be viewed as
obtained from the first order condition of some optimization problem. Let
g : © xS — R* be a measurable and twice-continuously differentiable func-

tion such that

Eg(z.0) = 0if 0 = 6,,
£ 0if 0 # 6.

(3.1)

Equation (3.1) gives £ > v moment restrictions for inference on v unknown
elements of # and is often referred to as the global identification condition. Let
v and k be fixed and finite numbers. We suppress the explicit dependence of the
functionals on the observations in the rest of the discussion to avoid notational

clutter; for example, g,(6) should be read as g(z;, 0).

For simplicity, let 0, = (6}, 60;,) be such that 6, € interior(©;) where ©;
is a compact (v;-dimensional) subset of R” for i = 1,2. The parameter space

O = ©; x O, is a compact subset of R” where v = v; + 5.

A GMM estimator of ¢ is defined as 6, = argmingeo Q,(0) where Q,(6) is
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some objective function taking the form:!

Q)= [Z gt(ﬁ)] Wi (6,) [Z gt(ﬁ)] (3.2)

and W, (0,,) is some positive (semi)definite weighting matrix. In the usual two-
step GMM, 6, is some initial (possibly inefficient) estimator such that 6, L Bo.
The Continuous Updating GMM (CU-GMM) uses W, (0,,) = W, (0) such that
W, (0) converges uniformly to a positive definite matrix for 6 € ©. Efficient
estimation in both types results when, for all 6, iRt 0y and the weighting ma-
trix W,(6,) 2 Var1 [lim,, oo =237, g:(60)] (provided the limit is positive
definite).

In this chapter we show that under weak identification, in the sense of
Stock and Wright (2000), the new method of projection based on Kleibergen’s
K-statistic offers a valid way of testing hypotheses of the form H; : 6, = 6,,. Be-
fore describing the operational details, it will be helpful to introduce the weak
identification framework and the related assumptions on the moment restric-
tions following Stock and Wright (2000), Guggenberger and Smith (2005) and
Kleibergen (2005).

A word on our notations: for any random variable X such that F|X| < oo,
let X = X — EX. Since all the matrices considered here are of finite dimension,
we tend to be less scrupulous with mixing the notations like X = o,(1) and
| X|| = 0,(1); both implying that every element of X converges in probability to

Z€ero.

In continuation to the previous chapter, one could define §,L = arg maxgeo —Qn(6) where
Q@ (0) is as defined in (3.2). The multiplier 1/2 is for convenience.
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3.1 Weak identification and other assumptions

High level assumptions on the moment restrictions and their first derivatives
are summarized under Assumption M. These assumptions are more specific to
the GMM setup than the generic ones mentioned under Assumption A in the
last section.

Assumption M:
M1. There exists an open neighborhood 7 C O containing 6, where

@) n~' >0, g:(0) is continuously differentiable almost surely

(i) supper [|Von > 1, ()] is integrable.

M2. SUPgeo n_l Z?:l gt(e) = Op(1)> n_l Z?zl v@.gt(e) = Op(l)a n_l 2?21 Vaegt(e) =
0,(1) where Vyg,(0) := 9¢,(0)/06" and Vyeg:(0) := dvecVyg,(0)/06'.
En~'Y""  Veeg:(0) converges to some continuous and bounded function

L(0) for 0 € ©.

gt(QO) d \I'g

- Ed
vecVgg(6) Vg
variance-covariance matrix V(0) = ((Vip(f)))ap=g,v is bounded, continu-

M3. n~1/23" ~ N (0,V(6)) and the asymptotic

ous, symmetric and positive semi-definite. V,(¢) is symmetric, positive

definite and differentiable with respect to ¢ € ©.

M4. There exist XA/VQ(Q) and a symmetric positive definite matrix 1799(0) such
that
Vag(0) = Vag(8) = 0,(1) and duvecV,,(0) /00’ — dvecV,,(0)/00' = 0,(1) for § € ©
and supgeq Vyg(60) — Vg (0) = 0,(1)

The characterization of weak identification due to Stock and Wright (2000)

is summarized under Assumption W.
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Assumption W:

E% Z?:l gt(é’l, 92) = Z?:l [1[5121}711,(91) + 1[&:%}”71/27’71”2‘(91, 92) Where fOI‘ 7 = 1, 2,

1. m;(0p;) = 0,m;(0;) # 0 for 6; # Oy;, M;(0;) := Om;(0;)/00. is continuous and
M;(0y;) has full column rank.

2. mpi(0) — m;(0) uniformly in 0 € ©, m;(6,) = 0 and m;(#) is continuous in
0 and bounded on ©. For i,j = 1,2, M, ;(0) := drin,;(0)/00 converges to

some function M ;(6).

Discussions on Assumptions M and W can be found in Stock and Wright
(2000), Guggenberger and Smith (2005) and Kleibergen (2005).

The non-random indicator functions involving the §’s in Assumption W dis-
tinguish between the four cases of weak partial identification summarized in
Table 3.1.2

Now note that Assumptions M1, M2 and W imply that for § € 7 and for
i=1,2,

1 = 0 1 &
Joi(0) == E—V; Y g(0) = =E— > g(0)
no e 00, no

2 5
ni -~
j=1

where V,¢,(0) and V,g,(0) are, respectively, the first v; columns and last v,
columns of Vyg,(0). Assumption W further implies that for i, = 1,2 (and 7 # ),

J»i(0) is continuous in # and

» N N
Ini(0) = Ji(0) = 15, Mi(0:) + L1y | My (0) + 15,11 M5, (0) ]

2The values of the §;’s are assigned the values % and 1 because, as it can be seen from (3.3),
n% will often be used as a suitable scaling factor.
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which has full column rank for § € 6, x ©; when 6, is strongly identified. When
both 6, and 6, are strongly identified, this implies the so-called local identifi-
cation condition; i.e., the expected Jacobian is full column rank at 6 = 6, [see

equation (13) in Kleibergen (2005)].

Table 3.1: Four Cases of Weak-Partial-Identification.

0, : weakly identified

(52 - % 52 == 1
WI-Case 1 WI-Case II
6, =3 | 61 : weakly identified | 6, : weakly identified
0, : weakly identified | 0, : strongly identified
WI-Case II1 WI-Case IV
01 = 1| 0; : strongly identified | 6; : strongly identified

0, : strongly identified

In the context of nonlinear IV regression, WI-Case IV is the standard case
where the usual Wald, LR (J) and score tests can be used to test H; : 0, = 0,4;
in WI-Case II, the K-test and the Generalized Empirical Likelihood based test
[due to Guggenberger and Smith (2005)] can be used to test H; : 6, = 6.;
finally in WI-Cases I and III, based on available research, only the projection-
type tests have been shown to be valid for testing H; : §; = 0,;. We show
that the new projection-type (score) test based on the K statistic test can be
validly used under all four cases of partial identification. In addition, under
WI-Cases II and IV, this test is shown to be asymptotically equivalent to the
K-test against y/n-local alternatives.

It is possible to relax some of our assumptions. For example, since we are
only concerned with the asymptotic behavior of the tests against /n-local al-

ternatives, it is sufficient if all the assumptions specified for § € © hold in
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T, x ©, where 7, C O, is an open neighborhood containing 6,;.> Neverthe-
less, we made these simplifying assumptions to avoid the secondary details
in the exposition which can obscure the basic idea behind the new projection-
type test. Assumption M is stated in a somewhat unconventional form so that
it can be directly applied to prove our results. However, these assumptions
are not different in nature from those in Stock and Wright (2000), Guggen-
berger and Smith (2005) and Kleibergen (2005). For example, Assumption B
in Stock and Wright (2000) states that \/%7 S :(0) = €(0) for & € © where
£(0) is a mean-zero Gaussian stochastic process. By definition of weak conver-
gence, this implies that sup,.g || \/Lﬁ S g 4, SUpgeo [1£(0)]] and thus implies
that supyee + >, 9:(0) = 0,(1) [see Andrews (1994)]. Under this assumption,
in order to show the consistency of the CU estimator of a strongly identified
0., restricted by a hypothesized /n-local 6y, it is also required to assume that
SUPger xo, [1€(0)]| = O,(1). Instead, we directly assume that supyee = >, a.(0) =
0p(1) (in Assumption M2) and that V,,(#) is bounded in © (in Assumption M3).
Similarly, instead of specifying the form of 1799(9) and making assumptions
such as Assumption M(ii) in Guggenberger and Smith (2005) to ensure its
non-singularity for 6 € 7; x ©,, we directly assume that there exists a matrix
XA/gg(H) which is positive-definite along with its convergence result (in Assump-
tion M4). Finally, unlike Assumptions M, (iii) and (vii) in Guggenberger and
Smith (2005), our distributional assumption (in Assumption M3) is local in na-
ture [similar to Kleibergen (2005)] and hence we need to specify assumptions
(in Assumption M2) on the second derivative of the moment vector for studying

the properties of the new projection-type test against /n-local alternatives. As-

sumption M1, which allows us to interchange the order of differentiation and

3In fact, to prove the validity of the new projection-type test and to show that under WI-
Cases II and IV it is asymptotically equivalent to the infeasible efficient score test (described
after Lemma 3.2 and before Theorem 3.3) against /n-local alternatives, it is sufficient if the
above assumptions hold in 7 C O, an open neighborhood containing 6.
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integration, is made for simplicity.

3.2 Problem with the usual GMM-score test

Kleibergen (2005) pointed out that the failure of the usual score test, based on
the (efficient) two-step GMM, is due to the (asymptotic) non-zero correlation
between the estimator of the expected Jacobian and the moment vector (both
under suitable scaling). To see this, assume for now that there are no nuisance
parameters 0, and hence § = 6;. Therefore, the only two relevant cases are
WI-Case IV — where the parameters are strongly identified, and WI-Case 1I
— where the parameters are weakly identified. The gradient of the two-step

GMM objective function with respect to 6 is given by

WQ"(Q) = a%gse) _ % [Z gt(Q)] Wn(gn) [Z v@gt<9)] (3.4)

where 0, L, 0y is some initial first-stage estimator and W, (#) converges in prob-

ability to some positive definite matrix W (). In WI-Case IV, using (3.3), As-

sumptions M2 and M3, and scaling (3.4) by n~'/? give

LW W (60) My (6).

Thus there is no problem in constructing a score statistic based on n=/2v,4Q,,(6,)
(compare with the sufficient conditions stated under Assumption S in the last
section). However, in WI-Case II the above scaling leads to degenerate results;
only scaling by 1 results in tractable asymptotic quantities. Such a scaling of

(3.4) gives

KR W (00) Wy

VoQn(th) = L Z 9:(00) | Wi(0y) i Z Vog:(6o)
vn vn
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and using Assumption M3, it follows that the usual techniques of constructing
a score statistic are not going to work unless V5, = 0.

Kleibergen (2005) noted that the CU-GMM offers a natural way of con-
structing the estimator of the expected Jacobian such that even under weak
identification, the (scaled) estimator of the expected Jacobian and the moment
vector are asymptotically uncorrelated (and under Assumption M3, asymptot-
ically independent). Kleibergen’s K statistic is a quadratic form in the gradi-
ent of the CU-GMM objective function; and hence our discussion of the new

projection-type test is based on the CU-GMM objective function.
3.3 The new projection-type test based on the K-statistic

Using Assumptions M3 and M4, the general form in (3.2) can be modified to
construct the CU-GMM objective function as

n

Qn(0) = % [ 9:(0) ‘A/g_gl(e) [Z gt(g)] :

The gradient of the CU-GMM objective function with respect to 6 is given
by *

70040 = 2280 _ Ly 0)0,0)D(0) (3.5)

where g7(0) = 3 gi6), Dr(6) = 3 Di(6),

S

and D, (0) = devecy [vecVegt(Q) — Vo )@;we)gt(e)] .

The CUE (CU-GMM estimator) @L of 0 € O satisfies the first-order condition

90@u(2) = [71Qu 0, 9:0.0)] = 010V, ) D1 (6,) = 0

4See Kleibergen (2005) for details.
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w.p.a.l. Similarly, under the restriction that 6, = 6,,, the CUE éng(Q*l) of 0, min-
imizes Q, (6.1, 6,) with respect to #, € ©, and hence, w.p.a.1, 6, = (¢.,,6,(0,1))

satisfies the first-order condition

- 1 e~
V20u(0.) = —4(0.)7,,'(0.) Dra(0.) = 0 (3.6)

where Dr;(0) = S, devecy [vecvigt(ﬁ) Vig(0)V:=1(6) g (6 )} for i = 1,2. The
above expression uses the partition Dy (6) = [f) DTQ(Q):| and va(e) =

[v;g(e), 1/'29(6)] with respect to ¢, and 6,.

Lemma 3.1 Let 6., = 0y +di/+/n € © where d; € R". Then under Assumptions
M and W, \/n(6,5(0.1) — 62) = O,(1) in WI-Cases IT and IV,

Lemma 3.1 follows directly from Lemma Al in Stock and Wright (2000)
which shows the /n-consistency of the unconstrained estimator of 6, under
WI-Case II.

Kleibergen’s K-test rejects the null hypothesis H, : 6, = 0,; at level ¢ if
K,(6,) > X2, (1 — €) where the K-statistic is defined by Kleibergen (2005) as

Ka(8) = n.(76Qu(9)) [ Dr(8)V,, (0)Dr(8) | (VoQu(9))'. 3.7

In WI-Cases II and IV and under Assumptions M and W, K, (0, énz(ﬁm)) <,
X2, See Theorem 2 in Kleibergen (2005) for the proof under presumably weaker
conditions. The limiting le distribution of the K-statistic K, (61, én2(901)) in
Kleibergen’s proof crucially depends on the /n-consistency of 6,,5(6y; ).

However, under WI-Cases I and III, éng(ﬁm) is inconsistent and the proper-
ties of the K-statistic (and hence the K-test) are an area of current research.
It is in these two cases where the literature recommends the use of projection
techniques. Hence our test, which is a projection-type test based on the K-

statistic [and described in Theorem 3.3], is likely to be most useful in these two
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cases because it is generally less conservative than the usual projection-type
tests and at the same time it avoids an uncontrolled over-rejection of the true
parameter values.

Notice that the form of the K-statistic in (3.7) satisfies the sufficient condi-
tions mentioned under Assumption S (in Section 2). Hence we can follow the
same principle, as described in the last section, to construct the new projection-
type test based on the K-statistic. To do that, define the estimated efficient

score version for ¢, as
1 ~_1 ~_ 1/ ~ ~_ 1/ ~
V120u(0) = 2O ON (T 0)D12(0)) T 0) D).

Since ngn(é*) = 0 w.p.a.l [see (3.6)], it becomes obvious that K (9;) is a
(normalized) quadratic form of the estimated efficient score of ¢; evaluated

at ., once we note that the top-left v, x 1, block of [ﬁ’T(Q)XZ];l(H)f)T(Q)] is

1/ e ~_ 17 -~ -1
{ﬁfn(e)vg;%(ew (Vg;z (9)DT2(9)> Vg (e)DTl(e)} . Finally, similar to the ef-
ficient score statistic R;(f) in the previous section, define the efficient score

version of the K-statistic (or the efficient K-statistic) as

Knl (6) =

0 (71200(0)) (ﬁ’ﬂ(e)%%(ew (%fkwﬁn(e)) %zike)ﬁﬂ(e)) (V150u(6))'

Lemma 3.2 Let 6,; = 0y; + d;/\/n € O such that for i = 1,2, d; € R" is fixed;
and let 0,, = (0.,,,0,,) and dy := (dy,d,)". Let L(6) and ¥y , be partitioned with
respect to 0, and 0, such that L(0) = [L}(6), Ly(0)) and Wy, = [V} U, |". Then

under Assumptions M and W,

(i) Kni(6,) S B'P (N (As)A)B

(i8) Kna(0n) 1= 1 (V2Qn(0)) (B'Tzwn)%-l(en)ﬁmen))‘1 (V2Qu(6n)) = B'P (Ay) B
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(iii) Sp(0,) = 2Qn(0,) - BB
where A = V;g%/(ﬁo) [Ji(60) + (1 — 1js5,—1))devecy, [V; ;, + Li(0o)dg)] for i = 1,2 and
B = V;,g ( ) [ +ZZ L L si=1] i(GOi)di}-

Lemma 3.2 is proved in the Appendix. Several remarks are in order here.

(1) It follows from Lemma 3.2 that K,;(6y) 4, x., in WI-Cases I-IV. Fur-
ther using Lemma 3.1, it follows that K, (0,1, éng(enl)) = K,1(0,) +0,(1) =
K1(001,002) + 0p(1) in WI-Cases II and IV.

(>i1) f(nz(e*l, 0.2) is the K-statistic for testing H, : §; = 0., when 0, is assumed to
be equal to 6,; (and hence no longer considered an unknown parameter).
Note that f(ng(éo) 4, X.,, i.e. if the true value of 0, is known a priori
then the test which rejects H, : 6y = 0,5 if f(nz(ém,ﬁ*z) > X?/Q(l — () has
asymptotic size 1 — ¢. In WI-Cases II and IV, K,,(6,) converges to a non-

central 7, distribution with non-centrality parameter

2 ! , y 2
[Z Lisi=yMi(0oi)di | Vgg* (00) P (‘/9_92 (90)Jz(90)) Vag® (60) [Z 1[51-:1]]‘/[1‘(601)611']
i=1 i=1

which, under (3.1), can be finite only in the /n-neighborhood of 6.

(iii) S,(0,) is the S-statistic proposed by Stock and Wright (2000). In WI-
Cases II and 1V, S,(0,) converges to a non-central x; distribution with

non-centrality parameter

[Z 1 [0;= 1]M 001

gg 90 [Z ]-[6 1 901 z]

which, under (3.1), can be finite only in the \/n-neighborhood of 6p;. When
o1 is known a priori, then the test which rejects H; : 05 = 0,5 if S, (601, b.2) >
X:(1 — ¢) has asymptotic size 1 — (.
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From the above discussion it should be clear that in WI-Cases II and IV, and
against /n-local alternatives, the level-¢ K-test for H; : 0; = 6., is asymptoti-
cally equivalent to the infeasible efficient K-test which rejects H; : 6; = 0, at
level € when K,1(0.1,002) > x2,(1 — €). The latter test uses the unknown true
value of the nuisance parameter 6, and hence is infeasible. Based on these ob-
servations, we define and describe the new projection-type score (K) test for the

null hypothesis H; : ¢; = 6,; in Theorem 3.3.

Theorem 3.3 Let 0.1 = 01 + di/+/n € © where d; € R". Define Co(1 — (,0,1) :=
{02 : Sn(0.1,0.2) < x2(1 — ¢)}. Define the random variable ¢,,(0.1) = ¢y, (0.1, {2 }7-1)

as

1 Lf 62(1 - <7 ‘9*1) =g or infG*ZGCQ(l—C,e*l) Knl(e*la 9*2) > X%l(l - 6)

0 otherwise

¢n(9*1) =

The new projection-type test based on the K-statistic rejects the null hypothesis
Hy : 0y =0, if p,(0,1) = 1. Under Assumptions M and W,

(l) hmn—>oo E6'01 ¢n(901) S €+ C;

(ii) if in WI-Cases II and IV, C5(1 — (, 6.1) is nonempty w.p.a.1, then

7}]_}.‘[].;.10 [E901¢n<0*1) - PT@(H [Knl(e*lv 902) > Xl2/1(1 - 6)]] = 0

Theorem 3.3 describes the new projection-type test based on the K-statistic.
The size of this test is bounded from above by ¢ + (. Under WI-Cases I and
ITI, ¢ and ¢ can be chosen such that the desired level of the test is not ex-
ceeded. Under WI-Cases II and IV, the choice of ( becomes asymptotically
irrelevant if the first-stage confidence set for 6y, is nonempty w.p.a.1; then

the new projection-type test against \/n-local alternatives is asymptotically
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equivalent to the infeasible efficient K-test rejecting H;, : 0, = 0,; at level ¢

if Knl(e*l, 002) > Xil(l — E).

It is straightforward to see that the new projection-type test can be inverted

to obtain a confidence region for ¢, as

{012 dn(0.1) = 0}
_ {9*1 G -CO) £, il Ku(faf) < 3% (1- e>}.

G*QGCQ(I_ng*l)

This is a conservative (1 — ¢ — ()-level uniform asymptotic confidence region for
6; the uniformity follows from the fact that we are considering the infimum
of the efficient K-statistic. In WI-Cases II and IV, the region’s coverage (and
length) is asymptotically equivalent to the asymptotic coverage (and length) of
the infeasible region {f.; : Kn1(0.1,0602) < xo, (1 —€)} if Co(1 — (,61) # © w.p.a.l
for 6; = 6y, (for 6; € ©1). The asymptotic equivalence under WI-Cases II and
IV naturally extends to the K-test for subsets of parameters (see the discussion

preceding Theorem 3.3).

Another choice for the first-stage confidence set Cy(1 — (,6,1) is the region
CK(1— (,0,1) = {9*2  Kon(001,0,0) <2, (1 — o} [see Lemma 3.2(ii)]. By def-
inition, f(ng(Q*l,ém(H*l)) = 0 and such a first-stage confidence set for 6, is

nonempty w.p.a.1. This further implies that

Kn(g*ly 0712(9*1)) Z lnf Knl (0*)
9*2665{(1_479*1)

and hence the power (size) of the K-test for H; : §; = 0,; dominates the power
(size) of the new projection-type test when this region is used in the first step.
However, using Cy(1 — €, 6,;) in the statement of Theorem 3.3 has a major ad-
vantage. The underlying S-test concurrently tests the model-specification (i.e.

Eg(041,0,) = 0) and thus, under equation (3.1), rules out the spurious de-



46

cline of power at all local-minima and saddle points (unless present in the /n-
neighborhood of ;) of the objective function which is typical to tests based on
the K-statistic. As a consequence, unlike Kleibergen (2005), a separate pre-
testing for misspecification is not required to avoid the spurious decline in

power of the new projection-type test.

It is important to note that since C2(1 — (,0.1), in the statement of Theo-
rem 3.3, can be empty with positive probability, the asymptotic equivalence in
WI-Cases II and IV may not hold — the new projection-type test can be more
powerful than the infeasible efficient K-test and the K-test and the asymptotic
size of the new test may belong to the interval (¢, e + (). The Monte-Carlo ex-

periment in the next section reveals this fact.

The usual projection-type test for H; : 6; = 6., based on the K-statistic
rejects the null hypothesis at level ¢ if infy,,co, K, (041, 02) > x2(1 — €). The K-
test for H, : 0, = 0, is at least as powerful as the usual projection-type test
[see Lemma A.6 in the Appendix]. Similar conclusions can be expected when
comparing the new projection-type and the usual projection-type tests based
on the K-statistic in WI-Cases II and IV. All the tests discussed in this section
can be validly applied even under complete unidentification [see Phillips (1989)
and Kleibergen (2005)]; of course none of them will have any power against the

alternatives.

Finally it should be noted that, if it is possible to obtain a \/n-consistent
point estimator for a subset of the nuisance parameters, the computational
cost of the new projection-type test can be reduced significantly by using this
estimator and restricting the search for the infimum of the efficient K-statistic

to the remaining nuisance parameters only.
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3.4 Application to a linear IV regression

In this section we do a Monte Carlo study and show that the asymptotic theory
of the last section provides a good approximation to the finite-sample behavior
of the new projection-type test in a linear Simultaneous Equations model. We
briefly discuss how the general theory simplifies in this setup before describing

our simulation results.

3.4.1 Simplifications under this framework:

Our framework is similar to that of Kleibergen (2004) and Zivot et al. (2006).
Consider the linear IV model (2.11) in Section 2.3, of course without splitting
the sample. Then the different quantities from the general exposition in the

GMM setup translate into

Q) 9:(0) = Z{(y. — Xi0) = Z{ZJU(0 — 0) + Z{(us + n:(60 — 0)) and E[g,(0)] =
ZiZ11(00 — 6),

() Vogi(0) = —Z,Z11 — Ziny, E[Vegi(0)] = —Z, Z411,
(iii) Vgpg:(0) =0 and L(¢) =0,

V,o(0) V(0 1 01,
(iv) V(9) = w(0) Viel6) | _ (VE0) ® T where ) = ! and
Vig(0) Vag(0) 0—0, I,

T = lim, .on 'Y, Z/Z; is assumed to be a finite, symmetric, positive

definite matrix.

The conditions for Assumption M can be enforced simply by assuming that
(a) Oy € interior(©) where © is compact, (b) the sample moments involving u;, 7,
and 7, converge in probability to their expectations, and (c) n=/22" (u, 11, 12) 4,
T (&2u, €21, E20) Where vec (E2u,821,E22) ~ N(0,X ® I,) [see pages 1070-1071 in
Stock and Wright (2000)].
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Thus the other relevant quantities translate into
V) Wy = T[Sz, + E21(001 — 01) + 220 — 02)], Wy = =% [W1, V0],

(vi) V() =n'[y — X0, —X]'Nzly — X0,-X]® 17’7 and

A (y—XO)NzX; .
(vil)) Dy = —-2'X; + Z'(y — X0) (yjm),NZéon) fori=1,2.

Finally, note from (i) and (iv) that the moment restrictions in (3.1) are valid
as long as I1 is full column rank. Hence we can recast Assumption W in this sce-
nario by modeling weak identification using the weak instrument framework of
Staiger and Stock (1997). In particular, we assume that II; = 15—, C; + 1[51:%] %
where for i = 1,2, C; is a k X v; matrix of fixed and bounded elements such that
C = [Cy, Cy] is full column rank [similar to Section 2.3].

Therefore, the expectation of the average moment vector and its first deriva-

tive are

B

(vii1) E[nilgT(G)] =n"'72'Z Z’?:l[l[éi:l]ci + 1[52:%] G ](001 — 91)

(ix) Eln " 'Vogr(0)] = —n2'Z 37 [1i5.=Ci + I,

_1
T2

]%] implying that

(X) an = E[TL_(SZVZQT(Q)] = —TL_IZ,Z(CZ' and Jl(e) = —T(CZ for i = 1, 2.

It is apparent that the specific structure of the moment restrictions allows
for substantial simplification in this section. Another simplification comes
when finding the CUE 6,,(6,,) of the nuisance parameters 6,; because of the
block-diagonal covariance matrix of the structural errors, the minimization of
Qn(0.1,02) with respect to 0, boils down to an eigen-value problem and this
significantly reduces the computational cost of Kleibergen’s K-test.> To high-

light these simplifications, it is helpful to restate the forms of the relevant test

5The simplification assumes that ©, = R*> and hence relaxes the compactness assumption.

However, for all practical purposes relaxing the boundedness assumption is not going to
alter the results in this linear model. Alternatively one can also impose a condition similar
to Assumption D in chapter 4 of Amemiya (1985).
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statistics using the construction of Moreira (2003). This directly fits into the

framework discussed previously under Assumption S [Chapter 2].

The CUE of # minimizes the objective function:

1

Qu(0) = 5-9r ()7, (0)gr(6) = 5

After suitable standardization with respect to V,,(¢) and hence defining

(2'2)73 Z'(y — X1t — Xob)
V2w — XOYN(Z)(y — X6)

H!(0) = n~"2Vyy? (0)Dr(6) = [H.y (6), H.o(0)] where for i = 1,2,

ha(01,02) = 0"V 2V0? (0)gr(6) = and

H! (61, 05) = n™"/?Vyy? (6) Dy (6)

AR A
— ( ) {Xz — (y — X716, — X26s)

V Ay — XOYN(Z)(y - X0)

(y — X0)N(Z)X,
(y — XOYN(Z)(y — X0) ]’

we note that Q,,(0) = 31/, (0)h,(0) and V4Q,,(0) = [V1Q,,(0), V2Q,(0)] = H,(0)h,(6).

We compare the finite-sample performance of the new projection-type score
(K) test against that of the projection-type test based on the AR(S) statistic and
the original K-test.

The projection-type test based on the AR statistic rejects H; : 6; = 0,; at
level at most ¢ if infy ,co, AR(0.) > X3(1 — ¢) where AR(0) = S(0) := 2Q,(0) =
R, (0)h,(0). See Dufour (1997), Staiger and Stock (1997), Stock and Wright
(2000) and Dufour and Taamouti (2005b,a) for details.

The K-test rejects H, : 0, = 0,; at level ¢ if K,(6,) > X2, (1 —€) where 0, =
(0.,,0,(0,1)) and K,(0) := h;,(0) Py, 0)hn(0). See Kleibergen (2004, 2005) for
details.
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The new projection-type test based on the K-statistic rejects H; : §; = 0,; at

level at most ¢ + ( if

Co(l—(,0,) =0 inf K,1(0,) > Y2 (1—
2( ¢,0.1) or 926621(111—§,9*1) 1(64) XV1< €)

where Co(1 — (,0.1) == {0.0: AR(0.) > x3(1 - ()}

1

and K,y (0) 1= h(0) N, 0)Hor (0) [Hua (0)Nit, 0y Hut (0)] " Hot (0) Nig 0y (6).

3.4.2 Finite-sample properties: Simulation study

The true values of the structural coefficients are arbitrarily taken as 0y; = 1
and 6y, = 10. We take the sample size n = 100.
The structural errors [u, 71, 72| are generated by drawing n independent ran-

dom samples from N;(0, ) where

1 Pul  Pu2
= pw 1 0 |. (3.8)
P2u 0 1

If n, and 7, are correlated, the level of endogeneity of the regressor X; de-
pends on the correlations between [7; and u], [7; and 7,] and [, and u]. Our
choice of ¥ in (3.8) simplifies the set-up by ensuring that the level of endo-
geneity of X; depends only on the correlation between 7, and v and simi-
larly the level of endogeneity of X, depends only on the correlation between
ne and u. We make three different choices for the pair (pu1, pu2): (Pu1, pu2) =
(0.5,0.5),(0.1,0.99), (0.99,0.1). X; and X, are moderately (and equally) endoge-
nous in the first case, X; is highly endogenous and X, is mildly endogenous in
the second case, X; is mildly endogenous and X, is highly endogenous in the
third case. We refer to the corresponding covariance matrix of the structural

errors as X, Xy and X3 respectively.
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The instruments Z are generated by drawing n independent random sam-
ples from N (0, I;_;) independently of the structural errors and appending the
matrix with an n x 1 column vector 1,,. We consider three different values of k:
k = 2,4,20. The first choice gives a just identified model and the latter two give
over-identified models. The large value k£ = 20 is taken in accordance with the

result that when the nuisance parameters are completely unidentified, the lim-

2
V1

iting null distribution of the K-statistic converges to the y2 distribution from
below as k — oo and n — oo such that k/n — 0 [see Kleibergen (2007)].

To our knowledge, there does not exist a universally accepted measure of in-
strumental relevance for individual structural coefficients in a linear IV model
with more than one endogenous regressor. However, for a model with a single
endogenous regressor, the instruments are considered weak for the structural
coefficient if the concentration parameter is less than 10 [see Staiger and Stock
(1997)]. We follow Zivot et al. (2006) and generate the matrix II such that the
concentration matrix u, as defined by Stock and Yogo (2005), is diagonal where
for i = 1,2, the i-th diagonal element p; corresponds to the concentration pa-

rameter for ¢;. The weak instrument setup for the experiment is summarized

in Table 3.2.

Table 3.2: Four Cases of Weak Instruments.

0, : weak instrument

po =1 p2 =10
WI-Case 1 WI-Case 11
=1 | 61 : weak instrument | 6, : weak instrument
0, : weak instrument | 6, :strong instrument
WI-Case III WI-Case IV
1 =10 | 6; : strong instrument | 6; : strong instrument

0y :strong instrument
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The results reported below are based on 10,000 Monte-Carlo trials. The
instrument matrix Z is kept fixed over the 10,000 trials.

We choose ¢ = 0.05 and consider two different levels for the first-stage con-
fidence set by choosing ( = 0.01 and { = 0.05. The finite sample rejection rate
of the tests for H, : §; = 0,, are plotted in Figures 3.1 - 3.9. The four different
tests considered are: (i) AR: the projection-type based on the AR statistic, (i1)
K: the K-test, (iii) the new projection-type score (K) test with ( = .01, and once
again, (iv) the same new projection-type score (K) test, but with ¢ = .05.

The figures plotting the finite-sample rejection rates show that the asymp-
totic assertions regarding the new projection-type score (K) test are equally
true in finite-sample. Similar results for the K-test and the AR test are already
well known [see for example, Kleibergen (2004) and Zivot et al. (2006)].

Simulations show that the projection-type test based on the AR-statistic is
extremely conservative. As mentioned in Kleibergen (2007), the simulations
also show that the K-test is conservative when the instruments are weak for
0; the estimated size approaches ¢ = 0.05 when the number of instruments
gets large (i.e. when k£ = 20).

The estimated size of the new projection-type test based on a 95% first-
stage confidence region for 6,, exceeds 5% (= ¢) in cases where this region is
more likely to be empty. This happens mainly when X, is highly endogenous
and/or the number of instruments is large [see Table 3.3], and to a large extent
explains the difference in size between the new projection-type tests based on a
1% and a 5% first-stage confidence region. However, the estimated size of these
two tests never exceeds 6% and 10% ({ + ¢) respectively as was suggested in
Theorem 3.3. This means that if even slight over-rejection of the true value of
the parameters is of serious consequence, one should choose ¢ and ¢ such that
€ + ¢ does not exceed the desired level of Type-I error; for any given ¢ + (, a

smaller value of ( with respect to that of ¢ may result in better power.
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Tables 3.3—-3.6 summarize the likelihood of occurrence of different struc-
tures of the first-stage confidence region based on the AR-statistic. To see how
the pattern of the confidence regions vary with the sample size, we report the
result for sample size n = 100, 1000 and 10000. While the empty set becomes less
likely as the sample size increases from 100 to 1000, the same does not hold
true when it further increases to 10000. This further shows that it is important
to take into account the empty first-stage confidence region while designing the
new projection-type score (K) test.

Although our analytical results assume that the parameter space is com-
pact, following the convention in linear IV regression the confidence regions
in Tables 3.4 and 3.5 are expressed as unbounded. Even so, it is evident
that whenever the instruments are strong for 6,, i.e. in WI-Cases II and IV,
a bounded confidence region is more likely to occur, thus significantly reduc-
ing the computational cost of the new test. The bounded regions are also more
likely when the number of instruments is relatively large and/or when the sam-
ple size is large. If the compactness assumption of the parameter space is re-
laxed (of course by compensating for it with other assumptions) the confidence
region should not be bounded with high probability whenever the instruments
are weak for 0, [see Dufour (1997)]. 6

The simulations in this section provide a comparative study of the finite-
sample behavior of the new projection-type tests with the existing tests in the
literature. They corroborate the preceding analytical discussion of the useful-

ness of the new test under both regular and non-regular conditions of inference.

60ur experience suggests that plotting the efficient K-statistic against different values of 6,
can be helpful in finding its minimum value. For the cases considered in this section, the
efficient K-statistic seems to stabilize for distant values of the nuisance parameter 6, thus
helping the search for the global infimum (with respect to the first-stage confidence region).
Of course, it should be noted that finding the exact minimum is not absolutely necessary
because the new test rejects the null hypothesis H; : 6; = 60, if the efficient K-statistic
exceeds the y? critical value for any 6, belonging to the first-stage confidence region.
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Figure 3.1: Rejection rates for H, : ; = 6,; when n = 100, k = 2, p,; = 0.5,
pu2 = 0.5 and p;; = 0. Weak instrument characterized by ¢ = 1 and strong
instrument by . = 10.
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Figure 3.2: Sample Size = 100, Number of Instruments = 2, p,; = 0.1, p,o = 0.99
and p;; = 0. Weak instrument characterized by ; = 1 and strong instrument
by p = 10.
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Figure 3.3: Rejection rates for H; : §; = 0,; when n = 100, k = 2, p,; = 0.99,
pu2 = 0.1 and p;; = 0. Weak instrument characterized by ¢ = 1 and strong
instrument by . = 10.
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Figure 3.4: Rejection rates for H; : 6, = 6,; when n = 100, k = 4, p,; = 0.5,
pu2 = 0.5 and p;; = 0. Weak instrument characterized by © = 1 and strong
instrument by = 10.
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Figure 3.5: Rejection rates for H, : ; = 6,; when n = 100, k = 4, p,; = 0.1,
pu2 = 0.99 and p;o = 0. Weak instrument characterized by ; = 1 and strong
instrument by . = 10.
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Figure 3.6: Rejection rates for H, : 6, = 6,; when n = 100, k = 4, p,; = 0.99,
pu2 = 0.1 and p;; = 0. Weak instrument characterized by 1 = 1 and strong
instrument by = 10.
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Figure 3.7: Rejection rates for H, : 6, = 6,; when n = 100, k = 20, p,; = 0.5,
pu2 = 0.5 and p; = 0. Weak instrument characterized by ¢ = 1 and strong
instrument by . = 10.
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WI-Case I: M= 1, M, = 1
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Figure 3.8: Rejection rates for H, : 6, = 6,; when n = 100, k = 20, p,; = 0.1,
pu2 = 0.99 and p;; = 0. Weak instrument characterized by ; = 1 and strong
instrument by = 10.
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Figure 3.9: Rejection rates for H, : 6, = 0,; when n = 100, k = 20, p,; = 0.99,
pu2 = 0.1 and p;; = 0. Weak instrument characterized by ¢ = 1 and strong

instrument by . = 10.
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Chapter 4
CONCLUSION

The score test relies on mild assumptions on the underlying model and often
involves less computation than the Wald and LR tests. However, the asymptotic
properties of the score test for subsets of parameters, in general, depend on the
identifiability of both the parameters of interest and the nuisance parameters.
The weak instrument setup is a common example where such identifiability
restrictions are not satisfied and where the usual score test may be over-sized.

Recent research has shown that variants of the score statistic can some-
times be used to jointly test for all the parameters in the model. Dufour and
his co-authors have also shown that the usual projection technique, based on
the corresponding score statistic, can be used for testing subsets of parame-
ters. However, such projection-based tests, although never over-sized, tend to
be conservative.

We proposed a new method of projection-type score test for subsets of pa-
rameters. We showed that the new method is quite generally less conservative
than the method of projection considered by Dufour and his co-authors. In fact,
our test is locally optimal whenever local optimality can be attributed to the
usual score test. At the same time, unlike the usual score test for subsets of
parameters, it is also possible to impose a pre-specified upper bound to the size
of our test even when the nuisance parameters are not identified.

In this thesis we have described the successful application of our test to
the weak instrument/identification framework. Further application to specific

types of extremum estimation is a topic of our future research.
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Appendix A
PROOF OF RESULTS

Lemma A.1 Let N, C R” be compact and let N' = N. — N, where N, denotes the
boundary of N..

(i) Let a,(0) — a,(0) = 0,(1) and a,(0) — a(f) = o(1) for 8 € N. Then a,(6,) —

a(by) = o0,(1) if a(P) is continuous at 6, and 6,, — Oy = 0,(1).

(i) In addition, let Bn(e) — bn(0) = 0,(1) and b,(0) — b(0) = o(1) for 0 € N. If
a(0) and b(0) are bounded on N, then an(en)ﬁn(en) L a(00)b(6y) if a(0) and

b(0) are continuous at 6, and 6,, — 0y = o0,(1).

The resultant convergence in probability is uniform if the convergence in
probability and the continuity are uniform in the statement of Lemma A.1.
Below is a rough sketch of the proof of Lemma A.1.

(i) Using the Triangle Inequality, the results follow once we note that: (a)
for n large enough 6, € N w.p.a.1 and ||a,(0,) —a(6o)| < |[@,(0)—a,(0)|+||a.(6)—
a(@)]l + lla(6) — a(fo)]|-

(i) Let @,(.) and a(.) be p, x p and b,(.) and b(.) be p x p, finite-
dimensional matrices. Defining I, = {(i,5) : 1 < i < p,,1 < j < p} and
I = {(i,j) : 1 < i < p1 < j < p}, let sup max ag;(0) < R, = O(1)

GEN (ivj)elll
and sup max b;;(0) < R, = O(1). Then the results follow using
9eN (ifj)elb
the same technique as in (i) once we note that the Triangle Inequal-
ity and the Cauchy-Schwartz Inequality give Han(e)ﬁn(e) — a(0)b(O)|| <

[@n(8) = a(@)11][5n(8) = b(O) |+ v/Pa| Rl b (8) — b(O) | + [ (6) — a(0) | v/BPol Bol-
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In the following, for all the Mean-Value expansions of some functions of 0,
the Mean-Value is generically denoted by 6 (unless it is extremely confusing).
This Mean-Value obviously is different for each expansion and also for any par-
ticular expansion, the rows of this vector vary. We apologize for any confusion
due to our notation.

It will be helpful to prove the following lemmas before proving Theorem 2.1.
These intermediate results are standard and similar proofs can be found in
most graduate econometrics textbooks. Nevertheless, we provide all the proofs

for the sake of completeness.

Lemma A.2 Let 6., = 0y + dy/\/n € O1 where d; € R" is fixed. Under Assump-
tions Al, A2 and A3,

(i) 0, 2> 6y and (ii) 0,(6.1) = boo.

Proof: (i) Choose any ¢ > 0 arbitrarily. Then with probability approaching one
(w.p.a.1) we have: (a) n‘lQn(gn) > n"'Q,(0y) — ¢/3 (by definition), (b) Q(@n) >
n1Q,(6,) — ¢/3 (by A1) and (c) n~'Q,(60) > Q(6y) — ¢/3 (by Al). Therefore,
w.p.a.1, Q(6,) > n " Qu(6n) — /3 > n1Qu(6y) — 2¢/3 > Q(6y) — €. Since ¢ > 0 was
chosen arbitrarily, we have for any ¢ > 0, Q(@n) > (Q(0y) —e w.p.a.1. Now consider
any open neighborhood N/ C © containing 6,. Since N° N © is compact, by Al,
we have supycno @(0) = Q') < Q(6,) for some 0 € N°N O. Now choosing
¢ = Q(6y) — Supgerrene @), it follows that w.p.a.1, Q(6,) > supyereno @(F) and
hence @L € N. Since N was chosen arbitrarily, it follows that @1 it o.

(ii) Denote 6, = (0., 6,)". A second order Taylor series expansion gives

T Qu(6.) = ~Qul0) + ~90Qu(b0) (6 — B0) + o (6. — 60) T0eQu(B)(6. — o) (AD)

for some 6 such that ||§ —6,|| < 0. — 6o||. Taking probability limits on both sides
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of (A.1) and using A2 and A3, we get Q(6.) = Q(6o) + 1 (62 — 6p2)' A2(0) (62 — On2),
meaning Q(0.) < Q(fy) by the negative definiteness of A(f). Also
by Al and (A.1) it follows that n~'Q,(f.) converges uniformly to
Q(0.) = Q(bo) + (62 — 62) Asa(6) (6> — bp2) which is continuous and has a
unique maximum at 6, = 6yp,. Hence consistency of éng(é*l) follows from the

arguments in (i). |

It follows from the proof of Lemma A.2 that 0, € interior(©) w.p.a.1l; and
for 6, € interior(©,), it follows that 9~n2(9*1) € interior(©,). This, along with
Assumption Al, implies that 8Qn(§n)/89 =0 and 0Q, (0.1, éng(e*l))/aez = 0. We
use this argument implicitly by stating that “Assumption Al (combined with

the definition of ...)” in all the following derivations.

Lemma A.3 Let 0, = 0y, + di/\/n € O1 where d; € R™ is fixed. Under Assump-
tions A1, A2 and A3,

(D) V(0 — o) - — AW, Wh;
(ii) \/ﬁ(ém(g*l) — Oo2) 4, _A2_21 [Agrdy + Uy

Proof: (i) Lemma A.2 gives the consistency of 0, Now, Assumption Al (com-
bined with the definition of 6,) and a Mean-Value expansion of n~'/ QWQn(gn)

give

where @ is such that [|§ — 6y|| < ||f,, — 6o]| = 0,(1). Therefore, using Slutsky’s
Theorem and Assumptions A2 and A3 we get

V0, — 0)) S —AW.
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(i) Again, as before Lemma A.2 gives the consistency of éng(é*l). Define

0, = (0.,,0 ,(0,1))". Assumption Al (combined with the definition of 6,2(6,,))

and a Mean-Value expansion of n='/2v,Q,,(6,) give

1 _
0 = WVQQn(&Q
= %VanwO) + %van(Q_(l))} di + %VZQQn<H_(2)):| ﬁ(érﬂ(e*l) — 0p2)

for some 61y and 6,5, such that for i = 1,2, [0 — 6o < [|0. — 6o|| = 0,(1). Hence

as before in part (i) and using Assumptions A2 and A3,

V(0n2(0,1) — 002) 5 — A3 [Agdy + Us) . i

Lemma A4 Let 0,; = 0y; + d;/\/n € O; where d; € R" is fixed for i = 1,2. Define
Uiy = Uy — Ap AW, 0, = (0.,,0.,) and 0, = (01,0 ,(0,1)). Let A() 5 A(9)

*17 Yn2

and B(0) L, B(0) for § € ©. Under Assumptions Al, A2 and A3,
1) Wi(0.1) 4 [A W1 + dl]/Qﬁl (A7, V10 + di);
(ii) Ri(6,) = R"(6,) = R"2(5,) % (A, + dl]/Qﬁl [AT W10 + di];

(iii) Ri(6.) = Ri(6,) + o0,(1).

Proof: (i) Lemma A.2 gives the consistency of 0,. Hence by the Continuous
Mapping Theorem E(@n) Z A Assumption A2 states that there exists an open
neighborhood of 6, where B() is continuous. By consistency of 0,,, it follows
that for n large enough, 0, belongs to that neighborhood w.p.a.1 and hence using
the Continuous Mapping Theorem we get B (@\n) L, B. Therefore by continuity
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of matrix inversion, and Assumptions A2 and A3, we have Q(6,) & A-1BA~! =

(2 (say). Letting €2;; denote the top left v; x v; block of (2, it can be seen that
Q= 141_11.2GBG’Al_ll_2 where G = [I,,l, —A12A2_21} .

It follows from Lemma A.3 (1) that

~

Vi —0.1) = V(B — bo1) — Vn(Ba1 — Oo1)
S AN, —dy ~ N(—dy, A ,GBG' AL, = Q).

Therefore, W1 (0*1) i) [Al_ll‘ijl.Q + dl}lﬂl_ll [Al_ll_Q\Pl_Q + dl} ~ Xl2/1 (dllﬁl_lldl)

(i) R;(A,) = R¥™(0,) = R¥"2(4,) by Assumption Al and the definition of 6,,5(6,1).

A Mean-Value expansion of n=/2v,Q,,(0,) gives

1 ~ 1 1 - 1 _ ~
%VIQR(Q*) = %len(QO)—i_ [EvllQn<9(1)):| di+ |:EV12Qn(9(2)):| V1 (0r2(0,0) —602)

for some 6(;) and 6|5, such that for i = 1,2, || — 6o|| < ||0. — 6o|| = 0,(1). Hence
using Assumptions A2 and A3, and Lemma A.3 (ii)

1 _
—=V1Qn(6) 4, Uy 4+ Apdy — A12A521[A21d1 + Uy = Uy 9 + Ayy0d;

Jn
~ N(A11.2d17 GBG, = A11.2Q11A11.2)-

As in part (i), it follows from the fact that 6, L, 0, and the Continuous

P R
Mapping Theorem that [Gl(ﬁ*)B(G*)G’(H*)} L (GBG')™! and hence
Ri(6.) = R™(0,) = R*2(0,) L [A7L U0+ di] O [AL s + di] ~ \2 (49050 dy) -

(iii) A Mean-Value expansion of n='/2v,Q,,(6,), along with Assumptions A2 and
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A3, gives

%WQN(Q*) = %WQn(@o) + [%VeeQn(Q)] dg

for some 0 such that /n||0 — 0| < /2|0, — 0] = /d,ds where dy = (d,d})".
Therefore, as before, noting that A(6,) L Aand B (0,) L, B, we get

90Qu(0.) % W + Ady, [G(0.)B0.)@0.)] 2 (GBEG) and
\/ﬁ 0'%¢n\Vx 0 * * * a
%mnwo — Aun(6,) A-;w*)%vzczn(e*)

l&

[V + (Apidy + Arads)] — A12A2_21 Wy + (Andy + Ageds)] = Vo + Ajy0dy

implying R (0.) = Ri(0.) + 0p(1). |

Proof of Theorem 2.1: (i) In the following, whenever we refer to
infg_,cco(1-c,0,) R1(01,042), it is implied that C,(1 — ¢, 6,) is non-empty. The asymp-

totic size of the new projection-type score test is

Jim Pra, [(Co(1 = G ) = UL, _inf i) >, (1= )]

S 1— lim PT@Ol |:{@02 < Cg(l — C, 901)} N { inf R1(601, 9*2) S X?jl(l — E)}:|
n—00 042€C2(1—¢,001)
= 11— T}LH;Q PT@Ol |:9*2€C21(Iif47901) Rl(ém, 9*2) S X12/1<1 - 6) | 902 S CQ(l - C, 901):|
X nh—>Holo Pr@m [ 602 c CQ(l — C, 601)]
< 1- nILHOIO Proy, [R1(0o1,602) < xo, (1 — €] nhj{)lo Prgg, [ 02 € Co(1 — ¢, 001)]
< 1-(1-¢1-7)
< e+ ¢

using respectively Lemma A.4(iii) and the condition of the Theorem.
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(i1) By the condition of the Theorem,

i Pra, (Gl = G.00) = YU, _inf | Ri(Oasba) >, (1 - )]

lim Pry,, [C2(1 —(,0.1) = 2] + nh—{glo Pry,, [ inf Ri(041,0.2) > x2, (1 — e)}

n—00 042€C2(1—(,041)

0+ lim P inf Ri(6.1,0.5) > Y2 (1—¢).
+n1£& T00, Lﬁecg(ri_w*l) 1(041,6.2) Xul( 6)]

Now note that it is also assumed that any 0., € Cy(1 — (,0,;) is in the /n-
neighborhood of 6y,. Thus the value 0" (0,,), where the infimum of R, (., 6,)
is attained, is also in the \/n-neighborhood of 6y,. Hence using Lemma A.4(iii),

we get

inf Ri(041,0.2) = Ri(0.1,057(0,1)) = Ri(0.1, 0p2) + op(1),

9*26(:2(1_(79*1)

implying that

Jim Prog, [1C2(1 =€, 0.) = @} U{ QECQi(I}f;CQ ) Ri(01,0:2) > x5, (1 — €)}

= lim Pry, [Ri(0.,002) > X, (1= €)] . 1

Lemma A.5 Let 0,; = 6y + d;/\/n € © and let dy := (dy,d,) such that for
i = 1,2, d; € R" is fixed. For i = 1,2, let L,(0) and V,, be such that
L(0) = [L4(0), Ly(0)] and Wy, = [¥} .V, | Define hri(0) = S hyi(0) where
Em-(e) = |vecV,;gi(0) — 129(9)‘//;;1(9)%( )] for i = 1,2. Under Assumptions M and
W,
g7(6n) Wy + 30 Lismn) Mi(0oi)ds

fhth(en) | veedi(B0) + (1= Ligy—)) [W1 + L1 (60)do]

52hT2(9n) veca(0p) + (1 — Lis,=1)) [Wa.g + Lao(6o)do)

Proof: Define Vv ,(0) := Vou(0) — Vou(0)V,,'(6)Vyv(#). Following the obvious
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partition with respect to ¢, and 0, let Vg, = [V/ ,V; |, Vo, = [V],, V5 ,]" and for
i=1,2,1et hyi(0) = > hui(0) where hy;(0) := [vecVigi(0) — Vig(00)Vyy" (60)g:(0)]
Letting hy(0) = [h/:,(0), Wro(0)], Assumptions M and W give

1| g9r(fo) | 4 v, Vag(6o) 0
L a, | dh
Vi [m(%)] L, : ( 0 Vaos(t) )] R

1 1
%gT(QO) i) \Ifg and for : = 1, 2 EhTZ(Qo) i) UGCJZ'(H()) + (1 — 1[51.:1])\117;_9. (AZ)

A Mean-Value Expansion of \/iﬁ gr(6,) around 6, gives

~ N

%QT(Qn) = %QT(QO) + %WgT(é)d@

for some # such that |6 — 6| < ||6,, — 6o]| = O(1/+/n). Hence using (A.2) and

Assumption W, we get

2

1

Tr0r(02) = Wy ) Vs Mi(B0i)di + 0,(1).
i=1

Using Lemma A.1 and the fact that continuity is preserved by matrix inver-

sion, for i = 1,2,

1~ 1 > -
5 [vecvigT(Qn) — WQ(HTL)‘/ggl(en)gT(en)}

— - [vecTigr(6a) = Viglb0)Vyg (60)gr(62)] + 0,(1)

S
&
S

3

1
= —hri(6a) + 0,(1)

1 1

for some # such that ||0—6,|| < ||6,,—0|| = O(1/+/n) which follows from the Mean-

Value Expansion of /r;(6,) around 6,. Hence Assumption M2 and Lemma A.1
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and (A.2) give for i = 1, 2,

1 ~ 1
—hpi(6,) = WhTi(QO) +(1— 1[61-:1])Li(90)d9 + Op(1>
L veedi(00) + (1= Lsimy) (Wi + Li(60)ds] I

Proof of Lemma 3.1: The following proof follows from Stock and Wright
(2000) with negligible modifications. Noting that under WI-Cases II and IV,

(a) E%QT(H) = 1[51:1}m1(01) + 1[51:%]%771”1(9) + m2(02) Where m1(6’1) — m1(001)

for 6, — 0y, and m,1(0) — m4(0) uniformly in 6 € ©, and

(b) ‘7951(9) L V. (0) uniformly where V, '(6) is positive definite, continuous

and bounded in § € O,

it follows from Assumption W that

1
EQn(Q*h 02) Z m’g(%)vg;l(gm, 02)mz(6-)

uniformly in 6, € ©,. The right-hand side is zero iff 6, = 65, and hence continu-

ity of the argmin operator gives

énZ(e*l) L 802 (A.3)
Let 0, = (0.,,0.,(6,1)) and 6,, = (¢,,6),)". By definition of CUE 60,,5(6,,),
0 > Qn(é*) - Qn<0*0)
Vogr(9) o1 s [Vegr(0) 5
9T(90) (A4)

+9 [WQT(G) @, — 90)} %;1(5*) v
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where the mean-value # € © is such that ||§ — 6y|| < ||6. — 6o|| = 0,(1) and

1
NG

1

1 S-1/7 1 -1
97 (00)Vyy (04)—= 97(040)Vy, (0*0)%

Ay = —=
1 \/ﬁ \/EQT

(90) - QT(Q*O)'

For notational convenience let us define M = M(0,,0,6,) := [V"QT (0, — 6p)

and let mineval(A) denote the minimum eigen-value of the matrix A. Note that,

© MV, (é)M>|yMH2mmeva1( L, )

. QT(QO) 9 (6o) .
i M V 1(6,) NG \/ﬁ (by the CS Inequality).
V-1 (é*) gT(io)
Define A,, = ‘ i v and Aj, = Atn ——. Therefore,
mineval ( 1 ) mineval ( 10, ))

)
dividing (A.4) by m1neval< (9 )), we get,
M1 = 2| M| Azy + Ay, <0

which implies that Ay, — /A3, — Ay, < [|M|| < Ay, + /A, — As,..

Noting that ||§ — 6| = o(1), Assumptions M1 and W give %VigT(é) —
Li5,=11M;(0o;) for i = 1,2. Since ||d; || = O(1), it is clear that \/n (ém(e*l) — 002> =
0,(1) if Ay, and As, are O,(1). Under Assumption M,

SUPg

A?n <

( gr(th) /\/_H supy HV;;(@)\I’Q}

|
_ _0,(1).  (A5)
inf, mineval <Vgg (9)) mf9 mineval (V,,'(0)) !

Again, noting that, for some 0,, = (0], 6,,)" such that |00 — 0] < [|0.0 — Ool| =



O(1/y/n), i.e. for some 0; =y + 4= where ||d; || < ||di]| = O(1),

V1g7(010) -
n 19T< 10)

1

|A1n|

_ 97r(00) 51,7 9r(0o) _ gr(6o) vlgT(glo) - /A_l gr(0o)

- | R - [0 A ) | 2
+a Vlngn(f)lo)‘A/g;l(é*) Vlgi;(Qm) 0

— 2X 1[51:1} H\I/g‘/;igl(eo)Ml(g(n)Jl‘ + ‘C?IM{(001)‘/:(];1(00)]\41(001)&1H

n

Op(1)
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i)

follows from Assumptions M and W. Again, since V,,'(#) is positive definite,

similar arguments as in (A.5) give |As,| = O,(1).

Therefore, \/n||02(6.1) — 02| = O,(1). 1

Proof of Lemma 3.2: Define 4,,; = 17;;;% (87)Dri(6,,) for i = 1,2. It follows from

d

Lemma A.5 that n—};ﬁAm — ‘/g;% (90) [JZ(G()) + (1 — 1[51:1})(161160}6 [\ng + Lz(e())dgﬂ

and

1 , _v -1
W(AMN(AM)Anl) 2 AL N(An2)Vag® (0n)g7(0)
L (A N(A2)A) 2 AL N(Ay)B, (A.6)
1 , 1, Sl , 1,
7 (A Ann) 2 AloVig® (0)g7(0n) = (AYA2) 2 AYB, and (A7)
1 ~_ v
Vo On)gr(6,) = B (A.8)

Lemma 3.2 follows directly from (A.6), (A.7) and (A.8). |}

Proof of Theorem 3.3: (i) From Lemma 3.2, it is clear that C5(1 — (,6y;) is a

1 — ¢ joint confidence region for 6, when 6, is known a priori to be 6,;, and hence

it contains 6y, with probability 1 — (. Using the same strategy as in the proof of



84

Theorem 2.1, we have

{692(1 — ¢, b0) = 2, inf K1 (Oo1, 0x2) > X?,l(l - 6)}

04x2€C2(1—C¢,001)

C {02 & Co(1 = ¢, 001), K1 (o1, 002) > x5, (1 =€)} -

Hence noting that Lemma 3.2 gives K,,1(6) LN x2,, standard Bonferroni argu-
ments give the asymptotic size to be at most ¢ + (.

(i1) Lemma 3.2 implies that in WI-Cases IT and IV, C5(1 — ¢, 0,;) is contained
in the /n-neighborhood of 6y, w.p.a.1 under the conditions of the Theorem.
Hence 6i(6.1), where the infimum infy,cc,(1-¢o.,) Kn1(6s1,0.2) is attained, is
also in the /n-neighborhood of 65;. Hence Lemma 3.2 directly applies and

gives the asymptotic equivalence of the tests. |

Lemma A.6 Let 0, = (0,,0,(0.1)) where 0,,5(0,,) is such that V,Q,(,) = 0 for
0,1 € ©1. Then under Assumptions M and W,

9*2 662

Pro,, { inf K,(6.1,60.) > X2(1 — e)] < Py, [Knl (9*1, éng(e*l)) >3 (1 - @} .

Proof: The result follows once we note that

Pryy, [ inf K, (0.1,0.2) > (1 —e)} < Pro Ko (00.0:000)) > 3201 - ¢)]
0.2€02 L

= Pro, |Km (9*1, n2<9*1)) > x2(1— e)]
< PTGOI _Knl (

e
*
=
™
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*
=
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