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Number of Paths

® The number of paths into any vertex (n, k) Is the
Eulerian number A(n, k).
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Number of Paths

® The number of paths into any vertex (n, k) is the
Eulerian number A(n, k).

® From any vertex (n, k) there are k + 1 edges leaving
to the left, and n — k£ + 1 edges leaving to the right.
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The Path Space

® X Is the space of infinite edge paths.
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The Path Space

® X is the space of infinite edge paths.

® Forx =ua129... € X denote by z; the i'th edge of »
which connects a vertex in level : — 1 to a vertex In
level ;.
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The Path Space

® X is the space of infinite edge paths.

® Forx =ua129... € X denote by z; the i'th edge of »
which connects a vertex in level : — 1 to a vertex In
level ;.

$ X |s a compact metric space with metric given by:
For x,y € X, d(z,y) = 27"t where i = inf{j|z; # y;}.
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The Path Space

® X is the space of infinite edge paths.

® Forx =ua129... € X denote by z; the i'th edge of »
which connects a vertex in level : — 1 to a vertex In
level ;.

$ X |s a compact metric space with metric given by:
For z,y € X, d(z,y) = 27" where i = inf{j|z; # y;}.

® Acylinder set C = [cies ... ¢,] IS a clopen set such
that x e C Iimplies v = ¢ ... cpxpi1.... These sets
generate the topology.
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Invariant Probability Measures

® We put a probability measure ;. on X by defining it
on cylinder sets.
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Invariant Probability Measures

® We put a probability measure ;. on X by defining it
on cylinder sets.

® A measure p on X Is said to be T-invariant if for
every Borel set, A, u(A) = u(T71A).
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Invariant Probability Measures

# We put a probability measure x on X by defining it
on cylinder sets.

® A measure p on X Is said to be T-invariant if for
every Borel set, A, u(A) = u(T71A).

® For the Euler adic, T, it iIs necessary and sufficient
that every cylinder terminating in the same vertex
(n, k) has the same measure.

. Uniqueness of the Symmetric Measure — p.7/23



Invariant Probability Measures

® \We put a probability measure . on X by defining it
on cylinder sets.

® A measure p on X Is said to be T-invariant if for
every Borel set, A, u(A) = u(T71A).

® For the Euler adic, T, it is necessary and sufficient
that every cylinder terminating in the same vertex
(n, k) has the same measure.

® A T-invariant measure 1 Is said to be ergodic if for
any T-invariant set, A, u(A) is O or 1.
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Symmetric Measure
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® Gives each edge connecting level n to level n + 1
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J n + 2

® Gives each cylinder of length » measure Y
n '
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Symmetric Measure
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® Clearly T-invariant.

$® |n joint work with Keane, Petersen, and Salama
the symmetric measure has been shown to be

ergodic.
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Cylinders and Permutations

® The Eulerian number A(n, k) equals the number of
permutations of the set {1,2,...,n+ 1} with k rises.
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Cylinders and Permutations

® The Eulerian number A(n, k) equals the number of
permutations of the set {1,2,...,n + 1} with % rises.

® Hence there Is a bijective correspondence
petween cylinders of length » with & right turns and
the set of permutations of {1,2,...,n+ 1} with &
rises.
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Adding Rises

or a permutation, aqas ... a1 With % rises, there are
n — k + 1 ways to insert n + 2 so that the new
permutation has k + 1 rises.
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Adding Rises

or a permutation, aqas ... a1 With % rises, there are
n — k + 1 ways to insert n + 2 so that the new
permutation has k& + 1 rises.

® Insert n + 2 into a fall (there are n — k falls).
® Place n + 2 after a,1
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Adding Rises

or a permutation, aqas ... a1 With % rises, there are
n — k + 1 ways to insert n + 2 so that the new
permutation has k& + 1 rises.

® Insert n + 2 into a fall (there are n — k falls).
® Place n + 2 after a,1

Likewise there are k + 1 ways to insert n + 2 Into
ai ...an+1 SO as to add an additional fall.
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Adding Rises

For a permutation, aias . ..a,1 WIth k rises, there are
n — k + 1 ways to insert n + 2 so that the new
permutation has k + 1 rises.

® Insert n + 2 into a fall (there are n — k falls).
® Place n + 2 after a,1

Likewise there are k + 1 ways to insert n + 2 Into
ai ...an+1 SO as to add an additional fall.

® Insert n + 2 Into an existing rise (there are k of
these).

® Place n + 2 before ay.
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Adding Rises

For a permutation, aias . ..a,1 WIth k rises, there are
n — k + 1 ways to insert n + 2 so that the new
permutation has k + 1 rises.

® Insert n + 2 into a fall (there are n — k falls).
® Place n + 2 after a,1

Likewise there are k + 1 ways to insert n + 2 Into
ai ...an+1 SO as to add an additional fall.

® Insert n + 2 Into an existing rise (there are k of
these).

® Place n + 2 before ay.
F

1
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Adding Rises

For a permutation, aias . ..a,1 WIth k rises, there are
n — k + 1 ways to insert n + 2 so that the new
permutation has k + 1 rises.

® Insert n + 2 into a fall (there are n — k falls).
® Place n + 2 after a,1

Likewise there are k + 1 ways to insert n + 2 Into
ai ...an+1 SO as to add an additional fall.

® Insert n + 2 Into an existing rise (there are k of
these).

® Place n + 2 before ay.

a;i*'(n +2)" ajt
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Cylinders and Permutations

® The permutation 12 has one rise, and the
corresponding cylinder has one right.

Permutation

12
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Cylinders and Permutations

® In order to extend the cylinder 12 by a left turn,
Insert a 3 in such a way to add a fall.

Permutation

312
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Cylinders and Permutations

® In order to extend the cylinder 12 by a left turn,
Insert a 3 in such a way to add a fall.

Permutation

312

or 132
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Cylinders and Permutations

® In order to extend the cylinder 312 by a right turn,
Insert a 4 in such a way to add a rise.

Permutation

3412
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Cylinders and Permutations

® In order to extend the cylinder 312 by a right turn,
Insert a 4 in such a way to add a rise.

Permutation

3412

or 3124

. Uniqueness of the Symmetric Measure — p.11/23



Dimension Definitions

® For (n, k) some vertex, dim(n, k) IS the number of
finite paths from the root vertex to the vertex (n, k).
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Dimension Definitions

® For (n, k) some vertex, dim(n, k) IS the number of
finite paths from the root vertex to the vertex (n, k).

® For some path z in X define k,(x) to be the vertex
through which x passes on the »n’th level.
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Dimension Definitions

® For (n, k) some vertex, dim(n, k) Is the number of
finite paths from the root vertex to the vertex (n, k).

® For some path z in X define k,(x) to be the vertex
through which x passes on the »n’th level.

® For C some cylinder [cicz...c¢;] and z some path in
X, define dim(C, k,,(x)) to be the number of paths in
C that pass through the vertex k£, (x).

. Uniqueness of the Symmetric Measure — p.12/23



Dimension Definitions

® For (n, k) some vertex, dim(n, k) IS the number of
finite paths from the root vertex to the vertex (n, k).

® For some path z in X define k,(x) to be the vertex
through which x passes on the »n’th level.

® For C some cylinder [cicz...c¢;] and z some path in
X, define dim(C, k,,(x)) to be the number of paths in
C that pass through the vertex k£, (x).




Measures of Cylinder Sets

et 1 be an invariant fully-supported ergodic
probability measure for the Euler adic. Then for every
cylinder set C and p-almost every © € X

He = i ()
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Measures of Cylinder Sets

et 1 be an invariant fully-supported ergodic
probability measure for the Euler adic. Then for every
cylinder set C and p-almost every © € X

He = i ()

So, for two cylinders 4y, Cy and p-almost every z

o dim(C ()
plCa]  n—co dim(Cy, kn())
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u-almost every «

® The set of z with k£ < oo rights Is an invarian
® Likewise for the set of z with n — k < cc.
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u-almost every » has kK and n — &

® Likewise for the set of z with n — k < .
unbounded.

® The set of z with k£ < oo rights Is an invarian

®» Hence




Quick Review

® A(n, k) =the number of permutations of the set
{1,2,...,n+1}
= the number of cylinders of length »n with & right
turns.
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Quick Review

® A(n, k) =the number of permutations of the set
{1,2,...,n+1}
= the number of cylinders of length »n with & right
turns.

® For two cylinders 1, Cy and p-almost every z € X,
plC1] . dim(C, k(@)

= l1lm — .
plCo]  n—oco dim|Cy, kn ()]
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Quick Review

® A(n, k) =the number of permutations of the set
{1,2,...,n+1}
= the number of cylinders of length »n with & right
turns.

® For two cylinders 1, Cy and p-almost every z € X,
plC1] . dim(C, k(@)

= l1lm — .
plCo]  n—oco dim|Cy, kn ()]

® For p-a.e. z € X, kand n — k are unbounded as n
goes to oc.
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Theorem

heorem 1 If ;1 Is an invariant fully-supported ergodic
probability measure for the Euler adic, then . Is the
symmetric measure.

® Let C; and ¢, be different cylinders of length ny,
and = (Cy) and 7 (C5) be their corresponding
permutations.
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Computation of dim(Ch, k,(z))

® dim(Cq, ky(x)) corresponds to the number of
permutations of 1,....n+1inwhich 1,... ng+1
appear in the order prescribed by #(C1).
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Computation of dim(Ch, k,(z))

® dim(Cq, ky(x)) corresponds to the number of
permutations of 1,....n+1inwhich 1,... ng+1
appear in the order prescribed by #(C1).

® Count these by starting with a permutation of
no+2,...,n+1landinserting 1,...,n¢+ 1 In the
order prescribed by n(C7) so as to end with a
permutation with & rises and n — k falls.
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Computation of dim(Ch, k,(z))

® dim(C4, k,(z)) corresponds to the number of
permutationsof 1,....n+1Iinwhich 1,... ng+1
appear in the order prescribed by #(C1).

® Count these by starting with a permutation of
no+2,...,n+1landinserting 1,...,n¢+ 1 In the
order prescribed by n(C7) so as to end with a
permutation with & rises and n — k falls.

® In counting dim(C, z,,) we see Eulerian numbers
A(n — (ng + 1), ), with coefficients of various
degrees in k and n — k.
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Example
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Example

9o Say W(Cl) = 12.

$» How many permutations of 3...n + 1 are there so
that inserting 1 and 2 into separate rises yields a
permutation of {1,... ,n+ 1} with £ rises.?
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Example

9o Say 7T(C1) = 12.

$» How many permutations of 3...n + 1 are there so
that inserting 1 and 2 into separate rises yields a
permutation of {1,... ,n+ 1} with £ rises.?

® Inserting 1 or 2 into a rise adds a fall, but no rises.
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Example

9o Say 7T(C1) = 12.

$» How many permutations of 3...n + 1 are there so
that inserting 1 and 2 into separate rises yields a
permutation of {1,...,n + 1} with £ rises.?

nserting 1 or 2 into a rise adds a fall, but no rises.

>

Hence, 3...n + 1 1S a permutation with k rises
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Example

9o Say 7T(C1) = 12.

$» How many permutations of 3...n + 1 are there so
that inserting 1 and 2 into separate rises yields a
permutation of {1,...,n + 1} with £ rises.?

® Inserting 1 or 2 into a rise adds a fall, but no rises.

® Hence, 3...n+ 1 Is a permutation with % rises

— 1 : :
® There are k(kQ )A(n — 2, k) suitable permutations.
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Dominating Terms

® If none of 1,...n¢ + 1 are placed consecutively, the
coefficients on the A(n — (ng + 1),7) IS a product of
no + 1 factors on the order of k and n — k.
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Dominating Terms

® If none of 1,...n¢ + 1 are placed consecutively, the
coefficients on the A(n — (ng + 1), 7) IS a product of
no + 1 factors on the order of k and n — k.

® Ifanyof1,...,ny+ 1 are placed adjacently, we
obtain a lower degree product.
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Dominating Terms

® If none of 1,...n¢ + 1 are placed consecutively, the
coefficients on the A(n — (ng + 1), 7) IS a product of
no + 1 factors on the order of k and n — k.

® Ifanyof1,...,ny+ 1 are placed adjacently, we
obtain a lower degree product.

® Hence in sum of dim(Cy, k,(z)), the permutations

for which 1,...,ng + 1 are not adjacent dominate
the sum.
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Ratio

® Since none of {1,...,n¢ + 1} are placed
consecutively, the actual permutation #(C1) Is
irrelevant in the dominating term.
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Ratio

® Since none of {1,...,n9 + 1} are placed
consecutively, the actual permutation #(C1) Is
irrelevant in the dominating term.

® Hence the dominating term in the computation of
dim(Cs, k,(x)) IS the same.
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Ratio

® Since none of {1,...,n9 + 1} are placed
consecutively, the actual permutation #(C1) Is
irrelevant in the dominating term.

® Hence the dominating term in the computation of
dim(Cs, k,(x)) IS the same.

® So, as k and n — k go to Iinfinity,

dim(C1q, kp(x))
dim(Co, kn(x))
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Ratio

® Since none of {1,...,n9 + 1} are placed
consecutively, the actual permutation #(C1) Is
irrelevant in the dominating term.

® Hence the dominating term in the computation of
dim(Cs, k,(x)) IS the same.

® So, as k and n — k go to Iinfinity,

dim(C1q, kp(x))
dim(Co, kn(x))

$® And i must be the symmetric measure.
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Corollary

heorem 2 The symmetric measure is ergodic.
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Proof

® Any T-invariant measure ergodic x that has u-a.e.
r € X with k¥ and n — k unbounded is L.
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Proof

® Any T-invariant measure ergodic x that has u-a.e.
r € X with k¥ and n — k unbounded is L.

® et &g = the set of ergodic measures fully
supported on either {z : k,(x) < K for all n} or
{x:n—ky(zr) < K forall n}.
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Proof

® Any T-invariant measure ergodic x that has u-a.e.
r € X with k¥ and n — k unbounded is L.

® et &g = the set of ergodic measures fully
supported on either {z : k,(x) < K for all n} or
{x:n—ky(x) < K for all n}.

$® If no ergodic measure has k& and n — k£ unbounded
a.e., then the set of ergodic measures is

£=|Jék.
K
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Continuation of Proof

® If nis the symmetric measure, by the Ergodic
Decomposition Theorem:

nz/gedPn(e) :;LKedpn(e).
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Continuation of Proof

® If » I1s the symmetric measure, by the Ergodic
Decomposition Theorem:

n:/gedPn(e) :;LKedpn(e).

® If S Is the set of paths « for which both £ and n — &
are unbounded, then n(S) = 1 while ¢(S) = 0 for all
elnany &g.
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Continuation of Proof

® If » I1s the symmetric measure, by the Ergodic
Decomposition Theorem:

n:/gedPn(e) :;LKedpn(e).

® If S Is the set of paths « for which both £ and n — &
are unbounded, then n(S) = 1 while ¢(S) = 0 for all
elnany &g.

® Hence there must be an ergodic measure for
which k£ and n — & unbounded is a set of full
measure, I.e. the symmetric measure.
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