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This paper deals with sensitivity analysis of static traffic user equilibrium problems. We apply some recently
developed sensitivity analysis techniques for generalized equations to analyze the behavior of the equilib-

rium arc flow of such a problem when both the arc cost function and the travel demand vary. Our methods
permit calculation of semiderivatives under general conditions and of derivatives under more restrictive condi-
tions; we calculate the semiderivatives by solving a linear traffic user equilibrium problem and the derivatives
by matrix multiplication together with the solution of a linear equation the dimension of which is at most the
number of arcs. Three numerical examples show how to use these results in practice.
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Introduction
In this paper we apply some recently developed
sensitivity analysis techniques for generalized equa-
tions to the traffic user equilibrium problem. This
application requires two steps. In the first step, we
establish a result regarding perturbations of polyhe-
dral convex sets. It says that under a kind of con-
straint nondegeneracy condition, a slightly perturbed
set coincides locally with an affine translation of the
unperturbed set. We then provide a sensitivity the-
orem for variational inequalities over perturbed sets
with such a local translation property. In the second
step, we apply the results obtained in the first step
to the traffic user equilibrium problem. We show that
the constraint nondegeneracy condition holds when
the base travel demand is strictly positive. This leads
to a key result in this paper—that if the base travel
demand is strictly positive, then the set of feasible
arc flows under a slightly perturbed travel demand
locally coincides with an affine translation of the orig-
inal feasible set. We then apply the sensitivity theo-
rem for variational inequalities to study the Lipschitz
continuity, semidifferentiability, and differentiability
of the equilibrium arc flow.

The strict positivity assumption on the base travel
demand is not as strong as it sounds and is in fact
a natural requirement for the problem we study. It
is an implicit assumption in other similar analyses.
Stating this assumption explicitly enables us to intro-
duce a special partition of the route set and then
rewrite the critical cone in a more concise expres-
sion than has heretofore been available. This expres-
sion is convenient for checking the assumptions and

computing the derivatives when they exist. We com-
pute the derivatives simply by matrix multiplication
with the solution of a linear system the dimension of
which is at most the number of arcs and which may in
practice be much less than the number of arcs, thanks
to the concise expression of the critical cone.

This paper consists of five sections. The introduc-
tory section describes the notation we will use, re-
views prior work on this problem, and explains the
contribution of the present paper. Section 1 discusses
the underlying theory for generalized equations and
shows how to apply it to the particular case of varia-
tional inequalities. Section 2 uses the techniques from
§1 to analyze sensitivity of traffic user equilibria. Sec-
tion 3 provides three numerical examples illustrating
the implementation of this method. Section 4 con-
cludes the paper with a résumé and brief discussion
of what we have done.

We use �n, �n
+, and �n

++ to denote the real n-dimen-
sional space, its nonnegative orthant, and its strictly
positive orthant, respectively. A polyhedral convex set
in �n refers to a set defined by finitely many linear
inequalities of the form �a�x� ≤ b, where a ∈�n, b ∈�,
and �·� ·� denote the standard inner product. We use
clC and intC to denote the closure and the interior of
a set C in �n, respectively. For a convex set C in �n,
we use the symbols TC�z
 and NC�z
 to denote the tan-
gent and normal cones to C at a point z ∈ C, defined
to be

TC�z
= cl�x ∈�n � for some 
> 0� z+
x ∈C��

and

NC�z
= �x ∈�n � �x�z′ − z� ≤ 0 for all z′ ∈C��
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where for z � C we stipulate that TC�z
 = � and
NC�z
=�.

A function f from a subset X of �n to �m is
Lipschitz continuous with modulus 
 if 
f �x
− f �x′

 ≤


x − x′
 for any x�x′ ∈ X; here 
·
 denotes the
Euclidean norm. It is semidifferentiable at a point x0 ∈
intX if there is a continuous, positively homogeneous
function df �x0
� �n → �m having the property that
f �x0 + h
= f �x0
+ df �x0
�h
+ o�h
; we call df �x0
�h

the semiderivative of f at x0 for the direction h. If
df �x0
 happens to be linear, then f is differentiable.
Note that semidifferentiability implies directional dif-
ferentiability: If f is semidifferentiable at x0, then
the semiderivative df �x0
�h
 is simply the directional
derivative of f at x0 for the direction h. In general,
directional differentiability is a weaker property than
semidifferentiability; however, for Lipschitz continu-
ous functions, these two concepts are equivalent (see
Shapiro 1990). Finally, a function f from a subset X
of �n to �n is strictly monotone on X if �f �x
− f �x′
�
x−x′�> 0 for any two distinct points x�x′ ∈X, and is
strongly monotone on X if there exists a strictly positive
scalar 
 such that �f �x
−f �x′
� x−x′� ≥ 

x−x′
2 for
any two points x�x′ ∈X.

The traffic user equilibrium problem that we con-
sider starts with a network consisting of a set of
nodes � , a set of arcs �, and a set of origin-
destination (OD) pairs � ⊂� 2. Each OD pair w ∈�
is connected by a set of routes �w, each member of
which is a set of sequentially connected arcs. Let � =⋃

w∈� �w denote the set of all routes, and let �= ���,
� = �� �, and � = ��� denote the cardinalities of �,
� , and �, respectively. Let the matrix �� = ��wp�
 ∈
��×� denote the OD-route incidence matrix in which
�wp = 1 if route p ∈ �w and �wp = 0 otherwise, and
the matrix ��= ��ap�
 ∈��×� denote the arc-route inci-
dence matrix; here �ap = 1 if arc a is in route p and
�ap = 0 otherwise.

We will use column vectors �d = �dw�
 ∈ ��,
�q = �qp�
 ∈�� , and �x= �xa�
 ∈�� to denote the travel
demand (also called the OD flow), the route flow, and
the arc flow, respectively. Given the travel demand d,
a route flow q is feasible if it is nonnegative with
�q = d, and an arc flow x is feasible if there exists a fea-
sible route flow q with �q = x. Let f � �� →�� denote
the arc cost function; elements of the vector f �x
 give
the cost on each arc a ∈ � under the arc flow x,
while elements of c�x
 �=�T f �x
 give the cost on each
route p ∈�. Finally, let elements of the vector "�x
=
�"w�x
� ∈ �� denote the minimum cost between each
OD pair w ∈� ; that is, "w�x
 �=minp∈�w

cp�x
.
Given the travel demand d and the arc cost func-

tion f , a feasible route flow q is an equilibrium route
flow if it satisfies

0≤ cp��q
−"w��q
⊥ qp ≥ 0

for each w ∈� and p ∈�w# (0.1)

We say that a route p ∈ �w is used if qp > 0, but it
is user optimal if cp��q
= "w��q
. In these terms (0.1)
just means that each used route is user optimal. It is
possible that a user optimal route is not used.

A feasible arc flow x is an equilibrium arc flow if
there exists an equilibrium route flow q with �q = x.
Smith (1979) showed that x is an equilibrium arc
flow if and only if it solves the following problem,
identified as a variational inequality (VI) problem in
Dafermos (1980):

x ∈ S and �f �x
� x′ −x� ≥ 0 for each x′ ∈ S� (0.2)

where S is the set of feasible arc flows,

S = �x ∈�� � for some q ∈��
+� �q = d� �q = x�# (0.3)

The arguments in Smith (1979) also showed that if x is
an equilibrium arc flow, then each q ∈��

+ with �q = d
and �q = x is an equilibrium route flow.

If we specify the travel demand d as part of the
exogenously given data, then the problem we have
described is the fixed-demand traffic user equilibrium
problem, which we study in this paper. To study the
behavior of the fixed-demand problem under pertur-
bations, we treat the travel demand d as a parameter
of this problem and let it take values in an open sub-
set D of ��. In addition, we introduce another param-
eter u ∈ �m into the arc cost function f , let it take
values in an open subset U of �m, and associate an
arc cost function f �u� ·
 with each u ∈U .

For a given parameter �u�d
 ∈U ×D, the set of fea-
sible route flows is given by

H�d
= �q ∈��
+� �q = d�� (0.4)

the set of feasible arc flows is given by

S�d
 = �x ∈�� � for some q ∈��
+� �q = d� �q = x�

= �H�d
� (0.5)

and the equilibrium arc flow is a solution of the
problem

x ∈ S�d
 and �f �u�x
�x′ − x� ≥ 0

for each x′ ∈ S�d
� (0.6)

which by the definition of normal cones is equiva-
lent to

0 ∈ f �u�x
+NS�d
�x
# (0.7)

The sensitivity analysis of this paper studies
the solution properties of (0.7) near a base point
�u0�d0�x0
, where u0 is a point in U , d0 is a point in D,
and x0 is a solution of (0.7) for the pair �u0�d0
. We
assume that there is an open neighborhood X of x0 in
�� such that the parametric arc cost function f is con-
tinuously differentiable on the set U ×X. As x0 solves
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(0.7), it must belong to the set S�d0
 and there must
exist some q0 ∈H�d0
 with x0 =�q0. This q0 is then an
equilibrium route flow, according to the remark fol-
lowing (0.3). We assume that we have obtained one
such q0 and will use it in the analysis. It will become
clear that the arbitrary choice of q0 does not affect the
results of the analysis. Finally, for notational simplic-
ity, let c0 = c�x0
 and "0 = "�x0
 denote the route cost
and OD cost at the equilibrium, respectively.

Sensitivity analysis of traffic user equilibrium prob-
lems started when the mathematical formulations
of these problems were proposed; see Beckmann,
Mcguire, and Winsten (1956, §3.2) for a study on
how the equilibrium flows change qualitatively in re-
sponse to data changes. Later, Hall (1978) and Dafer-
mos and Nagurney (1984) conducted more complete
studies on the continuity and direction of change of
the traffic pattern in a parametric problem.

Tobin and Friesz (1988), Cho, Smith, and Friesz
(2000), and Yang and Bell (2005) developed ap-
proaches to calculate derivatives of the equilibrium
arc flow with respect to perturbation parameters in
the arc cost function and the travel demand. The
underlying tool used in these papers was the classical
implicit function theorem. To overcome the difficulty
that the equilibrium route flow is generally non-
unique, these authors constructed restricted problems
to which they could apply the implicit function the-
orem, then showed that for purposes of sensitivity
analysis, the original problems were equivalent to
the restricted problems. These papers made various
assumptions about (local) strong monotonicity of the
arc cost function with respect to the arc flow, which
then implied continuity of the parametric equilibrium
arc flow. (Tobin and Friesz 1988; Yang and Bell 2005
explicitly stated such strong monotonicity assump-
tions; Cho, Smith, and Friesz 2000 used the condition
that the Jacobian matrix of the arc cost function at
the unperturbed arc flow is positive definite, which
implies local strong monotonicity, as the cost function
is by assumption continuously differentiable.) They
also made assumptions about strict complementarity
of the unperturbed traffic pattern. For example, Cho,
Smith, and Friesz (2000) and Yang and Bell (2005)
assumed the existence of an equilibrium route flow in
which each user optimal route has positive flow. This
assumption made it possible to transform the equilib-
rium conditions into a set of equations, to which they
could apply the implicit function theorem.

Qiu and Magnanti (1989) studied continuity and
directional differentiability of the solution to a VI
problem when the function defining this problem is
perturbed and the polyhedral convex set defining it
is fixed; they then applied their results to traffic user
equilibrium problems with fixed or elastic demands.
Although they used the term Lipschitz continuity in

their paper, the property to which they applied that
term in their Definition 2.1 is not Lipschitz continuity
as it is now generally understood in variational analy-
sis, but rather what is now called calmness, as defined,
e.g., in Rockafellar and Wets (1998, p. 399). In fact,
their definition requires slightly more than calmness,
as it requires the solution of the unperturbed prob-
lem to be unique. Their key assumptions included the
requirement that the arc cost function (and the neg-
ative of the demand function in the elastic-demand
case) be locally strongly monotone on the affine hull
of the critical cone of the VI expressing the equilib-
rium condition.

Yen (1995) proved local existence, uniqueness, and
Lipschitz continuity of the arc flow under perturba-
tion of the arc cost function and travel demand by
assuming the arc cost function to be locally Lipschitz
and locally strongly monotone. To obtain this result,
he showed Lipschitz continuity of the metric projec-
tion of a point onto a polyhedral convex set P with
respect to perturbations in the right-hand sides of the
linear inequalities defining P .

Outrata (1997) considered the sensitivity of the
solution to a VI over a fixed polyhedral convex set
when the function defining the VI is perturbed, and
he used that result in solving a class of mathemati-
cal programs with equilibrium constraints. He used
assumptions including strong monotonicity of the
function defining the VI with respect to the feasible
set and a strict copositivity condition on the deriva-
tive of that function with respect to a subspace con-
taining the tangent cone. Under these assumptions
he showed existence and Lipschitz continuity of solu-
tions, together with some directional differentiability
results. As an application he considered the sensitivity
of the equilibrium traffic pattern under perturbations
of the arc cost function.

Patriksson and Rockafellar (2003) studied the local
uniqueness, Lipschitz continuity, and semidifferen-
tiability of the elastic-demand traffic user equilibria
under perturbations of the arc cost function and the
travel demand function. By assuming the negative of
the travel demand function to be strictly monotone
in the OD cost, they formulated the problem as a VI
in the �x�d
 space. Other assumptions in that paper
included the requirement that the arc cost function
and the negative of the inverse demand function be
locally strongly monotone on the affine hull of the
critical cone. Recently, Josefsson and Patriksson (2007)
specialized the analysis to the case of separable link
cost and demand functions, with the latter also being
invertible.

Patriksson (2004) dealt with sensitivity of elastic-
demand traffic user equilibria and included the fixed-
demand case as a special case, with perturbations in
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both the arc cost function and the travel demand con-
sidered. The proof for the central result in that paper,
Theorem 5 on characterization of the directional dif-
ferentiability, is incorrect; see Robinson (2006).

In summary, although elastic-demand equilibria in-
clude fixed-demand equilibria as a special case, the
sensitivity analysis methods developed in Patriksson
and Rockafellar (2003); Josefsson and Patriksson
(2007); and §4.2 of Qiu and Magnanti (1989) for
elastic-demand equilibria do not apply to the fixed-
demand case, because those authors needed the as-
sumption that the negative of the demand function
be strongly (or strictly) monotone with respect to
the OD cost, which is not true in the fixed-demand
case when the demand does not depend on the OD
cost. Outrata (1997) and §4.1 of Qiu and Magnanti
(1989) studied sensitivity of the fixed-demand equilib-
ria under perturbations of the arc cost function only.
They omitted perturbations of the travel demand and
hence dealt with a family of variational inequalities
defined on a fixed set, which is very different from
the problem we consider. Tobin and Friesz (1988);
Cho, Smith, and Friesz (2000); Yang and Bell (2005);
and Yen (1995) dealt with the fixed-demand equilib-
ria with perturbations of both the arc cost function
and the travel demand; among those studies, Yen
(1995) obtained the solution Lipschitz continuity but
did not study semidifferentiability or differentiability,
while the former three studied solution differentiabil-
ity under certain strong monotonicity and strict com-
plementarity assumptions. We will show that under
weaker assumptions, the solution is Lipschitz con-
tinuous and semidifferentiable, that differentiability
holds if an additional condition is satisfied, and this
additional condition is in fact equivalent to the strict
complementarity assumed in Cho, Smith, and Friesz
(2000) and Yang and Bell (2005). (We could not com-
pare this with the strict complementarity assumption
in Tobin and Friesz 1988, as the latter appears to con-
tain some deficiencies; see Josefsson and Patriksson
2007.) However, our method does not require find-
ing a solution satisfying strict complementarity. Given
any initial solution, we check the condition we need
by solving a single linear programming (LP) problem.
If it is solvable, then we have differentiability and can
compute the derivatives fairly easily. In fact, the solu-
tion of this LP can easily be used to generate a route
flow satisfying strict complementarity. Although our
method does not need such a route flow, this might
be interesting on its own, as it is unclear from the ear-
lier papers how to find a route flow satisfying strict
complementarity easily.

1. Techniques
In this section we introduce a sensitivity theorem
for generalized equations and then show a way of

applying it to variational inequalities defined over
polyhedral convex sets.

1.1. Sensitivity of Generalized Equations
Let a multifunction G from a topological space X to a
topological space Y refer to an assignment for each
x ∈X of a set G�x
⊂ Y . The graph of G is a subset of
X × Y , defined to be gphG �= ��x�y
 � y ∈ G�x
�. The
domain of G is a subset of X, defined to be domG �=
�x � G�x
 �= ��. If X and Y are both subsets of some
Euclidean spaces, then we say that G is a graph-convex
polyhedral multifunction if gphG is a polyhedral con-
vex set and that G is a polyhedral multifunction if gphG
is the union of finitely many polyhedral convex sets.
We say two multifunctions G and H from X to Y coin-
cide locally at some point �x0�y0
 ∈ X × Y if �x0�y0
 ∈
gphG∩ gphH and there exists a neighborhood N of
�x0�y0
 such that N ∩gphG=N ∩gphH .

Suppose that U and X are neighborhoods of points
u0 and x0, respectively, in some Euclidean spaces.
We say that a function f � U ×X → �n is strictly dif-
ferentiable in �u�x
 at �u0�x0
 if f �·� ·
 has a Fréchet
derivative df �u0�x0
 at �u0�x0
 and, moreover, for any
positive - there exist neighborhoods U- of u0 in U and
X- of x0 in X such that whenever �u�x
 and �u′�x′

belong to U- ×X- then


f �u′�x′
− f �u�x
− df �u0�x0
�u′ −u�x′ − x


≤ -
�u′�x′
− �u�x

#

This property holds if f is continuously differentiable
in a neighborhood of �u0�x0
 (see Rockafellar and
Wets 1998, Corollary 9.19). We say that f is strictly dif-
ferentiable in x at �u0�x0
 uniformly on U if f �u0� ·
 has
a Fréchet derivative dxf �u

0�x0
 at x0 and, moreover,
for any positive - there exist neighborhoods U- of u0

in U and X- of x0 in X such that whenever u ∈U- and
x�x′ ∈X- then


f �u�x′
− f �u�x
− dxf �u
0�x0
�x′ − x

 ≤ -
x′ − x
#

A sufficient but not necessary condition for this prop-
erty to hold is that f be strictly differentiable in �u�x

at �u0�x0
.

The following theorem on sensitivity of general-
ized equations is extracted from Lu and Robinson
(2007, Theorem 5.1). It contains two different param-
eters, u and d, which play different roles: u affects
the function f , and d affects the multifunction G. No
assumption exists on how they are related: For exam-
ple, either could be a function of the other, or both
could be functions of some third parameter.

Theorem 1.1. Let G be a polyhedral multifunction
from �k ×�n to �n, and let �d0�x0
 be a point of �k ×�n.
Let D0 be a convex subset of �k containing d0, U0 be
a neighborhood of a point u0 in �m, X0 be a polyhedral
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convex neighborhood of x0 in �n, and f be a Lipschitz
continuous function from U0 × X0 to �n that is strictly
differentiable in x at x0 uniformly on U0. For x ∈X0 define

L�x
 �= f �u0�x0
+ dxf �u
0�x0
�x− x0
#

Assume the following:
1. The values u0, d0, and x0 satisfy the generalized

equation
0 ∈ f �u�x
+G�d�x
# (1.1)

2. There is a neighborhood 00 of the origin in �n such
that for each �d�w
 ∈ D0 ×00 the linearized generalized
equation w ∈ L�·
+G�d� ·
 has a unique solution in X0.
Then there are neighborhoods U ′ of u0 in U0, D′ of d0

in D0, and X ′ of x0 in �n and a single-valued Lipschitz
continuous function x� U ′ ×D′ → X ′, such that for each
�u�d
 ∈ U ′ ×D′ the point x�u�d
 is the unique solution
in X ′ of (1.1).
If we assume further that f is strictly differentiable in

�u�x
 at �u0�x0
 and that D0 is a neighborhood of d0,
then the function x�·� ·
 is semidifferentiable at �u0�d0
,
and its semiderivative dx�u0�d0
�r� s
 coincides locally at
the origin of �m ×�k ×�n with

�L�·
+G�d0 + s� ·
�−1�−duf �u
0�x0
�r

− x0# (1.2)

The term �L�·
 + G�d0 + s� ·
�−1�−duf �u
0�x0
�r



above is just the solution of the linearized gener-
alized equation −duf �u

0�x0
�r
 ∈ L�·
 + G�d0 + s� ·
.
The first hypothesis of Theorem 1.1 is routine, so its
application would need to concentrate on establishing
the second assumption. The following subsection will
show one way to do this in the context of variational
inequalities.

1.2. Sensitivity of Variational Inequalities
We apply Theorem 1.1 to variational inequalities
defined over perturbed polyhedral convex sets for
which a constraint nondegeneracy condition holds.
For a convex subset C of �n, we use the symbol 3C to
denote the Euclidean projector on C and fC to denote
the normal map induced by a function f � �n → �n,
defined to be

fC�z
= f �3C�z

+ z−3C�z
#

The proposition below considers multifunctions H
from �k to �l and S from �k to �n defined by

H�d
= �q ∈�l � Vd+Wq ≤ s�� S�d
=�H�d
 (1.3)

for each d ∈ �k, where V , W , and � are j × k, j × l,
and n× l matrices, respectively, and s ∈ �j . It shows
that under a constraint nondegeneracy condition, the
sets H�d
 and S�d
 locally coincide with affine trans-
lations of the sets H�d0
 and S�d0
 when d is near the
base point d0.

For a subset I of �1�2� # # # � j�, we define VI and WI

to be the submatrices of V and W consisting of those
rows with indices in I ; we use the same convention
for the subvector sI of s. For brevity we also speak of
an affine function from a subset D of �k to �l when
we mean a function from D to �l that can be extended
to an affine function from �k to �l.

Proposition 1.2. Define multifunctions H and S by
(1.3). Suppose that q0 ∈ H�d0
 and x0 = �q0. Let D be
a subset of �k containing d0. Define an index set A =
�i� Vid

0 +Wiq
0 = si�. If the constraint nondegeneracy con-

dition RangeWA ⊃ VA�d
0 −D
 holds, then there exists an

affine function q̃� D→�l satisfying WAq̃�d
= VA�d
0 −d


and q̃�d0
= 0. For each such function q̃, there exist neigh-
borhoods D2 of d0 in D, Q2 of q0 in �l, and X2 of x0 in �n,
such that

H�d
∩Q2 = �H�d0
+ q̃�d
�∩Q2 (1.4)

and
S�d
∩X2 = �S�d0
+�q̃�d
�∩X2 (1.5)

for each d ∈D2.

Proof. First, note that the condition RangeWA ⊃
VA�d

0 − D
 implies that RangeWA ⊃ VA�d
0 − affD
,

where affD is the affine hull of D. So there is no loss
of generality in assuming D to be an affine set.

Suppose RangeWA ⊃ VA�d
0 − D
. By linear alge-

bra there exists an affine function q̃� D → �l satis-
fying WAq̃�d
 = VA�d

0 − d
 and q̃�d0
 = 0. Let cA =
�1�2� # # # � j�\A; the definition of A then implies that
VcAd

0 +WcAq
0 < scA. Choose neighborhoods D1 of d0

in D and Q2 of q0 in �l such that

VcAd+WcAq < scA and

VcAd
0 +WcA�q− q̃�d

 < scA

(1.6)

for each �d� q
 ∈D1 ×Q2.
Then for each d ∈D1 we have

H�d
∩Q2 = �q �Wq ≤ s−Vd�∩Q2

= �q �WAq ≤ sA −VAd�∩Q2

= �q �WA�q− q̃�d

≤ sA −VAd
0�∩Q2

= �q �W�q− q̃�d

≤ s−Vd0�∩Q2

= �q � q ∈H�d0
+ q̃�d
�∩Q2�

where the second and fourth equations come from the
first and second inequalities in (1.6), respectively. This
shows that (1.4) holds for d ∈D1. Next we will show
the existence of neighborhoods D2 of d0 in D1 and X2
of x0 in �n such that (1.5) holds.

Define a multifunction �H from �n ×�k to �l by

�H�x�d
= �q ∈�l� Vd+Wq ≤ s� �q = x�#
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Clearly, gph �H is a polyhedral convex set containing
�x0�d0� q0
. Then there exists a Lipschitz continuous
function h̄ defined on dom �H such that (i) h̄�x�d
 ∈
�H�x�d
 for each �x�d
 ∈ dom �H ; and (ii) h̄�x0�d0
= q0.
For example, one could use

h̄�x�d
=3 �H�x�d
�q
0
= �q ∈�l � q0 − q ∈N �H�x�d
�q
��

which by Robinson (2007, Proposition 2.4) is a Lips-
chitz continuous function on dom �H .

Next, define another multifunction �H from �n ×D
to �l by

�H�x�d
= �q ∈H�d0
+ q̃�d
� �q = x�

and note that gph �H is a polyhedral convex set con-
taining �x0�d0� q0
 too. Similar to the construction of h̄,
we construct a Lipschitz continuous function h̃ on
dom �H such that (i) h̃�x�d
 ∈ �H�x�d
 for each �x�d
 ∈
dom �H ; and (ii) h̃�x0�d0
= q0.

Now choose neighborhoods D2 of d0 in D1 and X2

of x0 in �n such that h̄�x�d
 ∈ Q2 for each �x�d
 ∈
�X2 ×D2
 ∩ dom �H and h̃�x�d
 ∈ Q2 for each �x�d
 ∈
�X2 ×D2
∩dom �H . We show that these choices of D2
and X2 satisfy the requirement here.

Let d ∈ D2 and x ∈ S�d
 ∩ X2. The definition of
S�d
 ensures that �x�d
 ∈ dom �H , so that h̄�x�d
 is
well defined with x=�h̄�x�d
 and h̄�x�d
 ∈ �H�x�d
⊂
H�d
. The way we have defined D2 and X2 implies
that h̄�x�d
 ∈Q2. We thus have x ∈X2 ∩��H�d
∩Q2�.
By (1.4), this means that

x ∈X2 ∩���H�d0
+ q̃�d

∩Q2�# (1.7)

It follows that x belongs to the set X2∩��H�d0
+ q̃�d
�,
which is just the set X2 ∩ �S�d0
+�q̃�d
�. This shows
that S�d
∩X2 ⊂X2 ∩ �S�d0
+�q̃�d
�.

Conversely, let d ∈D2 and x ∈X2∩�S�d0
+�q̃�d
�, so
that x belongs to the set ��H�d0
+ q̃�d
�. Then �x�d
 ∈
dom �H , so h̃�x�d
 is well defined with x = �h̃�x�d

and h̃�x�d
 ∈ �H�d0
+ q̃�d

∩Q2. It follows that (1.7)
holds again. By (1.4), we have x ∈X2 ∩��H�d
∩Q2�,
and then x ∈ X2 ∩ S�d
. This shows that X2 ∩
�S�d0
+�q̃�d
�⊂ S�d
∩X2 and thereby completes the
proof. �

The constraint nondegeneracy condition in Propo-
sition 1.2 is closely related to the linear independence
constraint qualification (LICQ) in nonlinear program-
ming. The index set A as defined is just the active
index set for the base point q0 under the parameter d0.
If the LICQ holds at q0 in the sense that the matrix WA

is of full row rank, then RangeWA certainly contains
the set VA�d

0 −D
, and the constraint nondegeneracy
condition follows.

As Proposition 1.2 deals with perturbed polyhedral
convex sets, Robinson (2003) considered set pertur-
bations involving nonlinear constraints. If that were

applied to the situation here, Robinson (2003, Theo-
rem 3.1) would say that the perturbed sets H�d
 are
locally diffeomorphic to H�d0
 whenever the matrix
WA is of full row rank; it does not provide direct infor-
mation on how S�d
 varies.

One more remark on the constraint nondegeneracy
condition follows. Proposition 1.2 shows that it suf-
fices for the local translation property of H to hold;
in fact, it is also necessary for this if the set D is a
neighborhood of d0. We can show this by an argument
similar to the proof of Robinson (2003, Theorem 3.2),
but we omit such a proof because we will not use this
fact.

Here is the theorem on sensitivity of variational
inequalities that we will use in §2:

Theorem 1.3. Let S be a graph-convex polyhedral mul-
tifunction from �k to �n with �d0�x0
 ∈ gph S. Let D be
a convex subset of �k containing d0, X be a neighborhood
of x0 in �n, U be a neighborhood of a point u0 in �m, and
f be a Lipschitz continuous function from U ×X to �n,
which is strictly differentiable in x at x0 uniformly on U .
Define L� �n →�n by

L�x
 �= f �u0�x0
+ dxf �u
0�x0
�x− x0
#

Assume the following:
1. The values u0, d0, and x0 satisfy the variational in-

equality
0 ∈ f �u�x
+NS�d
�x
# (1.8)

2. There are neighborhoods D2 of d0 in D and X2 of x0

in �n and an affine function x̃� D → �n with x̃�d0
 = 0,
such that S�d
∩X2 = �S�d0
+ x̃�d
�∩X2 for any d ∈D2.
3. The normal map LK induced by the function L and

the critical cone

K �= �z ∈ TS�d0
�x
0
 � �f �u0�x0
� z� = 0�

is a global homeomorphism.
Then there are neighborhoods U ′ of u0 in U , D′ of d0

in D, and X ′ of x0 in �n, and a single-valued, Lipschitz
continuous function x� U ′ ×D′ → X ′, such that for each
�u�d
 ∈ U ′ ×D′ the point x�u�d
 is the unique solution
in X ′ of (1.8).
If we assume further that f is strictly differentiable in

�u�x
 at �u0�x0
 and that D is a neighborhood of d0, then
the function x�·� ·
 is semidifferentiable at �u0�d0
 with its
semiderivative dx�u0�d0
�r� s
 for each �r� s
 ∈ �m × �k

given by

3K ��LK

−1�−duf �u

0�x0
�r
−dxf �u
0�x0
�x̃�d0+s
+x0


+f �u0�x0
�+ x̃�d0+s
# (1.9)

Proof. Let y0 = x0 − f �u0�x0
. By the first assump-
tion we have −f �u0�x0
 ∈NS�d0
�x

0
, and it follows that
3S�d0
�y

0
= x0 and LS�d0
�y
0
= 0. The rest of this proof

consists of four steps.
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In Step 1, we use the third assumption and the rela-
tionship between variational inequalities and normal
maps to find a convex neighborhood 01 of the origin
in �n and a polyhedral convex neighborhood X1 of x0

in �n, such that the variational inequality w ∈ L�·
+
NS�d0
�·
 has a unique, Lipschitz continuous solution
in X1 as w varies in 01. We will denote that solution
by F �w
.

It is shown in Robinson (1992, Theorem 5.2) that
the normal map LK is a global homeomorphism if and
only if the normal map LS�d0
 is a local homeomor-
phism at y0. The latter means, according to remarks
at the beginning of §5 of that paper, that LS�d0
 is a
local homeomorphism from some neighborhood Y1 of
y0 in �n onto its image LS�d0
�Y1
, which is a neigh-
borhood of the origin of �n. By the definition of local
homeomorphism, the quantity �LS�d0



−1�·
 ∩ Y1 is a
single-valued, continuous function on LS�d0
�Y1
. As

x0 −L�x0
+ 0= x0 − f �u0�x0
= y0

and

3S�d0
��LS�d0


−1�0
∩Y1�=3S�d0
�y

0
= x0�

there exist a convex neighborhood 01 of the origin in
LS�d0
�Y1
 and a polyhedral convex neighborhood X1
of x0 in �n such that whenever �x�w
 ∈X1 ×01,

x−L�x
+w ∈ Y1 and 3S�d0
��LS�d0


−1�w
∩Y1� ∈X1#

Define a multifunction F from �n to �n by

F �w
= �L�·
+NS�d0
�·
�−1�w
∩X1� (1.10)

which consists of solutions to the variational inequal-
ity w ∈ L�·
 + NS�d0
�·
 in X1. Let w ∈ 01. The point
3S�d0
��LS�d0



−1�w
 ∩ Y1� belongs to X1 and solves the
equation w ∈ L�·
+NS�d0
�·
, so it belongs to F �w
. On
the other hand, each point x in F �w
 satisfies w ∈
L�x
+NS�d0
�x
; writing z= x−L�x
+w, we have

x=3S�d0
�z
� LS�d0
�z
=w and z ∈ Y1#

So z is just the point �LS�d0


−1�w
 ∩ Y1, and x is

just 3S�d0
��LS�d0


−1�w
 ∩ Y1�. It follows that the mul-

tifunction F is single valued on 01 with F �w
 =
3S�d0
��LS�d0



−1�w
 ∩ Y1� and F �0
 = x0. Because X1
is a polyhedral convex set, by Robinson (2007,
Lemma 2.3), F is a polyhedral multifunction; an appli-
cation of Robinson (2007, Corollary 2.2) then shows
that F is Lipschitz continuous on 01. This completes
the proof of Step 1.

In Step 2, we use the second assumption to find
neighborhoods 0′

3 of the origin in 01, D′
3 of d0 in D2,

and X ′
3 of x0 in �n, such that as �d�w
 varies in

D′
3 ×0′

3, the variational inequality w ∈ L�·
 + NS�d
�·

has a unique, Lipschitz continuous solution in X ′

3,
which is given by F �w−L�x̃�d

+L�0
�+ x̃�d
.

Choose neighborhoods 0′
3 of the origin in 01, D′

3 of
d0 in D2, and X ′

3 of x0 in �n, such that
1. X ′

3 is convex, open, and contained in X∩X1 ∩X2;
2. w − L�x̃�d

 + L�0
 ∈ 01 for each w ∈ 0′

3 and
d ∈D′

3;
3. x− x̃�d
 ∈X1 for each x ∈X ′

3 and d ∈D′
3;

4. F �w−L�x̃�d

+L�0
�+ x̃�d
 ∈X ′
3 for each w ∈0′

3
and d ∈D′

3.
Let w ∈0′

3 and d ∈D′
3. To say that

x ∈ �L�·
+NS�d
�·
�−1�w
∩X ′
3 (1.11)

is equivalent to saying that x belongs to X ′
3 and satis-

fies w ∈ L�x
+NS�d
�x
. As X ′
3 is open and convex, we

have NS�d
�x
=NS�d
∩X′
3
�x
 for x in S�d
∩X ′

3. It follows
that (1.11) holds if and only if w ∈ L�x
+NS�d
∩X′

3
�x
.

But S�d
∩X ′
3 = �S�d0
+ x̃�d

∩X ′

3 because X ′
3 is a sub-

set of X2, so (1.11) is in turn equivalent to w ∈ L�x
+
N�S�d0
+x̃�d
�∩X′

3
�x
. Again, as X ′

3 is open and convex, the
latter holds if and only if

w ∈ L�x
+NS�d0
+x̃�d
�x
 and x ∈X ′
3# (1.12)

Note that NS�d0
+x̃�d
�x
 = NS�d0
�x − x̃�d

 and the def-
inition of L implies that L�x
 − L�x̃�d

 + L�0
 =
L�x− x̃�d

, so we may rewrite (1.12) as

w−L�x̃�d

+L�0


∈ L�x− x̃�d

+NS�d0
�x− x̃�d

 and x ∈X ′
3�

or equivalently

x− x̃�d
 ∈ �L�·
+NS�d0
�·
�−1�w−L�x̃�d

+L�0
�

and x ∈X ′
3# (1.13)

The way we defined X ′
3 and D′

3 ensures that x− x̃�d
 ∈
X1 for each �x�d
 ∈ X ′

3 ×D′
3. By the definition of the

multifunction F in (1.10), (1.13) is equivalent to

x− x̃�d
 ∈ F �w−L�x̃�d

+L�0
� and x ∈X ′
3# (1.14)

The fact �d�w
 ∈ D′
3 ×0′

3 implies that w − L�x̃�d

+
L�0
 ∈01, that F �w−L�x̃�d

+L�0
� is a singleton and
that F �w − L�x̃�d

 + L�0
� + x̃�d
 ∈ X ′

3. Accordingly,
(1.14) is equivalent to

x= F �w−L�x̃�d

+L�0
�+ x̃�d
# (1.15)

We have thereby shown that (1.11) is equivalent to
(1.15) whenever �d�w
 ∈D′

3 ×0′
3. In other words, on

D′
3 ×0′

3 we have

�L�·
+NS�d
�·
�−1�w
∩X ′
3

= F �w−L�x̃�d

+L�0
�+ x̃�d
� (1.16)

which is a single-valued, Lipschitz continuous func-
tion of �d�w
. This proves Step 2.
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In Step 3, we find a neighborhood 03 of the origin
in �n, a convex neighborhood D3 of d0 in D, and a
polyhedral convex neighborhood X3 of x0 in X, such
that as �d�w
 varies in D3×03, the variational inequal-
ity w ∈ L�·
+ NS�d
�·
 has a unique, Lipschitz contin-
uous solution in X3. Then we apply Theorem 1.1 to
obtain the existence, uniqueness, Lipschitz continuity,
and semidifferentiability of the variational inequal-
ity (1.8).

Let X3 be a polyhedral convex neighborhood of x0

in X ′
3; in particular, X3 is a subset of X. As the quantity

�L�·
+NS�d
�·
�−1�w
∩X ′
3 is Lipschitz continuous with

respect to �d�w
 in 0′
3 ×D′

3, we can choose a neigh-
borhood 03 of the origin in 0′

3 and a convex neigh-
borhood D3 of d0 in D′

3 such that whenever �d�w
 ∈
D3 ×03,

�L�·
+NS�d
�·
�−1�w
∩X ′
3 ∈X3# (1.17)

Combining (1.16) and (1.17), for each �d�w
 ∈D3 ×03
we have

�L�·
+NS�d
�·
�−1�w
∩X3

= F �w−L�x̃�d

+L�0
�+ x̃�d
� (1.18)

which is a single-valued, Lipschitz continuous func-
tion of �d�w
.

We are then ready to apply Theorem 1.1 with the
choices 03 for 00, D3 for D0, U for U0, X3 for X0, and
the specialization

G�d�x
=NS�d
�x
 (1.19)

for the multifunction G; by Robinson (2007, Lemma
2.3), the choice (1.19) of G is a polyhedral multi-
function. It follows from this theorem that there exist
neighborhoods U ′ of u0 in U , D′ of d0 in D3, and X ′

of x0 in �n, and a single-valued, Lipschitz continuous
function x� U ′ ×D′ → X ′, such that for each �u�d
 ∈
U ′ × D′ the point x�u�d
 is the unique solution in
X ′ of (1.8). Moreover, if f is strictly differentiable in
�u�x
 at �u0�x0
 and D3 is a neighborhood of d0, then
the function x�·� ·
 is semidifferentiable at �u0�d0
, and
the graph of its semiderivative dx�u0�d0
�r� s
 coin-
cides on a neighborhood R0 × S0 × T0 of the origin in
�m ×�k ×�n with the graph of the function

�L�·
+NS�d0+s
�·
�−1�−duf �u
0�x0
�r
�∩X3−x0# (1.20)

As D3 is a neighborhood of d0 in D, we have ob-
tained all conclusions of the present theorem except
the formula in (1.9), which we will show in the next
step.

In Step 4, we show that (1.9) follows from (1.20).
Recall that L�x0
= f �u0�x0
 and −L�x0
 ∈NS�d0
�x

0
.
According to Robinson (1992, Proposition 5.1), there

is a neighborhood V ×W of the origin in �n×�n such
that

��x0�−L�x0

+V ×W�∩gphNS�d0


= �x0�−L�x0

+ �V ×W ∩gphNK�# (1.21)

Because F is a Lipschitz continuous function on 01
with F �0
 = x0, there exists a neighborhood 0 of the
origin in 01 such that each w ∈ 0 satisfies F �w
 −
x0 ∈ V and L�x0
− L�F �w

+w ∈W . Choose a neigh-
borhood R × S of the origin in R0 × S0, such that
−duf �u

0�x0
�r
 ∈03, d0+s ∈D3, and −duf �u
0�x0
�r
−

L�x̃�d0 + s

+L�0
 ∈0 whenever �r� s
 ∈R× S.
Let w ∈0. The definition of 0 implies that

�F �w
�w−L�F �w

� ∈ �x0�−L�x0

+V ×W�

and the definition of F implies that

w−L�F �w

 ∈NS�d0
�F �w

#

It follows that

�F �w
�w−L�F �w

� ∈ ��x0�−L�x0

+V ×W�∩gphNS�d0


= �x0�−L�x0

+�V ×W ∩gphNK��

so w−L�F �w

+L�x0
 ∈NK�F �w
− x0
 and then

3K�F �w
−x0+w−L�F �w

+L�x0
�=F �w
−x0# (1.22)

This implies that

LK�F �w
−x0+w−L�F �w

+L�x0
�=w+L�0
# (1.23)

As LK is a global homeomorphism by assumption,
(1.22) and (1.23) imply that

F �w
=3K � �LK

−1�w+L�0

+ x0# (1.24)

Now for each �r� s
 ∈R× S, we have

�L�·
+NS�d0+s
�·
�−1�−duf �u
0�x0
�r
�∩X3

=F �−duf �u
0�x0
�r
−L�x̃�d0+s

+L�0
�+ x̃�d0+s


=3K ��LK

−1�−duf �u

0�x0
�r
−L�x̃�d0+s

+2L�0
�

+x0+ x̃�d0+s


=3K ��LK

−1�−duf �u

0�x0
�r
−dxf �u
0�x0


·�x̃�d0+s
+x0
+f �u0�x0
�+x0+ x̃�d0+s
�

where the first and second equations come from (1.18)
and (1.24), respectively, and the third is by defini-
tion of L. Combining this with (1.20), we see that the
semiderivative dx�u0�d0
�r� s
 coincides locally at the
origin of �m×�k×�n with the function in (1.9). As K
is a convex cone, the function 3K is positive homoge-
neous on �n. Using facts that L and x̃ are both affine
functions with L�0
 = f �u0�x0
 − dxf �u

0�x0
x0 and
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x̃�d0
= 0, one can check that (1.9) is a positive homo-
geneous function of �r� s
. Since dx�u0�d0
�r� s
 is also
positive homogeneous, it coincides with (1.9) every-
where. This shows (1.9) and completes the proof. �

The first assumption of Theorem 1.3 is routine and
is just a copy of the first assumption of Theorem 1.1.
The second assumption requires a kind of local trans-
lation property of the multifunction S, which by
Proposition 1.2 would follow from a constraint non-
degeneracy condition. The third assumption requires
the normal map induced by the critical cone to be a
homeomorphism; this is a standard assumption used
in analysis of variational inequalities. The latter two
assumptions combine to imply the second assumption
in Theorem 1.1. In the next section we will show that
for traffic user equilibrium problems, these assump-
tions hold under some simple conditions. The for-
mula (1.9) for semiderivatives may look complicated;
however, for each vector a ∈ �n the quantity 3K �
�LK


−1�a
 is nothing but the solution of the linear vari-
ational inequality a ∈ L�·
 + NK�·
. Indeed, for traffic
user equilibrium problems this is just the solution of
a linearized traffic user equilibrium; we will go into
detail about this in §2.4.

2. Sensitivity of Traffic User
Equilibria

In this section we apply results from §1.2 to the para-
metric traffic user equilibrium problem introduced at
the beginning of this paper. As in Theorem 1.3, we
use the set

K = �z ∈ TS�d0
�x
0
 � �f �u0�x0
� z� = 0� (2.1)

to denote the critical cone and the function L� �� →��

to denote the linear approximation of f with respect to
x at �u0�x0
,

L�x
 �= f �u0�x0
+ dxf �u
0�x0
�x− x0
# (2.2)

We also use L̃ ∈ ��×� to denote the matrix represent-
ing the linear operator dxf �u

0�x0
.
The choice (0.5) of S is a graph-convex polyhedral

multifunction, so the traffic user equilibrium problem
considered here belongs to the category of paramet-
ric variational inequalities dealt with by Theorem 1.3.
We will utilize the special structure of this problem to
replace assumptions in that theorem by specific con-
ditions that are easy to check and develop practical
methods to compute the semiderivatives or deriva-
tives of the parametric equilibrium arc flow.

The rest of this section consists of six parts. Sec-
tion 2.1 shows that the strict positivity of the base
demand d0 implies the local translation property
required in Theorem 1.3. Section 2.2 investigates the
structure of the critical cone K. Following that, §2.3

shows how to check the homeomorphism condition
required in Theorem 1.3. Sections 2.4 and 2.5 then dis-
cuss how to compute the semiderivatives or deriva-
tives when they exist. Section 2.6 summarizes these
results in a theorem.

2.1. Constraint Nondegeneracy Condition
The following lemma shows that the strict positivity
of the base demand d0 implies the constraint nonde-
generacy condition in Proposition 1.2 and then the
local translation property required in Theorem 1.3.

Lemma 2.1. Assume the notation for the traffic user
equilibrium problem from the Introduction. Suppose d0 > 0;
then there exist neighborhoods X2 of x0 in ��, D2 of d0

in D, and an affine function q̃� D→�� as defined in (2.7)
such that q̃�d0
= 0 and S�d
∩X2 = �S�d0
+�q̃�d

∩X2
for any d ∈D2.

Proof. Let I� and I� denote the identity matrices in
��×� and ��×� , respectively. Rewriting the set H�d

defined in (0.4) as

H�d
=


q∈��

∣∣∣∣∣∣∣



−I�

I�

0


d+




�

−�

−I�


q≤




0

0

0





� (2.3)

we are in the setting of Proposition 1.2 with the
choices �−I�� I��0�T for the matrix V , ���−��−I��

T

for the matrix W , and �0�0�0�T for the vector s. The
way we have defined q0 ensures that x0 =�q0 and q0 ∈
H�d0
; the latter means that q0 is nonnegative with

d0 =�q0� or equivalently,

d0
w = ∑

p∈�w

q0
p for each w ∈� # (2.4)

The definition of H�d
 in (2.3) consists of three
groups of inequalities. By (2.4) the first two groups
are active for the pair �d0� q0
. If we denote the set of
all unused routes by

�0 = �p ∈�� q0
p = 0�� (2.5)

then an inequality in the third group is active for q0

if and only if it corresponds to a route in �0.
Suppose d0 > 0. By (2.4), for each OD pair w there

exists at least one route p ∈�w with q0
p > 0; choose one

such route for each w and denote it by p�w
, and let

�1 = �p�w
�w ∈� � (2.6)

be the collection of all such routes. The definition
of �1 ensures that �\�1 ⊃�0. Then, for each d ∈��,
define q̃�d
 ∈�� by

�q̃�d
�p=


dw−d0

w if p=p�w
 for some w∈� �

0 otherwise#
(2.7)
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The function q̃ as defined is an affine function of d
with q̃�d0
 = 0. Moreover, for each d ∈ ��, we have
�q̃�d
 = d − d0 and �q̃�d
�p = 0 for each route p ∈
�\�1 ⊃�0. If we define the index set A as in Proposi-
tion 1.2, what we have shown implies that WAq̃�d
=
VA�d

0 − d
 for each d ∈ ��. It follows that the con-
straint nondegeneracy condition in Proposition 1.2
holds here, and an application of that proposition
would provide us neighborhoods X2 and D2 such that
the required properties hold. �

In the rest of this paper, we make the key assump-
tion that d0 > 0. This is not as strong as it sounds;
what we actually do is to assume that the demand
between all OD pairs with zero unperturbed demand
will continue to be zero, and we then exclude those
OD pairs from the model. Indeed, if the equilibrium
arc flow x�u�d
 is semidifferentiable or differentiable
at �u0�d0
, then it has to be well defined in a neighbor-
hood of �u0�d0
 in �m ×��. In particular, there must
exist a neighborhood of d0 in �� such that S�d
 �= �
for each d in this neighborhood, and this means that
d0 > 0. Hence, this strict positivity assumption is in
any case necessary for the semidifferentiability or dif-
ferentiability of the equilibrium arc flow, and it is an
implicit assumption in papers studying these proper-
ties, including Tobin and Friesz (1988); Cho, Smith,
and Friesz (2000); and Yang and Bell (2005). For sen-
sitivity analysis of elastic-demand traffic user equi-
librium problems, it is not necessary to assume the
travel demand at the base equilibrium to be strictly
positive (see Qiu and Magnanti 1992; Patriksson and
Rockafellar 2003; and Josefsson and Patriksson 2007).

2.2. Critical Cone
This subsection investigates the structure of the crit-
ical cone K for the traffic user equilibrium problem
under the assumption d0 > 0.

In (2.5) and (2.6) we defined route sets �0 and �1,
with the former consisting of all unused routes and
the latter consisting of exactly one used route for
each OD pair. We may further divide the set �0 into
two subsets �00 and �01, such that �00 consists of all
unused routes that are user optimal and �01 consists
of all unused routes that are not user optimal. We also
define �2 to consist of all used routes not in �1. In
this way, we have partitioned the entire route set by

� =�00 ∪�01 ∪�1 ∪�2� (2.8)

where
�00 = ⋃

w∈�
�p ∈�w� q

0
p = 0� c0

p = "0
w��

�01 = ⋃
w∈�

�p ∈�w� q
0
p = 0� c0

p > "0
w��

�1 = ⋃
w∈�

�p ∈�w� q
0
p > 0� p= p�w
��

�2 = ⋃
w∈�

�p ∈�w� q
0
p > 0� p �= p�w
�#

(2.9)

Clearly, the definition of �1 above is equivalent to its
original definition in (2.6). Denote the cardinalities of
�00, �01, �1, and �2 by �00, �01, �1, and �2, respec-
tively, and note that �1 =� by the way we defined �1.
For the purpose of explicit explanation, we treat �00,
�01, �1, and �2 as ordered sets. We enumerate the set
� and then order routes in �1 such that the jth route
in �1 connects the jth OD pair for each j from 1 to �.

Accordingly, we partition the matrices � and � by
column as [

�

�

]
=

[
�00 �01 �1 �2

�00 �01 �1 �2

]
� (2.10)

where matrices �00, �01, �1, and �2 contain columns
in � corresponding to routes in �00, �01, �1, and �2,
respectively, and similarly for matrices �00, �01, �1,
and �2. By the ordering we made for routes in �1, we
have arranged that �1 = I�.

For each d ∈ �� we divide the route flow q̃�d
 in
(2.7) into four components:

q̃�d
= �q̃00�d
� q̃01�d
� q̃1�d
� q̃2�d

#

The definition of q̃�d
 implies that q̃00�d
, q̃01�d
, and
q̃2�d
 are null vectors, so we have �q̃�d
=�1q̃1�d
 and
�q̃�d
 = �1q̃1�d
. It then follows from the equations
�1 = I� and �q̃�d
= d− d0 that q̃1�d
= d− d0. Conse-
quently, we have

�q̃�d
=�1�d− d0
# (2.11)

By the definition of H�d
 in (2.3) and Rockafellar
and Wets (1998, Theorem 6.46), we have

TH�d0
�q
0
=


q∈��

∣∣∣∣∣∣∣∣
�q=0

qp≥0 if p∈�00∪�01

qp free if p∈�1∪�2


# (2.12)

Because S�d0
 = �H�d0
 and x0 = �q0, we have
TS�d0
�x

0
= �TH�d0
�q
0
 by Rockafellar and Wets (1998,

Theorem 6.43). Then, by its definition, the critical
cone K can be written as

K = {
z ∈�� � �f �u0�x0
� z� = 0� z=�q for some q ∈��

such that �q = 0 and qp ≥ 0 for p ∈�00 ∪�01
}

= {
z ∈�� � z=�q for some q ∈�� such that �q = 0�

��T f �u0�x0
� q� = 0 and qp ≥ 0 for p ∈�00 ∪�01
}
�

where �T f �u0�x0
 = c0 is just the route cost at the
equilibrium. The fact that q0 is an equilibrium route
flow implies that

c0
p −"0

w



=0� if p ∈�00 ∪�1 ∪�2@

>0� if p ∈�01#
(2.13)
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Hence, if q ∈ �� satisfies �q = 0 and qp ≥ 0 for each
p ∈�00 ∪�01, then

�c0� q� = ∑
w∈�

∑
p∈�w

c0
pqp =

∑
w∈�

∑
p∈�w

�"0
wqp + �c0

p −"0
w
qp�

= ∑
w∈�

{
"0

w

∑
p∈�w

qp +
∑
p∈�w

�c0
p −"0

w
qp

}

= ∑
w∈�

∑
p∈�w

�c0
p −"0

w
qp =
∑
w∈�

∑
p∈�w∩�01

�c0
p −"0

w
qp�

which is equal to zero if and only if qp = 0 for each
p ∈�01.

We can then rewrite K as

K =
{
z∈��

∣∣∣∣
[

0

z

]
=

[
�00

�00

]
q00+

[
�01

�01

]
q01

+
[
�1

�1

]
q1+

[
�2

�2

]
q2 for some

�q00�q01�q1�q2
∈��00+ ×�0��01 ×��1 ×��2

}
# (2.14)

Because �1 = I�, we can further simplify this ex-
pression to

K = {
z ∈�� � z= ��00 −�1�00
q00 + ��2 −�1�2
q2

for some �q00� q2
 ∈��00+ ×��2
}
# (2.15)

Let A be a matrix the columns of which form a basis
for the column space of �2 −�1�2, and let B contain
columns in �00 − �1�00 that are not in the column
space of A. If we denote the number of columns in A
and B by B and C, respectively, then we can rewrite
(2.15) as

K = {
z ∈�� � z=Au+Bv for some u ∈�B�v ∈�C

+
}
#

(2.16)
We will use both expressions of K in (2.14) and

(2.16) in following subsections; we use (2.16) in
§§2.3 and 2.5 to check the homeomorphism condition
required by Theorem 1.3 and compute the derivatives
of the equilibrium arc flow and use (2.14) in §2.4 to
compute the semiderivatives.

Finally, recall that we chose q0 by arbitrarily select-
ing one out of H�d0
 that satisfies x0 = �q0. This q0

affects the way we partitioned � and therefore the
expressions of K. However, whichever q0 we choose
does not affect the analysis results, because the defini-
tion of the critical cone K shows that it does not truly
depend on q0.

2.3. Homeomorphism Condition
By definition of the function L in (2.2) and the cone K
in (2.1), L is an affine transformation and K is a poly-
hedral convex cone. As is shown in Robinson (1995),

the normal map LK induced by L for K is a piecewise
affine map of ��, the homeomorphism property in
this case is equivalent to the bijectivity property, and
LK is a homeomorphism if and only if it is coherently
oriented; that is, the determinants of the affine trans-
formations with which LK coincides in the n-cells of
the normal manifold of K all have the same nonzero
sign. However, it is not easy to check directly whether
the coherent orientation condition holds, because in
practice we cannot afford to enumerate all the n-cells
of the normal manifold given the expressions for K in
(2.14) and (2.16).

The definition of the matrix L̃ just below (2.2)
implies that L�x
= L̃x+ b for a certain vector b ∈ ��.
Part of the proof of Facchinei and Pang (2003, Propo-
sition 1.5.11) shows that the normal map LK is bijec-
tive if and only if, for each a ∈ ��, the following VI
problem has a unique solution z:

0 ∈ L̃z− a+NK�z
# (2.17)

Hence, to find conditions under which LK is a home-
omorphism, we just need to find conditions for (2.17)
to have a unique solution for each a ∈ ��. We give
three different conditions, each of which suffices for
this to hold.

First, according to Theorem 2.3.3 and the remark
after Definition 2.3.1 in Facchinei and Pang (2003), if L̃
is strictly monotone on K, then the problem (2.17) has
a unique solution for any a ∈��. Note that L̃ is strictly
monotone on K if and only if it is strictly monotone
on the subspace K −K. Given the expression of K in
(2.16), the subspace K − K is just the column space
of the matrix �A�B�. Let Ã be a matrix the columns
of which form a basis for the column space of �A�B�;
then L̃ is strictly monotone on K if and only if the
matrix ÃT L̃Ã is positive definite.

Second, given the expression of K in (2.16), accord-
ing to the Karush-Kuhn-Tucker conditions for vari-
ational inequalities (see Facchinei and Pang 2003,
Proposition 1.3.4), z solves (2.17) if and only if there
exist E ∈ �B , F ∈ �C, and 
 ∈ �� such that �z� E� F�


solves the following mixed complementarity (MCP)
problem:

0= L̃z−
− a⊥ z free

0=AT 
⊥ E free

0≤ BT 
⊥ F ≥ 0

0= z−AE−BF ⊥ 
 free#

(2.18)

Eliminate 
 from (2.18) to transform it to the fol-
lowing MCP problem

0=AT L̃z−AT a⊥ E free

0≤ BT L̃z−BT a⊥ F ≥ 0

0= z−AE−BF ⊥ z free

(2.19)
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which can be rewritten as

−




z−AE−BF

AT L̃z−AT a

BT L̃z−BT a


 ∈N��×�B×�

C
+






z

E

F




 � (2.20)

or equivalently,


0

AT a

BT a


 ∈




I −A −B

AT L̃ 0 0

BT L̃ 0 0






z

E

F




+N��×�B×�
C
+






z

E

F




 # (2.21)

According to Theorem 3.1 in Robinson (1980), (2.21)
has a unique solution for any choice of a ∈ �� if the
following two conditions both hold:
Condition 1.1 (C1.1). The matrix[

I −A

AT L̃ 0

]

is nonsingular, or equivalently, the matrix AT L̃A is
nonsingular;
Condition 1.2 (C1.2). The matrix

[
BT L̃ 0

][ I −A

AT L̃ 0

]−1 [
B

0

]

= BT L̃B−BT L̃A�AT L̃A
−1AT L̃B

has positive principal minors.
Therefore, if C1.1 and C1.2 hold, (2.20) has a unique

solution for any a ∈ ��; consequently, (2.17) has a
unique solution for any a ∈��.

Third, if we can express the polyhedral cone K by
a system of linear equations and inequalities

K = �z ∈�� �Mz≤ 0� Ez= 0�� (2.22)

then, by using the same theorem as above, we can
show that LK is a homeomorphism if the following
conditions hold:
Condition 2.1 (C2.1). The matrix[

L̃ ET

−E 0

]

is nonsingular, or equivalently, the matrix �L̃�ET 
⊥�ET �
is nonsingular, where the matrix �ET 
⊥ contains
columns perpendicular to the column space of ET ;
Condition 2.2 (C2.2). The matrix

[
M 0

][ L̃ ET

−E 0

]−1 [
MT

0

]

has positive principal minors.

2.4. Semidifferentiability
Continue to assume the notation and hypotheses
given in the Introduction for the traffic user equi-
librium problem, and suppose that d0 > 0 and LK is
a homeomorphism. By hypothesis, f is continuously
differentiable on U ×X, so it is Lipschitz continuous
on a (possibly smaller) neighborhood of �u0�x0
 in
�m×�� (see Rockafellar and Wets 1998, Theorem 9.7);
therefore, there is no loss of generality in assuming f
to be Lipschitz continuous on U ×X. By the remark
following the definition of strict differentiability in
§1.1, the continuous differentiability of f implies that
it is strictly differentiable in �u�x
 at �u0�x0
. Further,
Lemma 2.1 shows that under the assumption d0 > 0,
the second assumption of Theorem 1.3 holds with the
affine function x̃� D→�� defined by

x̃�d
=�q̃�d
=�1�d− d0
� (2.23)

where q̃ is defined in (2.7) and the second equality is
from (2.11). Finally, the set D is open by hypothesis,
and by considering an open and convex subset of it,
we may assume without loss of generality that D is
convex.

Now, an application of Theorem 1.3 generates
neighborhoods U ′ of u0 in U , D′ of d0 in D, X ′ of x0

in ��, and a single-valued, Lipschitz continuous func-
tion x� U ′ ×D′ →X ′, such that for each �u�d
 ∈U ′ ×D′

the point x�u�d
 is the unique solution in X ′ of (0.7).
Moreover, the function x�·� ·
 is semidifferentiable at
�u0�d0
 with its semiderivative for each �r� s
 ∈ �m ×
�� given by

dx�u0�d0
�r� s


=3K � �LK

−1

[−duf �u
0�x0
�r


−L̃��1s+ x0
+ f �u0�x0

]+�1s� (2.24)

where we replaced x̃�d0 + s
 and dxf �u
0�x0
 in (1.9)

by �1s and L̃, respectively. For notational simplicity,
we write

a�r� s
 = −duf �u
0�x0
�r


− L̃��1s+ x0
+ f �u0�x0
 (2.25)

and
z�r� s
=3K � �LK


−1 � a�r� s
# (2.26)

The rest of this subsection discusses how to com-
pute z�r� s
. According to the equivalence between
normal maps and corresponding variational inequal-
ities shown in Robinson (1995), z�r� s
 solves the VI
problem

0 ∈ L�z�r� s

− a�r� s
+NK�z�r� s

 (2.27)

and in fact is its unique solution under the assump-
tion that LK is a homeomorphism.
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We can rewrite K in (2.14) by

K = ��00��01��1��2�H� (2.28)

where H is a set of route flows:

H = {
q= �q00�q01�q1�q2
� q00∈��00+ �q01∈�0��01�q1∈��1�

q2∈��2��00q00+�01q01+�1q1+�2q2=0
}
# (2.29)

The problem given by (2.27)–(2.29) is a traffic user
equilibrium over the same network we started with;
the arc cost function for it is given by the affine func-
tion L�·
− a�r� s
, the travel demand is zero for each
OD pair, and the route flow is fixed at zero for routes
in �01 and free for routes in �1 ∪�2. We can solve it
using algorithms designed for traffic user equilibria.

Another way to compute z�r� s
 is by solving the
linear MCP problem in (2.30). Similar to the transfor-
mation from (2.17) to (2.19), one can show that z�r� s

solves (2.27) if and only if there exist E�r� s
 ∈�B and
F�r� s
 ∈�C such that �z�r� s
� E�r� s
� F�r� s

 satisfies:

0=AT L�z�r� s

−AT a�r� s
⊥ E�r� s
 free

0≤ BT L�z�r� s

−BT a�r� s
⊥ F�r� s
≥ 0

0= z�r� s
−AE�r� s
−BF�r� s
⊥ z�r� s
 free#

(2.30)

2.5. Differentiability
In this subsection, we start by showing that when
the critical cone K is a subspace, the semiderivative
dx�u0�d0
�r� s
 given in (2.24) is a linear function with
respect to �r� s
, so the function x is differentiable
at �u0�d0
. Following that, we show how to check
whether K is a subspace.

Suppose for now that K is a subspace; then it is
just the column space of the matrix �A�B� in view of
(2.16). Let Ã be a matrix the columns of which form
a basis for the column space of �A�B�, and denote
the number of columns of Ã by I. Then z�r� s
 solves
(2.27) if and only if z�r� s
= ÃE�r� s
 for some E�r� s

∈�I satisfying

ÃT �L̃�ÃE�r� s
− x0
+ f �u0�x0
− a�r� s
�= 0� (2.31)

where we used (2.2) to replace L�·
 in (2.27) by
L̃�· − x0
+ f �u0�x0
.

Under the assumption that LK is a homeomor-
phism, (2.27) has a unique solution z�r� s
 for each
�r� s
 in �m ×��, so (2.31) also has a unique solution
E�r� s
 for each such �r� s
. Therefore, the matrix ÃT L̃Ã
is nonsingular, and z�r� s
 is given by

z�r� s
= Ã�ÃT L̃Ã
−1ÃT �L̃x0 − f �u0�x0
+ a�r� s
�#

Then by (2.24) and (2.25), we have

dx�u0�d0
�r� s


= Ã�ÃT L̃Ã
−1ÃT �−duf �u
0�x0
�r
− L̃��1s
�+�1s�

which is a linear function of �r� s
. This shows that
x is differentiable at �u0�d0
, with Jacobian matrices
xu�u

0�d0
 ∈��×m and xd�u
0�d0
 ∈��×� given by

xu�u
0�d0
= Ã�ÃT L̃Ã
−1ÃT �−duf �u

0�x0
� (2.32)

and

xd�u
0�d0
= Ã�ÃT L̃Ã
−1ÃT �−L̃�1�+�1# (2.33)

Because the matrix Ã has � rows and at most
� columns, the dimension of the matrix ÃT L̃Ã is
at most � × �. In a large network, the number of
arcs is usually much smaller than the number of OD
pairs or the number of routes. In practice, we do not
compute the inverted matrix �ÃT L̃Ã
−1 to compute
xu�u

0�d0
 and xd�u
0�d0
; instead, we just solve a sys-

tem of linear equations.
We showed how to calculate the derivatives of the

arc flow with respect to the parameter �u�d
 when the
critical cone K is a subspace. Below we show how to
check whether K is a subspace.

First, in view of (2.16), K is trivially a subspace if
the matrix B is empty. This is the fastest way to check
the subspace property, but it is not complete.

Next, we characterize the subspace property by the
solution property of an LP problem. Being a con-
vex cone, K is a subspace if and only if the origin
belongs to its relative interior riK (see Rockafellar
1970 for the definition of relative interiors of convex
sets). Given the expression of K in (2.15), an appli-
cation of Rockafellar (1970, Corollary 6.6.2, Theorem
6.6) shows that

riK = {
z ∈�� � z= ��00 −�1�00
q00 + ��2 −�1�2
q2

for some �q00� q2
 ∈��00++ ×��2
}
#

Accordingly, K is a subspace if and only if there
exist q00 ∈��00++ and q2 ∈��2 such that

��00 −�1�00
q00 + ��2 −�1�2
q2 = 0# (2.34)

When such �q00� q2
 exists, then �
q00�
q2
 for each
strictly positive scalar 
 still satisfies (2.34). By choos-
ing 
 to be sufficiently large, we may arrange that all
elements of 
q00 be no less than 1. Hence, K is a sub-
space if and only if the following LP problem with a
dummy objective function is solvable:

min
q00∈��00 �q2∈��2

0 (2.35)

s.t. ��00−�1�00
q00+��2−�1�2
q2=0 (2.36)

�q00
i≥1 for each i=1�###��00# (2.37)

This provides a complete and practical way to check
if K is a subspace.
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We can relate this subspace property to the strict
complementarity assumption in Cho, Smith, and
Friesz (2000) and Yang and Bell (2005), namely the
existence of an equilibrium route flow in which each
user optimal route has positive flow. Generally, if a
point x in �n satisfies a variational inequality 0 ∈
f �x
 + NS�x
, with f being a function from �n to
�n and S being a convex set in �n, then the criti-
cal cone TS�x
 ∩ �f �x
�⊥ is a subspace if and only if
−f �x
 ∈ riNS�x
 (see, e.g., Robinson 1987, Lemma 2.1).
If S is defined by finitely many nonlinear constraints
and satisfies a certain constraint qualification, then the
condition −f �x
 ∈ riNS�x
 can be rewritten as some
strict complementarity condition; see related discus-
sions in Dunn (1987) and Marcotte and Dussault
(1989). The following proposition shows that under
the special structure of the traffic user equilibrium
problem, the critical cone K at the equilibrium arc
flow x0 is a subspace if and only if the strict com-
plementarity assumption in Cho, Smith, and Friesz
(2000) and Yang and Bell (2005) holds.

Proposition 2.2. K is a subspace if and only if there
exists a route flow q∗ ∈H�d0
 with x0 =�q∗ such that for
each w ∈� , each p ∈�w with c0

p = "0
w satisfies q∗p > 0.

Proof. For the “if” part, suppose that such a route
flow q∗ exists. We then choose q0 �= q∗ and partition
the route set � by (2.8)–(2.9). The strict complemen-
tarity condition implies that none of the user optimal
routes is unused, so the set �00 is empty. It is clear
that K is a subspace in view of (2.15).

For the “only if” part, suppose that K is a subspace.
Consequently, the LP problem (2.35)–(2.37) has a solu-
tion �q00� q2
 ∈��00 ×��2 . We show the existence of q∗

by constructing it from �q00� q2
 and the initial route
flow q0, which we write as �q0

00� q
0
01� q

0
1� q

0
2
. Let 
 be a

positive scalar, and define

q∗ =




q∗00

q∗01

q∗1

q∗2


=




q0
00 +
q00

q0
01

q0
1 −
��00q00 +�2q2


q0
2 +
q2


 # (2.38)

It then follows from the equality �1 = I� that �q∗ =
�q0 and from the equality (2.36) that �q∗ = �q0. The
way we defined �00, �01, �1, and �2 implies that
q0

00 = 0, q0
01 = 0, q0

1 > 0, and q0
2 > 0. By (2.37) we have

q00 > 0, so q∗00 > 0. Further, by choosing 
 to be suffi-
ciently small, we can arrange that q∗1 > 0 and q∗2 > 0.
This proves the “only if” part. �

Proposition 2.1 makes precise what the subspace
property means for the traffic user equilibrium prob-
lem, and shows an interesting connection between the
methodology here and those in earlier work. It also
provides a way to construct a route flow q∗ satisfying

strict complementarity from any initial route flow q0

and the solution �q00� q2
 of the LP problem; one may
simply define q∗ by (2.38) and choose a positive 

such that q0

1 −
��00q00 +�2q2
 > 0 and q0
2 +
q2 > 0.

Finally, when K is a subspace, or equivalently, when
there exists a route flow q∗ satisfying strict comple-
mentarity, we may choose q0 = q∗ and partition the
route set � by (2.8)–(2.9), as in the proof of last propo-
sition. Then (2.14) becomes

K =
{
z ∈��

∣∣∣∣
[

0

z

]
=

[
�1

�1

]
q1 +

[
�2

�2

]
q2

for some �q1� q2
 ∈��1 ×��2

}
# (2.39)

In particular, if an arc is not on each of the used
routes, then both rows in �1 and �2 corresponding to
this arc are zero vectors. This means that we have in
fact excluded such arcs from the analysis by restrict-
ing to the cone K, while in Tobin and Friesz (1988);
Cho, Smith, and Friesz (2000); and Yang and Bell
(2005), these arcs were excluded from the model in an
explicit manner. This shows another interesting con-
nection between the methodology here and those in
earlier work.

2.6. Summary
The following theorem summarizes the development
in §2 for sensitivity of traffic user equilibria.

Theorem 2.3. Assume the notation and hypotheses
given in the Introduction for the traffic user equilibrium
problem. Define an affine function L� �� → �� by (2.2)
and a cone K in �� by (2.1). Let L̃ ∈ ��×� denote the
matrix representing the linear operator dxf �u

0�x0
.
Suppose first that d0 > 0; we may then partition the

route set � by (2.8)–(2.9) and the matrices � and � by
(2.10). The cone K satisfies (2.14) and (2.16), where in
(2.16) A is a matrix the columns of which form a basis
for the column space of �2 −�1�2, and B is a matrix that
consists of columns in �00 − �1�00 that are not in the
column space of A. Let Ã be a matrix the columns of which
form a basis for the column space of �A�B�.
Suppose further that the normal map LK is a homeomor-

phism; then there exist neighborhoods U ′ of u0 in U , D′

of d0 in D, X ′ of x0 in ��, and a single-valued, Lipschitz
continuous function x� U ′ ×D′ → X ′, such that for each
�u�d
 ∈ U ′ ×D′ the point x�u�d
 is the unique solution
in X ′ of (0.7). Moreover, the function x�·� ·
 is semidif-
ferentiable at �u0�d0
 with dx�u0�d0
�r� s
= z�r� s
+�1s
for each �r� s
 ∈ �m ×��, where z�r� s
 is the solution of
the linear traffic user equilibrium problem (2.27).
Any one of the following conditions suffices to ensure

that LK is a homeomorphism:
1. The matrix ÃT L̃Ã is positive definite
2. Conditions 1.1 and 1.2 hold
3. Conditions 2.1 and 2.2 hold.
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If in addition K is a subspace, then the function x�·� ·
 is
differentiable at �u0�d0
 with Jacobian matrices xu�u

0�d0

and xd�u

0�d0
 given by (2.32) and (2.33). K is a subspace
if and only if the LP problem (2.35)–(2.37) is solvable.

In what follows we compare the methodology in
this paper with those in papers studying the same
problem.

One key assumption we made here is that d0 > 0.
As discussed at the end of §2.1, this is an implicit
assumption in Tobin and Friesz (1988); Cho, Smith,
and Friesz (2000); and Yang and Bell (2005); Yen (1995)
did not need this, as it did not study solution semid-
ifferentiability or differentiability.

Another key assumption here is that LK is a home-
omorphism, and we listed three sufficient conditions
for this to hold. The first of those is easy to check and
is weaker than the various versions of strong mono-
tonicity assumptions in Tobin and Friesz (1988); Cho,
Smith, and Friesz (2000); Yang and Bell (2005); and
Yen (1995) (because each of these strong monotonic-
ity assumptions would require the matrix L̃ itself to
be positive definite). But it still leaves out cases in
which the analysis here actually applies. The second
is also practical, and it covers some cases left out by
the first condition, such as the example in §3.1. Appli-
cation of the third condition requires transforming K
to the form of (2.22), and this might not be easy to
do in practice; we listed this condition for the sake of
completeness.

Finally, we check differentiability by solving an LP
problem (2.35)–(2.37); if it is solvable, then we have
differentiability. By Proposition 2.2, that problem is
solvable if and only if the strict complementarity
assumption in Cho, Smith, and Friesz (2000) and Yang
and Bell (2005) holds. However, our method does not
require finding a solution satisfying strict complemen-
tarity; any initial route flow can be used for our anal-
ysis. Besides, the solution of that LP problem even
provides a way to find a route flow satisfying strict
complementarity; this is a new result on its own.

In summary, this paper studies semidifferentiability
of the equilibrium arc flow and includes the differen-
tiable cases as special cases. Even for differentiability,
the assumptions used here are weaker than those in
earlier papers; the example in §3.1 would not be diag-
nosed as differentiable by the methods in Cho, Smith,
and Friesz (2000) or Yang and Bell (2005), though as
shown here it actually is.

The computational load of the present method is
also lower than that of earlier methods. We present
two approaches to compute the semiderivatives: the
first is by solving a linear traffic user equilibrium
problem over the original network, which will be easy
to implement for practitioners using transportation

software; the second is by solving a linear MCP
problem, which will be convenient for people using
general mathematical programming software. Com-
putation of the derivatives is by matrix multiplication
together with the solution of a linear system whose
dimension is at most of the number of arcs, while the
gradient formulas in Cho, Smith, and Friesz (2000)
and Yang and Bell (2005) require solving linear sys-
tems the dimensions of which are at least the number
of arcs and may in practice be much more than the
number of arcs.

3. Examples
We provide three numerical examples to show how
to use the proposed method, how the conditions for
application work, and how the network size affects
the analysis.

3.1. Example 1
The network shown in Figure 1 consists of four arcs
(�= 4), two OD pairs (�= 2), and four routes (� = 4).
We treat the travel demand d ∈ �2 as a perturbation
parameter and introduce another perturbation param-
eter u ∈�4 into the arc cost function.

The incidence matrices in this problem are

�=
( route 1 route 2 route 3 route 4

OD1 1 1 0 0

OD2 0 0 1 1

)
�

and

�=




route 1 route 2 route 3 route 4
arc 1 1 0 0 0

arc 2 0 1 0 0

arc 3 0 0 1 0

arc 4 0 0 0 1


#

1 2

3

4

1

2

3 4

OD 1:  Node 1 → Node 2
OD 2:  Node 3 → Node 4
Route 1: Node 1 → Node 2 via arc 1
Route 2: Node 1 → Node 2 via arc 2
Route 3: Node 3 → Node 4 via arc 3
Route 4: Node 3 → Node 4 via arc 4

Figure 1 Example Network
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The parametric arc cost function is given by

f �u�x
=




1 0#5 1 0

0#5 1 0 1

1 0 1 0#5

0 1 0#5 1






x1

x2

x3

x4


+




20

20

20

20


+



u1

u2

u3

u4


#

Given base parameters u0 = �0�0�0�0�T and d0 =
�20�20�T , we show how to conduct sensitivity analysis
for this problem step by step.
Step 1. Check if d0 > 0. If not, exclude OD pairs w

with d0
w = 0 from the model.

In this example d0 > 0 clearly holds.
Step 2. Solve the problem (0.7) under �u0�d0
 to ob-

tain an equilibrium arc flow x0 and a route flow q0 in
H�d0
 with x0 = �q0. Compute route cost c0 and OD
cost "0.

For this problem, it is easy to check that x0 =
�10�10�10�10�T is an equilibrium arc flow with the
arc cost f �u0�x0
= �45�45�45�45�T . Here the feasible
route flow corresponding to x0 is unique and given
by q0 = �10�10�10�10�T . Accordingly, c0 = �45�45�
45�45�T and "0 = �45�45�T .
Step 3. Partition the route set by (2.8)–(2.9), and the

matrices � and � by (2.10). Let A be a matrix the
columns of which form a basis for the column space
of �2 −�1�2, B be a matrix that consists of columns in
�00−�1�00 that are not in the column space of A, Ã be
a matrix the columns of which form a basis for the col-
umn space of �A�B�, and L̃ be the matrix representing
the linear operator dxf �u

0�x0
. Compute ÃT L̃Ã.
Following (2.9), we partition the route set � into

subsets �00 = �01 = �, �1 = �1�3�, and �2 = �2�4�.
Note that the choices of �1 and �2 are not unique, as
there are multiple choices for the function p�w
 in (2.9).
Correspondingly, we partition the matrices � and � as

[
�

�

]
=

[
�1 �2

�1 �2

]
=




1 0 1 0

0 1 0 1

1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1



�

with the matrices �00, �01, �00, and �01 empty.
Accordingly, the matrix B is empty, and matrices A,
Ã, L̃, and ÃT L̃Ã are given by

A= Ã=




−1 0

1 0

0 −1

0 1


 � L̃=




1 0#5 1 0

0#5 1 0 1

1 0 1 0#5

0 1 0#5 1




and ÃT L̃Ã=
[

1 2

2 1

]
# (3.1)

Step 4. Check if either of the following two condi-
tions hold: (a) The matrix ÃT L̃Ã is positive definite;
(b) C1.1 and C1.2 both hold. If either of these hold,
conclude the existence, local uniqueness, and Lips-
chitz continuity of the equilibrium arc flow x�u�d
, as
�u�d
 varies locally around �u0�d0
, and proceed to
next step. If neither of these hold, terminate the anal-
ysis without any conclusion about properties of the
parametric equilibrium arc flow.

The matrix ÃT L̃Ã given in (3.1) is not positive def-
inite, so we need to check C1.1 and C1.2. In this
example, the matrix AT L̃A is equal to ÃT L̃Ã, which
is nonsingular, so C1.1 holds. The matrix BT L̃B −
BT L̃A�AT L̃A
−1AT L̃B is empty, so C1.2 trivially holds.
As a result, the equilibrium arc flow x�u�d
 is a locally
unique and Lipschitz continuous function of �u�d
 as
�u�d
 varies locally around �u0�d0
.
Step 5. Check the subspace property by first check-

ing if the matrix B is empty. If so, go to Step 6; other-
wise try to solve the LP problem (2.35)–(2.37). If it is
solvable, go to Step 6; otherwise, go to Step 7.

In this example the matrix B is empty, so the sub-
space property holds.
Step 6. Complete the analysis with the conclusion

that the function x�·� ·
 is differentiable at �u0�d0
 with
Jacobian matrices given by (2.32) and (2.33).

For this example the Jacobian matrices computed
from (2.32) and (2.33) are

xu�u
0�d0
=




1/3 −1/3 −2/3 2/3

−1/3 1/3 2/3 −2/3

−2/3 2/3 1/3 −1/3

2/3 −2/3 −1/3 1/3


 �

xd�u
0�d0
=




1/2 0

1/2 0

0 1/2

0 1/2


 #

Step 7. Complete the analysis with the conclusion
that the function x�·� ·
 is semidifferentiable at �u0�d0
,
with dx�u0�d0
�r� s
= z�r� s
+�1s for any given direc-
tion �r� s
 ∈ �m × ��. Computation of z�r� s
 can
be done by solving the linear traffic user equilib-
rium problem (2.27)–(2.29) or by solving the linear
MCP (2.30).

Sensitivity analysis for the present example ends
with Step 6, so it is unnecessary to proceed to Step 7.

We conclude this subsection with a set of remarks
on the Jacobian matrices we obtain. Elements of the
matrix xd�u

0�d0
 show the changes of the equilibrium
arc flow in response to changes in the travel demand.
The result fits one’s expectation that by symmetry
the arcs connecting the same OD pair will share the
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change in the travel demand equally. Elements of the
matrix xu�u

0�d0
 show the changes of the equilibrium
arc flow in response to changes in the free-flow arc
costs. For example, the first column shows the change
of the arc flow when the free-flow cost on arc 1 is
slightly increased. It may look strange that the flow
on arc 1 increases as the free-flow cost of this arc
increases. It is the special arc cost function here that
causes this result. Note that the cost on arc 1 increases
as a result of the increase of the free-flow cost and the
flow on arc 1. But this increase is partly counteracted
by the decrease of the flow on arcs 2 and 3. On the
other hand, as a net effect of the decrease of the flow
on arc 2 and the increase of the flow on arc 1 and
arc 4, the cost on arc 2 increases by the same amount
as arc 1, so that the costs on arcs 1 and 2 are again
equal at the new equilibrium.

3.2. Example 2
We use the Sioux Falls test network (see http://www.
bgu.ac.il/∼bargera/tntp/ for the network configura-
tion), which contains 76 arcs (� = 76) and 24 nodes.
When unperturbed, positive travel demand exists
between 528 OD pairs. We include these OD pairs
in our model (� = 528). We treat the travel demand
d ∈ �528 as a perturbation parameter and introduce
another perturbation parameter u ∈ �76 into the arc
cost function:

fa�u�x
 = �F F Ta +ua
×
[
1+ 0#15

(
xa

CAPa

)4]
for each a ∈�� (3.2)

where F F Ta and CAPa are the free-flow cost and the
capacity of arc a, respectively. Setting d0 to be the
unperturbed travel demand and u0 to be zero, we fol-
low the same steps as in Example 1.
Step 1. Here d0 > 0 holds by the setup of the model.
Step 2. We obtain the unperturbed equilibrium arc

flow x0 by applying the origin-based traffic assign-
ment algorithm (OBA) proposed in Bar-Gera (2002),
which automatically generates a complete list of all
the user optimal routes. Reports from this algorithm
also provide the route cost c0, the OD cost "0, and a
route flow q0. There are 770 user optimal routes, of
which 63 are unused, between those 528 OD pairs; we
include them in our model (� = 770). It is safe for us
to exclude the routes that are not user optimal from
the model, because if we had included them in the
model, we would put them into the set �01 and then
leave them out of all calculations.
Step 3. A partition of the route set following (2.9)

produces an empty �01, a subset �00 containing 63
unused routes, a subset �1 containing 528 used routes
(one for each OD pair), and a subset �2 containing
179 used routes. We find the matrix A to be in �76×29

and the matrix B to be empty, so the matrix Ã is equal
to A. The matrix ÃT L̃Ã is of dimension 29× 29.

Step 4. As matrix B is empty, C1.2 trivially holds.
We only need to check C1.1. The matrix AT L̃A is
equal to ÃT L̃Ã in this example and is nonsingular;
thus, C1.1 holds. We conclude that the equilibrium arc
flow x�u�d
 is a locally unique and Lipschitz contin-
uous function of �u�d
, as �u�d
 varies locally around
�u0�d0
.
Step 5. Matrix B is empty, so the subspace property

holds. Note that Proposition 2.2 then implies the exis-
tence of a route flow q∗ satisfying strict complemen-
tarity, although q0 itself does not satisfy it.
Step 6. The function x�·� ·
 is differentiable at

�u0�d0
. In calculating the partial derivatives using
(2.32) and (2.33), the principal computation involved
is the calculation of LU factors of ÃT L̃Ã followed
by back substitution. As the matrix to be factored is
29× 29, this workload is satisfactory, considering the
dimensions of the network dealt with.

The analysis is now complete; a few remarks follow.
Elements of matrices xu�u

0�d0
 and xd�u
0�d0
 reflect

the changes of the equilibrium arc flow in response
to changes in the free-flow arc costs and the travel
demand, respectively. Those matrices are too large to
be presented here. However, it may be of some inter-
est to comment on the values of their entries. Ele-
ments of xd�u

0�d0
 range from −0#9 to 1.4, with about
77% of them lying between −0#1 and 0.1. All diag-
onal elements in xu�u

0�d0
 have nonpositive values;
that is, the flow on each arc decreases or remains at
the same level when only the free-flow cost of this arc
increases.

Finally, we present an example comparison of
actual perturbed arc flows to the first-order approx-
imation obtained using the partial derivatives. For
this comparison we changed the travel demand from
Node 3 to Node 10 from 300 to 310 and the free-flow
cost on arc 1 from 6 to 6.2 and reapplied the traffic
assignment algorithm to obtain the actual perturbed
equilibrium arc flows.

For each arc, there are two relative errors of inter-
est. The first is the difference of the true perturbed
flow and the first-order approximation, divided by
the true perturbed flow: This is the error of approx-
imation relative to the true perturbed flow. These
relative errors ranged from −0#01% to 0#01%, so the
first-order approximation was very accurate.

One could also look at that same difference divided
by the true difference (between the perturbed and
unperturbed flows); this is the error in the flow change
computed by approximation, relative to the true flow
change. These errors ranged from −2#3% to 2.1%. They
are larger than the relative errors in flow because the
flows are much larger than the differences.

3.3. Example 3
We use the Anaheim network (see http://www.
bgu.ac.il/∼bargera/tntp/ again for network data) as
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another example. It contains 914 arcs (� = 914)
and 416 nodes. When unperturbed, positive travel
demand exists between 1,406 OD pairs. We include
these OD pairs in our model (� = 1�406). Again, we
treat the travel demand d ∈ �1�406 as a parameter
and use the parametric arc cost function (3.2), where
u ∈�914 is another parameter. The travel demand data
posted on that website turns out to be too low for
the problem to be interesting, so we multiply it by
a factor 1.2. Then, setting d0 to be the unperturbed
travel demand and u0 to be zero, we follow the same
procedure as in Example 2.
Step 1. Here d0 > 0 holds by the setup of the model.
Step 2. We obtain x0, c0, "0, and q0 by applying

OBA. There are 1,710 user optimal routes (of which
86 are unused); we include them in our model (� =
1�710).
Step 3. A partition of the route set produces an

empty �01, a subset �00 containing 86 unused routes,
a subset �1 containing 1,406 used routes (one for each
OD pair), and a subset �2 containing 218 used routes.
We find the matrix A to be in �914×42 and the matrix B
to be empty, so the matrix Ã is equal to A. The matrix
ÃT L̃Ã is of dimension 42× 42.
Step 4. As matrix B is empty, C1.2 trivially holds.

The matrix AT L̃A is equal to ÃT L̃Ã in this example
and is nonsingular. So C1.1 holds. We conclude that
the equilibrium arc flow x�u�d
 is a locally unique
and Lipschitz continuous function of �u�d
 as �u�d

varies locally around �u0�d0
.
Step 5. Matrix B is empty, so the subspace property

holds. Proceed to Step 6.
Step 6. The function x�·� ·
 is differentiable at

�u0�d0
, and the principal computation involved in
calculating the partial derivatives is the calculation of
LU factors of the 42 × 42-dimensional matrix ÃT L̃Ã,
followed by back substitution.

To test the result, we changed d0 to d1 by increas-
ing the travel demand from Node 1 to Node 2 from
1,639.08 to 1645.08 and reapplied OBA to obtain the
perturbed equilibrium arc flow x1. We then com-
puted 
x0
 = 11�460, 
x1 − x0
 = 22#25, and 
x1 −
x0 − xd�u

0�d0
�d1 − d0

 = 0#004. This shows that
the first-order approximation provided by the partial
derivatives was accurate.

We also changed u0 to u2 by increasing the free-
flow time of arc 10 from 1 to 1.001 and reapplied
OBA to obtain the perturbed equilibrium arc flow x2.
We then computed 
x2 − x0
 = 54#20 and 
x2 − x0 −
xu�u

0�d0
�u2 −u0

 = 0#063. Again, the approximation
provided by the partial derivatives was accurate.

4. Conclusion
By applying the sensitivity analysis techniques for
generalized equations to the traffic user equilibrium

problem, we provide mild and easily checkable con-
ditions for the semidifferentiability and differentia-
bility of the equilibrium arc flow. We calculate the
semiderivatives by solving a linear traffic user equi-
librium and the derivatives by matrix multiplication
together with the solution of a linear system whose
dimension is at most the number of arcs.

The sensitivity analysis results provide first-order
approximations of new equilibrium solutions and
thus help to develop insights about the equilibrium
problem. We can use the values of the partial deriva-
tives to identify the most critical input parameters
and to quantify the impact of model input errors,
or embed the sensitivity analysis process in bilevel
programs to optimize design variables such as road
price and traffic control parameters. We can also
embed the sensitivity analysis process in OD estima-
tion algorithms.
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