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From continuous optimization to variational inequalities

Let F : Rn → R be a differentiable function, and S be a subset of Rn.
Consider the constrained optimization problem

minimize F (x)

subject to x ∈ S .
(1)

Any local minimizer x of this problem must satisfy

x ∈ S and 〈∇F (x), v〉 ≥ 0 for each v ∈ TS(x). (2)

TS(x), the tangent cone, is the set of all limits of the form limk→∞
xk−x
λk

,
where xk ∈ S and λk > 0 for each k, and limk→∞ λk = 0.

When S is convex, Problem (2) is equivalent to

x ∈ S and 〈∇F (x), x ′ − x〉 ≥ 0 for each x ′ ∈ S . (3)
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Definition of variational inequalities

In general, a variational inequality in Rn is of the form

x ∈ S and 〈f (x), x ′ − x〉 ≥ 0 for each x ′ ∈ S , (4)

where S is a convex subset of Rn and f is a function from S to Rn.

For each x ∈ S define the normal cone NS(x) by

NS(x) := {y ∈ Rn | 〈y , x ′ − x〉 ≤ 0 for each x ′ ∈ S},
and let NS(x) = ∅ for x 6∈ S . Then (4) is equivalent to

0 ∈ f (x) + NS(x). (5)
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Usefulness of sensitivity analysis

Sensitivity analysis for variational inequalities...

Helps to identify conditions under which one could have a good
prospect of successful numerical solution of a variational inequality

Provides tools for analyzing convergence rates of algorithms

Can be embedded in bi-level programming

The University of North Carolina at Chapel Hill, Feb. 7, 2007
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Outline of topics

1 Variational Inequalities over Perturbed Polyhedral Convex Sets

2 Sensitivity of Traffic Network Equilibria

3 Summary
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Linear variational inequality over polyhedral convex sets

Consider the variational inequality in x

0 ∈ L(x) + w + NS(u)(x). (6)

Here,

L is an affine map from Rn to Rn defined by L(x) = Mx + b;

w ∈ Rn and u ∈ Rm are two parameters;

S(u) is a polyhedral convex set in Rn defined as

S(u) = {x ∈ Rn | Ax ≤ u} = {x ∈ Rn | 〈ai , x〉 ≤ ui , i = 1, · · · ,m}
(7)

where A is an m × n matrix whose rows are a1, · · · , am. Write
dom S = {u ∈ Rm | S(u) 6= ∅}.

Let u0 ∈ dom S ; suppose that x0 ∈ Rn satisfies 0 ∈ L(x0) + NS(u0)(x0).

We analyze solutions of (6) near x0 for (u,w) ∈ dom S ×Rn near (u0, 0).

The University of North Carolina at Chapel Hill, Feb. 7, 2007
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Example 1: let n = 2, m = 3 with

A =

−1 −1
−1 0
0 −1

 ,M =

[
−1 1
1 4

]
, b =

[
1
1

]
,

and take u0 = (0, 0, 0)T , u1 = (ε, 0, 0)T and u2 = (−ε, 0, 0)T for some
positive number ε. The figure below shows S(ui ) for i = 1, 2, 3.

The origin of R2, x0, satisfies 0 ∈ L(x0) + NS(u0)(x0).

The University of North Carolina at Chapel Hill, Feb. 7, 2007
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Variational inequalities and normal maps

For each u ∈ dom S , define the normal map LS(u) : Rn → Rn by

LS(u)(z) = L(ΠS(u)(z)) + z − ΠS(u)(z), (8)

where ΠS(u)(z) is the Euclidean projection of z on S(u).

The normal map (8) is related to the variational inequality (6) by

0 ∈ L(x) + w + NS(u)(x)
z = x − L(x)− w

=⇒
⇐=

LS(u)(z) = −w
x = ΠS(u)(z)

Define z0 = x0 − L(x0); we have

LS(u0)(z0) = 0 and ΠS(u0)(z0) = x0.

In Example 1, z0 = x0 − L(x0) = (−1,−1).

The University of North Carolina at Chapel Hill, Feb. 7, 2007
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Faces of the polyhedral convex set S(u)

For each u ∈ dom S ...

Let F [S(u)] be the family of faces of S(u)

F [S(u)] = {∅} ∪ {argmax
S(u)

〈·, y〉 : y ∈ Rn}

Each F in F [S(u)] \ {∅} has an active index set IF : the collection of
indices i such that 〈ai , x〉 = ui for every point x of F

Let I (u) be the family of active index sets of S(u)

Each I ⊂ {1, · · · ,m} defines a face for S(u)

F (I , u) = {x ∈ Rn | 〈ai , x〉 = ui , i ∈ I , 〈aj , x〉 ≤ uj , j ∈ {1, . . . ,m}\I}

F [S(u)] \ {∅} F −→ IF
F (I , u) ←− I

I (u)

The University of North Carolina at Chapel Hill, Feb. 7, 2007
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Normal manifold of the polyhedral convex set S(u)

For each I ∈ I (u), NS(u)(x) takes a constant value on ri F (I , u):

NS(u)[F (I , u)] = pos{ai , i ∈ I}.
The normal manifold of S(u) is the collection of n-cells

C (I , u) = F (I , u) + NS(u)(F (I , u)) = F (I , u) + pos{ai , i ∈ I}
for all I ∈ I (u).

The figure below shows normal manifolds of sets in Example 1.

The University of North Carolina at Chapel Hill, Feb. 7, 2007
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Homeomorphism theorem under coherent orientation

For a given u ∈ dom S ...

ΠS(u) and LS(u) are piecewise affine on the normal manifold of S(u)

The affine map representing LS(u) on C (I , u) has the same
determinant as the section1 of the matrix M in ker AI

LS(u) is a Lipschitzian homeomorphism from Rn to Rn iff it is
coherently oriented - the determinants of the affine maps
representing it have the same nonzero sign [Robinson, 1992]

A piecewise affine map from R to
R is coherently oriented iff it is
either strictly increasing or strictly
decreasing

1The section of M in a subspace E is QTMQ given that columns of Q form
an orthonormal basis for E .

The University of North Carolina at Chapel Hill, Feb. 7, 2007
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Global coherent orientation condition

The following are equivalent:

The variational inequality 0 ∈ L(x) + w + NS(u)(x) has a unique
solution for each (u,w) ∈ dom S × Rn

LS(u) is a global Lipschitzian homeomorphism for each u ∈ dom S

For each u ∈ dom S , the determinants of the sections of the matrix
M in ker AI for all I ∈ I (u) have the same nonzero sign

The determinants of the sections of the matrix M in ker AI for all
I ∈

⋃
u∈dom S I (u) have the same nonzero sign

These particularly hold when M is positive definite (possibly asymmetric)

- the section of a positive definite matrix in a subspace is still positive

definite, and has strictly positive determinant.

The University of North Carolina at Chapel Hill, Feb. 7, 2007
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Question

Can we reduce the collection of index sets that need to be
considered, provided that we are interested only in local solutions
under local perturbations?

[Lu and Robinson, 2006]: yes
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Branching phenomenon

A closer look at the faces and normal manifolds of S(u) in Example 1...

Branching phenomenon: a face of S(u0) splits into several new faces as
u0 changes to u1 and u2.

Moreover, the n-cells in the normal manifold of S(u1) or S(u2) can be

approximated by parts of the n-cells in the normal manifold of S(u0).
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We can show...

If we define I0 := {i ∈ {1, · · · ,m} | 〈ai , x0〉 = (u0)i}

And define for each u ∈ dom S a subset of I (u)

I0(u) := {I ∈ I (u) | I ⊂ I0 and z0 − x0 ∈ pos{ai , i ∈ I}}

Then there exists a ball int B(z0, γ) around z0, and a neighborhood
U1 of u0 in dom S , such that for each u ∈ U1

I ∈ I0(u) ⇒ int B(z0, γ) ∩ C (I , u) 6= ∅
I ∈I (u) \I0(u) ⇒ int B(z0, 3γ) ∩ C (I , u) = ∅
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In Example 1, we have...

I0 = {1, 2, 3}
I0(u0) = {{1, 2, 3}}
I0(u1) = {{2, 3}}
I0(u2) = {{1}, {1, 2}, {1, 3}}

The ball int B(z0, γ) looks like...
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We can further show...

For each u ∈ U1, the set I0(u) has a minimum element Ic(u)

If we define a polyhedral convex set S0(u) for each u ∈ U1 by

S0(u) = {x ∈ Rn | 〈ai , x〉 = ui , i ∈ Ic(u), 〈ai , x〉 ≤ ui , i ∈ I0 \ Ic(u)}

Then there is a neighborhood U2 of u0 in U1 such that for u ∈ U2...

The structure of normal manifolds of S0(u) and S(u) coincide in
int B(z0, γ)

The normal manifold of S0(u) contains no more n-cells than those
meeting int B(z0, γ)

And the normal maps LS(u) and LS0(u) coincide in int B(z0, γ)
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If we assume...
that the determinants of the sections of the matrix M in ker AI for all
I ∈

⋃
u∈dom S I0(u) have the same nonzero sign

Then for u in U2...

1 LS0(u) is coherently oriented, hence a global homeomorphism

2 LS0(u) is a local homeomorphism on int B(z0, γ)

3 LS(u) is a local homeomorphism on int B(z0, γ)

4 The image of int B(z0, γ) under LS(u) contains a fixed ball in Rn,
int B(0, δ)

5 For each u ∈ U2 and w ∈ int B(0, δ), there exists a unique
z ∈ int B(z0, γ) such that LS(u)(z) = w

Recall the relation between normal maps and variational inequalities...
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Sensitivity of variational inequality: a theorem

Let L, S, u0 and x0 be as defined. The following are equivalent:

1 For each I ∈
⋃

u∈dom S I0(u) the determinant of the section of the
matrix M in ker AI has the same nonzero sign.

2 There exist neighborhoods U ′ of u0 in dom S, W ′ of the origin and
X ′ of x0 in Rn, and a single-valued, Lipschitz continuous function
x : U ′ ×W ′ → Rn such that for each (u,w) ∈ U ′ ×W ′, x(u,w) is
the unique solution in X ′ of the variational inequality

0 ∈ L(x) + w + NS(u)(x).

- Can replace dom S by any convex subset U0 of dom S containing u0

- Can extend to nonlinear variational inequalities over perturbed

polyhedral convex sets
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In Example 1...

S
u∈dom S I (u)

S
u∈dom S I0(u)

{1, 2, 3} {2, 3} {1, 2} {1, 3} {1} {2} {3} ∅

ker AI {0} {0} {0} {0}
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1 Variational Inequalities over Perturbed Polyhedral Convex Sets

2 Sensitivity of Traffic Network Equilibria

3 Summary
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Notation
Consider a network with

arcs a ∈ A with the arc flow (x = [xa]) ∈ Rα

routes p ∈P with the route flow (q = [qp]) ∈ Rπ

origin-destination pairs w ∈ W with the travel demand
(d = [dw ]) ∈ Rω

We use incidence matrices

Λ ∈ Rω×π (OD-route): Λwp = 1 if p connects w

∆ ∈ Rα×π (arc-route): ∆ap = 1 if a is on p

and the arc cost function f : Rα → Rα such that

cost on arc a is fa(x)

cost on route p is cp(x) = (∆(·,p))
T f (x)
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Traffic equilibria

Given the travel demand d and the arc cost function f

The network flow (q, x) is feasible if

q ≥ 0, d = Λq, x = ∆q

A feasible network flow attains a user equilibrium if each route p
with qp > 0 satisfies

cp(x) ≤ cp′(x) for each p′ connecting the same OD pair as p

We say that x is an equilibrium arc flow if there exists q ∈ Rπ such
that (q, x) is feasible and attains a user equilibrium

[Smith, 1979] and [Dafermos, 1980] showed that x is an equilibrium arc
flow iff

0 ∈ f (x) + NS(x)

where S = {x ∈ Rα | for some q ∈ Rπ
+,Λ q = d ,∆ q = x}.

The University of North Carolina at Chapel Hill, Feb. 7, 2007
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Parametric traffic equilibria

Treat d as a parameter; let it take values in an open set D in Rω

Introduce another parameter u, which takes values in an open set U
in Rm, into the arc cost function to get f : U × Rα → Rα

wwwwwwwwwwwwwwwwwwwwwwwwww(u, x)→ f (u, x)

Given the parameter (u, d), x is an equilibrium arc flow iff

0 ∈ f (u, x) + NS(d)(x) (9)

where S(d) is the set of feasible arc flows,

S(d) = {x ∈ Rα | for some q ∈ Rπ
+,Λ q = d ,∆ q = x}.

Define H(d) := {q ∈ Rπ
+ : Λq = d} to be the set of feasible route flows;

we then have S(d) = ∆H(d).
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Sensitivity of generalized equations: a theorem3

Let G be a polyhedral multifunction2 from Rk × Rn → Rn,
tex (d0, x0) a point of Rk × Rn,
tex D0 a convex subset of Rk containing u0,
tex X0 a polyhedral convex neighborhood of x0 in Rn,
tex U0 a neighborhood of a point u0 in Rj ,
tex f a Lipschitz continuous function from U0 × X0 to Rn strictly
differentiable in x at x0 uniformly on U0.

Suppose that the values u0, x0 and d0 satisfy the generalized equation

0 ∈ f (u, x) + G (d , x), (10)

and define for x ∈ X0

L(x) := f (u0, x0) + dx f (u0, x0)(x − x0). (11)

2A polyhedral multifunction is a set-valued function with its graph a finite
union of polyhedral convex sets.

3From [Lu and Robinson, 2006]
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Sensitivity of generalized equations: cont’d

Assume that there is a neighborhood Ω0 of the origin in Rn such that the
linearized generalized equation
wwwwwwwwwwwwww w ∈ L(x) + G (d , x)
has a unique solution for each (d ,w) ∈ D0 × Ω0.

Then there are neighborhoods U ′ of u0 in U0, D ′ of d0 in D0, and X ′ of
x0 in Rn, and a single-valued, Lipschitzian function x : U ′ × D ′ → X ′,
such that for each (u, d) ∈ U ′ × D ′ the point x(u, d) is the unique
solution in X ′ of (10).

Furthermore, if f (·, ·) is strictly differentiable at (u0, x0) and
u0 ∈ int(U0), then the function x(·, ·) is semidifferentiable at (u0, d0) and
its semiderivative dx(u0, d0)(r , s) coincides locally at the origin of
Rj × Rk × Rn with

wwwwwwwww[L(·) + G (d0 + s, ·)]−1(−duf (u0, x0)(r))− x0.
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Apply this theorem to traffic equilibria...

The theorem deals with text-te 0 ∈ f (u, x) + G (d , x)

Traffic equilibria in the form tt- 0 ∈ f (u, x) + NS(d)(x)

The operator NS(d)(x) here is a polyhedral multifunction of (d , x)

Difficulty: the theorem would require the linearized variational
inequality

w ∈ L(x) + NS(d)(x)

to have a locally unique solution for any w near the origin and any
d near d0

[Lu, 2006]: use special structure of the set S(d)

The University of North Carolina at Chapel Hill, Feb. 7, 2007
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Variation of polyhedral convex sets: a proposition

Let D be a subset of Rk

For each d ∈ D define sets
wwwwwwwH(d) = {q ∈ Rl | Vd + Wq ≤ s} and S(d) = ∆H(d)
where V , W and ∆ are m× k, m× l and n× l matrices respectively

Let d0 ∈ D, q0 ∈ H(d0), x0 = ∆q0 and A = {i : Vid
0 + Wiq

0 = si}

Assume the constraint nondegeneracy condition

range WA ⊇ VA(d0 − D).

Then there exists an affine function q̃ : D → Rl satisfying q̃(d0) = 0 and
WAq̃(d) = VA(d0 − d). For each such q̃, there exist neighborhoods D2 of
d0 in D and X2 of x0 in Rn such that for any d ∈ D2,

S(d) ∩ X2 = (S(d0) + ∆q̃(d)) ∩ X2.
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Sets of feasible arc flows

Suppose that the parameter (u0, d0) is given and we have

x0 ∈ S(d0) solving 0 ∈ f (u0, x) + NS(d0)(x)

q0 ∈ H(d0) with x0 = ∆q0

Suppose further that the base travel demand d0 > 0, then...

The constraint nondegeneracy condition in the previous proposition
holds

There exist neighborhoods X2 of x0 in Rα and D2 of d0 in D, and
an affine function q̃ : D → Rπ such that q̃(d0) = 0 and

S(d) ∩ X2 = (S(d0) + ∆q̃(d)) ∩ X2

for each d ∈ D2
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Sensitivity of traffic equilibria: a summary
Assume the notation for the traffic equilibrium problem.

Define a map L : Rα → Rα by L(x) := f (u0, x0) + dx f (u0, x0)(x − x0).

Define K := TS(d0)(x
0) ∩ f (u0, x0)⊥ to be the critical cone.

Suppose

1 f (·, ·) is continuously differentiable around (u0, x0);

2 the base travel demand d0 > 0;

3 the normal map LK is a global homeomorphism from Rα to Rα.

Then there exist neighborhoods U ′ of u0 in U, D ′ of d0 in D and X ′ of
x0 in Rα, and a single-valued, Lipschitz continuous, semidifferentiable
function x : U ′ ×D ′ → X ′, such that for each (u, d) ∈ U ′ ×D ′, the point
x(u, d) is the unique solution in X ′ of the traffic equilibrium problem

0 ∈ f (u, x) + NS(d)(x).

The University of North Carolina at Chapel Hill, Feb. 7, 2007



Prologue VI over Perturbed Sets Sensitivity of Traffic Equilibria Summary

More about the critical cone

A certain partition of the route set P by P00 ∪P01 ∪P1 ∪P2 gives

K = ∆
{
q ∈ Rπ

∣∣Λq = 0, qp ≥ 0 for p ∈P00, qp = 0 for p ∈P01,

qp ∈ R for p ∈P1 ∪P2
}

= (∆00 −∆1Λ00)Rπ00
+ + (∆2 −∆1Λ2)Rπ2

We can then...

Use the second expression to check the homeomorphism condition,
to check if K is a subspace by solving a linear programming
problem, and to compute the derivatives when K is a subspace

Use the first expression to compute the semiderivatives by solving a
linearized traffic equilibrium problem with zero travel demands and
upper and lower bounds on the route flow
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Numerical example

OD 1: Node 1 -> Node 2
OD 2: Node 3 -> Node 4
Route 1: Node 1 -> Node 2 via Arc 1
Route 2: Node 1 -> Node 2 via Arc 2
Route 3: Node 3 -> Node 4 via Arc 3
Route 4: Node 3 -> Node 4 via Arc 4

f (u, x) =


1 0.5 1 0

0.5 1 0 1
1 0 1 0.5
0 1 0.5 1




x1

x2

x3

x4

 +


20
20
20
20

 +


u1

u2

u3

u4


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Given u0 = [0, 0, 0, 0]T and d0 = [20, 20]T ...

1 Solve the base problem to obtain

wwwwwx0 =
[
10, 10, 10, 10

]T
, q0 =

[
10, 10, 10, 10

]T

2 Partition the route set to have
wwwwwP00 = P01 = ∅, P1 = {1, 3}, P2 = {2, 4}

3 Write down the critical cone K : it is a subspace in this example

4 Check the homeomorphism condition: it holds here

5 Compute the derivatives ∇x(u,d)(u
0, d0) =


u1 u2 u3 u4 d1 d2

x1 1/3 −1/3 −2/3 2/3 1/2 0
x2 −1/3 1/3 2/3 −2/3 1/2 0
x3 −2/3 2/3 1/3 −1/3 0 1/2
x4 2/3 −2/3 −1/3 1/3 0 1/2


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Larger examples

Dimensions Sioux Falls, SD Anaheim, CA

Nodes 24 416

OD pairs 528 1406

Arcs 76 914

User optimal routes 770 1710

Unused user optimal routes 63 86

Matrix for inversion 29 42

The equilibrium arc flow is differentiable in both examples.
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Summary

The first characterization of good behavior of solutions of linear
variational inequalities when the right-hand sides of the constraints
change

A consequence: sufficient condition for good behavior of solutions
of general (nonlinear) linearly-constrained variational inequalities
when the right-hand sides of the constraints change

Applications to a wide variety of optimization and equilibrium
problems occurring in practice

Complete analysis of the fixed-demand traffic network equilibria
under perturbations of the demand and the arc cost function
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