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EM algorithm for spatio-temporal models

Motivation - |

EPA, 1999, PM 5 monitors in NC, SC and GA
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EM algorithm for spatio-temporal models

Motivation - |l

Research questions and methods:
e Population exposure? EPA standard, long term averagemgib’
e Response variable transformation
e Generalized additive model: trends in space and time
e Spatial interpolation: kriging

e Parameter estimation: maximum likelihood, EM algorithm, a
modification of the EM

Smith, Kolenikov & Cox (2003), described later @8).
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EM algorithm for spatio-temporal models

Spatial statistics - |

Spatial statisticss concerned with the properties of the processes
where typicallys € D ¢ R?.

e Given the measurements of ore concentration and deposition, what is the
estimated deposition profile and total amount of ore in a field?

e Given the measurements of pollutant concentrations by a set of
environmental monitors, what is the population exposure to that pollutant?

e Given a set of climatological measurements of different scales and modes
(satellite/aircraft/land or ocean monitors), combine the data and use them as
an input to a meteorological model

e Given the locations of the observed cases of an infectious disease, what is the
epidemiological dynamics of the disease going to be?
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EM algorithm for spatio-temporal models

Spatial statistics - |l

More narrow area ofjeostatisticstudies the properties of the covariance
functionsCov | Z(s), Z(s;)| (Cressie 1993).

Convenient assumptions for a proce&s),s € D C RY:

E|Z(s)] = u(s), (1)
V[Z(s)] < o9 (2)

Strict stationarity Vh € R andVk, s{,...,s, € Dsuchthas; +h, ...,
st +h € D, the distributions of the original and shifted data are the same:

Z(sl,...,sk)QZ(Sl—I—h,...,sk—l—h) (3)
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EM algorithm for spatio-temporal models

Spatial statistics - Il

Weak stationarity

Vs € D, u(s) = u, (4)
Vs1,80 € D,Cov|Z(s1), Z(s2)] = C(s1 — s2) (5)

for some functiorC(-) : R* — R.
Isotropy.
Vs1,80 € D,Cov|Z(s1), Z(s2)] = C(||s1 — s2)) (6)

for some functiorC(-) : R — R.

The process said to Bgeaussianf any finite sample from it has a
multivariate normal distribution. For Gaussian processes, the two
definitions of stationarity are equivalent.
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EM algorithm for spatio-temporal models

Spatial statistics - IV

For a stationary process, define

V|Z(s1) — Z(s2)] = 27(s1 — s2) (7)

The functiony(-) is referred to asemivariogramand2y(-), as
variogram

Number of parametric forms available; see e.g. Smith (2003, Sec. 2.1).
Click here for a nice table (p. 12)

Intrinsic stationarity the variogram representation of the covariance
structure exists.
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EM algorithm for spatio-temporal models

Spatial statistics - V

nugget

range

Typical shape of a variogranmugget sill, range
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EM algorithm for spatio-temporal models

Spatial statistics - VI

Given a set of locations, , . . ., s,, and observations of the spatial process
Z(s1),...,%Z(syn), What is the best linear unbiased predictor (BLUP) for a
linear functional of the data?

W(Z) = /D w(s)Z () (ds) (8)

wherew(s) is a kernel, and/(-) is a measure.

e w(s) =9d(s—sg) = W(Z)= Z(sg), a prediction for an unobserved
location

e w(s)=1/|D| = W(Z) = an areal average
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EM algorithm for spatio-temporal models

Spatial statistics - VII

Universal kriging
Z(si) = X(s;))B+n(si), n~N(O0,X),i=1,...,n,
Y, = 3(0) is known
Z(s0) = x08 + 1o comes from the same field Enon = 7 =
20 =alf+7TS" Y27z - XT3, (9)
B=fers =X"27' X)) xTs "7 (10)
MSPE[%] = V[20 — 20] =

= (zo - X'2 )N (XS X)) ey — XTI ) —

—7 X7+ Vo) (11)
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EM algorithm for spatio-temporal models

Spatial statistics - VIII

Components of9) and (L1)
e prediction from the linear regression part
e spatial correlation of the residuals

e unigque error
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EM algorithm for spatio-temporal models

Structure of the talk
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EM algorithm for spatio-temporal models

Missing data - |

Are there any data sets that do not have missing data?..

The (complete) data generating mechanism:

X¢~iid. f(50), i=1,...,n (12)

Some of the data are missing:c = (X, X™)

The missing data:

1, X Is missing ini-th observation
Zik = _ _ _ _ (13)
0, X is available ini-th observation

The missing data mechanism is driven by parameters
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EM algorithm for spatio-temporal models

Missing data - I

Typology (Little & Rubin 1987):

e X ismissing completely at rando((MCAR):
Pr[Zix = 11X, 4] = p(¢) (14)
e X Ismissing at randoniMAR):
Pr(Zip = 1|X, 4] = p(vb, X—ir) (15)
e X Is not missing at randorfNMAR), or systematically missing:

Pr(Z, = 1|1 X, 9] = p(v, X ik, Xir) (16)
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EM algorithm for spatio-temporal models

Missing data - Il

The missing data mechanismighorable the maximum likelihood
estimation as if the data were complete still yields consistent and
asymptotically efficient estimates if

1. the mechanism is MAR
2. 0 andv are distinct.

Otherwise, one would need to build a model for the missing data, and use
It in estimation.

Stas Kolenikov 2005 Contents 17



EM algorithm for spatio-temporal models

EM algorithm - |

e A procedure to obtain the ML estimates when some of the data are
missing

e An iterative maximization algorithm

e Bayesian flavor?

e Converges to the critical points of the likelihood surface
e Linear rate of convergence

e Implicitly assumes MAR

Dempster, Laird & Rubin (1977), McLachlan & Krishnan (1997)
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EM algorithm for spatio-temporal models

EM algorithm -

The EM stands for “expectation-maximization”

The expectation, or E-step: compute conditional expectation of the
log-likelihood (or sufficient statistics) for the given observed data

Q(0;0™) = Egn [In L.(6; X)| X, 0] (17)

The maximization, or M-step, is to maximiz&?q w. r. t. 6:

o1 = arg max Q(0; H(h)) (18)

lterate until convergence.
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EM algorithm for spatio-temporal models

EM algorithm - |l

1. On each complete iteration, the value of the likelihood is not
decreased, hence

2. If the likelihood is bounded from above, the sequence of the EM
iterations converges to a stationary pdlhtof the likelihood
function.

3. The rate of convergence is linear:
ottt — 9% ~ J(6%) (6" — 6%) (19)

whereJ(6*) is the Jacobian of the EM map, and hence the rate of
convergence® < ¢ < 1 can be found through the spectral properties
of the Jacobian, and depends on the proportion of missing data.

The linear rate of convergence is pretty slow, but the linearity can be used
both to find the standard errors and to speed up the convergence.
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EM algorithm for spatio-temporal models

EM algorithm - IV

GEM : generalized EM algorithms only attempt to somewhat increase
the likelihood at each step rather than fully maximize it (that’s
enough to guarantee the convergence)

ECM : expectation and conditional maximization version splits the
parameter space into several subspaces that span the whole space,
and maximize separately over them

Monte Carlo : sample from the (conditional) distribution of the missing
data and maximize over the parameters using (weighted)
“replenished” data set

and others
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EM algorithm for spatio-temporal models

EM algorithm -V

The primary problem statisticians would have with the EM algorithms is
that it only produces point estimates without the standard errors.

e proportion of the missing data (very rough)?
e the bootstrap?

e supplemented EM algorithm: numerical derivatives of the likelihood
function by only using the EM code.

Skip examples — go to [84.
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EM algorithm for spatio-temporal models

EM Example 1

This example concerns the censored survival times. We have uncensored

observationgy, . . ., y,-) and censored observatioqg.. 1, - . ., y.) (i.e.
we know that in-th experiment; > r, the survival time ist leasty;). If

the mean survival time ig, then the density of is

fly;p) = ptexpl—y/u), y >0 (20)

and the survival function (probability of survival till timg

S(y) = exp[—y/ul, y>0 (21)

The likelihood is a combination of the two:

r

InL(p;y) ==Y (Inp+ 7
i=1 mes g __
" i;“ e N )
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EM algorithm for spatio-temporal models

Then the ML estimate i8,;;, = > y; /7.
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EM algorithm for spatio-temporal models

EM Example 1 cont'd

Now, for the EM algorithm, we shall assume that the observations from
r + 1 ton are observed. Then the “full” log-likelihood is

InL =—nlnp— > y;/u and for the E-step, we replace the censored
survival times with their best available estimatesy+ ;(*t1) (using the
lack of memory property of the exponential distribution). Then

Q(u; p™) = —nlnp — p~ [Z yi+ (n—7) (k)} (23)
and by maximizing it wri: on the M-step,
1 n
(k+1) _ = , B (k)
p 0 = [ i+ (=] (24)

The ML estimate is the unique solution of this equation,

pth = gD = g
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EM algorithm for spatio-temporal models

EM Example 2

In this example, we shall look at a bivariate normal distribution where
some data are missing. Suppose we obsemservations from
)T 011 012

y~ N(pX), p=(p1,p2 ¥ =

Y

012 022

of whichm are completemn, have onlyy, observed, andh, have only
Y2 observed.

Stas Kolenikov 2005 Contents 26



EM algorithm for spatio-temporal models

EM Example 2 cont'd

The likelihood is complicated:

—2In L(0;y) ~ mIn S|+ > (i — )" 7 (yi — )
=1

—|—(m1 Inoi1 +mo In 0'22)—|—

m—+mq 2) m—+mi+mso 2
Y1 — [ (y1 — 1)
(> | Ly | (25)
£ 011 . 022
i=m-+1 t=m+mi1+1

No trackable closed form solution.
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EM algorithm for spatio-temporal models

EM Example 2 cont'd

With the complete data, one only needs the sufficient statistics

1y = Zyika Tk = Zyijyika 7k =1,2 (26)
so that the parameter estimates are
R N T — ’n,_lT'Tk
fik =Ti/n, G, =~ - / (27)

This is the essense of the M-step. At the E-step, we need to compute the
expected values of those sufficient statistics based on the current
parameter values and the observations.
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EM algorithm for spatio-temporal models

EM Example 2 cont'd

If we are missing ony,, then giveny;, the distribution ofy, is
N (p2.1,022.1) Where

f21 = H2 + 019017 (Y1 — 1), 0221 = 022(1 — p?) (28)

Then the contributions to the sufficient statistics 75, will be 15 1 and

0921 + 14 1. Thus simply plugging:. ; into the likelihood (or

equivalently imputing it into the data set) is insufficient: we also need the
092.1. This IS an important nuance of the EM algorithm that distinguishes
It from imputation procedures.
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EM algorithm for spatio-temporal models

EM Example 3

In this example, we shall cluster the multivariate data, or, rather, estimate
the parameters of the mixture of normal distributions.

The g-component normal mixture has a density

0.0 =Y mhy). Ym=1 fit) = o) @9)
[=1 [

— (log) likelihood L(0,y) = Oy = (7, 1, 6).
Here, no data is formally missing, so we shall introduce some. Namely,
we shall consider the class labels as missing.
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EM algorithm for spatio-temporal models

EM Example 3 cont'd.

Now, let us cast the problem in EM terms by adding an unobserved
z;1 = I{ i-th observation belongs feth clasg. Then we have to deal

with a mutlinomial likelihood:

o) l

mLO;y) =Y zglnm + Yz, ! gb(y;’ul) (30)
1,1

il

On k-th iteration with the parameter estimate$), ,(*) 5(F) the E-step
is to compute the expected value&f; given the data and*):

Bow Zig =WPr{Z;; = 110" y;} =7 fi(y)/ fly) = wiy  (31)
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EM algorithm for spatio-temporal models

EM Example 3 continued.

The M-step is then to maximize the likelihood, and this is simply finding
the weighted means and variances:

pt Y = sz i, (32)

o = Zwu (33)
1 mn

7Tl(k+1) = ﬁ sz’,l (34)

The steps are repeated until “convergence”.

A clear advantage ovérmeans and similar methods is that the
probabilities of classes are also obtained as the output of the procedure.
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EM algorithm for spatio-temporal models

Structure of the talk
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4. A maodification of the EM algorithm and the implied likelihood
(p. 34)

5. Application: results (p398)

6. Properties of the proposed approximation4p. p. 54)
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EM algorithm for spatio-temporal models

A modification of the EM algorithm - |

Suppose the complete data comes from a multivariate normal distribution:

Y¥ ~ N(X78,%(0))

1

wheres covers trends in space, time, and monitor characteristics, and
Y.(0) is the spatial covariance. Suppose some of the data are missing, so
the observed data follow a multivariate normal distribution with the
dimensiond;:

Y ~ N(X;8,%;)

Then
InL(0, 3y, X) ~

~ —%{Zln [2:(0)| + tr | (yi — XiBi) (yi — Xiﬁi)TZi(e)_l}} (35)
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EM algorithm for spatio-temporal models

A modification of the EM algorithm - Il

Sufficient statistic of the datay;, y;v!,7=1,..., N. For the EM
algorithm, we would need

B[SV - XeB)(VE - XeB)TIY. X, B.6 36)

t

The exact EM: the expected value is found by kriging, $2e (

The approximate EM: use the marginal distributiowgX; 3, 35) instead
of the conditionals given by (multivariate extensions @)«11). That s,

E[(YS — X58) (Vi — X8|V, X, 3,6] =

B { (Yi; — X;,;8)(Yir — Xix3), bothj andk are observed (37)

oir(0), otherwise

Stas Kolenikov 2005 Contents 35



EM algorithm for spatio-temporal models

A modification of the EM algorithm - [l

Approximate EM algorithm

+ Only one matrix:(6), need to be inverted per computation of the
likelihood

+ Can use ECM to separate the trend from the covariance space

— Statistical properties unknown?
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EM algorithm for spatio-temporal models

Structure of the talk
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EM algorithm for spatio-temporal models

PM, 5 application - |

e US EPA 1999 data from some 780 continental US monitors;

e variables: PM 5 concentration; latitude and longitude; the area type;
altitude of the monitor; etc.

e frequency varies from daily ter weekly;

e lots of missing data

Restricted / collapsed data sétt monitors(NC, SC, GA), 52 weeks —
need for spatio-temporal modelling?
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EM algorithm for spatio-temporal models

PM, 5 application - I

Spatial and temporal components are separated in the generalized additive
model (Hastie & Tibshirani 1990) manner:

9(yit) = ¢spacd?) + dtemplt) + dared ) + €t (38)

e ¢(-) allows for the overall transformation to reduce skewness and/or to
stabilize variance,

e ¢spacd?) is the spatial trend (thin plate splines),
e ¢temp(t) is the temporal trend (B-splines),
e oared) is the additive term for the area type,

e the error termg;; are assumed to be uncorrelated over time, but correlated
over space, so thatt Cove, = (2.

Skip to the results, p46.
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EM algorithm for spatio-temporal models

PM, 5 application - Il

The need for transformation can be assessed fromchance vs. mean
plots. The graph in levels clearly shows the increase in variance, while the
square root transform graph shows a more stable variance.

Alternatively, we might have used the formal Box-Cox framework to
obtain pretty much the same results.

Minor implication: the model additive in levels rather than in square roots
or logs might be easier to understand as the model with sources, drains,
and transport of the PM.
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EM algorithm for spatio-temporal models

PM, 5 application - IV

Thetrend in timeis modelled through B-splines

( 3|u|3—66u2—i—4, 1<u<l,
B(u) = @=lub’ 1< |u <2, (39)
L 0, 2 < |ul.
BOtemp(t) = ap + iak&g(t), te[0,T], dk(t) = B(%( — %k))
= (40)

or by simple weekly averages (which was our final choice).
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EM algorithm for spatio-temporal models

PM, 5 application - V

After we have modelled the time trend as weekly averages, the following
autocorrelation plot seems to indicate we don’t have substantial problems
with time correlations.

Residual autocorrelation with 95% confidence bands.

Stas Kolenikov 2005 Contents 42



EM algorithm for spatio-temporal models

PM, 5 application - VI

Spatial trend is approximated by the thin plate spline expansion:

J
¢spatial(z> — 63333 + ﬁyy + Z ﬁj¢<z1 — x(j)’ 2 — y(j))
j=1

]
blay) = o r= VA (42)

# of nodes/:
e full sample?
e a subsample of sites?

e clustering: a few nodes with/) somewhere in between
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EM algorithm for spatio-temporal models

PM, 5 application - VII

A quick look at thevariogramsshows that the process is non-stationary,
so the followinggeneralizedcovariance model may be appropriate:

2v(d(i, 5)) = Vlew — €] = (1 = dij)a(s +d(i,5)")  (42)
0;; = I{i = j}, Kronecker’s delta;
a : variance;> 0;
d(-,-) distance between the sites;
p . the power (shape) parameter;

~ . the nugget effect
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EM algorithm for spatio-temporal models

PM, 5 application - VIII

The parameter vector:
e spatial trend, thin plate spline basis expansion
e temporal trend, B-spline expansion
e land use of the site,

e variogram / spatial covariance matrix
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EM algorithm for spatio-temporal models

PM, 5 application - IX

Estimates of the semivariogram parameters (42p (

Method K P Q
MLE
Point estimateg 2.06 0.92 0.061
Standard errof 0.35 0.097 0.0017
Approximate EM
Point estimate 2.13 0.92  0.049
Standard errof 0.29 0.083 0.0012
Corrected s.e] 0.35 0.098 0.0019

See also someice maps of the Pl; concentrations
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EM algorithm for spatio-temporal models
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EM algorithm for spatio-temporal models

Approximate EM: AR(1) process - |

A simple and analytically tractable example: Gaussian AR(1) process,

Y =a -+ pyi—1 + €, |p| <1,e ~ii.d. N(0,0?) (43)

Kriging predictor:

p

Elyelye—1, yer1,0] = p+ 1+ p2 [(ye—1 — 1) + (Y41 — )], (44)
1 — 2 0.2

V0yelyt—1,Yt+1,0] = ( ] +pp)2 - (45)
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EM algorithm for spatio-temporal models

Approximate EM: AR(1) - Il

Approximate EM:

E[yth/t—l) Yt+1, 9] — W, (46)
~ 0'2
V[yt|yt—17 Y41, (9] — 1 _6,02 ) (47)
~ po?
E[(ye — 1) (Ye—1 — 1) |Ye—1, ye+1, 0] = 1 TOQ (43)
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EM algorithm for spatio-temporal models

Approximate EM: AR(1) - llI

Results:
e [1ISOK
e pis underestimated

e o2 is underestimated from MLE, but consistently estimated from the
sums of squares given a consistent estimaje of

e corrections fomp are possible
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EM algorithm for spatio-temporal models

Approximate EM: AR(1) - IV

Bias by the approximate EM

estimate/rho

(\! |
I I I I
0 A 2 3
Proportion missing
rho=0.1 — — — rho=0.3
--------- rho=05 rho=0.7

Relative bias of
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EM algorithm for spatio-temporal models

Approximate EM: AR(1) - V

Corrections to restore consistencyof

e add a correction term

P(p) = vT | _1p2 . _2’)2} (49)

to the likelihood when it is maximized over whereT is the length
of the time series, and is the proportion of missing data,

or...
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EM algorithm for spatio-temporal models

Approximate EM: AR(1) - V

e from the previous figure, the bias is approximately proportionat to

plimp = p+ Av + o(v),

2 1 —p)?
(1—p)
plim Py 30+ o(v) + o(p),
p
p=p1—3v)"" (50)
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EM algorithm for spatio-temporal models

Approximate EM: general case - |

Complete data likelihood:

N N
l(evﬁ;ycaX):_d?thﬂ'— Eln‘z( )_
1 Y _
- ‘C . c .C . C T -1
5 | = X — Xep)TE T 51)
Observed data likelihood:

N
Z{di In 27 + In|24(0)| + tr| (Vi = X,8)(Vi — X,8) "%, }
- (52)

1
9
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EM algorithm for spatio-temporal models

Approximate EM: general case - I

PresentnesmatricesP; andmissingnesaatricesi/;:
Yi=RYS Y =MYS
ve = PIY, + MY,
Y = PX(0)PF (53)
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EM algorithm for spatio-temporal models

Approximate EM: general case - ll|

The likelinood of the full data set, under the assumption of independence
overi, IS

N
1 T
1(0,53;Y, X) ———1n27r2dw - §Zln|PiE(9)Pi | —

1=1

N
N % Dt [(PiEPiT)_l(YiC - PX:8)(Y — P’iX'iﬁ)T} (54)

=1
Approximate EM/likelihood:

5 dN N
(0,3, Y, X) = === (In2m + 1) = - In [S(0)|-

N
1
S ul PR P [ - PXA)(YF - PX)T - PSP}
1=1

(55)
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EM algorithm for spatio-temporal models

Approximate EM: general case - IV

Aim: derive estimating equations
e for the maximum likelihood estimates
e for the approximate EM

and compare the properties of the resulting estimates
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EM algorithm for spatio-temporal models

Background: matrix calculus - |

Differential of a matrix function: the linear part of the increment

Let F : S — IR™*P be a matrix function defined afi C IR™*4. Let matrixC € int S,
and letU € R™*? be such thajU|| < r (i.e.,U € B(0,r), an open ball of radius
centered at zero with respect to the spectral norm), sathatU € B(C,r) € S. If there
exists a real matriX of sizemp x nq that depends o6’, but not onUU, such that

vec[F(C 4+ U)| = vec[F(C)] + A(C) vec[U] + vec|[Rc(U)] YU € B(C,r) (56)

and
im Foll) _ (57)
v—o [[U]
thenF' is said to balifferentiable atC', andm x p matrixd F'(C; U) given by
vecld F'(C;U)| = A(C) vec|U] (58)

is thefirst differential of F* at C' with an incrementU, andmp x nq matrix A(C) is the

(first) derivative ofF" at C.

Stas Kolenikov 2005 Contents 58



EM algorithm for spatio-temporal models

Background: matrix calculus - I

dU+V)=dU+dV, d(aU) = adU,
dU = (dU)?!, d vec|U] = vec|d U],
dUV)=dU)V+UdV), dtrU =trdU

dUV)=dU)V+U®(dV)

If additionally U is a non-degenerate square matfix| # 0, then

d|U| = |U|tr[U1 4 U],
dln|U| = tx[U 14 U],
dU ' =-U'dU)U! (59)

Magnus & Neudecker (1999)
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EM algorithm for spatio-temporal models

MLE: general case - V

Maximum likelihood estimating equations:

di(6,5;Y,X) =
1 N
_ T\—1
- 5;&{(323 ) _
—2P; X;{dB}(Y; — Pz'Xzﬂ)T} } (60)

whereR; IS the matrix residual:

R; = (Y; - PX;8)(Y; — PX;8)" — PXP} (61)
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EM algorithm for spatio-temporal models

MLE: general case - VI

Regression parameter subspace:

0= w[(REPT) ' PX{dB}H(Y; - P.X,8)"] =

1 =1
N
=) t[(Y; - PX:B8) (PP ) PXi{dB}]=

1=1

N

=) [{agy' X PRSP (Y, — PXi)], (62)
1=1

N N

8= Bols = {Z XT pT (PP 1P7;X7;} {Z XfPiT(PiEPiT)_lY;}
1=1 1=1
(63)
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EM algorithm for spatio-temporal models

MLE: general case - VII

The estimating equation for the covariance parameters will be more
complex. If
(o, k,¥) = aCl(k, ), (64)

r 1S the nugget effect, and (possibly a vectorjlescribes the spatial
correlation, then

dX(0) =daC(k,¢) + adrly + Y aCj(¥)dy, (65)

J

whereC';(v) is the matrix with zero on diagonal, adi-th off-diagonal

Op(¢,k,1)
entry equal t o0
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MLE: general case - VIII

Then the estimating equations for the covariance parameter subspace are

N
az(e,g, Y, X) _ % St [(BEPT) PO (s, ) PT(PEPT) IR,
@
1=1
(66)
N
alw,g’ ) B %Ztr[(HZP@T)_lPiOéPiT(PiEPiT)_lRi}’ (67)
K
1=1
N
J i=1

(68)

Note that3 1L (&, &, §).
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Approximate EM: general case - IX

The estimating equations for the approximate likelihood:
1 N
. | 1 B .
di(0,3;Y, X) = 2;1{ tr(E {dZ})—i—tI‘( +

+PE ' PP 2P X {dBY(Y: — PXiB) + P{dZ} P }) } (69)

whereR; i1s the matrix residual:
R, = (Y, — PBX;3)(Y: - PX:8)" — BYP/

Bias terms:

B(X,d%) =) [tr(BS P P{dS}Pl) — tr(S7H{dX})]  (70)
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Sampling from a matrix

The matrices?; sample rows and columns of the matrices they are
applied to. If the proportion of the missing dataighen the diagonal
entries of the corresponding covariance matrix of the data are sampled at
the ratel — v, and the off-diagonal entries, at a rale— v)°. If E, is the
expectation with respect to the missing data mechanism (i.e., sampling of
the rows and columns), then
Es tr(PAPTPB"P") =, Y ) ajnbjk =
kEs j€Es
d

d d
=(1-v)? Z Zajkbjk +v(l—-v) Z apkbrr =

= (1 —v)tr{A[(1 — v)B" + vdiag B]} =
=(1—-v) tr{A[BT — v(B" — diag B)]} (71)
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Approximate EM: general case - X

If the missing data process is MCAR, then f§r— oo, by the law of
large numbers,

N
% Ztl‘(PiZ_lpiTP’i{d X)) =
i—1
(1-v)tr{E (1 -v)dE +vdiagd Z|} =

=(1—-v) tr{E_l [oz dr 15 + vda diag C'(k, 1Y)+

H(1 = v)(da C(r ) + Y aCy(4) duy)] } (72)

J

where the probability limit is taken over repeated sampling of sites,
assuming samples are independent for diffefisrwhich is a part of
MCAR assumption).
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Approximate EM: general case - Xl

How can this result be used? Consider the estimating equatien for

o o ~1 —1pT
2, Z{ N tr((1— )2 + tr )}
(73)
If the termtr (X ') is attenuated by a factor af— v, then it will cancel
out with the next term, and the estimating equation will become

consistent. As long as it is a full derivative, the correction is to multiply
In |3(6)| by 1 — v when the likelihood is maximized over.
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Approximate EM: general case - XIl|

Equation 72) implies different corrections for different parameters, as by
(65), the components af X related to the scale, nugget and correlation
structure will have different structure w.r.t. the diagonal. As long as the
termtr(X~1 d X)) comes as a differential afi |X(0)], the following
corrections can be entertained:

e nugget effeck: diagonal only; need to attenudte|>(6)| by 1 — v

e correlation structure, shape and range parameters: off-diagonal
elements only, need to attenuateX:(6)| by (1 — v)?

e scalea: the correction depends on other parameters; the estimate of
« should be derived from the generalized sum of squares rather than
from the nonlinear maximization.
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Further work

Simulation study

Separable processes:
Cov|Z(s1,t1), Z(s2,t2)] = Cs(s1,82)C(t1, t2)

“Design” of unbiased estimating equations — e.g., versions of least
squares

Prediction of the second moments from the principal
components/EOF

Using small neighborhood for (approximate) kriging
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