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What is robust in robust designs?

• Distributional robustness

• Model misspecification robustness

1. nonlinearity

2. heteroskedasticity

3. time trend

• Noise (Taguchi designs)

• Missing data

• Errors in the design variables



Distributional robustness - I

What if the errors in y = Xθ + ε are not normal?

θ̂OLS = (XTX)−1XTy =⇒

yk →∞ for some k ⇒ θ̂OLS →∞

Theory (Huber 1981): functional derivatives

Tools: influence curve (Hampel 1974), breakdown point



Distributional robustness - II

Estimation: M -estimates ∑
i

ρ(yi −
∑
j

xijθj)→ min θ,

where ρ(z) = o(z2) as z →∞, or equivalently (ψ(·) = ρ′(·))∑
i

ψ(yi −
∑
j

xijθj)xik → min, k = 1, . . . , p

Examples:

Tukey’s biweight: ψ(x) = x(1− x2)2 I(|x| < 1)

Huber’s minimal information: ψ(x) = max[−k,min(k, x)]



Distributional robustness - III

Also important: geometry of factors. Huber (1975):

• Avoid outliers among the independent variables

• Always calculate the diagonal hii of the projection matrix H = X(XTX)−1XT .
If a particular hii is close to 1, then decrease it by (approximate) replication of
that observation.

See also: Stat 174 and Richard Smith’s notes to it (Smith and Young 2001) for dis-
cussion of regression diagnostics.



Misspecification robustness - I

What if the true relation is not y = Xθ+ε but some other y = g(x, β)+errors? Then
the estimates θ̂OLS will lose all nice properties such as being the MLE estimates,
being unbiased, and being of smallest variance.

Box and Draper (1959) analyzed misspecified polynomial case with the requirement
on the design that it should represent the true function as well as possible within the
region of interest, and lend itself to a verification of the specification. They concluded
that:

. . . at least, in the cases considered, the optimal design in typical situations
in which both variance and bias occur is very nearly the same as would be
obtained if variance were ignored completely and the experiment designed
so as to minimize the bias alone.



Misspecification robustness - II

In particular, if a polynomial of insufficient order d1 < d2 is fitted to the data, then
MSE

. . . arising from bias alone is minimized when all moments of the design up
to that of order (d2 + 1) are equal to the moments of a uniform distribution
. . .

and the optimal design does not differ much from the one outlined above when vari-
ance and bias contributions to the MSE are “equal”, or even in the case when vari-
ance is somewhat “greater” than the bias.

Modernized approach: smooth functions with bounded d-th derivative⇒ splines?



Demonstration - I

Box and Draper (1987)



Demonstration - II

Box and Draper (1987)



Misspecification robustness - III

Huber (1975): need to consider broader class of deviations and minimax estimators.

Global fit: least favorable (symmetric) true function for a design on [-1,1] is approxi-
mately quadratic (to be precise, (ax2+b)+). Hence the minimax design is a multiple
of {−1,0,0,1}.

Slope estimation: least favorable true function is approximately cubic. The “uniform”
design performs best.

Extrapolation: g(h) is bounded⇒ the optimal design points correspond to the roots
of Chebyshev polynomial of order h, and the weights are found from the design mo-
ments of the order up to h− 1.



Misspecification robustness - IV

Wiens (1991): other problems to consider.

Fitted: Yij = θTz(xi) + εij

True: Yij = µi + εij, µi = θTz(xi) + f(xi)

Problem 1: to maximize the minimum power in determining misspecification.

Problem 2: to minimize the bias in estimation of σ2.



Misspecification robustness - V

Formalization:

ξ :
(
2S,B(S)

)
→ IR — design measure;

F+
η =

{
f |

∫
f2(x) dx ≥ η2,

∫
z(x)f(x) dx = 0

}
F−η =

{
f |

∫
f2(x) dx ≤ η2,

∫
z(x)f(x) dx = 0

}
Bξ =

∫
z(x)zT (x) dξ(x), bf,ξ =

∫
z(x)f(x) dξ(x)

B(f, ξ) =
∫
f2(x) dξ(x)− bTf,ξB

−1
ξ bf,xi

(L2 distance from f to the space of θTz(x))



Misspecification robustness - VI

Then the solutions to the above two problems are

ξ(1) = arg max
P

min
F+
η

B(f, ξ)

ξ(2) = arg min
P

max
F−η

B(f, ξ)

In fact, the solutions coincide, and it is the uniform design:

ξ(1) = ξ(2) = U(S)

In practice:

• discrete uniform design: points equally spaced across S;

• randomized design: point drawn at random from U(S).



Heteroskedasticity - I

Y (x) = z(x)Tθ + f(x) + ε(x),

Var ε(x) = σ2g(x).

Typical approach: use weights inversely proportional to ĝ(x).

What does minimax do for the L2 loss, i.e. integrated mean squared error (Wiens
1998)?

IMSE =
∫
S

E
[
Ŷ (x)− E[Y |x]

]2
dx



Heteroskedasticity - II

ν = σ2/nη2 — variance to squared bias ratio;

S is an ellipsoid ∈ IRq, Ω =
∫
S
dx

l(u; γ) = 1 +
u2

(q + 2)γ2
, h0(u; γ) =

aν(b+ u2)

1 + cνl2(u; γ)

γ0 = arg min
γ≥0

(
Ω−1a(γ)(b(γ) + qγ) + (4Ω2c(γ))−1

)
,

where a = a(γ), b = b(γ), c = c(γ) are certain normalizing constants. Then the
minimax design ξ0 has the density h0(‖x‖; γ0) (Wiens 1998, Theorem 3).



Heteroskedasticity - III

If the model is correctly specified (f ≡ 0), then the minimax design density is

k0(x) =

(
z(x)TA−1z(x)

)2/3

∫
S

(
z(x)TA−1z(x)

)2/3
dx
,

where A =
∫
S z(x)z(x)T dx (Wiens 1998, Theorem 5). The regression weights

are then w0(x) = Ω/k0(x); the least favorable skedasticity function: g(x) =

w0(x)−1/2.



Robustness to time trend - I

Experiments are performed sequentially — what if there is trend and/or serial corre-
lation?

• Confound the trend with the factor interactions assuming linear or quadratic trend
(Atkinson 1996)

• Assume AR in errors and construct an optimal design.
Constantine (1989) builds a modification of the no-correlation-optimal design based on the avail-
able information on the (signs of) error correlation by (counter-)matching signs of the factors in
consequent experiments.

• Econometrics: covariance matrix estimates robust to autocorrelation (Newey and
West 1987)



Infinitesimal Approach - I

Wiens and Zhou (1997), following Hampel et. al. (1986).

Yi = θTz(xi) + f(xi) + εij, Cov ε = σ2P

Objective:

D(f, ξ, P ) = σ2p|Bξ|−2

∣∣∣∣∣ZTPZn

∣∣∣∣∣
1 +

n

σ2
bTf,ξ

(
ZTPZ

n

)−1

bf,ξ



Apparatus: Gateuax derivatives.



Infinitesimal Approach - II

Change of variance function (P0 = I):

CV F (ξ, P ) =
d
dtD(f, ξ, (1− t)P0 + tP )|t=0

D(f0, ξ, P0)

Change of bias function (f0 = 0):

CBF (ξ, P ) =
1
2
d2

dt2
D(1− t)f0 + tf, ξ, P0)|t=0

D(f0, ξ, P0)

Change of variance sensitivity:

CV S(ξ,P) = sup
P∈P

trace
(
ZT (P − I)Z

n
B−1
ξ

)
Change of bias sensitivity:

CBS(ξ,F) = sup
f∈F

(
nbTf,ξB

−1
ξ bf,ξ

)



Infinitesimal Approach - III

V-robust design for given α minimizes D(f0, ξ, P0) s.t. CV S(ξ,P) ≤ α; it is most
V-robust design if α = inf

{
CV S(ξ,P) : ξ ∈ Ξ

}
for a certain class Ξ of designs.

B-robust design for given β minimizes D(f0, ξ, P0) s.t. CBS(ξ,F) ≤ β; it is most
B-robust design if α = inf

{
CBS(ξ,F) : ξ ∈ Ξ

}
.

M-robust design: the one that is both V- and B-robust; most M-robust if it is both most
V-robust and B-robust (do such designs exist?).



Infinitesimal Approach - IV

Mild autocorrelation:

P1 = {P |ρ(s) = 0, |s| > 1; 0 < c0 ≤ ρ(1) < 1},
P2 = {P |ρ(s) = 0, |s| > 1;−1 < ρ(1) ≤ −c1 < 0}

The V-robust designs are similar to Constantine (1989) and Jenkins and Chanmugam
(1962): 〈1,−1, . . . ,1,−1, (0) 〉 for P1 and 〈1,1, . . . ,1, (0), . . . ,−1, . . . ,−1 〉 for
P2, where (0) indicates that zero is included for an odd size design.

The most V-robust designs are given by some trigonometric functions of the index.
Their empirical distribution functions converge weakly to 1/2 + π−1 arcsinx. (Also
the optimal polynomial regression design.)



Infinitesimal Approach - V

B-robustness: bounded bias designs robust to biases in F−η . Only ξ � Lebesgue
measure are admissible for this problem under L2 loss⇒ no “good” finite design.

The randomized approximation (weakly convergent to a B-robust design) is of the
form xi,j = ti,jui where ti,1, . . . , t1,2q are distributed uniformly on a unit sphere in
IRq and ui are distributed according to a certain density dependent on ν. Uniform
distribution on S is B-robust.

Counterintuitively, most B-robust design is δ0.



Infinitesimal Approach - VI

M-robust designs are constructed from B-robust designs by appropriate permutation
of points.

If ξ∗ is B-robust in a class of designs, and there exists a permutation of the design
points ξ∗ 7→ ξ∗∗ s. t. CV S(ξ∗∗,P) ≤ α, then ξ∗∗ maximizes Bξ among the designs
with small CBS, and hence among a smaller class of bounded CBS and CV S.

It is unclear whether most M-robust designs exist.



Infinitesimal Approach - VII

Fig. 1 of Wiens and Zhou (1997).



Robustness to missing data

The property we want to preserve: estimability. Then robustness, in this context, is
the property of the design to remain connected after t observations are lost. Usually
the analysis is performed for small t=1, 2, 3 or so.

An observation in a design is missing ⇔ there is an extra dummy variable for this
observation. Lal, Gupta and Bhar (2001): sufficient conditions of the missingness-
robustness of parameters related to the subset of variables (say X1):

In − C−1/2
∗ V TC−θ1

V C
−1/2
∗ > 0, C∗ = UTPU, V = XT

1 PU,

P = I −X2(X ′2X2)−XT
2 , U = diag(I{xi is missing}), X =

(
X1X2

)

Efficiency of the residual design can also be established.



Errors in factor levels - I

What if factor levels are not achieved precisely? Easy to see: βOLS are biased, as
well as the predictions ŷ.

“Good” design (Draper and Beggs 1971): minimize the discrepancy measured e.g. by

G = E[(ŷX − ŷZ)T (ŷX − ŷZ)],

where predictions ŷX are predictions based on the selected (but not achieved) factor
levels X, and ŷZ are predictions based on the true (but unobserved) factor levels Z.



Errors in factor levels - II

G is comprised of a bias term and a variance term:

Z = X + ε, C1 = εTX(XTX)−1XT ε,

C2 = X(XTX)−1XT −X(ZTZ)−1ZT−

Z(ZTZ)−1XT + Z(ZTZ)−1XTX(ZTZ)−1ZT

G = βTE[C1]β + σ2
y trE[C2],

≈ βTE[C1]β + σ2
y tr (XTX)−1E[εT ε]

assuming that the errors in factors ε are small, so that their third powers are negligible.



Errors in factor levels - III

The results of Draper and Beggs (1971):

• dimX = 1⇒ the design with
∑
u xu = 0 minimizes G;

• dimX ≥ 2⇒ the design with
∑
u xiu =

∑
u xiuxju = 0 ∀ i, j minimizes G;

• dimX ≥ 2, errors in factors are correlated⇒ need
∑
u xiu = 0 ∀ i + conditions

on the design second moments depending on the covariance of the factor errors.
Small correlations⇒ orthogonal design is still OK.



Robustness to noise factors - I

• Control factors: fully controlled in the experiment and in production;

• Noise factors: difficult/expensive/etc. to control in production, but controllable in
the lab;

or: the factors that affect variance rather than the level of the response.

Aim: minimize variance of the response while keeping its level fixed at a pre-specified
level.

Atkinson (1996): the dependence of the variance on the mean can evidence the lack of transformation
to normality.



Robustness to noise factors - II

Taguchi setup

1. Perform (complete) factorial experiment on the noise factors for each combination of the control
factors levels in the design. Control factors may form fractional factorial design.

2. Find estimates of both the level and the variance of the response.

3. Determine which of the control factors affect the level of the response, and which affect the
variance.

4. Choose the combination of the control factors that minimizes the variance of the response.

5. Given the above combination of the control factors, choose the combination of the control factors
affecting the level only to bring it to the desired value.



Robustness to noise factors - III

Standard setup

Single (fractional) factorial experiment is performed on both control and noise factors.
The focus is on interactions of the noise and control factors, so all such interactions
should be estimable.

y = Xβ + Zγ +X ∗ Zδ + ε,

whereX represent the control factors, Z, the noise factors, andX ∗Z, the interaction
between the two. In the experiment Z can be controlled, but in production, they are
difficult to control, so it will be assumed that Z are random with variance σ2

Z . Then
Var y = σ2

ε + (γ +Xδ)2σ2
Z → min

X
.
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