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ABSTRACT

Wei Huang: Managing Warranty Services: Pricing, Inventory and Outsourcing

(Under the direction of Jayashankar Swaminathan, Vidyadhar Kulkarni)

Managing warranty services plays a very important role in today's business environment. This

thesis concentrates on three speci¯c areas related to warranty: joint controlof new and warranty parts

inventory, outsourcing of repair services, coordinated pricing and ful¯llment of warranty plans. The ¯rst

part of this study is motivated by the inventory planning issues faced by a manufacturer of a digital

projector. The seller faces demand from two sources: new demand, and demand to replace faileditems

under warranty. We model this setting as a multi-period single product inventory problem where the new

demand in di®erent periods are independent and the demand for replacing failed items under warranty

is proportional to the number of items under warranty. We assume linear procurement, penalty and

holding costs. We consider backlogging and emergency supply cases, and study both discounted cost

and average cost cases. We prove the optimality of thew-dependent base stock ordering policy where the

base stock level is a function ofw, the number of items currently under warranty. For the special case,

where the demand for new products is stationary, we prove the optimality of a stationary w-dependent

base stock policy for the ¯nite horizon discounted and the in¯nite horizon discounted and average cost

cases. In our computational study, we ¯nd that such an integrated policy can lead to 31% average

improvement in expected costs when compared to a policy that neglects warranty repairs. We extend

this analysis to the case of constant warranty periods and age dependent failure rates.

In the second part, we consider a game-theoretic model of a warranty repair allocation problem with

one manufacturer and multiple vendors where the vendors compete with each other in setting prices

for their services, and the manufacturer responds by optimally allocating its products to its own repair

facility and to the vendors for services to minimize the repair and waiting cost. We examine the pricing

decisions facing vendors and the manufacturer and study the Nash equilibria in two di®erent models. In
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the ¯rst model, the vendors are the leaders, while in the second model, the manufacturer is the leader.

We prove the existence and uniqueness of the Nash equilibrium in both models. Further, we numerically

compare the optimal outsoucing contracts in the two models.

The last issue is about how to price service plans to optimize a company's pro¯ts, when it o®ers

multiple warranty plans to customers. We study pricing for such warranty plans and how they might be

a®ected by competition. We assume a stylized deterministic demand model where the demandnot only

depends on its price but also on the lead time of service that is guaranteed. We ¯rst study the optimal

prices for a monopolist that may o®er one or two plans that are di®erentiated by their service time.

Next, we analyze a duopoly case where each ¯rm o®ers one plan and prove the existence ofa unique

Nash equilibrium. We provide insights on the e®ect of the repair setting, service rate and competition

on pricing strategies and pro¯tability of ¯rms.
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Chapter 1

Introduction

The service sector is the largest and a fast growing sector of the US economy accounting for 80%

of the Gross Domestic Product (GDP). It spans several industries including transportation, logistics,

¯nance, retail, health care and tourism, among others.

Warranty services are a major component of the manufacturing and retail industry. Several large

companies have begun to outsource their repair activities in the past few years. Forexample, electronic

equipment manufacturers routinely augment inhouse servicing of warranties by contracting outside ven-

dors to repair the items (machines like PCs, or components like hard drives) that are sold under warranty.

Last year, Microsoft decided to outsource the repair and warranty services related to XBox gaming de-

vice in North America to Selectron (Serant [41]). According to a recent report by Merrill Lynch, the

warranty services represents a 100 billion dollar opportunity for electronicsmanufacturers and subcon-

tractors (Serant [41]). Several vendors in the recent past have made large investments to enhance their

capabilities in this dimension. For example, Selectron alone has acquired seven repair companies for

mobile phones, desktop computers and notebooks since 1999 (Serant [40]).

Based on discussions with the warranty and repair services division of a prominent local computer

manufacturer, a digital projector manufacturer and retailers of computer/digita l products, we study

three aspects related to managing warranty services in this thesis. These three aspects relate to (i)

inventory issues faced in house because of warranty, (ii) development of contracts to outsource warranty

services, and (iii) price warranty service to maximize pro¯ts. These three aspects deal with - inhouse,



supplier and customer relationships.

The ¯rst part of this study is motivated by the inventory planning issues faced by a manufacturer of a

digital projector. The seller faces demand from two sources: new demand, and demand to replace failed

items under warranty. In Chapter 2, we model this setting as a multi-period single product inventory

problem where the new demand in di®erent periods are independent and the demand for replacing

failed items under warranty is proportional to the number of items under warranty. We ¯rst study

coordination of inventory for new and warrantied products when the ¯rm only has sales information but

no information about age of items in the ¯eld, then we introduce warranty ageinformation into demand

We assume linear procurement, penalty and holding costs. We consider backlogging andemergency

supply cases, and study both discounted cost and average cost cases. We prove the optimality of the

w-dependent base stock ordering policy where the base stock level is a function ofw, the number of

items currently under warranty. For the special case, where the demand for new products isstationary,

we prove the optimality of a stationary w-dependent base stock policy for the ¯nite horizon discounted

and the in¯nite horizon discounted and average cost cases. In our computational study,we ¯nd that

such an integrated policy can lead to 31% average improvement in expected costs when compared to

a policy that neglects warranty repairs. In Chapter 3, we extend this analysis to the case of constant

warranty periods and age dependent failure rates.

In the second part, we study the problem of outsourcing to service warranty claims, an area that has

seen tremendously explosion over the last decade. In Chapter 4, we consider a game-theoreticmodel

of a warranty repair allocation problem with one manufacturer and multiple vendors where the vendors

compete with each other in setting prices and repair rates for their services, and themanufacturer

responds by optimally allocating its products to its own repair facility and to the vendors for services to

minimize the repair and waiting cost. We examine the pricing and capacity decisions facing vendors and

the manufacturer and study the Nash equilibria in two di®erent models. In the ¯rst model, the vendors

are the leaders, while in the second model, the manufacturer is the leader. We prove theexistence

and uniqueness of the Nash equilibria in three cases of the model where the vendors are the leaders:

(i) there are two vendors in the market, the holding and penalty cost functions are smooth, (ii) there

2



are n ¸ 2 vendors, and the holding and penalty cost functions are quadratic functions, (iii) there are

n ¸ 2 identical vendors in the holding and penalty cost functions. We also establish the existence and

uniqueness of the Nash equilibrium when the manufacturer is the leader. Further, we characterize the

optimal number of vendors that the manufacturer should have in both the situations.

The last issue is about how to charge service plans to optimize companies pro¯ts,especially now an

estimated 50% of all new car buyers, and many used car and major appliance buyers purchase service

plans. In Chapter 5, we study the pricing strategies for service plan when a product is sold under

warranty. We assume a stylized deterministic demand model where the demand not onlydepends on

prices but also on the lead time of service that is guaranteed. We model the service facility as an

M/M/1 queue and study the optimal prices for a monopolist that may o®er one or two plans that are

di®erentiated by their service time. Next, we analyze a duopoly case where each ¯rm o®ers one plan

and prove the existence of a unique Nash equilibrium. We provide insights on the e®ect of the repair

setting, service rate and competition on pricing strategies and pro¯tability of ¯rms.

The relevant literature in each of these three areas is discussed at appropriate places in the ensuing

chapters.
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Chapter 2

Coordinated Inventory Planning:

Model I

2.1 Introduction

After-sale parts and services are becoming an important aspect of closed loop supply chains (see

Guide and Wassenhove ([18])). In cases where the original equipment manufacturer (OEM) manages

the inventory for the product under warranty, the manufacturer needs to synergize inventory planning

activities across new demand and demand arising from products under warranty. This work was moti-

vated by the inventory planning issues faced by a digital projector company. The ¯rm had a policy to

replace new any product that failed under warranty. The existing inventory policy of the ¯rm was to plan

for new demand and take care of warranty claims on a as-needed basis. Figure 2.1 shows the demand

from new customers over a one year period and Figure 2.2 shows the demand for warranty claims. Note

that data in both ¯gures has been scaled to protect con¯dentiality. On comparison of these ¯gures it

is clear that in some periods warranty claims are a signi¯cant fraction (often greater than 15%) of the

total demand. This led to rush orders at the last moment resulting in high production (overtime) and

transportation costs in addition to increasing the customer waiting time for repairs (replacements). The

¯rm was interested in evaluating the bene¯ts of coordinated inventory planning based on new demands

and failures under warranty.



Figure 2.1: New Demand

Figure 2.2: Demand of Warranty Repair
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In this chapter we consider a discrete time multi-period inventory model that jointly manages the

inventory requirements for new products and warranty claims. Throughout this chapter we will restrict

our attention to a single product. We assume that the demand in each period for the new product is

stochastic and independent (not necessarily identical) whereas warranty claims are proportional to the

number of products currently under warranty. Further, a random fraction of products under warranty

in the ¯eld go out of warranty every period. The ordering, holding and penalty costs are assumed to

be linear and there is no delivery lag. We study the standard backlogging case and also the emergency

supply case (with no backlogging) where the demand that can not be satis¯ed by itemsin stock has to

be satis¯ed by ordering from an emergency supplier. We theoretically prove that thereexist functions

Sn (w) so that it is optimal to order up to Sn (w) in period n if there are w items under warranty at

that time. We call this a w-dependent base stock policy. The critical valueSn (w) can be explicitly

obtained by solving for the root of a single transcendental equation. For the special case, where the

demand for new products is stationary, we prove the optimality of a stationary w-dependent base stock

policy for the ¯nite horizon discounted, the in¯nite horizon discounted and average cost cases. In our

computational study, we compare the performance of such an integrated policy to a policy that only took

new demand into consideration while planning inventory (re°ecting the current operations at the ¯rm).

Our study indicates that on average 31% cost improvements can be obtained from usingthe optimal

integrated policy. Among other results, we also ¯nd contrary to our intuiti on that the performance

di®erence between the two policies ¯rst increases and then decreases with the failure rate.

The rest of the chapter is organized as follows. We include a brief literature review of related research

in section 2. We formulate the problem in backlogging case in section 3. We study the structure of the

optimal inventory policy for the ¯nite horizon problem in section 4, in¯nite hor izon discounted problem

in section 5, and long run average cost problem in section 6. In section 7, we formulate the problem in

emergency supply case and study the optimal inventory policy for ¯nite horizon problem. In section 8,

we provide computational insights. We provide extensions and conclusions in section 9.

7



2.2 Literature Review

There are three streams of research that are related to our inventory-warranty model. The ¯rst

stream of research focuses on the e®ects of warranty under deterministic demand conditions. Porteus

([36]) considers a lot-sizing problem where the process goes out-of-control with a given probability each

time it produces an item. He shows that the optimal lot size is smaller than theclassical economic

manufacturing quantity. Djamaludin et al. ([10]) and Wang and Sheu ([47]) study other extensions of

this scenario to ¯nd the optimal lot size taking into account long run production in ventory and warranty

costs. As opposed to this stream, our focus is on warranty systems with aperiodic stochastic demand.

The second stream of literature has studied production systems with inventory dependent deter-

ministic demand without warranty considerations. Khmelnitsky and Gerchak ([21]) study a continuous

review deterministic inventory model where demand rates may vary over time, shortages are possible

and the system has ¯nite production and ¯nd the optimal production control for such a system. Baker

and Urban ([1]) analyze the continuous, deterministic case of an inventory system in which the demand

rate of an item is of a polynomial functional form, dependent on the inventory level. They develop

the optimal policy to maximize average pro¯t per unit time. In our work, the f uture requirement of a

product is not only dependent on current inventory, but also on previous sales.

The third stream of research considers inventory planning in a periodic setting understochastic

demand (see Swaminathan and Tayur ([44]) for a recent review). Within that stream of papers those

that consider return or remanufacturing are related to our work. Cohen et al. ([6]) assume that a

¯xed fraction of the products issued in a given period is returned after a ¯xed sojourn time in the

market and may subsequently be reused. Optimality of a periodic review order upto policy is claimed

when disregarding ¯xed costs and procurement leadtimes. Kelle and Silver ([20]) extend this approach by

allowing for ¯xed order costs and stochastic sojourn time in the market. They propose an approximation

scheme transforming this model into a classical dynamic lotsizing problem. Yuan and Cheung ([50])

propose for this model an (s; S)-reorder policy based on the sum of the on-hand stock and the number

of items in the market. The single-stage remanufacturing system was ¯rst studied by Simpson ([42])

and Inderfurth ([19]). Simpson ([42]) establishes the optimality of a three-parameter policy consisting

8



of remanufacture-up-to, order-up-to and dispose-down-to levels. Inderfurth ([19]) extends those results

to the case of positive but identical lead times for ordering and remanufacturing, and argues that if lead

times are not identical then the optimal policy will be more complicated. More recently, Feinberg and

Lewis ([14]) consider a single commodity inventory system in which the demandis modeled by a sequence

of i.i.d. random variables that can take negative values (thereby modeling someof the remanufacturing

or product return settings). A multi-echelon remanufacturing system has been studied byDecroix ([7]).

As opposed to this stream of research where remanufacturing or returns increase supply, in our model

the demand increases when there are warranty claims. This creates additional dependence between sales

in the past and demand in the future making the analysis complicated.

2.3 Model with Backlogging

In our model, inventory for a single product is managed for multiple periods. The ¯rm o®ers re-

placement of items that fail under warranty. The demand arises from two sources: newdemand, and

demand to replace failed items under warranty. Let ³n be the new demand in periodn. Let Fn (:) be

its cumulative distribution function (cdf), and f n (:) be its probability density function (pdf). Let X n

be the inventory on hand, and Wn be the number of items under warranty in period n. In period n, we

decide to order an amountAn , and de¯ne Yn = X n + An . We treat Yn ¸ X n as the decision variable in

period n. The delivery is assumed to be instantaneous, so thatYn is the amount available to satisfy the

demand for new and warranty claims in periodn. Any demand that cannot be immediately satis¯ed is

backlogged.

We assume that the warranty is renewable, i.e., the warranty period of the replaced item starts

afresh. Such warranty models have been studied in the past (see Blischke and Murthy ([2])). Also we

assume that the demand to replace failed items is based on a proportional model i.e. a ¯xed fraction

¯ of the items under warranty fail. This is consistent with other failure models that assume that items

failure are independent and bernoulli (see Gertsbakh ([17])). Furthermore, in period n a fraction ±n

of the items under warranty remain in warranty, where f ±n ; n ¸ 0g is a sequence of i.i.d. random

variables 2 [0; 1] with common probability density g(¢). This is only an approximation to the true

9



system where the number of items remaining under warranty depends exclusively on the warranty-time

and age distribution of items in the ¯eld. This assumption keeps the analysis tractable. Under these

assumptions, we get

Wn +1 = ±n [(1 ¡ ¯ )Wn + min( Yn ; ¯W n + ³n )] (2.1)

X n +1 = Yn ¡ ³n ¡ ¯W n :

Thus f ((Wn ; X n ); Yn ); n ¸ 0g is a Markov decision process. Next we describe the cost structure. We

assume that there is a per unit procurement costc, holding cost h for each item remaining at the end

of a period, and shortage costp for each unit of backlogged demand in any period. Let

L n (w; y) = p
Z 1

³ = y¡ ¯w
(³ ¡ y + ¯w )f n (³ )d³ + h

Z y¡ ¯w

³ =0
(y ¡ ³ ¡ ¯w )f n (³ )d³ (2.2)

represent the expected penalty and holding cost incurred in periodn if Wn = w; Yn = y. The total one

period expected cost incurred for ordering up toy is given by

Cn (w; x; y) = c(y ¡ x) + L n (w; y):

Let ®, 0 · ® · 1 be the discount factor. Let ¼be any policy for choosing decisionYn at time n, based

on the history up to time n. We consider three objective functions for choosing an optimal policy as

described below.

1. Finite Horizon. The ¯rst objective of the ¯rm is to minimize the expected total discounted cost

(ETDC) over periods 0; 1; 2; ¢ ¢ ¢; N . Let V ¼
N (w; x) be the ETDC of following the policy ¼over periods

0; 1; ¢ ¢ ¢; N . Since we have a ¯nite horizon we need to specify the terminal cost. LetT(w; x) be the

terminal cost at time N if WN = w; X N = x. Thus

V ¼
N (w; x) = E¼(

N ¡ 1X

n =0

®n Cn (Wn ; X n ; Yn ) + ®N T(WN ; X N )jW0 = w; X 0 = x)

Here E¼ denotes the expectation under the assumption that the policy¼ is followed. Let VN (w; x) be

10



the optimal ETDC of operating the system over period 0; ¢ ¢ ¢; N . That is

VN (w; x) = inf
¼

V ¼
N (w; x): (2.3)

A policy ¼¤ is called optimal for ¯nite horizon ETDC if

VN (w; x) = V ¼¤

N (w; x) for all w and x. (2.4)

2. In¯nite Horizon ETDC. The second objective function is to minimize the ETDC over the

in¯nite horizon. In this case there is no terminal cost function. Let V ¼(w; x) be the in¯nite horizon

ETDC of following policy ¼, that is

V ¼(w; x) = E¼(
1X

n =0

®n Cn (Wn ; X n ; Yn )jW0 = w; X 0 = x)

Similarly, let V (w; x) be the optimal in¯nite horizon ETDC, that is

V (w; x) = inf
¼

V ¼(w; x):

A policy ¼¤ is called optimal for in¯nite horizon ETDC if

V (w; x) = V ¼¤
(w; x) for all w and x. (2.5)

3. In¯nite Horizon Average Cost. Let g¼(w; x) be the expected cost per period of following policy

¼ over in¯nite horizon starting from state ( w; x). Again, there is no terminal cost in this formulation.

Thus assuming the limit exists,

g¼(w; x) = lim
N !1

1
N + 1

E¼(
NX

n =0

Cn (Wn ; X n ; Yn )jW0 = w; X 0 = x): (2.6)

Typically, this limit is independent of the starting state ( w; x). Let g(w; x) be the optimal expected cost

11



per period over in¯nite horizon starting in state ( w; x). That is,

g(w; x) = inf
¼

g¼(w; x):

Typically this in¯mum does not depend on the initial state ( w; x). A policy ¼¤ is called optimal for

in¯nite horizon average cost if

V (w; x) = V ¼¤
(w; x) for all w and x. (2.7)

We obtain optimal policies under all three objective functions, beginning with the ¯ni te horizon

ETDC in the next section.

2.4 Finite Horizon

In this section, we study the ¯nite horizon problem with N periods, terminal cost T(w; x), and show

how to compute VN (w; x) of Equation (2.3). First de¯ne Vn;N (w; x) to be the optimal expected total

discounted cost (ETDC) over periods n; n + 1 ; ¢ ¢ ¢; N starting with Wn = w; X n = x. Let Gn;N (w; y)

be the ETDC over periods overn; n + 1 ; ¢ ¢ ¢; N given Wn = w; Yn = y. Then the standard dynamic

programming recursion yields

VN;N (w; x) = T(w; x)

Gn;N (w; y) = cy + ®Ln (w; y) + ®
Z 1

0

Z y¡ ¯w

0
Vn +1 ;N (±(w + ³ ); y ¡ ¯w ¡ ³ )f n (³ )d³g(±)d±

+ ®
Z 1

0

Z 1

y¡ ¯w
Vn +1 ;N (±((1 ¡ ¯ )w + y); y ¡ ¯w ¡ ³ )f n (³ )d³g(±)d±

n = 0 ; 1; ¢ ¢ ¢; N ¡ 1 (2.8)

Vn;N (w; x) = min
y¸ x

f Gn;N (w; y)g ¡ cx; n = 0 ; 1; ¢ ¢ ¢; N ¡ 1

12



where L n (w; y) is as in Equation (2.2). Then we have

VN (w; x) = V0;N (w; x)

In the ensuing analysis, we choose the following terminal cost function

T(w; x) =
c¯w

1 ¡ ®E[±]
¡ cx; (2.9)

The ¯rst term represents the expected discounted cost of warranty claims of thew items under warranty

in period N , incurred over the in¯nite time from then on. The term ¡ cx re°ects the assumption that

any leftover inventory at period can be returned at original purchase price andonly backlog has to be

satis¯ed at per unit cost c.

We need the following notations:

¹p = p ¡
cE[±]¯

1 ¡ ®E[±]

Sn (w) = ¯w + F ¡ 1
n (

¹p ¡ c(1 ¡ ®)
¹p + h

) (2.10)

¹L n (w; y) =
Z 1

0
[h

Z y¡ ¯w

0
(y ¡ ¯w ¡ ³ )f n (³ )d³ + ¹p

Z 1

y¡ ¯w
(³ ¡ y + ¯w )f n (³ )d³ ]g(±)d±

¿n (w; x) =
y ¡ ¯w ¡ ¯±w ¡ F ¡ 1

n ( ¹p¡ c(1 ¡ ®)
¹p+ h )

1 + ±¯

¢ n = ®(
c¯

1 ¡ ®E[±]
E [±] + c)¹ n + c(1 ¡ ®)F ¡ 1

n (
¹p ¡ c(1 ¡ ®)

¹p + h
)

+ ®¹L n (w; Sn (w)) (2.11)

¹ n is the mean of the random demand from new customers at periodn, and

HN (w; x) = 0 ;

Hn (w; x) =

8
>><

>>:

0 if x · Sn (w)

Gn;N (w; x) ¡ Gn;N (w; Sn (w)) ; o.w.

for 0 · n · N ¡ 1 (2.12)
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Theorem 2.4.1. Suppose the demands in each period are stochastically increasing, i.e.,

Fn (x) ¸ Fn +1 (x); for n = 0 ; 1; ¢ ¢ ¢; N ¡ 2: (2.13)

Then (i)

Gn;N (w; y) = c(1 ¡ ®)y + ®¹L n (w; y) + ( ®¢ n +1 + ::: + ®n ¡ 1¢ N ) + ®(
c¯

1 ¡ ®E[±]
E [±] + c¯ )w

+ ®(
c¯

1 ¡ ®E[±]
E [±] + c)¹ n

+ ®
Z 1

0

Z ¿n (w;y )

0
Hn +1 (±(w + min( y ¡ ¯w; ³ )) ; y ¡ ¯w ¡ ³ )f n (³ )d³g(±)d± (2.14)

for n = 0 ; ¢ ¢ ¢; N ¡ 1. y = Sn (w) minimizes Gn (w; y) for n = 0 ; ¢ ¢ ¢; N ¡ 1, and Gn;N (w; y) increases

with respect to y when y ¸ Sn (w).

(ii)

R¿n (w;y )
0 Hn (±(w+min( y¡ ¯w; ³ )) ; y¡ ¯w ¡ ³ )f n ¡ 1(³ )d³ is an increasing function of y wheny ¸ Sn ¡ 1(w)

for a given w for n = 1 ; ¢ ¢ ¢; N ¡ 1

(iii)

Vn;N (w; x) =
c¯

1 ¡ ®E[±]
w ¡ cx + (¢ n + ®¢ n +1 + :::®n ¡ 1¢ N ) + Hn (w; x): (2.15)

for n = 0 ; ¢ ¢ ¢; N ¡ 1.

The proof follows from a series of claims using backward induction.

Claim 1: (i), (ii), and (iii) hold for N ¡ 1.

Proof of Claim 1:

GN ¡ 1;N (w; y)

= cy + ®LN ¡ 1(w; y) + ®
Z 1

0

Z y¡ ¯w

0
[

c¯
1 ¡ ®E[±]

±(w + ³ ) ¡ c(y ¡ ¯w ¡ ³ )]f N ¡ 1(³ )d³g(±)d±

+ ®
Z 1

0

Z 1

y¡ ¯w
[

c¯
1 ¡ ®E[±]

±(w + y ¡ ¯w ) ¡ c(y ¡ ¯w ¡ ³ )]f N ¡ 1(³ )d³g(±)d±

= c(1 ¡ ®)y + ®(
c¯

1 ¡ ®E[±]
E [±] + c¯ )w + ®(

c¯
1 ¡ ®E[±]

E [±] + c)¹ N ¡ 1 + ®¹L N ¡ 1(w; y)
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where

¹L N ¡ 1(w; y) =
Z 1

0
[(p ¡ E [±]

c¯
1 ¡ ®E[±]

)
Z 1

y¡ ¯w
(³ ¡ y + ¯w )f N ¡ 1(³ )d³

+ h
Z y¡ ¯w

0
(y ¡ ¯w ¡ ³ )f N ¡ 1(³ )d³ ]g(±)d±

=
Z 1

0
[¹p

Z 1

y¡ ¯w
(³ ¡ y + ¯w )f N ¡ 1(³ )d³ + h

Z y¡ ¯w

0
(y ¡ ¯w ¡ ³ )f N ¡ 1(³ )d³ ]g(±)d±

It is easy to see thaty = SN ¡ 1(w) = ¯w + F ¡ 1
N ¡ 1( ¹p¡ c(1 ¡ ®)

¹p+ h ) minimizes GN ¡ 1;N (w; y). Hence,GN ¡ 1;N (w; y)

increases with respect toy, when y ¸ SN ¡ 1(w). Therefore, we get

VN ¡ 1;N (w; x) =

8
>><

>>:

GN ¡ 1;N (w; SN ¡ 1(w)) ¡ cx if x · SN ¡ 1(w)

GN ¡ 1;N (w; x) ¡ cx o.w.
(2.16)

Now

GN ¡ 1;N (w; SN ¡ 1(w)) = ®(
c¯

1 ¡ ®E[±]
E [±] + c¯ )w + ®(

c¯
1 ¡ ®E[±]

E [±] + c)¹ N ¡ 1 + c(1 ¡ ®)SN ¡ 1(w)

+ ®¹L N ¡ 1(w; SN ¡ 1(w))

= ®[
c¯

1 ¡ ®E[±]
E [±] + c¯ ]w + c(1 ¡ ®)¯w + ®(

c¯
1 ¡ ®E[±]

E [±] + c)¹ N ¡ 1

+ c(1 ¡ ®)F ¡ 1
N ¡ 1(

¹p ¡ c(1 ¡ ®)
¹p + h

) + ®¹L N ¡ 1(w; SN ¡ 1(w))

=
c¯

1 ¡ ®E[±]
w + ®(

c¯
1 ¡ ®E[±]

E [±] + c)¹ N ¡ 1 + c(1 ¡ ®)F ¡ 1
N ¡ 1(

¹p ¡ c(1 ¡ ®)
¹p + h

)

+ ®¹L N ¡ 1(w; SN ¡ 1(w))

Using the notation ¢ N ¡ 1 from Equation (2.11), we can rewrite Equation (2.16) as

VN ¡ 1;N (w; x) =
c¯

1 ¡ ®E[±]
w ¡ cx

+ ¢ N ¡ 1 +

8
>><

>>:

0 if x · SN ¡ 1(w)

GN ¡ 1;N (w; x) ¡ GN ¡ 1;N (w; SN ¡ 1(w)) o.w.

=
c¯

1 ¡ ®E[±]
w ¡ cx + ¢ N ¡ 1 + HN ¡ 1(w; x)
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The ¯rst order derivative of
R¿N ¡ 1 (w;y )

0 HN ¡ 1(±(w + min( y ¡ ¯w; ³ )) ; y ¡ ¯w ¡ ³ )f N ¡ 2(³ )d³ with

respect to y is given by

@
R¿N ¡ 1 (w;y )

0 HN ¡ 1(±(w + ³ ); y ¡ ¯w ¡ ³ )f N ¡ 2(³ )d³
@y

=
@

R¿N ¡ 1 (w;y )
0 [GN ¡ 1;N (±(w + ³ ); y ¡ ¯w ¡ ³ ) ¡ GN ¡ 1;N (±(w + ³ ); SN ¡ 1(±(w + ³ )))] f N ¡ 2(³ )d³

@y

=
Z ¿N ¡ 1 (w;y )

0
G2

N ¡ 1;N (±(w + ³ ); y ¡ ¯w ¡ ³ )f N ¡ 2(³ )d³: (2.17)

SinceSN ¡ 1(w) minimizes GN ¡ 1;N (w; y) and the de¯nition of HN ¡ 1(w; y), we get

f y : G2
N ¡ 1;N (±(w + ³ ); y ¡ ¯w ¡ ³ ) > 0g = f y : HN ¡ 1(±(w + ³ ); y ¡ ¯w ¡ ³ ) > 0g:

From the assumption in Equation (2.13), we getSN ¡ 2(w) · SN ¡ 1(w) + ¯±w. This proves the quantity

in Equation (2.17) is nonnegative wheny ¸ SN ¡ 2(w).

Claim 2: If (i),(ii), and (iii) of Theorem 2.4.1 hold for n · N ¡ 1, then they hold for n ¡ 1.

Proof of Claim 2:

The induction hypothesis implies that we have

Gn;N (w; y) = c(1 ¡ ®)y + ®¹L n (w; y) + ( ®¢ n +1 + ::: + ®n ¡ 1¢ N )

+ ®(
c¯

1 ¡ ®E[±]
E [±] + c¯ )w + ®(

c¯
1 ¡ ®E[±]

E [±] + c)¹ n

+ ®
Z 1

0
Hn +1 (±(w + min( y ¡ ¯w; ³ )) ; y ¡ ¯w ¡ ³ )f n (³ )d³;

y = Sn (w) minimizes Gn;N (w; y), and Gn;N (w; y) increases with respect to y, when y ¸ Sn (w).

R1
0 Hn (±(w + min( y ¡ ¯w; ³ )) ; y ¡ ¯w ¡ ³ )f n ¡ 1(³ )d³ is an increasing function ofy when y ¸ Sn ¡ 1(w),
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Then

Gn;N (w; Sn (w))

= ( ®¢ n +1 + ::: + ®n ¡ 1¢ N ) + ®(
c¯

1 ¡ ®E[±]
E [±] + c¯ )w + ®(

c¯
1 ¡ ®E[±]

E [±] + c)¹ n

+ c(1 ¡ ®)Sn (w) + ®¹L n (w; Sn (w))

=
c¯

1 ¡ ®E[±]
w + (¢ n + ®¢ n +1 + ::: + ®n ¡ 1¢ N )

and correspondingly

Vn;N (w; x) =
c¯

1 ¡ ®E[±]
w ¡ cx + (¢ n + ®¢ n +1 + ::: + ®n ¡ 1¢ N )

+

8
>><

>>:

0 if x · Sn (w)

Gn;N (w; x) ¡ Gn;N (w; Sn (w)) o.w.

Therefore from the DP recursion in Equation (2.8) we get

Gn ¡ 1;N (w; y)

= cy + ®Ln ¡ 1(w; y) + ®
Z 1

0

Z y¡ ¯w

0
Vn;N (±(w + ³ ); y ¡ ¯w ¡ ³ )f n ¡ 1(³ )d³g(±)d±

+ ®
Z 1

0

Z 1

y¡ ¯w
Vn;N (±(w + y ¡ ¯w ); y ¡ ¯w ¡ ³ )f n ¡ 1(³ )d³g(±)d±

= c(1 ¡ ®)y + ®¹L n ¡ 1(w; y) + ( ®¢ n + ::: + ®n ¢ N ) + ®(
c¯

1 ¡ ®E[±]
E [±] + c¯ )w

+ ®(
c¯

1 ¡ ®E[±]
E [±] + c)¹ n ¡ 1

+ ®
Z 1

0

Z 1

0
Hn (±(w + min( y ¡ ¯w; ³ )) ; y ¡ ¯w ¡ ³ )f n ¡ 1(³ )d³g(±)d±;

which implies that (i) holds for n¡ 1. It is easy to see thaty = Sn ¡ 1(w) minimizes c(1¡ ®)y+ ®¹L n ¡ 1(w; y).

The assumption (2.13) implies that

F ¡ 1
n ¡ 1(

¹p ¡ c(1 ¡ ®)
¹p + h

) · F ¡ 1
n (

¹p ¡ c(1 ¡ ®)
¹p + h

)
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which shows that ¿n (w; Sn ¡ 1(w)) < 0. This proves that

Z ¿n (w;S n ¡ 1 (w ))

0
Hn (±(w + ³ ); Sn ¡ 1(w) ¡ ¯w ¡ ³ )f n ¡ 1(³ )d³ = 0 :

Then y = Sn ¡ 1(w) minimizes Gn ¡ 1;N (w; y). Hence,Gn ¡ 1;N (w; y) increases with respect toy when y ¸

Sn ¡ 1(w). Furthermore, the ¯rst order derivative of
R1

0 Hn ¡ 1(±(w+min( y¡ ¯w; ³ )) ; y¡ ¯w ¡ ³ )f n ¡ 2(³ )d³

with respect to y is given by

@
R¿n ¡ 1 (w;y )

0 Hn ¡ 1(±(w + ³ ); y ¡ ¯w ¡ ³ )f n ¡ 2(³ )d³
@y

=
@

R¿n ¡ 1 (w;y )
0 [Gn ¡ 1;N (±(w + ³ ); y ¡ ¯w ¡ ³ ) ¡ Gn ¡ 1;N (±(w + ³ ); Sn ¡ 1(±(w + ³ )))] f n ¡ 2(³ )d³

@y

=
Z ¿n ¡ 1 (w;y )

0
G2

n ¡ 1;N (±(w + ³ ); y ¡ ¯w ¡ ³ )f n ¡ 2(³ )d³

which is nonnegative wheny ¸ Sn ¡ 2(w), since Gn ¡ 1;N (w; y) increases with respect toy when y ¸

Sn ¡ 1(w),

f y : G2
n ¡ 1;N (±(w + ³ ); y ¡ ¯w ¡ ³ ) > 0g = f y : Hn ¡ 1(±(w + ³ ); y ¡ ¯w ¡ ³ ) > 0g

and

¿n ¡ 1(w; Sn ¡ 2(w) · 0:

Then (ii) holds for n ¡ 1.

This implies that the base stock level policy, which orders uptoSn ¡ 1(w), is the optimal for the

discounted cost function overn ¡ 1; n; ¢ ¢ ¢; N periods. Clearly, we get

Gn ¡ 1;N (w; Sn ¡ 1(w)) =
c¯

1 ¡ ®E[±]
w + (¢ n ¡ 1 + ®¢ n + ¢ ¢ ¢+ ®n ¢ N )
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Therefore,

Vn ¡ 1;N (w; x) =
c¯

1 ¡ ®E[±]
w ¡ cx + (¢ n ¡ 1 + ®¢ n + ::: + ®n ¢ N )

+

8
>><

>>:

0 if x · Sn ¡ 1(w)

Gn ¡ 1;N (w; x) ¡ Gn ¡ 1;N (w; Sn ¡ 1(w)) o.w.

which implies that (iii) holds for n ¡ 1.

The theorem (2.4.1) follows from this.

Remark 2.4.2. From Theorem 2.4.1 it follows that the optimal policy in state in period n in state

(w; x) is to order up to Sn (w) as given in (2.10). This is called a w-dependent base-stock inventory

replenishment policy.

Special Case: i.i.d. Demands

Consider the special case whereFn (x) = F (x) for n = 0 ; 1; ¢ ¢ ¢; N ¡ 1, that is, the demands are i.i.d..

In this case, the base-stock level in periodn is given by

S(w) = ¯w + F ¡ 1(
¹p ¡ c(1 ¡ ®)

¹p + h
)

for all n = 0 ; ¢ ¢ ¢; N ¡ 1. Thus, the optimal policy is the stationary w-dependent base-stock policy. It is

unusual to get a stationary optimal policy for a ¯nite horizon problem. However the special structure

of our terminal cost facilitates this result.

2.5 In¯nite Horizon Discounted Cost

In the previous section we have proved that in the i.i.d. demands case the stationary w-dependent

base-stock policy minimizes the total expected discounted (or undiscounted) cost over any ¯nite horizon
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N . We denote this stationary policy by ¼¤. Thus we have shown that

VN (w; x) = V ¼¤

N (w; x)

= E¼¤ (
N ¡ 1X

n =1

®n Cn (Wn ; X n ) + ®N T(Wn ; X n )jW0 = w; X n = 0)

In this section we shall show that

lim
N !1

E¼¤ (®N T(WN ; X N )jW0 = w; X n = 0) = 0 ;

i.e., ¼¤ also minimizes the expected total discounted cost over the in¯nite horizon. Our main result is

given in the next theorem.

Theorem 2.5.1. SupposeFn (x) = F (x) for all n ¸ 0. Then the stationary w-dependent base-stock

policy that orders upto S(w) = ¯w + F ¡ 1( ¹p¡ c(1 ¡ ®)
¹p+ h ) in any period in state (w; x) minimizes the in¯nite

horizon discounted cost.

Proof. From Equation (2.1), we get

Wn +1 · ±n [(1 ¡ ¯ )Wn + ¯W n + ³n ]:

Hence, taking expected values,

E¼¤ (Wn +1 ) · E (±)E(Wn ) + ±¹;

where ¹ = E(³n ). Iterating the above we get

E¼¤ (WN ) · E (±)N E¼¤ (W0) + ( E(±) + ¢ ¢ ¢+ E(±)N )¹

· [E (±)N w +
E(±)¹ (1 ¡ E(±)N )

1 ¡ E(±)
]

· E (±)N w +
¹

1 ¡ E(±)

The e®ect of the initial inventory X 0 = x is to increase the above right hand side at most byE(±)N x.
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Also E(X N ) ¸ ¡ ¹ . Combining the above arguments we get that

E¼¤ (T(WN ; X N )jW0 = w; X 0 = x) = E¼¤ (
c¯

1 ¡ E(±)
WN ¡ cXN jW0 = w; X 0 = x)

· (
¹

1 ¡ E(±)
+ ( w + x)E(±)N )

c¯
1 ¡ E(±)

+ c¹:

Hence,

lim
N !1

®N E¼¤ (T(WN ; X N )jW0 = w; X 0 = x) = 0 :

Hence, it follows that

lim
N !1

V ¼¤

N (w; x) = V ¼¤
(w; x) = V (w; x):

That is, ¼¤ is optimal for the in¯nite horizon discounted cost case.

2.6 In¯nite Horizon Average Cost

We ¯rst consider a ¯nite horizon model with no discounting ( ® = 1) with a special terminal cost

given by Equation (2.9) at time N , and assume independent and identical demands with distributions

Fn (x) = F (x).

Theorem 2.6.1. Let

S(w) = ¯w + F ¡ 1(
~p

~p + h
) (2.18)

where ~p = p¡ c¯E (±)
1¡ E (±) . The stationary base-stock policy that orders up toS(w) in state (w; x) minimizes

the N period total cost.

Denote this stationary base-stock policy as¼¤. Let the expected cost per period of following policy

¼for a ¯nite horizon N starting from state ( w; x) be de¯ned as

g¼
N (w; x) =

1
N + 1

E ¦ (
N ¡ 1X

n =0

Cn (Wn ; X n ) + T(WN ; X N )jW0 = w; X 0 = x);

and let gN (w; x) be the optimal expected cost per period for a ¯nite horizon N starting in state w; x,
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that is,

gN (w; x) = inf
¼

g¼
N (w; x) =

VN (w; x)
N + 1

:

Theorem 2.6.1 implies that

VN (w; x) = V ¼¤

N (w; x):

Hence, it follows that

gN (w; x) = g¼¤

N (w; x):

In this section, we shall show that

lim
N !1

1
N + 1

(E¼¤ (T(WN ; X N )jW0 = w; X 0 = x)) = 0 ;

and

lim
N !1

1
N

(E¼¤ (
N ¡ 1X

n =0

Cn (Wn ; X n )) jW0 = w; X 0 = x) (2.19)

exists. This will establish that ¼¤ minimizes the expected cost per period over in¯nite horizon. To prove

the limit in Equation 2.19 exists, we prove the following properties of (Wn ; X n ).

Theorem 2.6.2. Under the policy ¼¤, f (Wn ; X n ); n ¸ 0g is an irreducible, aperiodic, and positive

recurrent DTMC.

Proof. From the de¯nition of the base stock policy and the equations (2.1),

X n +1 = max( X n ; S(Wn )) ¡ ¯W n ¡ ³n ;

Wn +1 = ±n (Wn + min(max( X n ; S(Wn )) ¡ ¯W n ; ³n )) ;

whereS(Wn ) is as in the Equation (2.18). This implies that f (Wn ; X n ); n ¸ 0g is a DTMC. It is easy to

show that it is irreducible and aperiodic. We prove the positive recurrence by using the Foster's criterion
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(Meyn and Tweedie [29]). We choose the following test functionÀ(W; X ) = jX j + W . Then

E(À(Wn +1 ; X n +1 ) ¡ À(Wn ; X n )jWn = w; X n = x)

= E(Wn +1 + jX n +1 jjWn = w; X n = x) ¡ w ¡ j xj

When x ¸ 0, we have

E(jX n +1 j ¡ X n j(Wn = w; X n = x))

= E(j max(X n ; S(Wn )) ¡ ¯W n ¡ ³n j ¡ X n j(Wn = w; X n = x))

·

8
>><

>>:

¡ ¯w + ¹ if x ¸ S(w)

F ¡ 1( ~p
~p+ h ) + ¹ ¡ x; o.w.

· F ¡ 1(
~p

~p + h
) + ¹ ¡ x;

and

E(Wn +1 ¡ Wn j(Wn = x; X n = x))

= E(E(±)(Wn + min(max( X n ; S(Wn )) ¡ ¯W n ; ³n )) ¡ Wn j(Wn = w; X n = x))

=

8
>><

>>:

E(E(±)(w + min( x ¡ ¯w; ³ )) ¡ wj(Wn = w; X n = x)) if x ¸ S(w)

E(E(±)(w + min( S(w) ¡ ¯w; ³ n )) ¡ wj(Wn = w; X n = x)) ; o.w.

·

8
>><

>>:

E(±)¹ ¡ (1 ¡ E(±))w if x ¸ S(w)

E(±)¹ ¡ (1 ¡ E(±))w; o.w.

· ¡ (1 ¡ E(±))w + E(±)¹:

Therefore

E(À(Wn +1 ; X n +1 ) ¡ À(Wn ; X n )jWn = w; X n = x)

= E(Wn +1 + jX n +1 j ¡ Wn ¡ X n jWn = w; X n = x)

· F ¡ 1(
~p

~p + h
) + (1 + E(±)) ¹ ¡ (1 ¡ E(±))w ¡ x:
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The last expression is< 0 if (1 ¡ E(±))w + x > F ¡ 1( ~p
~p+ h ) + (1 + E(±)) ¹ . When x · 0, we have

E(jX n +1 j ¡ j X n jj (Wn = w; X n = x))

= E(j max(X n ; S(Wn )) ¡ ¯W n ¡ ³n j + X n j(Wn = w; X n = x))

· F ¡ 1(
~p

~p + h
) + ¹ + x

· 0 if x · ¡ ¹ ¡ F ¡ 1(
~p

~p + h
);

and

E(Wn +1 ¡ Wn j(Wn = w; X n = x))

= E(E(±)(Wn + min(max( X n ; S(Wn )) ¡ ¯W n ; ³n )) ¡ Wn j(Wn = w; X n = x))

= E(±)(w + min( F ¡ 1(
~p

~p + h
); ³n ) ¡ w)

· E (±)¹ ¡ (1 ¡ E(±))w:

Therefore,

E (À(Wn +1 ; X n +1 ) ¡ À(Wn ; X n )jWn = x; X n = x)

= E(Wn +1 + jX n +1 j ¡ Wn + X n jWn = w; X n = x)

· F ¡ 1(
~p

~p + h
) + ¹ + x + E(±)¹ ¡ (1 ¡ E(±))w:

The last expression is< 0 if ¡ x + (1 ¡ E(±))w > F ¡ 1( ~p
~p+ h ) + (1 + E(±)) ¹ .

Now de¯ne A = f (w; x) : (1 ¡ E(±))w + jxj · F ¡ 1( ~p
~p+ h ) + (1 + E(±)) ¹ g. Note that A is a ¯nite set.

Based on the above properties, we have shown that

E(Wn +1 + jX n +1 j ¡ Wn ¡ j X n jjWn = w; X n = x) < 0 if (W; X ) =2 A:

Using the Foster's criterion, this implies that f (Wn ; X n ); n ¸ 0g is an irreducible and positive recurrent

DTMC.
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Next, we show the existence of the limit ofN period average total cost whenN goes to in¯nity.

Theorem 2.6.3. limN !1 E( 1
N

P N ¡ 1
n =0 Cn (Wn ; X n )jW0 = w; X 0 = x) exists and is ¯nite for all (w; x).

Proof. We get the total cost at period n as

E(Cn (Wn ; X n )jWn = w; X n = x)

= E(c(yn ¡ X n ) + h(yn ¡ ¯W n ¡ ³n )+ + p(yn ¡ ¯W n ¡ ³n )¡ jWn = w; X n = x)

· E (c(yn ¡ X n ) + hyn + p(³n + ¯W n )jWn = w; X n = x)

= E((c + h) max(X n ; S(Wn )) + p(³n + ¯W n ) ¡ cXn jWn = w; X n = x)

= ( c + h)E(max(X n ; S(Wn ))) ¡ cE(X n ) + p¹ + p¯E (Wn ):

When X n ¸ 0 then we could rewrite the above quantity as

E(Cn (Wn ; X n )jWn = w; X n = x)

· (c + h)E(S(Wn )) ¡ cE(X n ) + p¹ + p¯E (Wn )

· (c + h)( ¯E (Wn ) + F ¡ 1(
~p

~p + h
)) + p¹ + p¯E (Wn )

· (c + h)F ¡ 1(
~p

~p + h
) + p¹ + ( c + h + p)¯ (

¹
1 ¡ E(±)

+ ( w + x)E(±)n ):

When X n · 0 we get

E(Cn (Wn ; X n )jWn = w; X n = x)

· (c + h)E(X n ) ¡ cE(X n ) + p¹ + p¯E (Wn )

· p¹ + p¯E (Wn )

· p¹ + p¯ (
¹

1 ¡ E(±)
+ ( w + x)E(±)n ):
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Hence, we get

E(Cn (Wn ; X n )jW0 = w; X 0 = x)

· (c + h)F ¡ 1(
~p

~p + h
) + p¹ + ( c + h + p)¯ (

¹
1 ¡ E(±)

+ ( w + x)E(±)n )

< 1 :

The above bound along with the fact that f (Wn ; X n ); n = 0 ; ¢ ¢ ¢; 1g is a positive recurrent and irre-

ducible implies that

lim
N !1

E(
1
N

N ¡ 1X

n =0

Cn (Wn ; X n )jW0 = w; X 0 = x)

exists and is ¯nite.

Finally, we study the property of the special terminal cost and derive the optimal inventory policy

to minimize the long-run average cost.

Theorem 2.6.4. The stationary w-dependent base stock level policy¼¤ minimizes the expected cost per

period over in¯nite horizon.

Proof. Using the terminal cost in Equation (2.9) and using the argument in Theorem 2.5.1, we get

E¼¤ (T(WN ; X N )jW0 = w; X 0 = x) = E¼¤ (
c¯

1 ¡ E(±)
WN ¡ cXN jW0 = w; X 0 = x)

· (
¹

1 ¡ E(±)
+ ( w + x)E(±)N )

c¯
1 ¡ E(±)

+ c¹

Hence,

lim
N !1

1
N + 1

E(T(WN ; X N )jW0 = w; X 0 = x) = 0 :

Since thew-dependent base stock policy minimizes the expected cost per period overN periods for each

N , it is clear that it minimizes the long-run average cost.
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2.7 Model with Emergency Supply

In this section, we study the N -period emergency supply model where rather than backlogging the

manufacturer has to satisfy the unmet demands by purchasing the items from an emergency supplier.

We use p as the per unit emergency purchase cost wherep > c. Note there are no shortages in this

model. Let ¯ n be the failure fraction in period n and ±n be the warranty expiration rate in period n.

We assume that f ¯ n ; n = 0 ; ¢ ¢ ¢; N ¡ 1g, and f ±n ; n = 0 ; ¢ ¢ ¢; N ¡ 1g are two independent sequences of

i.i.d. random variables with density distributions k(¢) and g(¢) respectively. The dynamic of the system

is given by

X n +1 = max( Yn ¡ ¯ n Wn ¡ ³n ; 0)

Wn +1 = ±n (Wn + ³n )

Let V ¼
N (w; x) and VN (w; x) be de¯ned as in Section 2.3. Following the methodology of Section 2.4, we

can write the optimality recursions as follows

VN;N (w; x) = 0;

Gn;N (w; y)

= cy + L n (w; y)

+ ®
Z 1

0

Z 1

0

Z y¡ ¯w

0
Vn +1 ;N (±(w + ³ ); y ¡ ¯w ¡ ³ )f n (³ )d³g(±)d±k(¯ )d¯

+
Z 1

0

Z 1

0

Z 1

y¡ ¯w
Vn +1 ;N (±(w + ³ ); 0)f n (³ )d³g(±)d±k(¯ )d¯ (2.20)

n = 0 ; ¢ ¢ ¢; N ¡ 1

Vn;N (w; x) = min
y¸ x

f Gn;N (w; y)g ¡ cx; n = 0 ; ¢ ¢ ¢; N ¡ 1;
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where

L n (w; y) =
Z 1

0

Z 1

0
[h

Z y¡ ¯w

0
(y ¡ ³ ¡ ¯w )f n (³ )d³ + p

Z 1

y¡ ¯w
(³ ¡ y + ¯w )f n (³ )d³ ]g(±)d±k(¯ )d¯:

The minimum N -period ETDC is given by VN (w; x) = V0;N (w; x).

Theorem 2.7.1. There exists a functionSn (w) such that the optimal policy in periodn is to order upto

Sn (w).

We prove it using a series of claims by using induction.

Claim 1: GN ¡ 1;N (w; y) is convex with respect to y.

Proof of Claim 1:

From Equation (2.20), we get

GN ¡ 1;N (w; y) = cy + L N ¡ 1(w; y);

and from the de¯nition of L N ¡ 1(w; y), the second order derivative ofL N ¡ 1(w; y) with respect to y can

be shown to be

L 22
N ¡ 1(w; y) =

Z 1

0

Z 1

0

@2L N ¡ 1(w; y)
@y2

g(±)d±k(¯ )d¯ =
Z 1

0
(p + h)f N ¡ 1(y ¡ ¯w )k(¯ )d¯ ¸ 0: (2.21)

This proves our claim 1.

Claim 2: If Gn;N (w; y) is convex with respect to y, then Vn;N (w; x) is convex with respect to x.

Proof of Claim 2:

Let y = Sn (w) be the solution to

@Gn;N (w; y)
@y

= 0 : (2.22)

The convexity of Gn;N (w; y) implies that the optimal policy in period n is order up to Sn (w). Then

Vn;N (w; x) =

8
>><

>>:

Gn;N (w; Sn (w)) ¡ cx if x · Sn (w)

Gn;N (w; x) ¡ cx o.w.
(2.23)
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We get the ¯rst order derivative of Vn;N (w; x) with respect to x as

V 2
n;N (w; x) =

8
>><

>>:

¡ c if x · Sn (w)

G2
n;N (w; x) ¡ c o.w.

(2.24)

SinceG2
n;N (w; Sn (w)) = 0, V 2

n;N (w; x) is continuous at x = Sn (w), i.e., V 2
n;N (w; Sn (w)+ ) = V 2

n;N (w; Sn (w)¡ ) =

¡ c. The second order derivative then can be shown to be

V 22
n;N (w; x) =

8
>><

>>:

0 if x · Sn (w)

G22
n;N (w; x) o.w.

Thus Vn;N (w; x) is convex with respect to x.

Claim 3: If Vn;N (w; x) is convex with respect to x, then Gn ¡ 1;N (w; y) is convex with respect to y.

Proof of Claim 3:

From the de¯nition, we get

Gn ¡ 1;N (w; y) = cy + L n ¡ 1(w; y)

+ ®
Z 1

0

Z 1

0

Z y¡ ¯w

0
Vn;N (±(w + ³ ); y ¡ ³ ¡ ¯w )f n ¡ 1(³ )d³g(±)d±k(¯ )d¯

+ ®
Z 1

0

Z 1

0

Z 1

y¡ ¯w
Vn;N (±(w + ³ ); 0)f n ¡ 1(³ )d³g(±)d±k(¯ )d¯:

The second order derivative ofGn ¡ 1;N (w; y) with respect to y can be shown to be

G22
n ¡ 1;N (w; y)

=
@2Gn ¡ 1;N (w; y)

@y2

=
@2L n ¡ 1(w; y)

@y2
+ ®

Z 1

0

Z 1

0

@2
R1

0 Vn;N (±(w + ³ ); (y ¡ ³ ¡ ¯w )+ )f n ¡ 1(³ )d³
@y2

g(±)d±k(¯ )d¯

= L 22
n ¡ 1(w; y) + ®

Z 1

0

Z 1

0
[
Z y¡ ¯w

0
V 22

n;N (±(w + ³ ); y ¡ ¯w ¡ ³ )f n ¡ 1(³ )d³

+ V 2
n;N (±(w + ³ ); 0)f n ¡ 1(y ¡ ¯w )]g(±)d±k(¯ )d¯
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From the Equation (2.24) and (2.21), the above quantity can be simplīed as

G22
n ¡ 1;N (w; y) = ®

Z 1

0

Z 1

0
[
Z y¡ ¯w

0
V 22

n;N (±(w + ³ ); y ¡ ¯w ¡ ³ )f n ¡ 1(³ )d³

+ ( p + h ¡ ®c)f n ¡ 1(y ¡ ¯w )]g(±)d±k(¯ )d¯

¸ 0

The above quantity is greater than zero by the assumptions, which means thatGn ¡ 1;N (w; y) is convex

with respect to y.

Theorem 2.7.1 then follows by the above induction.

In the next theorem, we state a useful property ofVn;N (w; x) function that can be used to derive

structural results for the base stock function Sn (w).

Theorem 2.7.2. V 12
n;N (w; x) = @Vn;N (w;x )

@w@x · 0.

Claim 1: G12
N ¡ 1;N (w; y) · 0.

Proof of Claim 1:

From the de¯nition of GN ¡ 1;N (w; y), we get G12
N ¡ 1;N (w; y) as follows.

G12
N ¡ 1;N (w; y) =

Z 1

0
L 12

N ¡ 1(w; y)k(¯ )d¯ =
Z 1

0
[¡ ¯ (h + p)f N ¡ 1(y ¡ ¯w )]k(¯ )d¯ · 0

Claim 2: If G12
n;N (w; y) · 0, then V 12

n;N (w; y) · 0.

Proof of Claim 2:

From Equation (2.24), we get

V 12
n;N (w; x) =

8
>><

>>:

0 if x · Sn (w)

G12
n;N (w; x) o.w.

which implies that V 12
n;N (w; x) · 0.

Claim 3: If V 12
n;N (w; x) · 0, then G12

n ¡ 1;N (w; x) · 0.

Proof of Claim 3:
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From the de¯nition, we get

G12
n ¡ 1;N (w; y) = L 12

n ¡ 1(w; y) + ®
Z 1

0

Z 1

0
[
Z y¡ ¯w

0
V 12

n;N (w; x)±+ ( ¡ ¯ )V 22
n;N (w; x)f n ¡ 1(³ )d³

+ ®V2
n;N (±(w + ³ ); 0)(¡ ¯ )f n ¡ 1(y ¡ ¯w )]g(±)d±k(¯ )d¯

=
Z 1

0

Z 1

0
[(¡ ¯ )(p + h ¡ ®c)f n ¡ 1(y ¡ ¯w )

+ ®
Z y¡ ¯w

0
V 12

n;N (w; x)±+ ( ¡ ¯ )V 22
n;N (w; x)f n ¡ 1(³ )d³ ]g(±)d±k(¯ )d¯ (2.25)

The above quantity is less and equal to zero due to our assumptions.

By proving the above three claims, the theorem follows via the induction.

Given that Vn;N (w; x) is submodular, we get the following property of the base stock functionSn (w).

Theorem 2.7.3. The optimal base stock levelSn (w) is an increasing function with respect to w, and

dSn (w )
dw ¸ ¯ , when ¯ and ± are ¯xed at each period, and the identical demand distribution at each period,

i.e., Fn (x) = F (x).

Proof. First, from the de¯nition, we get

GN ¡ 1;N (w; y) = c(y ¡ x) + L(w; y)

and let y = SN ¡ 1(w; y) denote the solution to the ¯rst order condition as follows.

G2
N ¡ 1;N (w; y) = c + L 2(w; y) = 0 :

Then the optimal base stock levelSN ¡ 1(w) can be derived as

F (y ¡ ¯w ) =
p ¡ c
p + h

SN ¡ 1(w) = y = F ¡ 1(
p ¡ c
p + h

) + ¯w

Therefore dSN ¡ 1 (w )
dw = ¯ . Theorem 2.7.1, i.e., the convexity ofGn;N (w; y) with respect to y implies that

we could derive the optimal base stock functionSn (w) by solving the ¯rst order condition as a function
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to G2
n;N (w; Sn (w)) = 0. From the Equation (2.20), we get

c + L 2(w; y) + ®
Z y¡ ¯w

0
V 2

n +1 ;N (±(w + ³ ); y ¡ ¯w ¡ ³ )f (³ )d³ = 0 :

Taking derivative with respect to w on both sides, we get

L 22 (w; y )
dSn (w)

dw
+ L 12 (w; Sn (w)) + ®

Z Sn ( w ) ¡ ¯w

0
(V 12

n +1 ;N (±(w + ³ ); Sn (w) ¡ ¯w ¡ ³ )±

+ V 22
n +1 ;N (±(w + ³ ); Sn (w) ¡ ¯w ¡ ³ )(

dSn (w)

w
¡ ¯ )) f (³ )d³ + ®V 2

n +1 ;N (±(w + ³ ); 0)(
dSn (w)

w
¡ ¯ )f (Sn (w) ¡ ¯w )

= 0

which reduces to

¡ (L 12(w; Sn (w)) + ®
Z Sn (w )¡ ¯w

0
V 12

n +1 ;N (±(w + ³ ); y ¡ ¯w ¡ ³ )±f (³ )d³ )

= L 22(w; Sn (w))
dSn (w)

dw
+ ®

Z Sn (w )¡ ¯w

0
V 22

n +1 ;N (±(w + ³ ); Sn (w) ¡ ¯w ¡ ³ )(
dSn (w)

w
¡ ¯ )f (³ )d³:

Using the Equation (2.21) for L 22(w; y), Equation (2.25) for L 12(w; y), and Equation (2.24), we can

rewrite the above equation as

¡ (¡ ¯ (p + h)f (y ¡ ¯w ) + ®
Z Sn (w )¡ ¯w

0
V 12

n +1 ;N (±(w + ³ ); y ¡ ¯w ¡ ³ )±f (³ )d³ )

= ( p + h ¡ ®c)
dSn (w)

dw
f (Sn (w) ¡ ¯w )

+ ®
Z Sn (w )¡ ¯w

0
[V 22

n +1 ;N (±(w + ³ ); y ¡ ¯w ¡ ³ )(
dSn (w)

dw
¡ ¯ )]f (³ )d³ + c¯®f (Sn (w) ¡ ¯w )

which is rearranged as

¡ (®
Z Sn ( w ) ¡ ¯w

0
V 12

n +1 ;N (±(w + ³ ); Sn (w) ¡ ¯w ¡ ³ )±f (³ )d³ )

= (( p + h ¡ c®)f (Sn (w) ¡ ¯w ) + ®
Z Sn ( w ) ¡ ¯w

0
V 22

n +1 ;N (±(w + ³ ); Sn (w) ¡ ¯w ¡ ³ )f (³ )d³ )(
dSn (w)

dw
¡ ¯ )

From the previous Theorem 2.7.1 and Theorem 2.7.2, we getdSn (w )
dw ¡ ¯ ¸ 0.

Note that ¯w is the expected number of new items that are needed for warranty. However, the

optimal policy is to stock greater than that taking into account the penalty costs associated with the
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repairs. We end this section with two conjectures for the in¯nite horizon i.i.d. demandscase.

Conjecture 1:

There exist a function S(w) such that the policy that orders up to S(w) in any period when there are

w items under warranty minimizes the in¯nite horizon ETDC.

Conjecture 2:

There exist a function S(w) such that the policy that orders up to S(w) in any period when there are

w items under warranty minimizes the in¯nite horizon expected cost per period.

2.8 Computational Results

In this section, we numerically investigate the bene¯ts of using an integrated inventory policy

over the current ad hoc policy used by the ¯rm where they took only new demand into considera-

tion. We compared the performance over 343 problem instances with the following parameter values-

c = 2 ; ± = 0 :96; ® = 0 :95. Then we varied h = 0 :05; 0:1; 0:15; 0:2; 0:25; 0:30, p = 8 ; 10; 12; 15; 20; 25; 30

and ¯ = 0 :01; 0:05; 0:1; 0:15; 0:2; 0:25; 0:3. In these instances we computed the totalN periods (N = 100)

discounted cost of the two policies and averaged it across 1000 simulations.In all our experiments we

considered a stationary and uniform demand distribution every period that could be anywhere from 0

to 100 units. In the following passages we highlight our key insights.

Across all these experiments, the average cost improvement due to the integrated policy was 30.7%

with a maximum improvement of 61.8% (see Tables 2.1,2.2,2.3). From Figures 2.3 and 2.4, we observe

the the cost improvement monotonically increases with the stock-out penalty costp, and monotonically

decreases with the holding costh. This is intuitive since the integrated policy stocks more than the

original policy in most of the cases.

Although one would expect that performance improvement of the integrated policyis greater when

failure rate is higher, interestingly, we ¯nd that as the failure rate increases, the cost improvements ¯rst

increase and then decrease (see Figure 2.5). In order to understand this phenomenon better, we plotted

the procurement, holding and stock-out costs separately in Figure 2.6. We ¯nd that the procurement cost

of the integrated inventory control policy increases signi¯cantly with the failure rate. The procurement
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increases in the standard policy are just a re°ection of the fact that more items needto be ordered to

get to the base stock level since most of the demand is being backlogged at higher failure rates. That is

also the reason why the stock-out costs of the standard policy are increasingin the failure rate while the

stock-out costs of the integrated policy hold steady. There is not a signi¯cantdi®erence in the holding

costs across the two cases. Thus, as the failure rate increases, the integrated policy bene¯ts from lower

stock out costs up to a certain point. Beyond that, the additional improvements in stock-out costs are

o®set by higher procurement costs that the integrated policy has to incur. Therefore, theintegrated

policy's improvement ¯rst increases and then decreases with the failure rate.

2.9 Conclusion

Motivated by the inventory planning issues faced by a seller of items under warranty, in this chapter

we analyzed a setting where seller faces demand from two sources: new demand, and demand to replace

failed items under warranty. We considered backlogging and emergency supply cases and studied both

the discounted cost and the average cost cases. We proved the optimality of thew-dependent base

stock ordering policy where the base stock level is a function ofw, the number of items currently under

warranty. For the special case, where an i.i.d. fraction of sold items goout of warranty every period

and the demand for new products is stationary, we prove the optimality of a stationary w-dependent

base stock policy for ¯nite and in¯nite horizon cases. Through our computational study, we provide

interesting insights on the bene¯ts of using an integrated policy and show that on average this leads to

a 31% improvement over an inventory policy that only considers new demands.
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Figure 2.3: The Cost Improvement with Increasing Stock-out Penalty Cost Rate p

Figure 2.4: The Cost Improvement with Increasing Holding Cost Rateh
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Figure 2.5: The Cost Improvement with Increasing Failure Rate ¯

Figure 2.6: Three Cost Components
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p = 8 10 12 15 20 25 30
AVG % 0.127 0.19 0.24 0.30 0.38 0.44 0.48
MAX % 0.21 0.28 0.34 0.41 0.496 0.57 0.62
MIN % 0.01 0.012 0.016 0.02 0.026 0.03 0.04

Table 2.1: Average Cost Improvement Overp

h=0.01 0.05 0.1 0.15 0.2 0.25 0.3
AVG % 0.315 0.313 0.31 0.308 0.305 0.303 0.3
MAX % 0.618 0.616 0.614 0.611 0.609 0.607 0.605
MIN % 0.01 0.01 0.01 0.01 0.01 0.01 0.01

Table 2.2: Average Cost Improvement Overh

¯ =0.01 0.05 0.1 0.15 0.2 0.25 0.3
AVG % 0.02 0.25 0.38 0.41 0.40 0.37 0.34
MAX % 0.04 0.395 0.57 0.61 0.62 0.61 0.59
MIN % 0.01 0.12 0.193 0.192 0.158 0.11 0.05

Table 2.3: Average Cost Improvement Over¯
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Chapter 3

Coordinated Inventory Planning:

Model II

3.1 Introduction

As ¯rms attempt to optimize their end to end supply chains, their focus is turning towards the

close-loop nature of supply chain operations (see Guide and Wassenhove ([18]), Dekker, Fleischmann,

Inderfurth, and Wassenhove ([9])). Firms are actively integrating their aft er-sale parts and services

with their forward supply chain processes. One such initiative has been to incorporate ¯eld installation

and failure information into supply chain planning and operations. Sciorrotta ([39]) emphasizes the

importance of SiRAS (www.siras.com), a patented electronic registration program which captures a

product's serial number at point of sale. This system used by Wal-Mart and Target enables manufacturers

to keep track of warranty age information for the items thereby helping them prepare inventory and

production capacity for repairs. In addition, as the RFID technology develops, it is projected that RFID

chips could be utilized extensively for tracking machine status in the ¯eld and performing proactive

maintenance thereby leading to signi¯cant improvements in supply chain performance (see EPCglobal

([46])).

This research was motivated by inventory planning issues faced by a digital projector company. The

¯rm had a policy to replace any product that failed under warranty with a new one. The existing



inventory policy of the ¯rm was to plan for new demand and take care of warranty claims on an as-

needed basis. Warranty data from the ¯rm showed that in some periods warrantyclaims were a signi¯cant

fraction (often greater than 15%) of the total demand (see Figures 2.1 and 2.2) 1. This happens due to

two e®ects - (1) the short life cycle of the product implies a fast rise in demand followed by a decline and

(2) higher failure rates of older products in the ¯eld (but still under warranty). Since the ¯rm was not

explicitly planning inventory for these failures, they often would rush orders at the last moment resulting

in high production (overtime) and transportation costs in addition to increa sing the customer waiting

time for repairs (replacements). The ¯rm wanted to investigate the bene¯ts of taking ¯eld failure rates

into consideration while planning inventory and explore the possibility of investing in technologies that

would track the age of items under warranty thereby providing exact information about products in the

¯eld. The ¯rm was interested in exploring the bene¯ts of utilizing an aggregate estimate of failures in

the ¯eld as well as the bene¯ts of going in for a full scale system that would enable to track the age

of each and every sale made by the ¯rm. In the Chapter 1, we study the ¯rst case when thērm only

has aggregate sales information but no information about age of items inthe ¯eld. In this chapter, we

study the coordinated inventory problem where the ¯rm has sales information as well as age information

about items in the ¯eld.

We consider a discrete time multi-period inventory model for a single product ¯rm that jointly

manages the inventory requirements for new products and warranty claims. Demandin each period

for the new product is stochastic and independent (not necessarily identical) whereas warranty claims

depend on the number and ages of products under warranty. The ordering, holding and penalty costs

are assumed to be linear and there is no delivery lag. We study the backlogging case and the emergency

supply case (with no backlogging) where the demand that can not be satis¯ed by itemsin stock has to

be satis¯ed by ordering from an emergency supplier. We theoretically prove that thereexist functions

Sn (w) so that it is optimal to order up to Sn (w) in period n where w is a vector of the number of items

with di®erent ages under warranty. We call this a w-dependent base stock policy. The critical value

Sn (w) can be explicitly obtained by solving for the root of a single transcendental equation. For the

1The numbers shown have been scaled to maintain con¯dentialit y.
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special case, where the demand for new products is stationary, we prove the optimality of a stationary

w-dependent base stock policy for the ¯nite horizon discounted, the in¯nite horizon discounted and

average cost cases. In our computational study, we compare the performance of theoptimal integrated

policy to a policy that only took new demand into consideration while planning inventory (re°ecting

the current operations at the ¯rm). Our study indicates that on average 37% cost improvements can

be obtained from using the optimal integrated policy with a maximum bene¯t of about 58%. We also

compare the approximated policy studied in the Chapter 1 with optimal policy with the age information

and ¯nd that the bene¯ts of age information is on average 3% and in the best case is 12%.

The rest of the chapter is organized as follows. We include a brief literature review of related papers

in section 2. We formulate the backlogging case in section 3. We study the structure of the optimal

inventory policy for the ¯nite horizon problem in section 4, in¯nite horizon disco unted problem in section

5, and long run average cost problem in section 6. In section 7, we formulate the problem in emergency

supply case and study the optimal inventory policy for ¯nite horizon problem. In section 8, we provide

computational insights. We conclude in section 9.

3.2 Literature Review

There are three streams of research that are related to our inventory-warranty model. The ¯rst stream

of research focuses on the e®ects of warranty under deterministic demand conditions. Djamaludin et

al. ([10]) and Wang and Sheu ([47]) ¯nd the optimal lot size taking into account long run production

inventory and warranty costs where the process goes out-of-control with a given probability each time it

produces an item. As opposed to this stream, our focus is on warranty systems with a periodic stochastic

demand.

The second stream of literature has studied production systems with inventory dependent determin-

istic demand without warranty considerations. The relationship with this st ream of research stems from

the fact that in our model future demand (for warranty) depends on past and current sales which in turn

are dependent on the inventory stocking decision. Khmelnitsky and Gerchak ([21]) study a continuous

review deterministic inventory model where demand rates may vary over time, shortages are possible
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and the system has ¯nite production capacity and ¯nd the optimal production control for such a system.

Baker and Urban ([1]) analyze the continuous, deterministic case of an inventory system in which the

demand rate of an item is of a polynomial functional form, dependent on the inventory level. They

develop the optimal policy to maximize average pro¯t per unit time.

The third stream of research considers inventory planning under stochastic demand (see Zipkin [52],

Swaminathan and Tayur [44]). Within that stream of papers those that consider return or remanufac-

turing are related to our work. Cohen, Nahmias, and Pierskalla ([6]) assume that a ¯xed fraction of the

products issued in a given period is returned after a ¯xed sojourn time in the market and may subse-

quently be reused. Optimality of a periodic review order upto policy is claimed when disregarding ¯xed

costs and procurement leadtimes. Kelle and Silver ([20]) extend this approach by allowing for ¯xed order

costs and stochastic sojourn time in the market. They propose an approximation scheme transforming

this model into a classical dynamic lotsizing problem. Yuan and Cheung ([50]) propose for this model an

(s; S)-reorder policy based on the sum of the on-hand stock and the number of items in the market. The

area of remanufacturing and closed loop supply chains has gained a lot of interest from researchers in

the past few years (see Dekkeret. al. ([9])). The single-stage remanufacturing system was ¯rst studied

by Simpson ([42]) and Inderfurth ([19]). Simpson ([42]) establishes the optimality of a three-parameter

policy consisting of remanufacture-up-to, order-up-to and dispose-down-to levels. Inderfurth ([19]) ex-

tends those results to the case of positive but identical lead times for ordering and remanufacturing,

and argues that if lead times are not identical then the optimal policy will be more complicated. More

recently, Feinberg and Lewis ([14]) consider a single commodity inventory system in which the demand

is modeled by a sequence of i.i.d random variables that can take negative values (thereby modeling some

of the remanufacturing or product return settings). Multi-echelon remanufacturing system has been

studied by Decroix ([7]) and Decroix, Song and Zipkin ([8]). As opposed to thisstream of research

where remanufacturing or returns increase supply, in our model the demand increases when there are

warranty claims. This creates additional dependence between sales in the past and demand in the future

complicating the analysis.
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3.3 Model with Backlogging

In our model, inventory for a single product is managed for multiple periods. The ¯rm o®ers replace-

ment of items that fail under warranty. The demand arises from two sources: new demand, and demand

to replace failed items under warranty. In this chapter, we focus on a ¯xed-period warranty policy, i.e.,

any item above ageK is out of warranty. Let wn;j be the number of items at agej under warranty at

period n for j = 1 ; ¢ ¢ ¢; K , wn be the vector [wn; 1; ¢ ¢ ¢; wn;K ]. Let ³n be the new demand in periodn and

Fn (:) be its cumulative distribution function (cdf), and f n (:) be its probability density function (pdf).

Let xn be the inventory on hand at the beginning of periodn, and yn be the inventory immediately after

an order is delivered at periodn. We treat yn ¸ xn as the decision variable in periodn. The delivery

is assumed to be instantaneous, so thatyn is the amount available to satisfy the demand for new and

warranty claims in period n. Any demand that can not be immediately satis¯ed is backlogged.

We assume that warranty is renewable, i.e., the warranty period of the replaced item starts afresh.

Such warranty models have been studied in the past (see Blischke and Murthy ([2])). We also assume

that the demand to replace failed items is based on a proportional model i.e. a ¯xed fraction ¯ j of the

items at age j under warranty fail for j = 1 ; ¢ ¢ ¢; K , and let ¯ = [ ¯ 1; ¯ 2; ¢ ¢ ¢; ¯ K ] be the vector of these

failure fractions. This is a common assumption in warranty models and follows from bernoulli failures.

Di®erent ¯ j allow us to capture age dependent failure rates for di®erent items in the ¯eld. Although

getting accurate estimates for the¯ j is not easy, with investment in RFID chips it is possible to track

the failures associated with a product. As a result these estimates would be more readily available in

future. Further, all the items that are K periods old go out of warranty in the next period.

We assume that there is a per unit procurement costc, holding cost h for each item remaining at

the end of a period, and shortage costp for each unit of backlogged demand in any period. We assume

that at the end of planning horizon, the unit salvage cost isc as well. Let

L n (w; y) =

8
>>>>>><

>>>>>>:

p
R1

³ = y¡ ¯ ¢w (³ ¡ y + ¯ ¢w)f n (³ )d³

+ h
Ry¡ ¯ ¢w

³ =0 (y ¡ ³ ¡ ¯ ¢w)f n (³ )d³ if y ¸ ¯ ¢w

p
R1

³ =0 (³ ¡ y + ¯ ¢w)f n (³ )d³; o.w.

(3.1)
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represent the expected penalty and holding cost incurred in periodn if wn = w; yn = y (Here ¯ ¢w =

P
j ¯ j wj denotes the scalar product of̄ and w.) The total one period expected cost incurred for ordering

up to y is given by

Cn (w; x; y) = c(y ¡ x) + L n (w; y);

where y ¸ x.

The dynamics of the situation implies that

wn +1 ;1 = min( yn ; ¯ ¢wn + ³n )

wn +1 ;j = wn;j ¡ 1(1 ¡ ¯ j ¡ 1) for j = 2 ; ¢ ¢ ¢; K (3.2)

xn +1 = yn ¡ ³n ¡ ¯ ¢wn :

Thus f ((wn ; xn ); yn ); n ¸ 0g is a Markov decision process.

Let ®, 0 · ® · 1 be the discount factor and ¼ be any policy for choosing decisionyn at time n,

based on the history up to time n. We consider three objective functions for choosing an optimal policy

as described below.

1. Finite Horizon. The ¯rst objective of the ¯rm is to minimize the expected total discounted cost

(ETDC) over periods 0; 1; 2; ¢ ¢ ¢; N . Let V ¼
N (w; x) be the ETDC of following the policy ¼over periods

0; 1; ¢ ¢ ¢; N . Since we have a ¯nite horizon we need to specify the terminal cost. LetT(wN ; xN ) be the

terminal cost at time N . Thus

V ¼
N (w; x) = E¼(

N ¡ 1X

n =0

®n Cn (wn ; xn ; yn ) + ®N T(wN ; xN )jw0 = w; x0 = x)

Here E¼ denotes the expectation under the assumption that the policy¼ is followed. Let VN (w; x) be

the optimal ETDC of operating the system over period 0; ¢ ¢ ¢; N . That is

VN (w; x) = inf
¼

V ¼
N (w; x): (3.3)
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A policy ¼¤ is called optimal for ¯nite horizon ETDC if

VN (w; x) = V ¼¤

N (w; x) for all w and x.

2. In¯nite Horizon ETDC. The second objective function is to minimize the ETDC over the

in¯nite horizon. In this case there is no terminal cost function. Let V ¼(w; x) be the in¯nite horizon

ETDC of following policy ¼, that is

V ¼(w; x) = E¼(
1X

n =0

®n Cn (wn ; xn ; yn )jw0 = w; x0 = x)

Similarly, let V (w; x) be the optimal in¯nite horizon ETDC, that is

V (w; x) = inf
¼

V ¼(w; x):

A policy ¼¤ is called optimal for in¯nite horizon ETDC if

V (w; x) = V ¼¤
(w; x) for all w and x.

3. In¯nite Horizon Average Cost. Let g¼(w; x) be the expected cost per period of following policy

¼ over in¯nite horizon starting from state ( w; x). Again, there is no terminal cost in this formulation.

Thus assuming the limit exists,

g¼(w; x) = lim
N !1

1
N + 1

E¼(
NX

n =0

Cn (wn ; xn ; yn )jw0 = w; x0 = x):

Let g(w; x) be the optimal expected cost per period over in¯nite horizon starting in state (w; x). That

is,

g(w; x) = inf
¼

g¼(w; x):
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A policy ¼¤ is called optimal for in¯nite horizon average cost if

V (w; x) = V ¼¤
(w; x) for all w and x.

3.4 Finite Horizon Discounted Cost

In this section, we study the ¯nite horizon problem with N periods, terminal cost T(w; x), and show

how to compute VN (w; x) in Equation (3.3). First de¯ne Vn;N (w; x) to be the optimal ETDC over

periods n; n + 1 ; ¢ ¢ ¢; N starting with w = [ w1; ¢ ¢ ¢; wK ] units under warranty and x units inventory at

the beginning of periodn. Let Gn;N (w; y) be the ETDC over periods overn; n + 1 ; ¢ ¢ ¢; N given w units

under warranty, and order upto level y units at the beginning to period n. Then the standard dynamic

programming recursion yields

VN;N (w; x) = T(w; x)

Gn;N (w; y)

= cy + ®Ln (w; y)

+ ®
Z y¡ ¯ ¢w

0
Vn +1 ;N (¯ ¢w + ³; w1(1 ¡ ¯ 1); ¢ ¢ ¢; wK ¡ 1(1 ¡ ¯ K ¡ 1); y ¡ ¯ ¢w ¡ ³ )f n (³ )d³

+ ®
Z 1

y¡ ¯ ¢w
Vn +1 ;N (y; w1(1 ¡ ¯ 1); ¢ ¢ ¢; wK ¡ 1(1 ¡ ¯ K ¡ 1); y ¡ ¯ ¢w ¡ ³ )f n (³ )d³

Vn;N (w; x) = min
y¸ x

f Gn;N (w; y)g ¡ cx; n = 0 ; 1; ¢ ¢ ¢; N ¡ 1: (3.4)

where L n (w; y) is as in Equation (3.1). Then we have

VN (w; x) = V0;N (w; x)

In any ¯nite horizon inventory problem, we need to specify a terminal cost. In our case, the terminal cost

depends onwj (j = 1 ¢ ¢ ¢K ) as well as the remaining inventory x at the end of the horizon. Although

the product has a short life cycle in terms of sales, the warranty claims may extend over a much longer

period. For example, in the case of high tech products, the life cycle for sales ismuch less than a year,
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but it is often common to have warranty for one year or more. When the warranty is renewable as in

our case, this may extend for an in¯nite period. Consider an item of agej at time N . Let mj be the

total expected discounted cost of warranty claims for this item incurred from N onwards. The following

proposition gives the expressions formi ; 1 · i · K .

Proposition 3.4.1. Let

µi =
KX

j = i

®j ¡ i ¯ j ¦ j ¡ 1
d= i (1 ¡ ¯ d) for i = 1 ; ¢ ¢ ¢; K:

Then mi ; 1 · i · K are given by

m1 =
cµ1

1 ¡ ®µ1

mi = µi c + ®µi m1 for i = 2 ; ¢ ¢ ¢; K:

Proof. From the de¯nition of mi ; i = 1 ; ¢ ¢ ¢; K , we get

m1 = c¯ 1 + ®¯ 1m1 + ®(1 ¡ ¯ 1)m2

m2 = c¯ 2 + ®¯ 2m1 + ®(1 ¡ ¯ 2)m3

¢

¢

mK = c¯ K + ®¯ K m1

Recursive substitution yields

mK = c¯ K + µK m1

mi = µi c + ®µi m1 for i = K ¡ 1; ¢ ¢ ¢; 1
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where

µi =
KX

j = i

®j ¡ i ¯ j ¦ j ¡ 1
d= i (1 ¡ ¯ d) for i = 1 ; ¢ ¢ ¢; K:

Solving the above equations, we get

m1 =
cµ1

1 ¡ ®µ1

mi = µi c + ®µi m1 for i = 2 ; ¢ ¢ ¢; K

We propose the following terminal cost function T(w; x) when there are wi items of age i , and x

items in the inventory left on hand at the end of horizon:

T(w; x) =
KX

j = i

mj wj ¡ cx: (3.5)

The ¯rst term represents the expected discounted cost of warranty claims of thewi items under warranty

at the end of the horizon whose age isi = 1 ; ¢ ¢ ¢; K , incurred over the in¯nite time from then on. The

term ¡ cx re°ects the assumption that any leftover inventory can be returned at original price c and any

backlogs at the end of the horizon can be ful¯lled by purchasing products atc per unit. Here is some
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additional notation for our analysis.

ŵ1 = min( y; ¯ ¢w + ³ );

ŵj = wj ¡ 1(1 ¡ ¯ j ¡ 1) for j = 2 ; ¢ ¢ ¢; K;

ŵ = [ ŵ1; ¢ ¢ ¢; ŵK ];

x̂ = y ¡ ¯ ¢w ¡ ³;

¹p = p ¡ m1;

Sn (w) = ¯ ¢w + F ¡ 1
n (

¹p ¡ c(1 ¡ ®)
¹p + h

); (3.6)

¹L n (w; y) = h
Z y¡ ¯ ¢w

0
(y ¡ ¯ ¢w ¡ ³ )f n (³ )d³ + ¹p

Z 1

y¡ ¯ ¢w
(³ ¡ y + ¯ ¢w)f n (³ )d³;

¿n (w; y) = y ¡ ¯ ¢w ¡ Sn (ŵ);

¢ n = ®(m1 + c)¹ n + c(1 ¡ ®)F ¡ 1
n (

¹p ¡ c(1 ¡ ®)
¹p + h

)

+ ®¹L n (w; Sn (w)) : (3.7)

Let ¹ n be the mean demand from new customers at periodn. Now let,

HN (w; x) = 0 ;

Hn (w; x) =

8
>><

>>:

0 if x · Sn (w)

Gn;N (w; x) ¡ Gn;N (w; Sn (w)) ; o.w.

for 0 · n · N ¡ 1 (3.8)

The next theorem establishes the optimality of the w-dependent base-stock policy in the ¯nite horizon

case.

Theorem 3.4.2. Suppose the demands in each period are stochastically increasing, i.e.,

Fn (x) ¸ Fn +1 (x); for n = 0 ; ¢ ¢ ¢; N ¡ 2: (3.9)
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Then

(i ) Gn;N (w; y) = c(1 ¡ ®)y + ®¹L n (w; y) + ( ®¢ n +1 + ¢ ¢ ¢+ ®n ¡ 1¢ N )

+ ®(m ¢w) + ®(m1 + c)¹ n

+ ®
Z ¿n +1 (w;y )

0
Hn +1 (ŵ; x̂)f n (³ )d³; (3.10)

for n = 0 ; ¢ ¢ ¢; N ¡ 1. y = Sn (w) minimizes Gn;N (w; y) for n = 0 ; ¢ ¢ ¢; N ¡ 1, and Gn;N (w; y) increases

with respect to y when y ¸ Sn (w).

(ii )
R¿n (w;y )

0 Hn (ŵ; x̂)f n ¡ 1(³ )d³ is an increasing function of y when y ¸ Sn ¡ 1(w) for a given w for

n = 0 ; ¢ ¢ ¢; N ¡ 1.

(iii ) Vn;N (w; x) = m ¢w ¡ cx + (¢ n + ®¢ n +1 + ¢ ¢ ¢+ ®n ¡ 1¢ N ) + Hn (w; x) (3.11)

for n = 0 ; ¢ ¢ ¢; N ¡ 1.

Proof. We will prove the above theorem using backward induction through two claims.

Claim 1 : (i ), ( ii ), and (iii ) hold for N ¡ 1.

Proof: Using the terminal cost function of Equation (3.5) we get

GN ¡ 1;N (w; y)

= cy + ®LN ¡ 1(w; y)

+ ®
Z y¡ ¯ ¢w

0
[m1(³ + ¯ ¢w) + m2ŵ2 + ¢ ¢ ¢+ mK ŵK ¡ c(y ¡ ¯ ¢w ¡ ³ )]f N ¡ 1(³ )d³

+ ®
Z 1

y¡ ¯ ¢w
[ym1 + m2ŵ2 + ¢ ¢ ¢+ mK ŵK ¡ c(y ¡ ¯ ¢w ¡ ³ )]f N ¡ 1(³ )d³

= cy + ®LN ¡ 1(w; y) + ®m2ŵ2 + ¢ ¢ ¢+ ®mK ŵK ¡ ®c(y ¡ ¯ ¢w)

+ ®c¹N ¡ 1 + ®
Z y¡ ¯ ¢w

0
(³ + ¯ ¢w)m1f N ¡ 1(³ )d³ + ®

Z 1

y¡ ¯ ¢w
ym1f N ¡ 1(³ )d³

= c(1 ¡ ®)y + ®¹L n ¡ 1(w; y) + ®m2ŵ2 + ¢ ¢ ¢+ ®mK ŵK

¡ ®c(y ¡ ¯ ¢w) + ®(¹ + ¯ ¢w)m1 + ®c¹N ¡ 1

50



where

¹L N ¡ 1(w; y) = h
Z y¡ ¯ ¢w

0
(y ¡ ¯ ¢w ¡ ³ )f N ¡ 1(³ )d³

+( p ¡ m1)
Z 1

y¡ ¯ ¢w
(¯ ¢w + ³ ¡ y)f N ¡ 1(³ )d³:

It is easy to showy = SN ¡ 1(w) = ¯ ¢w+ F ¡ 1
N ¡ 1( ¹p¡ c(1 ¡ ®)

¹p+ h ) minimizes GN ¡ 1;N (w; y). Hence,GN ¡ 1;N (w; y)

increases with respect toy, when y ¸ SN ¡ 1(w). Therefore, we get

VN ¡ 1;N (w; x) =

8
>><

>>:

GN ¡ 1;N (w; SN ¡ 1(w)) ¡ cx if x · SN ¡ 1(w)

GN ¡ 1;N (w; x) ¡ cx o.w.

Now

GN ¡ 1;N (w; SN ¡ 1(w))

= c(1 ¡ ®)( ¯ ¢w + F ¡ 1
N ¡ 1(

¹p ¡ c(1 ¡ ®)
¹p + h

)) + ®¹L N ¡ 1(w; SN ¡ 1(w))

+ w1(c¯ 1 + ®(1 ¡ ¯ 1)m2 + ®¯ 1m1) + ¢ ¢ ¢+ wK ¡ 1(c¯ K ¡ 1 + ®(1 ¡ ¯ K ¡ 1)mK + ®¯ K ¡ 1m1)

+ wK (c¯ K + ®¯ K m1) + ®(c + m1)¹ N ¡ 1

= m ¢w + ®(m1 + c)¹ N ¡ 1 + c(1 ¡ ®)F ¡ 1
N ¡ 1(

¹p ¡ c(1 ¡ ®)
¹p + h

) + ®¹L N ¡ 1(w; SN ¡ 1(w)) :

This yields

VN ¡ 1;N (w; x) = m ¢w ¡ cx + ¢ N ¡ 1

+

8
>><

>>:

0 if x · SN ¡ 1(w)

GN ¡ 1;N (w; x) ¡ GN ¡ 1;N (w; SN ¡ 1(w)) o.w.

= m ¢w ¡ cx + ¢ N ¡ 1 + HN ¡ 1(w; x):
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We also have

@
@y

Z ¿N ¡ 1 (w;y )

0
HN ¡ 1(ŵ; x̂)f N ¡ 2(³ )d³

=
@
@y

Z ¿N ¡ 1 (w;y )

0
[GN ¡ 1;N (ŵ; x̂) ¡ GN ¡ 1;N (ŵ; SN ¡ 1(ŵ))] f N ¡ 2(³ )d³

=
Z ¿N ¡ 1 (w;y )

0
G2

N ¡ 1;N (ŵ; x̂)f N ¡ 2(³ )d³

where the superscript 2 indicates partial derivative with respect to the second argument. SinceSN ¡ 1(w)

minimizes GN ¡ 1;N (w; y) we can use the de¯nition of HN ¡ 1(w; y) to get

f y : G2
N ¡ 1;N (ŵ; x̂) > 0g = f y : HN ¡ 1(ŵ; x̂) > 0g:

From the assumption in Equation (3.9), we get SN ¡ 2(w) · SN ¡ 1(w) + ¯ ¢ŵ. This proves the quantity

in Equation (3.12) is nonnegative wheny ¸ SN ¡ 2(w).

Claim 2 : If ( i ), ( ii ) and (iii ) of Theorem 3.4.2 hold forn · N ¡ 1, then they hold for n ¡ 1.

Proof: The induction hypothesis implies that we have

Gn;N (w; y) = c(1 ¡ ®)y + ®¹L n (w; y) + ( ®¢ n +1 + ¢ ¢ ¢+ ®n ¡ 1¢ N )

+ ( m ¢w) + ®(m1 + c)¹ n + ®
Z 1

0
Hn +1 (ŵ; x̂)f n (³ )d³:

Now, y = Sn (w) minimizes Gn;N (w; y), and Gn;N (w; y) increases with respect toy, when y ¸ Sn (w).

Also,
R1

0 Hn (ŵ; x̂)f n ¡ 1(³ )d³ is an increasing function ofy when y ¸ Sn ¡ 1(w). Then

Gn;N (w; Sn (w)) = ( ®¢ n +1 + ¢ ¢ ¢+ ®n ¡ 1¢ N ) + ( m ¢w) + ®(m1 + c)¹ n

+ c(1 ¡ ®)Sn (w) + ®¹L n (w; Sn (w))

= m ¢w + (¢ n + ¢ ¢ ¢+ ®n ¡ 1¢ N )
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and correspondingly

Vn;N (w; x) = m ¢w ¡ cx + (¢ n + ¢ ¢ ¢+ ®n ¡ 1¢ N )

+

8
>><

>>:

0 if x · Sn (w)

Gn;N (w; x) ¡ Gn;N (w; Sn (w)) o.w.

Therefore from the DP recursion in Equation (3.4), we get

Gn ¡ 1;N (w; y) = cy + ®Ln ¡ 1(w; y)

+ ®
Z y¡ ¯ ¢w

0
Vn;N (³ + ¯ ¢w; ŵ2; ¢ ¢ ¢; ŵK ; y ¡ ¯ ¢w ¡ ³ )f n ¡ 1(³ )d³

+ ®
Z 1

y¡ ¯ ¢w
Vn;N (y; ŵ2; ¢ ¢ ¢; ŵK ; y ¡ ¯ ¢w ¡ ³ )f n ¡ 1(³ )d³

= c(1 ¡ ®)y + ®¹L n ¡ 1(w; y) + ( ®¢ n + ¢ ¢ ¢+ ®n ¢ 1) + m ¢w

+ ®(m1 + c)¹ n ¡ 1 + ®
Z 1

0
H (ŵ; x̂)f n ¡ 1(³ )d³

which implies that ( i ) holds for n¡ 1. It is easy to see thaty = Sn ¡ 1(w) minimizes c(1¡ ®)y+ ®¹L n ¡ 1(w; y).

The assumption (3.9) implies that

F ¡ 1
n ¡ 1(

¹p ¡ c(1 ¡ ®)
¹p + h

) · F ¡ 1
n (

¹p ¡ c(1 ¡ ®)
¹p + h

)

which shows that ¿n (w; Sn ¡ 1(w)) < 0. This proves that

Z ¿n (w;S n ¡ 1 (w ))

0
Hn (ŵ; Sn ¡ 1(w) ¡ ¯ ¢w ¡ ³ )f n ¡ 1(³ )d³ = 0 :

Thus y = Sn ¡ 1(w) minimizes Gn ¡ 1;N (w; y). Hence, Gn ¡ 1;N (w; y) increases with respect toy when
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y ¸ Sn ¡ 1(w). Furthermore, we have

@

@y

Z 1

0
H n ¡ 1 (ŵ; x̂ )f n ¡ 2 (³ )d³

=
@

@y

Z ¿n ¡ 1 ( w;y )

0
H n ¡ 1 (³ + ¯ ¢w; ŵ2 ; ¢ ¢ ¢; ŵK ; y ¡ ¯ ¢w ¡ ³ )f n ¡ 2 (³ )d³

=
@

@y

Z ¿n ¡ 1 ( w;y )

0
Gn ¡ 1;N (³ + ¯ ¢w; ŵ2 ; ¢ ¢ ¢; ŵK ; y ¡ ¯w ¡ ³ )f n ¡ 2 (³ )d³

¡
@

@y

Z ¿n ¡ 1 ( w;y )

0
Gn ¡ 1;N (³ + ¯ ¢w; ŵ2 ; ¢ ¢ ¢; ŵK ; Sn ¡ 1 (³ + ¯ ¢w; ŵ2 ; ¢ ¢ ¢; ŵK )) f n ¡ 2 (³ )d³

=
Z ¿n ¡ 1 ( w;y )

0
G2

n ¡ 1;N (³ + ¯ ¢w; ŵ2 ; ¢ ¢ ¢; ŵK ; y ¡ ¯ ¢w ¡ ³ )f n ¡ 2 (³ )d³

which is nonnegative wheny ¸ Sn ¡ 2(w), since Gn ¡ 1;N (w; y) increases with respect toy when y ¸

Sn ¡ 1(w). Hence

f y : G2
n ¡ 1;N (ŵ; y ¡ ¯ ¢w ¡ ³ ) > 0g = f y : Hn ¡ 1(ŵ; y ¡ ¯ ¢w ¡ ³ ) > 0g

and

¿n ¡ 1(w; Sn ¡ 2(w)) · 0:

Thus (ii ) holds for n ¡ 1. This implies that the base stock level policy, which orders up toSn ¡ 1(w), is

optimal for the discounted cost function over n ¡ 1; n; ¢ ¢ ¢; N periods. Clearly, we get

Gn ¡ 1;N (w; Sn ¡ 1(w)) = m ¢w + (¢ n ¡ 1 + ¢ ¢ ¢+ ®n ¢ N ):

Therefore,

Vn ¡ 1;N (w; x) = m ¢w ¡ cx + (¢ n ¡ 1 + ¢ ¢ ¢+ ®n ¢ N )

+

8
>><

>>:

0 if x · Sn ¡ 1(w)

Gn ¡ 1;N (w; x) ¡ Gn ¡ 1;N (w; Sn ¡ 1(w)) o.w.

which implies (iii ) holds for n ¡ 1. The theorem 3.4.2 follows from this.

Establishing the above theorem in the case with warranties is more involved than the standard

inventory problem becauseGn;N (w; y) may not be convex in y. The particular terminal cost function of
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Equation (3.5) enables us to establish the result by writing the function as a sumof two other functions:

the ¯rst one is convex in y and is minimized at Sn (w) (de¯ned by Equation (3.6)) and the second one

is constant for y · Sn (w) and increases withy for y ¸ Sn (w) and thus achieves its minimum at Sn (w)

as well. Thus, for a givenw, Gn;N (w; y) attains its global minimum at Sn (w).

From Theorem 3.4.2 it follows that the optimal policy in period n in state (w; x) is to order up to

Sn (w). This is called a w-dependent base-stock inventory replenishment policy. Next we consider the

special case of stationary demands.

Corollary 3.4.3. Let Fn (x) = F (x) for n = 0 ; 1; ¢ ¢ ¢; N ¡ 1. Then the optimal base-stock level in period

n is given by

S(w) = ¯ ¢w + F ¡ 1(
¹p ¡ c(1 ¡ ®)

¹p + h
);

for all n = 0 ; ¢ ¢ ¢; N ¡ 1.

For the special case, where the demands are independent and identical (i.i.d) the optimal policy is

a stationary w-dependent base-stock policy. It is not common to get a stationary optimal policy for a

¯nite horizon problem. However the special structure of our terminal cost facilitates this result. It is

useful to note that the modi¯ed base stock adjusts for the warranty returns by ¯ ¢w to re°ect average

demand from warranties and further adjusts the stock out cost top ¡ m1. This is intuitive because if a

demand is backlogged, the stock out costp is incurred; however, one does not have to bear the future

expected cost of warranty repairs for a new sale, which is given bym1.

3.5 In¯nite Horizon Discounted Cost

In the previous section we proved that when the demands are i.i.d. a stationaryw-dependent base-

stock policy minimizes the total expected discounted (or undiscounted) cost over anȳnite horizon N .

We denote this stationary policy by ¼¤. Therefore,

VN (w; x) = V ¼¤

N (w; x)

= E¼¤ (
N ¡ 1X

n =1

®n Cn (wn ; xn ; yn ) + ®N T(wN ; xN )jw0 = w; x0 = x)
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Our main result is given in the next theorem.

Theorem 3.5.1. SupposeFn (x) = F (x) for all n ¸ 0. Then the stationary w-dependent base-stock

policy that orders upto S(w) = ¯ ¢w + F ¡ 1( ¹p¡ c(1 ¡ ®)
¹p+ h ) in any period in state (w; x) minimizes the in¯nite

horizon discounted cost.

Proof. From Equation (3.2) we get

wn +1 ;1 · ¯ ¢wn + ³n

wn +1 ;j = wn;j ¡ 1(1 ¡ ¯ j ¡ 1) for j = 2 ; ¢ ¢ ¢; K:

This can be written in matrix form as

wn +1 · wn P + ³n ;

where

P =

2

6
6
6
6
6
6
6
6
6
6
4

¯ 1 (1 ¡ ¯ 1) 0 ¢ ¢ ¢ 0

¯ 2 0 (1 ¡ ¯ 2) ¢ ¢ ¢ 0

...
...

...
... ¢ ¢ ¢

...

¯ K 0 0 ¢ ¢ ¢ 0

3

7
7
7
7
7
7
7
7
7
7
5

:

Letting e1 = [1 ; 0; ¢ ¢ ¢; 0] and taking expectations on both sides of the above inequality, we get

E¼¤ (wn +1 ) · E¼¤ (wn )P + ¹e 1:

Iterating the above, we get

E¼¤ (wN ) · w0PN + ¹e 1(I + P + ¢ ¢ ¢+ PN ¡ 1)

· wPN + ¹e 1(I ¡ P)¡ 1:

The e®ect of the initial inventory x0 = x is to increase the above right hand side at most byx. Also
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E(xN ) ¸ ¡ ¹ . Combining the above arguments we get that

E¼¤ (T(wN ; xN )jw0 = w; x0 = x) = E¼¤ (m ¢wN ¡ cxN jw0 = w; x0 = x)

· m ¢[(wPN ) + ¹e 1(I ¡ P)¡ 1] + c¹:

SinceP is a sub-stochastic irreducible matrix,

lim
N !1

PN = 0 :

Hence,

lim
N !1

®N E¼¤ (T(wN ; xN )jw0 = w; x0 = x) = 0 :

Hence, it follows that

lim
N !1

VN (w; x) = lim
N !1

V ¼¤

N (w; x) = V (w; x);

and

lim
N !1

V ¼¤

N (w; x) = V ¼¤
(w; x) = V (w; x):

That is, ¼¤ is optimal for the in¯nite horizon discounted cost case.

The proof consists of showing that

lim
N !1

E¼¤ (®N T(wN ; xN )jw0 = w; x0 = x) = 0 :

This shows that ¼¤ also minimizes the expected total discounted cost over the in¯nite horizon. The policy

¼¤ is intuitively appealing, since it is a natural extension of the standard base-stock policy modi¯ed to

take into account the extra demand created by warranty claims.
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3.6 In¯nite Horizon Average Cost

In this section, we ¯rst consider a ¯nite horizon model with no discounting (® = 1) with a special

terminal cost given by Equation (3.5) at time N and assume independent and identical demands with

distributions Fn (x) = F (x). Let ~mi be the mi given in Proposition 3.4.1 obtained by using® = 1. As a

consequence of Theorem 1 we get the following corollary.

Corollary 3.6.1. Let Fn (x) = F (x) for all n ¸ 0, and

S(w) = ¯ ¢w + F ¡ 1(
~p

~p + h
)

where ~p = p¡ ~m1. The stationary base-stock policy that orders up toS(w) in state (w; x) minimizes the

N period total cost.

In this section we denote this stationary base-stock policy as¼¤.

Let the expected cost per period of following policy¼for a ¯nite horizon N starting from state ( w; x)

be de¯ned as

g¼
N (w; x) =

1
N + 1

E¼(
N ¡ 1X

n =0

Cn (wn ; xn ; yn ) + T(wN ; xN )jw0 = w; x0 = x);

and let gN (w; x) be the optimal expected cost per period for a ¯nite horizon N starting in state w; x,

that is,

gN (w; x) = inf
¼

g¼
N (w; x) =

VN (w; x)
N + 1

:

We know from the above corollary that

VN (w; x) = V ¼¤

N (w; x):

Hence, it follows that

gN (w; x) = g¼¤

N (w; x):
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We ¯rst state the following result.

Proposition 3.6.2. Under the policy ¼¤, f (wn ; xn ); n ¸ 0g in an irreducible, aperiodic, and positive

recurrent DTMC.

Proof. From the de¯nition of the base stock policy and the equations (3.2),

xn +1 = max( xn ; S(wn )) ¡ ¯ ¢wn ¡ ³

wn +1 = (min( ¯ ¢wn + ³; max(xn ; S(wn ))) ; wn; 1(1 ¡ ¯ 1); ¢ ¢ ¢; wn;K ¡ 1(1 ¡ ¯ K ¡ 1))

where S(wn ) is shown as in the Equation (3.12). This implies that f (wn ; xn ); n ¸ 0g is a DTMC. It is

easy to show that it is irreducible and aperiodic. We prove the positive recurrence by using the Foster's

Criterion (Meyn and Tweedie ([29])). Using the test function À(w; x) = jxj +
P K

j =1 wj we get

E(À(wn +1 ; xn +1 ) ¡ À(wn ; xn )jwn = w; xn = x)

= E(wn +1 + jxn +1 jjwn = w; xn = x) ¡ w ¡ j xj:

When x ¸ 0, we have

E(jxn +1 j ¡ xn j(wn = w; xn = x))

= E(j max(xn ; S(wn )) ¡ ¯ ¢wn ¡ ³n j ¡ xn j(wn = w; xn = x))

·

8
>><

>>:

¡ ¯ ¢w + ¹ if x ¸ S(w)

F ¡ 1( ~p
~p+ h ) + ¹ ¡ x; o.w.

· F ¡ 1(
~p

~p + h
) + ¹ ¡ x;
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and

E(wn +1 ¡ wn j(wn = w; xn = x))

= E(min( ¯ ¢wn + ³; max(xn ; S(wn ))) +
K ¡ 1X

j =1

wn;j (1 ¡ ¯ j ) ¡
KX

j =1

wn;j j(wn = w; xn = x))

=

8
>><

>>:

E(min( ¯ ¢wn + ³; x ) +
P K ¡ 1

j =1 wn;j (1 ¡ ¯ j ) ¡
P K

j =1 wn;j j(wn = w; xn = x)) if x ¸ S(w)

E(min( ¯ ¢wn + ³; S(wn )) +
P K ¡ 1

j =1 wn;j (1 ¡ ¯ j ) ¡
P K

j =1 wn;j j(wn = w; xn = x)) ; o.w.

·
KX

j =1

¯ j wj + ¹ +
K ¡ 1X

j =1

wj (1 ¡ ¯ j ) ¡
KX

j =1

wj

= ¹ ¡ wK (1 ¡ ¯ K ):

Therefore

E(À(wn +1 ; xn +1 ) ¡ À(wn ; xn )jwn = w; xn = x)

= E(wn +1 + jxn +1 j ¡ wn ¡ xn jwn = w; xn = x)

· F ¡ 1(
~p

~p + h
) + 2 ¹ ¡ wK (1 ¡ ¯ K ) ¡ x:

The last expression is< 0 if wK (1 ¡ ¯ K ) + x > F ¡ 1( ~p
~p+ h ) + 2 ¹ .

When x · 0, we have

E(jxn +1 j ¡ j xn jj (wn = w; xn = x))

= E(j max(xn ; S(wn )) ¡ ¯ ¢wn ¡ ³n j + xn j(wn = w; xn = x))

· F ¡ 1(
~p

~p + h
) + ¹ + x

· 0 if x · ¡ ¹ ¡ F ¡ 1(
~p

~p + h
);
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and

E(wn +1 ¡ wn j(wn = w; xn = x))

= E(min( ¯ ¢wn + ³; S(wn )) +
K ¡ 1X

j =1

wn;j (1 ¡ ¯ j ) ¡
KX

j =1

wn;j j(wn = w; xn = x))

· E (¯ ¢w + ³ +
K ¡ 1X

j =1

wj (1 ¡ ¯ j ) ¡
KX

j =1

wj )

= ¹ ¡ wK (1 ¡ ¯ K ):

Therefore,

E (À(wn +1 ; xn +1 ) ¡ À(wn ; xn )jwn = w; xn = x)

= E(wn +1 + jxn +1 j ¡ wn + xn jwn = w; xn = x)

· F ¡ 1(
~p

~p + h
) + 2 ¹ + x ¡ wK (1 ¡ ¯ K )

The last expression is< 0 if ¡ x + wK (1 ¡ ¯ K ) > F ¡ 1( ~p
~p+ h ) + 2 ¹ .

Now, let A = f (w; x) : wK (1 ¡ ¯ K ) + jxj · F ¡ 1( ~p
~p+ h ) + 2 ¹ g and note that A is a ¯nite set. Based on the

above properties, we have shown thatE(wn +1 + jxn +1 j ¡ wn ¡ j xn jjwn = w; xn = x) < 0 if (w; x) =2 A.

Foster's Criterion implies that f (wn ; xn ); n ¸ 0g is a positive recurrent DTMC.

It is easy to establish irreducibility and aperiodicity. We establish positive recurrence by using

Foster's criterion (Meyn and Tweedie ([29])). The next proposition statesthat the long run average cost

exists.

Proposition 3.6.3. limN !1 E( 1
N

P N ¡ 1
n =0 Cn (wn ; xn ; yn )jw0 = w; x0 = x) exists for all (w; x).
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Proof. We get the total cost at period n as

E(Cn (wn ; xn ; yn )) = E(c(yn ¡ xn ) + h(yn ¡ ¯ ¢wn ¡ ³n )+ + p(yn ¡ ¯ ¢wn ¡ ³n )¡ )

· E (c(yn ¡ xn ) + hyn + p(³n + ¯ ¢wn ))

= E((c + h) max(xn ; S(wn )) + p(³n + ¯ ¢wn ) ¡ cxn )

= ( c + h)E(max(xn ; S(wn ))) ¡ cE(xn ) + p¹ + p¯ ¢E(wn ):

When xn ¸ 0 then we can rewrite the above quantity as

E(Cn (wn ; xn ; yn )) · (c + h)E(S(wn )) ¡ cE(xn ) + p¹ + p¯ ¢E(wn )

· (c + h)( ¯ ¢E(wn ) + F ¡ 1(
~p

~p + h
)) + p¹ + p¯ ¢E(wn )

· (c + h)F ¡ 1(
~p

~p + h
) + p¹ + ( c + h + p)¯ ¢(wPn + ¹e 1(I ¡ P)¡ 1):

When xn · 0 we have

E(Cn (wn ; xn ; yn )) · (c + h)E(xn ) ¡ cE(xn ) + p¹ + p¯ ¢E(wn )

· p¹ + p¯ ¢E(wn )

· p¹ + p¯ ¢(wPn + ¹e 1(I ¡ P)¡ 1):

Hence, we get

lim
N !1

E(Cn (wn ; xn ; yn )jw0 = w; x0 = x)

· (c + h)F ¡ 1(
~p

~p + h
) + p¹ + ( c + h + p)¯ ¢(wPN + ¹e 1(I ¡ P)¡ 1)

< 1 :

Since (wn ; xn ) is an irreducible and positive recurrent DTMC, this shows that

limN !1 E( 1
N

P N
n =0 Cn (wn ; xn ; yn )jw0 = w; x0 = x) exists.
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The proof consists of showing that the expected cost in periodn starting with w0 = w; x0 = x is

uniformly bounded over all w and x. The result then follows from the fact that f (wn ; xn ); n ¸ 0g in an

irreducible, aperiodic, and positive recurrent DTMC.

Finally, we state the main result in the following Theorem:

Theorem 3.6.4. The stationary w-dependent base stock level policy¼¤ minimizes the expected cost per

period over in¯nite horizon.

Proof. Using the terminal cost in Equation (3.5) and using the argument in Theorem 3.5.1, we get

E¼¤ (T(wN ; xN )jw0 = w; x0 = x) = E¼¤ (m ¢wN ¡ cxN jw0 = w; x0 = x)

· m ¢(wPN + ¹e 1(I ¡ P)¡ 1) + c¹:

Hence,

lim
N !1

1
N + 1

E(T(wN ; xN )jw0 = w; x0 = x) = 0 :

The proof consists of showing that

lim
N !1

1
N + 1

(E¼¤ (T(wN ; xN )jw0 = w; x0 = x)) = 0 :

The result then follows from the existence of the limit in Proposition 3.6.3. This establishes that ¼¤

minimizes the expected cost per period over in¯nite horizon. Thus, for the in¯nite horizon average cost

case, the stationary w-dependent base stock policy remains optimal when warranty replacements are

included in the model.

3.7 A Variant: Model with Emergency Supply

In this section, we study the N -period emergency supply model where rather than backlogging the

manufacturer has to satisfy the unmet demands by purchasing the items from an emergency supplier.
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We use p as the per unit emergency purchase cost wherep > c. Note there are no shortages in this

model. The dynamic of the system is given by

xn +1 = max( yn ¡ ¯ ¢wn ¡ ³n ; 0)

wn +1 ;1 = ¯ ¢wn + ³n

wn +1 ;j = wn;j ¡ 1(1 ¡ ¯ j ¡ 1); j = 2 ; ¢ ¢ ¢; K:

Let V ¼
N (w; x) and VN (w; x) be de¯ned as in Section 3.3. Letŵ1 = ¯ ¢w + ³ , ŵj = wj ¡ 1(1 ¡ ¯ j ¡ 1); j =

2; ¢ ¢ ¢; K , and ŵ = f ŵ1; ¢ ¢ ¢; ŵK g. Following the methodology of Section 3.4, we can write the optimality

recursions as follows

VN;N (w; x) = T(w; x)

Gn;N (w; y) = cy + ®L(w; y)

+ ®
Z y¡ ¯ ¢w

0
Vn +1 ;N (ŵ; y ¡ ¯ ¢w ¡ ³ )f (³ )d³

+ ®
Z 1

y¡ ¯ ¢w
Vn +1 ;N (ŵ; 0)f (³ )d³ (3.12)

Vn;N (w; x) = min
y¸ x

Gn;N (w; y) ¡ cx

where

L(w; y) =

8
>>>>>><

>>>>>>:

h
Ry¡ ¯ ¢w

0 (y ¡ ¯ ¢w ¡ ³ )f (³ )d³

+ p
R1

y¡ ¯ ¢w (³ ¡ y + ¯ ¢w)f (³ )d³ if y ¸ ¯ ¢w

p
R1

0 (³ ¡ y + ¯ ¢w)f (³ )d³; o.w.

Theorem 3.7.1. There exists a function Sn (w) such that the optimal policy at periodn is to order up

to Sn (w).

Proof. We prove the theorem using a series of claims by using induction.

Claim 1: GN ¡ 1;N (w; y) is convex with respect to y.

Proof:
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From Equation (3.12), we get

GN ¡ 1;N (w; y) = cy + ®L(w; y)

+ ®
Z y¡ ¯ ¢w

0
[m1(³ + ¯ ¢w) + m2ŵ2 + ¢ ¢ ¢+ mK ŵK ¡ c(y ¡ ¯ ¢w ¡ ³ )]f N ¡ 1(³ )d³

+ ®
Z 1

y¡ ¯ ¢w
[m1(³ + ¯ ¢w) + m2ŵ2 + ¢ ¢ ¢+ mK ŵK ]f N ¡ 1(³ )d³

and from the de¯nition of L (w; y), the second order derivative ofL (w; y) with respect to y can be shown

to be

L 22(w; y) =
@2L(w; y)

@y2
= ( p + h)f (y ¡ ¯ ¢w) > 0 (3.13)

Hence,

@2GN ¡ 1;N (w; y)
@y2

= G22
N ¡ 1;N (w; y) = ®(p + h ¡ c)f (y ¡ ¯ ¢w) > 0

This proves our claim 1.

Claim 2: If Gn;N (w; y) is convex with respect to y, then Vn;N (w; x) is convex with respect to x.

Proof:

Let y = Sn (w) be the solution to

@Gn;N (w; y)
@y

= 0 :

The convexity of Gn;N (w; y) implies that the optimal policy at period n is order upto Sn (w). Then

Vn;N (w; x) =

8
>><

>>:

Gn;N (w; Sn (w)) ¡ cx if x · Sn (w)

Gn;N (w; x) ¡ cx o.w.

We get the ¯rst order derivative of Vn;N (w; x) with respect to x as

V 2
n;N (w; x) =

8
>><

>>:

¡ c if x · Sn (w)

G2
n;N (w; x) ¡ c o.w.

(3.14)

SinceG2
n;N (w; Sn (w)) = 0, V 2

n;N (w; x) is continuous at x = Sn (w), i.e., V 2
n;N (w; Sn (w)+ ) = V 2

n;N (w; Sn (w)¡ ) =

¡ c. The second order derivative then can be shown to be
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V 22
n;N (w; x) =

8
>><

>>:

0 if x · Sn (w)

G22
n;N (w; x) o.w.

Thus Vn;N (w; x) is convex with respect to w.

Claim 3: If Vn;N (w; x) is convex with respect to x, then Gn ¡ 1;N (w; y) is convex with respect to y.

Proof: From the de¯nition, we get

Gn ¡ 1;N (w; y)

= cy + ®L(w; y) + ®
Z y¡ ¯ ¢w

0
Vn;N (ŵ; y ¡ ³ ¡ ¯ ¢w)f (³ )d³

+ ®
Z 1

y¡ ¯ ¢w
Vn;N (ŵ; 0)f (³ )d³

The second order derivative ofGn ¡ 1;N (w; y) with respect to y can be shown to be

G22
n ¡ 1;N (w; y) =

@2

@y2
Gn ¡ 1;N (w; y)

=
@2

@y2
®L(w; y) + ®

@2

@y2

Z 1

0
Vn;N (ŵ; (y ¡ ³ ¡ ¯ ¢w)+ )f (³ )d³

= ®L22(w; y) + ®[
Z y¡ ¯ ¢w

0
V 22

n;N (ŵ; y ¡ ¯ ¢w ¡ ³ )f (³ )d³

+ V 2
n;N (ŵ; 0)f (y ¡ ¯ ¢w)]:

From the Equation (3.14) and (3.13), the above quantity can be simplīed as

G22
n ¡ 1;N (w; y) = ®

Z y¡ ¯ ¢w

0
V 22

n;N (ŵ; y ¡ ¯ ¢w ¡ ³ )f (³ )d³

+ ®(p + h ¡ c)f (y ¡ ¯ ¢w)

¸ 0:

The above quantity is greater than zero by the assumptions, which implies that

Gn ¡ 1;N (w; y) is convex with respect to y.

Theorem 3.7.1 then follows by induction.
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The proof of the theorem follows a similar induction approach used in Theorem 1. However, the

G(w; y) function in this case is convex in y so the proof arguments are simpler. However, we cannot

get any explicit formulas for Sn (w). Note that the same argument can be easily applied to any other

terminal cost function, i.e., T(w; x) = 0.

3.8 Computational Results

In this section, we numerically investigate the bene¯ts of using an integrated inventory policy over the

current ad hoc policy used by the ¯rm based only on new demand. We also compare the optimal policy

with complete age information to the approximated policy studied in the previous chapter. We compare

the performance over 343 problem instances with the following parameter values-c = 2 ; ® = 0 :95. Then

we vary h = 0 :05; 0:1; 0:15; 0:2; 0:25; 0:30, p = 14; 16; 18; 20; 22; 24; 26, ¯ 1 = 0 :01; 0:05; 0:1; 0:15; 0:2;

0:25; 0:3, and ¯ j = ¯ j ¡ 1 + 0 :002 for j = 2 ; ¢ ¢ ¢; 20. The increasing¯ j 's imply increasing failure rates,

which is common in many goods. In these instances we compute the total discountedcost of the two

policies overN = 100 periods, and average it across 1000 independent replications. In all our experiments

we assume that demands are i.i.d. uniformly distributed over [0; 100] in every period. In the following

passages we highlight our key insights.

3.8.1 Cost Improvement over the Current Policy

Across all these experiments, the average cost improvement due to the integrated policy over the

current policy of only planning for new demand is 37.1% with a maximum improvementof 58.7 % (see

Tables 3.1,3.2,3.3). Such large improvements exist because the current policy does not take warranty

into account and, as indicated earlier, in some periods the demand from warrantyclaims is as high as

15% of the total demand. From Figures 3.1 and 3.2, we observe that the cost improvement monotonically

increases with the stock-out penalty costp, and monotonically decreases with the holding costh. This

is intuitive since the integrated policy stocks more than the current policy in most of the cases.

Although one would expect that percentage performance improvement of the integrated policy is

greater when failure rate (̄ 1) is higher, interestingly, we ¯nd that as the failure rate increases, the cost
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improvements ¯rst increase and then decrease (see Figure 3.3). One can explain this inthe following

manner. The optimal integrated policy stocks higher amount than the current policy. As the failure rate

increases, the penalty cost in the current policy are higher but the procurement cost in theintegrated

policy also increases. The relative sizes of these two e®ects makes the percentage cost improvements

¯rst increase and then decrease with increasing failure rates (see Figure 3.4).

3.8.2 Value of Age Information

In this section, we compare the performance of the optimal policy with completeage information with

the approximated policy studied in the previous chapter. For the approximation studied, we assume that

¯ app =
P K

j =1 ¯ j

K thereby taking the average failure of all age dependent failures. Further, we approximate

that a fraction 1
K go out of warranty every period. With these two approximations, we compute the

optimal base-stock levels and then run the simulations with those inventory levels. Across all these

experiments, we ¯nd that the value of having the warranty age information is on average 3% with a

maximum improvement of 12.3 % (see Tables 3.4,3.5,3.6).

With our limited computational study, we ¯nd that most of the bene¯ts of incorpora ting warranty

information can be realized by using a smart approximate policy. Using technology to get more infor-

mation about the age distribution of the items in the ¯eld de¯nitely improves perf ormance. In fact, as

compared to the current policy the improvements are substantial. In our study, we have not accounted

for the ¯xed costs of adopting these technologies. Also, adopting such technology can yield some bene¯ts

that are unrelated to the inventory setting. For example, such a technology can be used to get better

information of about product use and estimates of the failure rates̄ i . As ¯rms adopt these technologies

for warranty, they need to consider both the costs and bene¯ts associated in their particular situation.

3.9 Summary and Future Plans

In this chapter we study the management of inventory for a ¯rm that faces demand for new items

as well as items under warranty. We consider backlogging and emergency supply cases and study both

the discounted cost and the average cost cases. We prove the optimality of thew-dependent base stock
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Integrated Policy VS. Current Policy
p = 14 16 18 20 22 24 26

AVG % 0.245 0.297 0.342 0.381 0.415 0.445 0.472
MAX % 0.39 0.437 0.476 0.51 0.538 0.564 0.587
MIN % 0.06 0.142 0.178 0.196 0.212 0.227 0.238

Table 3.1: Average Cost Improvement Overp

Integrated Policy VS. Current Policy
h=0.01 0.05 0.1 0.15 0.2 0.25 0.3

AVG 0.374 0.372 0.37 0.367 0.365 0.363 0.36
MAX 0.587 0.586 0.584 0.581 0.58 0.577 0.574
MIN 0.08 0.074 0.072 0.07 0.068 0.066 0.064

Table 3.2: Average Cost Improvement Overh

Integrated Policy VS. Current Policy
¯ =0.01 0.05 0.1 0.15 0.2 0.25 0.3

AVG 0.2 0.45 0.49 0.45 0.39 0.33 0.26
MAX 0.258 0.536 0.587 0.562 0.515 0.462 0.41
MIN 0.14 0.345 0.374 0.318 0.239 0.153 0.06

Table 3.3: Average Cost Improvement Over¯

Integrated Policy VS. Approximation
p = 14 16 18 20 22 24 26

AVG % 0.02 0.023 0.027 0.03 0.033 0.037 0.04
MAX % 0.068 0.078 0.088 0.1 0.11 0.114 0.123
MIN % 0.0002 0.0004 0.0006 0.0009 0.0013 0.0017 0.0021

Table 3.4: Cost Improvement As a Function of p

Integrated Policy VS. Approximation
h=0.01 0.05 0.1 0.15 0.2 0.25 0.3

AVG 0.031 0.031 0.03 0.03 0.03 0.029 0.029
MAX 0.123 0.12 0.12 0.117 0.117 0.116 0.112
MIN 0.0002 0.0003 0.0005 0.0004 0.0005 0.0006 0.0006

Table 3.5: Cost Improvement As a Function of h

Integrated Policy VS. Approximation
¯ =0.01 0.05 0.1 0.15 0.2 0.25 0.3

AVG 0.09 0.06 0.03 0.015 0.007 0.003 0.001
MAX 0.123 0.08 0.04 0.02 0.01 0.005 0.003
MIN 0.06 0.04 0.02 0.007 0.003 0.0007 0.0002

Table 3.6: Cost Improvement As a Function of ¯
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Figure 3.1: The Cost Improvement with Increas-
ing Stock-out Penalty Cost Rate p

Figure 3.2: The Cost Improvement with Increas-
ing Holding Cost Rate h

Figure 3.3: The Cost Improvement with Increas-
ing Failure Rate ¯

Figure 3.4: Three Cost Components

70



ordering policy where the base stock level is a function ofw, the vector representing the number of

items with di®erent ages under warranty. For the special case, where the demand for new products is

stationary, we prove the optimality of a stationary w-dependent base stock policy for ¯nite and in¯nite

horizon cases. Through our computational study we provide interesting insights on the bene¯ts of using

an integrated policy and show that on average this leads to a 37% improvementover an inventory policy

that only considers new demands. Further, we show that availability of warranty age information can

lead to improved performance by an average of 3%. Although we have focused onthe practice of a

single ¯rm, we believe that many companies similarly separate replenishment decisions from warranty

exposures. Our results suggest that such ¯rms could bene¯t substantially from integrating these areas.

Our analysis in this chapter provides theoretical characterization of the structureof the the optimal

policy for this problem and advances the knowledge in the area of stylized inventory models. However,

it has a few shortcomings. First, we assumed that a ¯xed proportion of itemsunder warranty fail in

each period. However, in many real situations the actual number of failures are a random function of the

number of items under warranty. In order to analyze such a situation, a general warranty failure model

needs to be studied. Secondly, in our model we neglect the possibility of remanufacturing/repair for the

items that fail. A model that combines both repair and demand changes is likely to beinteresting in

terms of analysis and insights. In the variant of emergency supply, the case whenconsidering ¯ as a

vector of i.i.d. random variable is a possible extension as well. We plan tostudy these models in the

future.
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Chapter 4

Warranty Outsourcing Among

Competing Vendors

4.1 Introduction

In a highly competitive market, outsourcing service o®ers °exibility for the manufacturing industry.

Advantages of outsourcing include the °exibility to easily change service and support o®erings for dif-

ferent marketing campaigns. King and Cole-Gomolski ([22]) show that because ofthe payo®s, such as

increased °exibility, sales of outsourced customer services will increase by 49% this year. The outsourcing

Institute in New York pegs the total 1998 customer service outsourcing marketat 7 billion. The recent

book by Thomas L. Friedman ([16]) describes in detail the explosion in outsourcing that has occurred

due to advances in computer and communication technologies.

The last decade has seen an explosion in terms of degree of outsourcing of various business operations

that were traditionally performed in-house. Speci¯cally, warranty services which is a major component

of the manufacturing and retail industry has experienced a rising trend in terms of outsourcing. Several

large companies in past few years have begun to outsource their repair activities.For example, electronic

equipment manufacturers routinely augment inhouse servicing of warranties by contracting outside ven-

dors to repair the items (machines like PCs, or components like hard drives) that are sold under warranty.

For example, Microsoft decided to outsource the repair and warranty services related to XBox gaming



device in North America to Selectron (Serant [40]). Some reports by Merrill Lynch have projected

that the warranty services represents a 100 billion dollar opportunity for electronic manufacturers and

subcontractors.

Outsourcing repair and warranty services provides an opportunity for the original equipment manu-

facturer (OEM) to improve turnaround times and have better asset utilization by using the core compe-

tencies of the vendors specializing in repairs. However, it also poses downward risks in terms of customer

satisfaction particularly in cases where poor experience in repair services maytranslate into future lost

sales. Thus, it is very important for the OEM to not only pay attention to cost reductions but also

customer experience while outsourcing warranty and repair services. The main purpose of the paper

is to explore the above cost-service tradeo®. Based on our interaction with warranty outsourcing at

a leading computer manufacturer in this paper we study development of contracts and competition in

the context of outsourcing warranty services. We propose a game-theoretic modelof a warranty repair

allocation problem with one manufacturer and multiple vendors where the vendors compete with each

other in setting prices and repair rates for their services, and the manufacturer responds by optimally

allocating its products to its own repair facility and to the vendors for services to minimize the repair

and waiting cost. We examine the pricing and capacity decisions facing vendors and the manufacturer

and study the Nash equilibria in two di®erent models. In the ¯rst model, the vendors are the leaders,

while in the second model, the manufacturer is the leader. We prove the existence and uniqueness of the

Nash equilibria where the vendors are the leaders. We also establish the existence and uniqueness of the

Nash equilibrium when the manufacturer is the leader. Further, we compare the optimaloutsourcing

contract in both situations.

The rest of the paper is organized as follows.

4.2 Literature Review

Outsourcing from manufacturing ¯rms has fueled some of the service sector's rapid growth. Fixler

and Siegel ([15]) model the ¯rm's decision to outsource and show that increases in outsourcing may

explain part of the increase in the divergence in productivity growth between manufacturing and ser-
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vices. They also analyze the implications of outsourcing for output and productivity growth of service

industries. Kumar, Markeset, and Kumar ([25]) shows that as industrial products are becoming more

advanced and complex, the role of supporting services needed to exploit a product's function to an

agreeable performance is becoming increasingly important. To achieve the bestperformance, industrial

customers are entering into service contracts with the OEM or independent service providers. They

study the scenario which is to contract out/outsource to a regional/dependent serviceprovider who can

e®ectively work as an extended arm of the OEM, and discuss the key factors that de¯ne the needs for

product support and services and key content of a service delivery agreement. Opp, Adan, Kulkarni and

Swaminathan ([32]), Opp, Glazebrook, and Kulkarni ([33]) consider the problem of minimizing the costs

of outsourcing warranty repairs when failed items are statically (dynamically) routed to one of several

service vendors.

There are mainly three operations management prototypical models: the news-vendor model, the

Clark-Scarf multi-echelon inventory model and the M/M/1 make-to-stock queue model in supply chain.

Caldentey and Wein (2003) ([4]) modeled a competitive supply chain as a M/M/1 make-to-stock queue.

They characterized the optimal centralized and Nash solutions for this two-playergame theoretical

model, and showed a contract with linear transfer payments replicates a cost-sharing agreement and

coordinates the system. In our paper, we formulate the whole problem into aN + 1-player game, i.e.,

the con°icts between manufacturer and vendors, and the competition among vendors themselves.

Economic analysis of the impact of competitive tendering in the United Kingdom has followed the

work by Domberger et al. ([11], [12]), which speci¯ed and estimated a relationship of the general form:

P = f (X; Y ):

In this equation, P is the price of the service provided under contract;X is a vector of contractor char-

acteristics, whether privately or publicly owned and whether selected competitively or not; Y is a vector

of contract characteristics including the quantity and quality of services to beprovided as set out in the

contract speci¯cations. The results from the above papers indicated that the introduction of competition

led to signi¯cant reductions in expenditure on those services (i.e. contract prices). Subsequent research
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by, for example, Milne and McGee ([30]), and Szymanski and Wilkins ([45]), con¯rmed these ¯ndings.

Inspired by these analysis, we propose a game theoretical model to formulatethe repair service

contracting problem among the manufacturer and repair vendors. The repair vendors in themarket

compete with each other, and we specify the quality of services by the service rate ¹ . The purpose of

our paper is to construct the optimal repair service pricing contract for the manufacturer and repair

vendors, and capture the e®ect of di®erent factors on the performance.

4.3 Vendors as Leaders

In this sections we consider the situation where the vendors are the leaders. The manufacturer needs

vendors to service the items under warranty when they fail. The manufacturer supplies any parts that

need replacement, and pays the vendor a ¯xed amount per claim. The vendor is expected to provide

machines on loan to the customers while their items are under repair. Since we are considering the case

where the vendors are the leaders, we assume that vendori o®ers the manufacturer a contract under

which the vendor will charge the manufacturer a ¯xed fee ofci dollars for each repair that is made under

warranty, independent of the type of repair and the (labor and loaner) cost to the vendor. We further

assume that the manufacturer has its own repair facility, and can repair items with ¯xed known unit

cost c0 per repair.

We assume that the combined failure rate of all of the products under warranty is ā xed constant

¸ , and the manufacturer allocates failure rate¸ i ; i = 1 ; ¢ ¢ ¢; N , to vendor i , such that
P N

i =1 ¸ i · ¸ and

allocates¸ 0 = ¸ ¡
P N

i =1 ¸ i to its own in-house repair facility.

We stipulate that the vendor i incurs a congestion or holding costgi (¸ i ) per unit time if the manu-

facturer allocates¸ i to vendor i . This cost can be assumed to be related to the delay costs of congestion

and the cost of the loaners that the vendor has to provide whenever items are under repair at the vendor.

Similarly, g0(¸ 0) is the congestion or holding cost at the manufacturer's in-house repair facility.We

assume thatgi is an increasing, strictly convex, and di®erentiable function in¸ i (i = 0 ; 1; :::; N ). For a

given vector [c0; c1; ¢ ¢ ¢; cN ] the optimization problem for the manufacturer is to ¯nd allocation vector

[¸ 0; ¸ 1; ¢ ¢ ¢; ¸ N ] so as to minimize the sum of the repair costs plus his own congestion costs. Fora vendor
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i , the optimization problem is to chooseci in order to maximize its own net revenue,

Ri = ci ¸ i ¡ gi (¸ i ); (4.1)

where ¸ i is the allocation decision by the manufacturer.

For a ¯xed ci the net revenue Ri is a concave function of¸ i , since gi is assumed to be convex. If

ci · g0
i (0), it is a decreasing function of ¸ i and the revenue is maximized at¸ i = 0. If ci > g 0

i (0), the

net revenueRi is maximized at ¸ max
i , given by the unique solution to:

dgi (¸ i )
d¸ i

= g0
i (¸ i ) = ci ; i = 1 ¢ ¢ ¢N (4.2)

We shall need the solution¸ i = ¸ i (ki ) to the following equation for ki 2 (¡1 ; 1 ):

dgi (¸ i )
d¸ i

= g0
i (¸ i ) = ki ; i = 0 ¢ ¢ ¢N (4.3)

Sincegi is strictly convex, g0
i is strictly increasing, and hence this equation has a unique solutioņ i (ki )

for ki 2 [g0
i (0); 1 ). We extend the domain of ¸ i (ki ) from [g0

i (0); 1 ] to ( ¡1 ; 1 ) by de¯ning ¸ i (ki ) = 0

for ki < g 0
i (0). It is easy to see that, for ki ¸ g0

i (0),

dg0
i (¸ i (ki ))

dki
=

1
g00

i (¸ i (ki ))
> 0:

where the inequality follows from the assumed convexity ofgi . Thus ¸ i (ki ) is a non-decreasing function

of ki . Using the ¸ i (ki ) function we see that the optimum upper bound for vendor i can be written as

¸ max
i = ¸ i (ci ): (4.4)

Thus the vendor has no interest in getting an allocation larger than ¸ max
i . We make this part of

the vendor contract by assuming that the vendor contract has two components: the fee per repair ci ,

and the maximum allocation the vendor will accept from the manufacturer: ¸ max
i . It is not necessary
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that ¸ max
i be given by the solution to the Equation (4.2), although from the vendor's point of view it

is the correct upper bound if he can be certain that he will get the maximum that he askedfor. The

manufacturer takes ¸ max
i as just a given part of the contract, and does not know how the vendor has

decided on it. Competition among the vendors prevents them from using in¯nitely largevalues ofci .

We analyze this situation as anN + 1 person game with the N vendors as the leaders competing

with each other, and the manufacturer as the follower. We assume that vendors do not (or, are not

allowed to) cooperate and form coalitions. However, all parties are assumed to know all the parameters

of everybody's contract.

Now let F (¸ 0; ¸ 1; ¸ 2; ¢ ¢ ¢; ¸ N ) be the manufacturer's expected cost per unit time. It is given by:

F (¸ 0; ¸ 1; ¸ 2; ¢ ¢ ¢; ¸ N ) = g0(¸ 0) +
NX

i =0

ci ¸ i :

Note that the costs gi (¸ i ); 1 · i · N; do not appear in this function since these costs are not borne

by the manufacturer. Since the manufacturer is assumed to be the follower, he aimsto minimize his

cost, for given vectors [c0; c1; c2; ¢ ¢ ¢; cN ] and ¸ max = [ ¸ max
1 ; ¸ max

2 ; ¢ ¢ ¢; ¸ max
N ]. Thus he solves the fol-

lowing optimization problem to ¯nd the optimal allocations ¹̧
i = ¹̧

i (c0; c1; c2; ¢ ¢ ¢; cN ), i = 0 ; 1; 2; ¢ ¢ ¢; N :

M : min g0(¸ 0) +
NX

i =0

ci ¸ i

s:t:
nX

i =0

¸ i = ¸

¸ 0 ¸ 0; 0 · ¸ i · ¸ max
i ; i = 1 ; :::; N:

The i th vendor's net revenue per unit time is given by

Ri = ci
¹̧

i ¡ gi ( ¹̧
i ); 1 · i · N;

and since the vendors are the leaders, each vendor knows the allocation function¹̧ i and choosesci to

maximize his own revenue. This gives rise to a non-zero-sum non-cooperative game. Weaim to ¯nd the
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Nash equilibrium for this game.

4.3.1 Manufacturer's Problem

The interaction between the manufacturer and the vendors can be modelled as a Stackelberg game

with the vendors as leaders and the manufacturer as a follower. Thus we assume that the vendors o®er

contract vectors [c1; c2; ¢ ¢ ¢; cN ] and [̧ max
1 ; ¸ max

2 ; ¢ ¢ ¢; ¸ max
N ] to the manufacturer and the manufacturer

responds by choosing the partition of¸ among the N vendors and himself so as to minimize his costs.

That is, he solves problemM of the previous section.

We begin by studying the general problemM . First, we eliminate ¸ 0 and rewrite the problem as

follows:

M1 : min c0¸ + g0(¸ ¡
NX

i =1

¸ i ) +
NX

i =1

(ci ¡ c0)¸ i

s:t:
NX

i =1

¸ i · ¸

0 · ¸ i · ¸ max
i ; i = 1 ; :::; N:

This is a knapsack problem with separable convex objective function and upper bounds ondecision

variables. It is known that (Martello and Toth ([27])) this problem can be solved by a simple greedy

algorithm that incrementally allocates to the cheapest vendor (including the in-house repair option)

that is available for further allocation. If more than one vendor is cheapest,they are all treated evenly.

We describe this algorithm below. In this algorithm, A represents the set of vendors (including the

manufacturer) that are available for allocation, ¤ represents the unallocated repair rate. We assume

that
P N

i =0 ¸ max
i ¸ ¸ .

Algorithm G:

Step 1: Set ¹̧ i = 0 for i = 1 ; 2; :::; N: and ¤ = ¸ ¡
P

i 2 A
¹̧

i . Set

A = f 0; 1; 2; ¢ ¢ ¢; N g:
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Step 2: Let

c(A) = min
i 2 A

f ci g;

and set

B = f i 2 A : ci = c(A)g:

Then

¸ max
B = min

i 2 B
f ¸ max

i g:

Step 3: If ¸ max (B ) < ¤, set

¹̧
i = ¸ max

i ; for i 2 B:

Then A = A ¡ B , ¤ = ¤ ¡ ¸ max (B ):

Else ¯nd a unique t that solves

X

i 2 B

minf t; ¸ max
i g = ¤ :

Then ¹̧
i = min f t; ¸ max

i g; i 2 B:

Step 4: If ¤ > 0 go to Step 2.

Else stop. ¹̧
i , i = 0 ; 1; 2; ¢ ¢ ¢; N is the optimal solution.

Remark 4.3.1. It is easy to see that¹̧ i is a piecewise constant decreasing function ofci if all other cj 's

are ¯xed, with the jumps occurring wheneverci crosses acj .

Next we consider a special case of this problem that will be of interest to us:ci = c for all i =

1; 2; :::; N . In this case the objective function of the manufacturer reduces to

F (¸ 0; ¸ 1; ¢ ¢ ¢; ¸ n ) = c0¸ 0 + g0(¸ 0) + c
NX

i =1

¸ i :

Using
P N

i =1 ¸ i = ¸ ¡ ¸ 0, we get

F (¸ 0; ¸ 1; ¢ ¢ ¢; ¸ N ) = ( c0 ¡ c)¸ 0 + g0(¸ 0) + c¸:
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As before, if c ¡ c0 · g0
0(0), this cost is minimized at ¸ ¤

0 = 0 ; that is, it is optimal to out-source all

the repair operation to the vendors. From Equation (4.3) we see that the costis minimized at

¸ ¤
0 = ¸ 0(c ¡ c0): (4.5)

Clearly the manufacturer would use this solution if it is feasible. That is, the actual optimal solution

is:

¸ opt
0 = max f ¸ ¤

0; ¸ ¡
nX

i =1

¸ max
i g:

Clearly, if f ¸ >
P N

i =1 ¸ max
i g; there is a unique optimal allocation to the vendors given by

¹̧
i = ¸ max

i ; 1 · i · N:

If f ¸ <
P N

i =1 ¸ max
i g, any feasible allocation of¸ ¡ ¸ ¤

0 among the N vendors is optimal. However, in

order to avoid the vendors in°ating their upper bounds, we shall use the following uniqueallocation.

Let t be the unique solution to
NX

i =1

minf t; ¸ max
i g = ¸:

Then the manufacturer chooses to allocate

¹̧
i = min f t; ¸ max

i g; 1 · i · N;

to vendor i . Intuitively, the manufacturer tries allocate equal amounts to every vendor without violating

their individual upper bounds.

4.3.2 Vendor's Problem

If vendor i o®ers contract priceci and actually gets his optimal allocation ¸ max
i = ¸ i (ci ), his optimal

revenue would be

Rmax
i = ci ¸ i (ci ) ¡ gi (¸ i (ci )) : (4.6)
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It is easy to see thatRmax
i is a non-decreasing function ofci . This implies that given the possibility

of obtaining full optimal allocation, the vendor will try to ask for as lar ge aci as he can get away with.

This helps analyze the non-zero sum, no-cooperative game played by theN vendors. The main result is

given in the following theorem.

Theorem 4.3.2. Let c¤ be optimal unique solution to

¸ 0(c¤ ¡ c0) +
NX

i =1

¸ i (c¤) = ¸: (4.7)

The Nash equilibrium prices for the vendors are

c¤
i = c¤; i = 1 ; 2; :::; N: (4.8)

The Nash equilibrium allocation is

¹̧
i = ¸ i (c¤); i = 1 ; 2; :::; N;

¹̧
0 = ¸ 0(c¤ ¡ c0):

Proof: We shall ¯rst prove (by contradiction) that at Nash equilibrium we must have ci = c for

all i = 1 ; 2; :::; N . Assume without loss of generality that c1 · c2 · ::: · cN . Suppose not allci s are

identical, so there exist an index 1· i < N such that ci < c i +1 . Now it follows from the greedy algorithm

that the allocation ¹̧
i to vendor i remains the same ifci increases toci +1 ¡ , and the allocations to other

vendors does not change, if̧ max
i is held constant. Thus the revenue of Vendori increases, while those

of other vendors remains unchanged. Thus such a c-vector cannot be a Nash equilibrium, since at Nash

equilibrium no vendor should have unilateral incentive to change.

So supposeci = c for all i = 1 ; 2; ::; N: We shall show that (by contradiction), at Nash equilibrium,

each vendor must get his optimal allocation, i.e.,

¹̧
i = ¸ i (c); i = 1 ; 2; :::; N: (4.9)
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Suppose not. Then there exists a vendori such that

¹̧
i < ¸ i (c):

Then vendor i can increase his pro¯ts by decreasing hisci in¯nitesimally below c, and thus inducing the

manufacturer to give him his full allocation at that price. The resultant net reven ue would be larger

than the current one. Thus this vendor has an incentive to deviate from hisci value unilaterally and

hence this cannot be a Nash equilibrium. Hence Equation (4.9) must hold.

When all the ci = c for i = 1 ; 2:::; N , we know from Equation (4.5) that the optimal in-house

allocation is given by ¸ 0(c ¡ c0). Since the total allocation must equal ¸ , we get Equation (4.7). Since

each ¸ i (c) and ¸ 0(c ¡ c0) is an increasing function of c, there is a unique solution to Equation (4.7).

Next we consider two cases.

Case 1:c¤ · c0 + g0
0(0). In this case we know that ¸ 0(c¤ ¡ c0) = 0, and that everything is out-sourced

by the manufacturer. In this case vendori gets allocation ¸ i (c¤): However, from the algorithm followed

by the manufacturer, it follows that this allocation will remain the sam e even if the vendors increase

their price beyond c¤, until it reaches c0 + g0
0(0), after which the manufacturer will start processing some

warranties inhouse, thus decreasing the allocations to all. However, since this is a non-cooperative game,

they will not simultaneously raise prices in a coordinated way. Hence any vendor thatcharges a price

higher than c¤ will get less than his optimal share, which cannot be a Nash equilibrium. Hence each

vendor will stick with contract price c¤.

Case 2:c¤ > c 0 + g0
0(0). In this case we know that ¸ 0(c¤ ¡ c0) > 0, that the manufacturer processes

some warranties inhouse. In this case vendori gets allocation ¸ i (c¤): However, this allocation (and net

revenue) will decrease if the vendors increase their price beyondc¤, thus making the new prices not Nash

Equilibrium prices. Thus the Nash Equilibrium prices are ci = c¤:

Thus Equation (4.8) follows. This completes the proof.
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4.4 Manufacturer as Leader

In this section, we consider the manufacturer as the leader and N repair vendors as followers in

the service outsourcing market. In this game the manufacturer, being the leader, o®ers a contract

value which he paysci per claim to vendor i . The vendor i , being follower, responds by informing the

manufacturer how much outsourcing (i.e.,¸ i ) he will accept under this o®er. The optimization problem

for the manufacturer is to minimize the total repair cost as described in Formulation M . The vendor i

aim to choose a¸ i to maximize his own pro¯t function given by

Ri (¸ i ) = ci ¸ i ¡ gi (¸ i );

where gi (¸ i ) is as de¯ned earlier.

As a ¯rst step, we characterize the vendors optimal responses to the manufacturer'so®er. Assuming

convexity of gi (:) we see that the vendori 's pro¯t function is concave with respect to ¸ i , and the optimal

¸ i will be given by the solution to the ¯rst order condition

g0
i (¸ i ) = ci :

As described earlier, the solution is denoted by

¸ i = ¸ i (ci ):

Sinceg0
i (¸ i ) is a increasing function of ¸ i , there exist a uniqueci which satis¯es the above equation for

any ¸ i > 0. Note that ¸ i = 0 if ci · g0
i (0). We let ci = g0

i (0) when ¸ i = 0. We assume that the vendor

gives the manufacturer the entire acceptable allocation function¸ i (ci ) as a function of ci .

The manufacturer knows this response function and thus his optimization problem reducesto

min F (c1; ¢ ¢ ¢; cN ) = c0¸ + g0(¸ ¡
NX

i =1

¸ i (ci )) +
NX

i =1

[(ci ¡ c0)¸ i (ci )]
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s:t:
NX

i =1

¸ i (ci ) · ¸:

The next theorem characterizes the optimal solution to this game. First we need the following

notations. Let ¸ i = ~̧
i (®); i = 1 ; ¢ ¢ ¢; N be the solution to

® = g0
0(¸ ¡

NX

i =1

¸ i ) + c0 ¡ ¸ i g00
i (¸ i ) ¡ g0

i (¸ i ); i = 1 ; ¢ ¢ ¢; N: (4.10)

We shall show that the above system of equations has a unique solution in the proof of the following

theorem.

Theorem 4.4.1. Assume that g0
i (:); g00

i (:) are positive for i = 0 ; ¢ ¢ ¢; N , and g000
i (:) is nonnegative for

i = 1 ; ¢ ¢ ¢; N . There exist a unique optimal solution,c¤
i ; ¸ ¤

i ; i = 1 ; ¢ ¢ ¢; N , for this game theoretical model

as described below.

If
P N

i =1
~̧

i (0) < ¸ , then the optimal solution is

¸ ¤
i = ~̧

i (0); i = 1 ; ¢ ¢ ¢; N;

and

¸ ¤
0 = ¸ ¡

NX

i =1

¸ ¤
i :

If
P N

i =1
~̧

i (0) ¸ ¸ , then the optimal solution is

¸ ¤
i = ~̧

i (®); and ¸ ¤
0 = 0 ;

where ® is the solution to
NX

i =1

~̧
i (®) = ¸:

In both cases,c¤
i is given by

c¤
i = g0

i (¸
¤
i ):
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Proof. From the vendors' optimal response functions

ci = g0
i (¸ i );

we get the following properties.

¸ 0
i (ci ) =

1
g00

i (¸ i )
> 0;

¸ 00
i (ci ) = ¡

1
g00

i (¸ i )2 (g000
i (¸ i )¸ 0

i (ci )) < 0:

Sincegi (:) is assumed to be strictly convex,ci is a one-to-one function of¸ i . Hence, we can rewrite the

manufacturer's cost function as

F (¸ 1; ¢ ¢ ¢; ¸ N ) = c0¸ + g0(¸ ¡
NX

i =1

¸ i ) +
NX

i =1

[(g0
i (¸ i ) ¡ c0)¸ i ]:

The ¯rst order derivative of the manufacturer's cost function with respect to ¸ i is given by

@F(c1; ¢ ¢ ¢; cN )
@ i̧

= ¡ g0
0(¸ ¡

NX

i =1

¸ i ) + g00
i (¸ i )¸ i + g0

i (¸ i );

and the second order derivatives are given by

@2F (¸ 1; ¢ ¢ ¢; ¸ N )
@ 2̧

i
= 2g00

i (¸ i ) + g000
i (¸ i )¸ i + g00

0 (¸ ¡
NX

i =1

¸ i );

@2F (¸ 1; ¢ ¢ ¢; ¸ N )
@ i̧ @ j̧

= g00
0 (¸ ¡

NX

i =1

¸ i (ci )) :

Let H represent the Hessian matrix of the manufacturer's cost functionF (¸ 1; ¢ ¢ ¢; ¸ N ) and di = 2g00
i (¸ i )+

g000
i (¸ i )¸ i , for i = 1 ; ¢ ¢ ¢; N . For any vector ¸ = ( ¸ 1; ¢ ¢ ¢; ¸ N )T 6= 0, we get

¸ T H ¸ = g00
0 (¸ ¡

NX

i =1

¸ i )¸ T ¸ +
NX

i =1

¸ 2
i di

=
NX

i =1

¸ 2
i [g00

0 (¸ ¡
NX

i =1

¸ i ) + di ] > 0
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since we assume thatg0
i (:); g00

i (:) are positive for i = 0 ; ¢ ¢ ¢; N , and g000
i (:) are nonnegative fori = 1 ; ¢ ¢ ¢; N .

Thus the manufacturer's cost function is jointly strictly convex with respect to ¸ . We solve the

constrained optimization problem by using Lagrangian multiplier ®. The problem can be formulated as

min c0¸ + g0(¸ ¡
NX

i =1

¸ i ) +
NX

i =1

(g0
i (¸ i ) ¡ c0)¸ i ¡ ®(¸ ¡

NX

i =1

¸ i )

s:t: ¸ i ¸ 0 for i = 1 ; ¢ ¢ ¢; N;

® ¸ 0:

The ¯rst order conditions are given by

¡ g0
0(¸ ¡

NX

i =1

¸ i ) ¡ c0 + g00
i (¸ i )¸ i + g0

i (¸ i ) + ® = 0 ; for i = 1 ; ¢ ¢ ¢; N:

Hence,

® = g0
0(¸ ¡

NX

i =1

¸ i ) + c0 ¡ g00
i (¸ i )¸ i ¡ g0

i (¸ i ); i = 1 ; ¢ ¢ ¢; N: (4.11)

Based on the properties ofgi (¸ i ) and g0(¸ ¡
P N

i =1 ¸ i ) as functions of ¸ i , we can show that the right

hand side of the above equation is monotonically decreasing function with respect to ¸ i . It proves that

there exists a unique set of solutioņ i = ~̧
i (®) to the above equation.

If
P N

i =1
~̧

i (0) < ¸ , then the optimal solution is

® = 0 ; ¸ ¤
i = ~̧

i (0); i = 1 ; ¢ ¢ ¢; N;

and

¸ ¤
0 = ¸ ¡

NX

i =1

¸ ¤
i :

If
P N

i =1
~̧

i (0) ¸ ¸ , then the optimal solution is

¸ ¤
i = ~̧

i (®); and ¸ 0 = 0 ;
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where ® is the solution to
NX

i =1

~̧
i (®) = ¸:

We get the corresponding optimal contract o®ers, i.e.,c¤
i ; i = 1 ; ¢ ¢ ¢; N by using

c¤
i = g0

i (¸
¤
i ):

Next, we give the simpli¯ed method to solve the system of equations (4.10).Instead of solving N

equations simultaneously, we reformulate the equations as follows.

g00
i (¸ i )¸ i + g0

i (¸ i ) = m; i = 1 ; ¢ ¢ ¢; N;

m = c0 + g0
0(¸ ¡

NX

i =1

¸ i ) ¡ ®:

From the ¯rst N equations, we get a uniquȩ i = ^̧
i (m) for i = 1 ; ¢ ¢ ¢; N . Then we rewrite the last

equation as

m = c0 + g0
0(¸ ¡

NX

i =1

^̧
i (m)) ¡ ®:

Let m̂ be the solution to the above equation with® = 0. Then the optimal solution are given as follows.

If
P N

i =1
^̧

i (m̂) < ¸ , then the optimal solution is

¸ ¤
i = ^̧

i (m̂); i = 1 ; ¢ ¢ ¢; N;

and

¸ ¤
0 = ¸ ¡

NX

i =1

¸ ¤
i :

If
P N

i =1
^̧

i (m̂) ¸ ¸ , then the optimal solution is

¸ ¤
i = ^̧

i (m¤); and ¸ ¤
0 = 0 ;
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where m¤ is the solution to
NX

i =1

^̧
i (m¤) = ¸:

We get the corresponding optimal contract o®ers, i.e.,c¤
i ; i = 1 ; ¢ ¢ ¢; N by using

c¤
i = g0

i (¸
¤
i ):

4.5 Example: M/M/1 Cost Function

In this section, we think of the i th vendor as an M/M/1 queue with arrival rate ¸ i , service rate¹ i ,

and holding cost rate hi per item per unit time. Similarly, consider the manufacturer's inhouse repair

facility as an M/M/1 queue with arrival rate ¸ 0, service rate¹ 0, and holding cost rate h0. In this case

we can use the following function to represent the holding cost per unit time in steadystate:

gi (¸ i ) = hi
¸ i

¹ i ¡ ¸ i
:

We will assume that
P N

i =0 ¹ i > ¸ . Using Equation (4.2), we get

¸ i (k) = ¹ i ¡

r
hi ¹ i

k
; k ¸

hi

¹ i
:

Thus ¸ i (k) is an increasing function of k that increases from 0 to ¹ i as k increases fromh i
¹ i

to 1 . We

extend the domain of the above function by de¯ning ¸ i (k) = 0 if k < h i
¹ i

. Here we consider a special

case where the vendors are identical, i.e.,¹ i = ¹ 1 and hi = h1 for all i = 1 ; ¢ ¢ ¢; N . From symmetry, we

expect the ¸ i 's to be identically equal to ¸ 1, ¸ 1 < ¹ 1, and all ci = c1. In the following two subsections,

we characterize and compare the optimal solutions in the two game theoretical models, i.e., vendors as

leaders, and manufacturer as leader.

Vendors as Leaders: From Theorem 4.3.2, the Equation (4.7) can be written as

¹ 0 ¡

r
h0¹ 0

c1 ¡ c0
+ N (¹ 1 ¡

r
h1¹ 1

c1
) = ¸:
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We get the optimal contract price c1 = c¤
1 by solving the above equation. Then the optimal repair

outsourcing allocations are given as follows.

¸ ¤
1 = ¸ 1(c¤

1);

¸ ¤
0 = ¸ ¡ N¸ ¤

1:

Manufacturer as Leader: We have

g0
1(¸ 1) =

h1¹ 1

(¹ 1 ¡ ¸ 1)2 > 0;

g00
1 (¸ 1) =

2h1¹ 1

(¹ 1 ¡ ¸ 1)3 > 0;

g000
1 (¸ 1) =

6h1¹ 1

(¹ 1 ¡ ¸ 1)4 > 0:

This implies that M/M/1 cost functions satisfy our assumptions. For N identical vendor's problem, we

get

¸ 1(c1) = ¹ 1 ¡

r
h1¹ 1

c1

Let ¸ 1 = ~̧
1 be the solution to the ¯rst order condition of the manufacturer's cost function gi ven by

g0
0(¸ ¡ N¸ 1) + c0 ¡ ¸ 1g00

1 (¸ 1) ¡ g0
1(¸ 1) = 0 :

From Theorem 4.4.1, we can show that there are two possible cases.

i) N ~̧
1 > ¸:

The manufacturer outsources all the repair to the repair vendors, and the optimal allocation is given by

¸ ¤
1 =

¸
N

:

ii) N ~̧
1 · ¸:

The manufacturer allocates¸ ¤
1 = ~̧

1 to every vendor and allocates the remaining repair rate to its own

inhouse facility, i.e., ¸ ¤
0 = ¸ ¡ N¸ ¤

1.
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Next, we numerically investigate the e®ects of increasing holding cost on the optimal outsourcing

contract, including outsourcing repair allocation and contract price, and on the manufacturer's total

repair cost and vendors' pro¯t. We compare the above e®ects over the two di®erent game theoretical

models, i.e., vendors as leaders and manufacturer as leader with the following parameter values: c0 =

1; ¹ 0 = 1 ; h0 = 1 ; ¸ = 0 :5; ¹ 1 = 1 ; N = 2. Then we varied h1=¹ 1 from 0 to 5. In the following passages

we highlight our key insights.

From the following Figure (4.1), we can see that the outsourcing allocation in both models decrease

with the increase of the holding cost,h1. When the holding cost is comparatively large, the manufacturer

repairs all the claims by its own inhouse facility, i.e., ¸ 0 = ¸ . At the other extreme, the manufacturer

outsources all the repair to vendors, i.e.,̧ 0 = 0. However the allocation to the vendors in the vendors as

leaders model is always larger than that in the manufacturer as leader case. The manufacturer needs to

o®er higher contract price in the vendors as leaders case (see Figure (4.2)), as a result, its total repair cost

is also higher in that case (see Figure (4.4)). Although one would expect that the pro¯t of the vendors is

lower when the holding cost is higher, interestingly, we ¯nd that as the holding cost increases, the pro¯t

¯rst increases and then decreases (see Figure (4.3)). We ¯nd out that the increase of the holding cost h1

pushes the manufacturer to o®er higher repair contract value to the vendors which causes the vendors'

pro¯t to increase up to a certain point. Beyond that, the manufacturer, at the same time, outsources

fewer and fewer repairs to the vendors which o®set the higher contract price e®ect on the vendors' pro¯t.

Therefore, the vendors' pro¯t ¯rst increases and then decreases with the holding cost.

4.6 Conclusion

In this part of thesis, we study the problem of outsourcing to service warranty claims. We apply

a game-theoretic model to analyze a warranty repair allocation problem with one manufacturer and

multiple vendors where the vendors compete with each other in setting prices and repair rates for their

services, and the manufacturer responds by optimally allocating its products to its own repair facility

and to the vendors for services to minimize the repair and waiting cost. We prove the existence and

uniqueness of the Nash equilibria where the vendors are the leaders. We also establishthe existence and
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uniqueness of the Nash equilibrium when the manufacturer is the leader.
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Chapter 5

Pricing and Managing Warranty

Repair Lead Times

5.1 Introduction

In an increasingly global and competitive marketplace, ¯rms today need to di®erentiate themselves

not only in cost, but in the overall "value" of the products and the services they o®er to customers.

An important aspect of service is warranty plans. Caplan (2005) [5] according to research done by

Businessweek Magazine shows pro¯ts from warranties accounted for all of Circuit City's operating income

and almost half for Best Buy's. The research ¯gures show that pro¯t margins on extended service

contracts are between 50 and 60 percent, which is nearly 18 times the margin onthe goods themselves.

For example, a four-year contract on a $3,000 °atpanel TV costs about $400. Best Buy gives its insurers

$160 and keeps $240 for itself. At the same time, while the growing sales ofnew technologies like

plasma televisions, home theaters and digital imaging products are giving providers of warranties an

extra wellspring of pro¯ts, many service contract providers are ¯nding ways to garnish their plans with

other services in order to make their o®erings more attractive to consumers, like o®ering 24/7 service.

According to Zarley (2005) [51], Holcomb sells extended warranties for serves with various response times

depending on the critical nature of the data. \Some people can wait 24 hours to get a server ¯xed, but

for others, every hour the server is down, they are losing money."



Numerous empirical studies in the services marketing literature have focused on the unique charac-

teristics of service and the resulting marketing problems, and also on exploringdi®erences in the future

strategic orientation of goods and service business in the context of various functional areas. Parasura-

man and Varadarajan (1988) [35] shows that e®ective use of a variety of pricing strategies would be of

great concern and importance to service businesses since synchronizing demand and supply is amajor

problem confronting them. However adding more capacity to handle peak demand may not be aviable

solution for most service ¯rms in view of the large ¯nancial outlays involved. Hence, most service busi-

nesses would decide their repair capacity in front, and at the next step, design the appropriate pricing

strategies to optimize their pro¯ts.

In this chapter, we study pricing for such warranty service plans and how they might be a®ected by

competition. In particular, we assume a stylized deterministic demand model wherethe demand for the

plan not only depends on its price but also on the lead time of service that is guaranteed. We model the

service facility as an M/M/1 queue and study the optimal prices for a monopolist that may o®er one or

two plans that are di®erentiated by their service time. Next, we analyze a duopolycase where each ¯rm

o®ers one plan and prove the existence of a unique Nash equilibrium. We provide insights on the e®ect

of the repair setting, service rate and competition on pricing strategies and pro¯tability of ¯rms. The

rest of the chapter is organized as follows. In section 2 we discuss related literature. In section 3, we

study one ¯rm o®ering one service plan. In section 4, we study a single ¯rm o®ering two service plans.

In section 5, we study the duopoly setting and conclude in section 6.

5.2 Literature Review

A number of studies have analyzed control problems associated with congestion inservice facilities.

The use of pricing for regulating the size of queues was ¯rst studied by Naor (1969)([31]). His model

was generalized by Yechiali (1971) ([49]), Knudsen (1972) ([24]), Edelsonand Hildebrand (1975) ([13]),

Lippman and Stidham (1977) ([26]) and Mendelson and Yechiali (1981) ([28]) among others. All of

these models, are restricted to the case of a ¯xed capacity queueing system, and study theoptimal

balking policy as a function of the number of customers in the queue. Mendelson (1985)studies optimal
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pricing and capacity decisions for a service facility in a microeconomic framework which incorporates

the tradeo® between delay costs and the capacity and utilization of the system, assuming linear delay

costs and homogeneous service requirements. Whang (1989) ([48]) developed a two-stage game-theoretic

model analyzing the impact of di®erent accounting rules on the elicitation of demand information.

Although there is no work on pricing and lead time considerations for warrantyplans to the best of

our knowledge, the work on price and due date management is related to our work. Most of the existing

literature on due date management ignores pricing decisions and the impact of the quotedprices and lead

times on demand. Ideally, a manufacturer should take a global perspective and coordinate its decisions

on price, lead time quotation and order acceptance for increased pro¯tability. The main stream of the

recent study about due date management with order selection decisions by incorporatingthe impact of

the quoted lead times on demand includes two parts: 1) take prices as given by consider the impact

of quoted lead times on demand, 2) combined price and lead time quotation decisions. In the second

part, we discuss ¯ve papers closest to our work. So and Song (1998) ([43]), Palaka et. al. (1998) ([34]),

Ray and Jewkes (2003) ([38]), Rao, Swaminathan and Zhang (2005) ([37]), and Boyaci and Ray (2003)

([3]) consider capacity selection/expansion decisions in addition to price and lead time decisions. These

papers study due date management using an M/M/1 queuing model with FCFS policy.

Palaka et. al. (1998) ([34]) assume that the demand is downward sloping in both price and quoted

lead-time, and a linear function of these two parameters. They derived the optimal quoted lead-time,

capacity utilization, and price that maximize revenues less total variable production costs, WIP holding

costs, and lateness penalty costs. Ray and Jewkes (2003) ([38]) also modelled the demand as a linear

function of price and the lead-time, however they explicitly model price premiums for shorter delivery

times by assuming that the price is determined by the length of the guaranteed deliverytime and that

a shorter delivery time can command a higher market price. They solved the ¯rm's pro¯t maximization

problem based on lead-time and capacity. Boyaci and Ray (2003) ([3]) extend the previous models to

the case of two substitutable products served from two dedicated capacities. Rao, Swaminathan and

Zhang (2005) ([37]) explicitly model the impact of a lead time guarantee on customer demands and

production planning for a make-to-order environment. They study how a ¯rm can integrate demand
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and production decisions to optimize expected pro¯ts by quoting a uniform guaranteed maximum lead

time to all customers.

Our study uses price and service plan together regulate the size of queues, i.e., the demand function

for products. The ¯rm sells products with service plan and warranty, and there is adelay costc incurred

if the ¯rm do not ¯x product's problem by the arranged time according to the service plan contract.

We model the ¯rm as an M/M/1 queue and seek a pricing mechanism that maximizes the ¯rm's pro¯t.

In Palaka et. al. (1998) ([34]), the authors also use linear downlope demand function. However in their

optimization problem, they formulate the mean arrival rate (or, demand), ¸ , the expected number of

customers in the system, which does not need to be equal to the demand generated by price,p, and

quoted lead-time l. As opposed to the above papers that related demand with lead time and prices, in

our study, the mean arrival rate for the repair facility characterizes the combinational e®ects of price,

p, quoted lead-time w, mean failure rate of the product ¸ and the warranty period T. This formulation

characterizes the whole product life cycle, including the product sold at the current period and the

products sold in previous periods but under warranty.

The primary objective of this chapter is to develop a model that captures the characteristics of the

lead-time sensitive customer market from monopoly and duopoly settings.We then extend the monopoly

setting, i.e., one product-service, one ¯rm to the two product-services, one ¯rm and to the duopoly

setting. In all the setting, we explore the optimal pricing strategies for the ¯rms and the corresponding

pro¯t, and further give sensitivity analysis for the di®erent parameters, i.e., ¹ .

5.3 Basic Model

Fixed Service Rate ¹ :

In this section, we ¯rst introduce the monopoly model in which a ¯rm sells products and o®ers repair

service free during the ¯xed warranty period T units of time, and guarantees that the repair service

¯nish in w units of time, otherwise the ¯rm pay penalty cost c. We model the service facility as an

M/M/1 queue, with the mean service rate ¹ . We adopt a linear demand function per unit of time based

on price p and lead time w, i.e., r (p; w). We assume that the product inter-failure times are given by an

98



exponential distribution with failure rate ¸ . Failed product is minimally repaired so that the repaired

product failure times are also exponentially distributed with failure rate ¸ . The amount of product under

repair is given by r (p; w)T ¸ during warranty period. The steady-state probability of service completed

by w units of time (Kleinrock [23]) is

1 ¡ e¡ ( ¹ ¡ T r (p;w )¸ )w

The average pro¯t with price p and lead time w in steady state is as follows

¦ = r (p; w)p ¡ T r (p; w)¸ (e¡ ( ¹ ¡ T r (p;w )¸ )w c):

Let e¡ ( ¹ ¡ T r (p;w )¸ )w c = µ and the system stability condition is ¹ > T r (p; w)¸ .

Proposition 5.3.1. The pro¯t function ¦ is concave with respect to pricep if the demand function is

convex decreasing inp.

Proof. The ¯rst-order and second-order derivatives of the pro¯t with respect to p is

@¦
@p

=
@r(p; w)

@p
p + r (p; w) ¡ T

@r(p; w)
@p

¸µ ¡ T r (p; w)¸
@µ
@p

@2¦
@p2

= 2
@r(p; w)

@p
¡ 2T ¸

@r(p; w)
@p

@µ
@p

¡ T r (p; w)¸
@2µ
@p2

where

@µ
@p

= µwT ¸
@r(p; w)

@p
@2µ
@p2

= µwT ¸
@2r (p; w)

@p2
+ wT ¸

@r(p; w)
@p

@µ
@p

The convexity and decreasing of demand function with respect top implies that @r(p;w )
@p < 0 and

@2 r (p;w )
@p2 > 0. Hence, @µ

@p < 0 and @2 µ
@p2 > 0, which guarantees that @2 ¦

@p2 < 0.
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In the rest of chapter, we adopt the linear demand function shown by

r (p; w) = a ¡ bp¡ mw; b ¸ 0 and m ¸ 0

which is convex decreasing with respect ofp and the pro¯t function is concave with respect to p. Clearly,

a shorter lead time and lower prices both lead to higher demand rates. This assumption is consistent

with earlier research by Palaka et. al. (1998) ([34]), and Boyaci and Ray (2003) ([3]). Using the ¯rst

order condition we derive the optimal price p¤ by solving ¯rst order condition to

¡ bp¤ + ( a ¡ bp¤ ¡ mw) ¡ T(¡ b)¸µ ¡ T(a ¡ bp¤ ¡ mw)¸µwT ¸ (¡ b) = 0

subject to

¹ > (a ¡ bp¤ ¡ mw)T ¸ (5.1)

which is the stability condition for M=M=1 queue.

In addition, we study the relationship between p¤ and the failure rate ¸ and the lead time w.

Lemma 5.3.2. The optimal price p¤ decrease with respect to the failure ratȩ , and decreases with

respect to the guaranteed lead timew.

Proof. From the ¯rst derivatives of p¤ with respect to ¸ and w shown as follows

@p¤

@¸
=

2T 2 r (p; w)¸µw + T µ + T ¸µ (T 2 ¸r (p; w)w + 1) r (p; w)w

2 + bT2 ¸ 2µw(T ¸r (p; w)w + 1) + bT2 ¸ 2µw
> 0

@p¤

@w
= ¡

m + ( T b¸ + bT2 ¸ 2 r (p; w))( µ(u ¡ r (p; w)T ¸ ) + µwT ¸m ) + bT2 ¸ 2mµw ¡ bT2 ¸ 2 r (p; w)µ

2b+ b2T 2 ¸ 2µw + ( T b¸ + bT2 ¸ 2 r (p; w))( µwT ¸b )
< 0

Intuitively, this result makes sense and implies that more expected failure occurs, the higher price

the ¯rm would charge for the repair service. Similarly the shorter the lead time quoted, the higher the

price it should charge.

Although we can characterize the optimal price we can not obtain a closed form solution. In order

to do that, we will approximate the M/M/1 queue waiting probability distribut ion e¡ ( ¹ ¡ T r (p;w )¸ )w by
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(1¡ (¹ ¡ T r (p; w)¸ )w). It may be noted that this approximation, besides being tractable, is reasonable to

apply in many situations. Particularly in situations where ( ¹ ¡ T r (p; w)¸ )w is close to 0. Such situations

correspond to high utilization settings which are often very common for thewarranty service facilities.

This approximation makes the analysis tractable for the duopoly setting and also enable sensitivity

analysis for the optimal prices and pro¯ts.

After applying the above approximation, the optimal price is given by

p¤ =
a + bcT(1 ¡ ¹w )¸ + 2abcT2w¸ 2 ¡ mw(1 + 2bcT2w¸ 2)

2b(1 + bcT2w¸ 2)

and the optimal pro¯t is as follows.

¦ ¤ =
(a ¡ mw + bcT(¡ 1 + ¹w )¸ )2

4b(1 + bcT2w¸ 2)

Similarly, the ¯rst derivatives of the optimal price with respect to ¸ and w are given by

@p¤

@¸
=

cT(1 + 2aT w¸ ¡ 2mT w2¸ ¡ bcT2w¸ 2 + ¹w (¡ 1 + bcT2w¸ 2))
2(1 + bcT2w¸ 2)2 > 0

@p¤

@w
= ¡

(m(1 + 4bcT2w¸ 2 + 2b2c2T4w2¸ 4) + bcT ¸(¹ + T ¸ (¡ a + bcT ¸)))
2b(1 + bcT2w¸ 2)2 < 0

It is interesting to note that the dependencies ofp¤ on w and ¸ (characterized in Lemma 5.3.2) does not

change with the approximation.

Remark 5.3.3. The pro¯t function is not jointly concave with respect to p and w.

Proof. The second order derivative of the pro¯t function with respect to w and the second order partial

derivative with respect to p and w are given by

@2¦
@w2

= ¡ 2cmT ¸ (¹ + T(2bp+ 3mw ¡ 2®)¸ ) > 0

@2¦
@w@p

= ¡ bcT ¸(¹ + 2T(bp¡ ®)¸ ) ¡ m(1 + 4bcT2w¸ 2)

The determinant @2 ¦
@p2

@2 ¦
@w2 ¡ ( @2 ¦

@p@w)
2 is not always positive (see Figure (5.1)).
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Figure 5.1: Determinant @2 ¦
@p2

@2 ¦
@w2 ¡ ( @2 ¦

@p@w)
2 of p

Service Rate as Decision Variable:

In the real business, the mean service rate¹ , i.e., capacity parameter, may be also a main decision

variable for the service manager. If the ¯rm were to optimally size the capacity for the repair service

facility then it would have to optimize both ¹ and p. We solve for this in two stages. In the ¯rst stage

the ¯rm decides the capacity ¹ , and in the second stage, the ¯rm then choose the pricing strategy.

Proposition 5.3.4. At the ¯rst stage, the pro¯t function with the optimal price der ived as Equation

(5.2), is convex increasing in ¹ .

Proof. Based on the previous result, we can show that the ¯rst and second order derivatives ofthe

optimal pro¯t with respect to ¹ as follows,

@¦ ¤

@¹
=

cT w¸ (a ¡ mw + bcT(¡ 1 + ¹w )¸ )
2 + 2bcT2w¸ 2

@2¦ ¤

@¹2
=

T2w2¸ 2c2b
2 + 2bcT2w¸ 2

The approximation for the waiting time probability distribution is based o n the assumption 0 < 1 ¡

(¹ ¡ r (p; w)T ¸ )w < 1. Therefore, the optimal pro¯t is convex increasing in ¹ and satis¯es the following

102



inequality

0 ·
2 + aT w¸ ¡ mT w2¸ + bcT2w¸ 2 ¡ ¹w (2 + bcT2w¸ 2)

2 + 2bcT2w¸ 2 · 1

The two-stage pro¯t is maximized as

¹ =
2 + aT w¸ ¡ mT w2¸ + bcT2w¸ 2

w(2 + bcT2w¸ 2)
;

which is given by

¦ ¤¤ =
(a ¡ mw)2(1 + bcT2w¸ 2)

b(2 + bcT2w¸ 2)2

when

¹ =
2 + aT w¸ ¡ mT w2¸ + bcT2w¸ 2

(2 + bcT2w¸ 2)w

We could easily consider an extension of the previous model where there is a costg associated with

investing the processing rate one job/unit time. In this setting, the optimal pro ¯t shown in Equation

(5.2) is still convex with respect to ¹ , we could derive the two-stage optimal pro¯t by taking the ¯rst

order condition as

cT w¸ (a ¡ mw + bcT(¡ 1 + ¹w )¸ )
2 + 2bcT2w¸ 2 =

dg(¹ )
d¹

Remark 5.3.5. The pro¯t function is not jointly concave with respect to p and ¹ .

We get the above remark from the ¯rst order derivative with respect to ¹ , which is given by

@¦
@¹

= cT w(¡ bp¡ mw + ®)¸ > 0

5.4 One Firm Two Plans

In many situations, a ¯rm might o®er multiple service plans for the consumer to choose. For examples,

Dell Optiplex GX 270 o®ers multiple onsite service plans for the customers at the di®erent prices -i)
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next business day service (M-F business hour) for three years and three years limited warranty (base

price); ii) same day 4 hours service (M-F business hour) for three years and three yearslimited warranty

($159); iii) same day 4 hours service seven days 24 hours for three years and three years limited warranty

($199). This causes the internal competition among the di®erent service options.In this section, we

study a single ¯rm that is providing service with two di®erent lead time plans, i.e., w1 and w2. We

could assume the service with shorter lead timew1 is an express service, the other slower service with

w2 is a regular service. The products are identical and are di®erentiated only in terms of warranty prices

and lead times and are served either by two separate capacities or by a common facility with di®erent

priorities. The objective of the ¯rm is to maximize its pro¯t by suitable sel ection of the prices for both

products.

5.4.1 The Separate Service Facilities

We assume that the product failures arrive to repair at two separate facilities (one for the regular

service and another for the express) according to a Poisson process. The separate facilities are modelled

as two separate M/M/1 queues. The demand function is still a linear demand model withsubstitution:

i) each product's mean demand is decreasing in its own price and lead-time o®ered, and ii) each product's

demand is increasing in other product's price and lead-time. The demand functions for the two services

are shown to be

r 1(p1; p2; w1; w2) = a1 ¡ b1p1 + d1p2 ¡ b2w1 + d2w2

r 2(p1; p2; w1; w2) = a1 ¡ b1p2 + d1p1 ¡ b2w2 + d2w1

We approximate the steady state actual waiting time probability distributi on as the previous section for

the two separate queues, which are given as

P(W > w 1) = e¡ ( ¹ 1 ¡ r 1 ¸T )w1 ¼ 1 ¡ (¹ 1 ¡ r 1¸T )w1

P(W > w 2) = e¡ ( ¹ 2 ¡ r 2 ¸T )w2 ¼ 1 ¡ (¹ 2 ¡ r 2¸T )w2
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The maximization pro¯t problem for the ¯rm is formulated as

¦ = r 1(p1; p2; w1; w2)p1 ¡ r 1(p1; p2; w1; w2)T ¸ (1 ¡ (¹ 1 ¡ ¯ 1)w1)c1 + r 2(p1; p2; w1; w2)p2

¡ r 2(p1; p2; w1; w2)T ¸ (1 ¡ (¹ 2 ¡ ¯ 2)w2)c2

where

¯ 1 = r 1(p1; p2; w1; w2)T ¸

¯ 2 = r 2(p1; p2; w1; w2)T ¸

and we assumeb1 > d 1 > 0, b2 > d 2 > 0 to characterize that its own price (lead-time) sensitivity of

demand is greater than corresponding sensitivity toward other product service.

Proposition 5.4.1. The total pro¯t is jointly concave with respect to p1 and p2.

Proof. The second order derivatives of the ¯rm's pro¯t with respective to p1 and p2 are given by

@2¦
@p21

= ¡ 2(b1 + b2
1c1T2w1¸ 2 + c2d2

1T2w2¸ 2) < 0

@2¦
@p22

= ¡ 2(b1 + c1d2
1T2w1¸ 2 + b2

1c2T2w2¸ 2 < 0

@2¦
@p1@p2

= 2d1(1 + b1T2(c1w1 + c2w2)¸ 2)

The determinant is equal to be

@2¦
@p21

@2¦
@p22

¡
@2¦

@p1@p2
= 4( b2

1 ¡ d2
1)(1 + b1T2(c1w1 + c2w2)¸ 2 + c1c2T4w1w2¸ 4(b2

1 ¡ d2
1)) > 0

From the above properties of the ¯rm's pro¯t, we see that the total pro¯t is jo intly concave with respect

to p1 and p2.

Lemma 5.4.2. The optimal price for express service is higher than that forregular service when¹ 1 = ¹ 2,

c1 = c2.
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Proof. The di®erence betweenp¤
1 and p¤

2 (as ¹ 1 = ¹ 2, c1 = c2) can be derived as

p¤
1 ¡ p¤

2 =
¡ (w1 ¡ w2)(A + B )

C

where

A = d2(1 + b1cT2(w1 + w2)¸ 2 + 2( b2
1 ¡ d2

1)c2T4¸ 4w1w2) > 0

+ b2(1 + (2 b1 + d1)cT2(w1 + w2)¸ 2 + 2( b2
1 ¡ d2

1)c2T4¸ 4w1w2)

and

B = c(b1 + d1)T ¸ (¹ + T ¸ (¡ ®1 + c(b1 ¡ d1)T ¸ )) > 0

C = 2( b1 + d1)(1 + b1cT2(w1 + w2)¸ 2 + ( b2
1 ¡ d2

1)c2T4¸ 4w1w2) > 0

Hence, we show thatp¤
1 > p ¤

2.

Clearly, as expected the ¯rm will choose to charge a higher price for the premium service when the

capacities and penalties are identical.

Proposition 5.4.3. An increase in the capacities of the two service facilities¹ 1 (¹ 2) leads to i) a

decrease in its own optimal pricep¤
1 (or p¤

2); ii) a decrease in other optimal price p¤
2 (or p¤

1).

Proof. The ¯rst order derivative of the optimal price p¤
1 and p¤

2 with respective to ¹ 1 and ¹ 2 respectively

are

@p¤1
@¹1

= ¡
(c1T w1¸ (1 + b1c2T2w2¸ 2))

(2(1 + b1T2(c1w1 + c2w2)¸ 2 + c1c2w1w2T4¸ 4(b2
1 ¡ d2

1)))
< 0

@p¤2
@¹2

= ¡
(c2T w2¸ (1 + b1c1T2w1¸ 2))

(2(1 + b1T2(c1w1 + c2w2)¸ 2 + c1c2w1w2T4¸ 4(b2
1 ¡ d2

1)))
< 0

@p¤1
@¹2

= ¡
c1c2d1T3w1w2¸ 3

(2(1 + b1T2(c1w1 + c2w2)¸ 2 + c1c2w1w2T4¸ 4(b2
1 ¡ d2

1)))
< 0

@p¤2
@¹1

= ¡
c1c2d1T3w1w2¸ 3

(2(1 + b1T2(c1w1 + c2w2)¸ 2 + c1c2w1w2T4¸ 4(b2
1 ¡ d2

1)))
< 0

106



The ¯rst part of the above result is intuitive because when the ¯rm provide a larger capacity, i.e.,

a increase in the average service rate, it incurs lower repair penalty cost. So the ¯rm would lower the

price for that plan. The second part of the result follows from the fact that these two plans compete

with each other. As the price of the ¯rst plan comes down, it is optimal for the ¯rm to lower the price

of the other plan as well.

Furthermore,

@p¤2
@¹1

¡
@p¤1
@¹1

=
c1T w1¸ (1 + b1c2T2w2¸ 2 ¡ c2d1T2w2¸ 2)

2(1 + b1T2(c1w1 + c2w2)¸ 2 + ( b2
1 ¡ d2

1)c1c2T4w1w2¸ 4)
> 0

@p¤1
@¹2

¡
@p¤2
@¹2

=
c2T w2¸ (1 + b1c1T2w1¸ 2 ¡ c1d1T2w1¸ 2)

2(1 + b1T2(c1w1 + c2w2)¸ 2 + ( b2
1 ¡ d2

1)c1c2T4w1w2¸ 4)
> 0

This shows that the impact of the capacity ¹ 1 (¹ 2) on the other service pricep¤
2 (p¤

1) is less than that

on its own service pricep¤
1 (p¤

2).

Proposition 5.4.4. The ¯rm's total optimal pro¯t is joint convex with respect to ¹ 1 and ¹ 2.

Proof. The second derivatives of ¦¤ with respective to ¹ 1 and ¹ 2 are given by

@2¦ ¤

@¹21
=

(c2
1T2w2

1¸ 2(b1 + ( b2
1 ¡ d2

1)c2T2w2¸ 2))
(2(1 + b1T2(c1w1 + c2w2)¸ 2 + c1c2T4w1w2¸ 4(b2

1 ¡ d2
1)))

> 0

@2¦ ¤

@¹22
=

(c2
2T2w2

2¸ 2(b1 + ( b2
1 ¡ d2

1)c1T2w1¸ 2))
(2(1 + b1T2(c1w1 + c2w2)¸ 2 + c1c2T4w1w2¸ 4(b2

1 ¡ d2
1)))

> 0

@2¦ ¤

@¹1@¹2
= ¡

c1c2d1T2w1w2¸ 2

(2(1 + b1T2(c1w1 + c2w2)¸ 2 + ( b2
1 ¡ d2

1)c1c2w1w2T4¸ 4))
< 0

The determinant is derived to be

(
@2¦ ¤

@¹21
)(

@2¦ ¤

@¹22
) ¡ (

@2¦ ¤

@¹1@¹2
)2 =

(c2
1c2

2(b2
1 ¡ d2

1)T4w2
1w2

2¸ 4)
(4(1 + b1T2(c1w1 + c2w2)¸ 2 + ( b2

1 ¡ d2
1)c1c2T4w1w2¸ 4))

> 0

The optimal pro¯t ¦ ¤ is jointly convex with ¹ 1 and ¹ 2.

This proposition shows that we could consider the two-stage optimization problem for the separate

queues setting. At the ¯rst stage, the ¯rm maximizes the total pro¯t by setting the o ptimal pricing
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strategies. At the second stage, the ¯rm derives the optimal capacity parameters¹ 1 and ¹ 2. Since the

total pro¯t function is jointly convex with respect to ¹ 1 and ¹ 2, we can get that the optimal ¹ 1 and ¹ 2

are the extreme points of the feasible region.

5.4.2 Single Service Facility

In this section, we consider one ¯rm with two plans and one combined service facility that gives prior-

ity to the expedited service plan. In this pooled system, we approximate the waiting time distribution by

e¡ ( ¹ ¡ r 1(p1;p2;w 1;w 2)T ¸ )w1 for the service with higher priority and e¡ ( ¹ ¡ r 1(p1;p2;w 1;w 2)T ¸ ¡ r 2(p1;p2;w 1;w 2)T ¸ )w2

for the service with lower priority. The demand functions for the di®erent services are assumed to be

r 1(p1; p2; w1; w2) = a1 ¡ b1p1 + d1p2 ¡ b2w1 + d2w2

r 2(p1; p2; w1; w2) = a1 ¡ b1p2 + d1p1 ¡ b2w2 + d2w1

where w1 < w 2 and the ¯rst service plan has the higher priority. The total pro¯t is given by

¦ = p1 r 1 (p1 ; p2 ; w1 ; w2 ) ¡ r 1 (p1 ; p2 ; w1 ; w2 )T ¸µ 1 + p2 r 2 (p1 ; p2 ; w1 ; w2 ) ¡ r 2 (p1 ; p2 ; w1 ; w2 )T ¸µ 2

where

µ1 = e¡ ( ¹ ¡ r 1 (p1 ;p2 ;w 1 ;w 2 )T ¸ )w1 c1

µ2 = e¡ ( ¹ ¡ r 1 (p1 ;p2 ;w 1 ;w 2 )T ¸ ¡ r 2 (p1 ;p2 ;w 1 ;w 2 )T ¸ )w2 c2

Furthermore, we approximate the waiting distributions µ1 by (1 ¡ (¹ ¡ r 1(p1; p2; w1; w2)T ¸ )w1)c1 and

µ2 by (1 ¡ (¹ ¡ r 1(p1; p2; w1; w2)T ¸ ¡ r 2(p1; p2; w1; w2)T ¸ )w2)c2.

Proposition 5.4.5. The pro¯t is jointly concave with respect to p1 and p2.
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Proof. The second order derivatives of ¦ with respect to p1 and p2 are given by

@2¦
@p21

= ¡ 2b1 ¡ 2b2
1c1T2w1¸ 2 + 2c2(b1 ¡ d1)d1T2w2¸ 2 < 0

@2¦
@p22

= ¡ 2b1 ¡ 2c1d2
1T2w1¸ 2 ¡ 2b1c2(b1 ¡ d1)T2w2¸ 2 < 0

@2¦
@p1@p2

= ¡ b2
1c2T2w2¸ 2 ¡ c2d2

1T2w2¸ 2 + 2d1(1 + b1T2(c1w1 + c2w2)¸ 2):

The determinant then is given by

(
@2 ¦

@p21
)(

@2 ¦

@p22
) ¡ (

@2 ¦

@p1@p2
)2 = ( b2

1 ¡ d2
1 )(4 + 4 b1T 2 (c1w1 + c2w2 )¸ 2 + c2

2d2
1T 4w2

2 ¸ 4 + b2
1c2T 4w2 (4c1w1 ¡ c2w2 )¸ 4

¡ 4c2d1T 2w2 ¸ 2 (1 + c1d1T 2w1 ¸ 2 ))

= ( b2
1 ¡ d2

1 )(4 + 4 b1T 2c1w1 + 4( b1 ¡ d1 )T 2 ¸ 2c2w2 + ( b2
1 ¡ d2

1 )T 4 ¸ 4c2w2 (4c1w1 ¡ c2w2 ))

> 0

which proves that the total pro¯t is jointly concave with p1 and p2.

This result means that there is a unique set of optimal pricesp¤
1 and p¤

2 for regular and express

services and which can be derived by the ¯rst order condition equations.

Proposition 5.4.6. The optimal prices for express and regular services (p¤
1 and p¤

2) decrease with respect

to the service capacity¹ if c1w1 > c 2w2. Additionally, the impact of the capacity on the express service

price is higher than that on the regular service, i.e.,@p¤1
@¹ < @p¤2

@¹ .

Proof. The ¯rst derivative of p¤
1 and p¤

2 with respective to ¹ are given by

@p¤1
@¹

=
(b1c2

2T 3w2
2 ¸ 3 ¡ c1T w1 ¸ (2 + 2 b1c2T 2w2 ¸ 2 + c2d1T 2w2 ¸ 2 ))

(4 + 4 b1T 2 (c1w1 + c2w2 )¸ 2 + c2
2d2

1T 4w2
2 ¸ 4 + b2

1c2T 4w2 (4c1w1 ¡ c2w2 )¸ 4 ¡ 4c2d1T 2w2 ¸ 2 (1 + c1d1T 2w1 ¸ 2 ))

=
(b1c2

2T 3w2
2 ¸ 3 ¡ c1T w1 ¸ (2 + 2 b1c2T 2w2 ¸ 2 + c2d1T 2w2 ¸ 2 ))

4 + 4 T 2 ¸ 2c2w2 (b1 ¡ d1 ) + ( b2
1 ¡ d2

1 )c2w2T 4 ¸ 4 (4c1w1 ¡ c2w2 )

@p¤2
@¹

=
(c2T w2 ¸ (¡ 2 ¡ b1c1T 2w1 ¸ 2 ¡ 2c1d1T 2w1 ¸ 2 + c2d1T 2w2 ¸ 2 ))

(4 + 4 b1T 2 (c1w1 + c2w2 )¸ 2 + c2
2d2

1T 4w2
2 ¸ 4 + b2

1c2T 4w2 (4c1w1 ¡ c2w2 )¸ 4 ¡ 4c2d1T 2w2 ¸ 2 (1 + c1d1T 2w1 ¸ 2 ))

=
(c2T w2 ¸ (¡ 2 ¡ b1c1T 2w1 ¸ 2 ¡ 2c1d1T 2w1 ¸ 2 + c2d1T 2w2 ¸ 2 ))

4 + 4 T 2 ¸ 2c2w2 (b1 ¡ d1 ) + ( b2
1 ¡ d2

1 )c2w2T 4 ¸ 4 (4c1w1 ¡ c2w2 )
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Hence, we get

@p¤1
@¹

¡
@p¤2
@¹

=
(b1 ¡ d1)T3¸ 3(c2

2w2
2 ¡ c1w1c2w2) ¡ 2T ¸ (c1w1 ¡ c2w2)

4 + 4T2¸ 2c2w2(b1 ¡ d1) + ( b2
1 ¡ d2

1)c2w2T4¸ 4(4c1w1 ¡ c2w2)

=
((b1 ¡ d1)c2w2T3¸ 3 + 2T ¸ )(c2w2 ¡ c1w1)

4 + 4T2¸ 2c2w2(b1 ¡ d1) + ( b2
1 ¡ d2

1)c2w2T4¸ 4(4c1w1 ¡ c2w2)

Hence, whenc1w1 > c 2w2, @p¤1
@¹ and @p¤1

@¹ are negative, and the impact of capacity parameter on express

service price is greater than that on regular service price.

Lemma 5.4.7. The optimal total pro¯t ¦ ¤ is convex with respect to¹ .

Proof. The second derivative of the optimal total pro¯t ¦ ¤ with respect to ¹ is given by

@2 ¦

@u2
=

(2T 2 ¸ 2 (b1 (c2
1w2

1 + c2
2w2

2 ) + b2
1c2

1c2T 2w2
1 w2 ¸ 2 ¡ c1c2d1w1w2 (2 + c1d1T 2w1 ¸ 2 )))

4 + 4 T 2 ¸ 2c2w2 (b1 ¡ d1 ) + ( b2
1 ¡ d2

1 )c2w2T 4 ¸ 4 (4c1w1 ¡ c2w2 )

=
b1c2

1w2
1 + b1c2

2w2
2 ¡ 2c1c2d1w1w2 + ( b2

1 ¡ d2
1 )c2

1c2T 2 ¸ 2w2
1 w2

2

4 + 4 T 2 ¸ 2c2w2 (b1 ¡ d1 ) + ( b2
1 ¡ d2

1 )c2w2T 4 ¸ 4 (4c1w1 ¡ c2w2 )

>
d1 (c1w1 ¡ c2w2 )2 + ( b2

1 ¡ d2
1 )c2

1c2T 2 ¸ 2w2
1 w2

2

4 + 4 T 2 ¸ 2c2w2 (b1 ¡ d1 ) + ( b2
1 ¡ d2

1 )c2w2T 4 ¸ 4 (4c1w1 ¡ c2w2 )

> 0

The system stability condition is given by

0 < 1 ¡ (¹ ¡ r 1(p1; p2; w1; w2)T ¸ )w1 < 1

0 < 1 ¡ (¹ ¡ r 1(p1; p2; w1; w2)T ¸ ¡ r 2(p1; p2; w1; w2)T ¸ )w2 < 1

Pooled vs. Separate Queues

We numerically compare the optimal prices in systems with pooled and separatequeues in cases where

c1w1 < c 2w2 under di®erent service capacities. Letp1s(p1p) represent the optimal prices for express

service in separate queue operating system (pooling operating system). Similarly, p2s(p2p) denote the

optimal prices for regular service in two operating system.

We assume that each of the separate queue has a service capacity¹ and the pooled facility has
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a service capacity of 2¹ . We ¯nd that for the separate queueing system, the optimal pricesp1s; p2s

decreases with respect to¹ . However, under pooling operation, the optimal prices might increase or

decrease in¹ when c1w1 < c 2w2 (See Figures (5.2, 5.3)).

Proposition 5.4.6 shows that when penalty cost for express service is not signi¯cant larger than that

for regular service, i.e., c1w1 < c 2w2, the express service optimal price increases with respect to¹ .

We might explain this unintuitive e®ect by that the ¯rm makes more pro¯t by providi ng more regular

service.

5.5 Duopoly Setting

In this section, we consider the competition between two substitutable products whichdi®erentiate

only by price and service lead time. For examples, compared to the service plan Dello®ers, as we stated

earlier, HP Compaq d200 Microtower o®ers similar onsite service plans for the di®erent prices. HP

Compaq o®ers i) next business day service for one year and one year limited warranty (base price); ii)

next business day service for three years and three years limited warranty ($99).

We assume the demand functions for these two products are linear downlope functions which are

given by

r 1(p1; p2; w1; w2) = a1 ¡ b1p1 + d1p2 ¡ b2w1 + d2w2

r 2(p1; p2; w1; w2) = a2 ¡ b1p2 + d1p1 ¡ b2w2 + d2w1

where ai is the potential market share for ¯rm i , bi (di ) is the i ¯rm own price (service lead time)

elasticity parameter. The ¯rms aim to maximize its own pro¯t, i.e., revenue m inus the expected average

penalty cost. In this study, we model the two ¯rms' service facilities as two separate M/M/1 queues as

the section 3. Therefore, the pro¯t functions for the two ¯rms are given by
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Figure 5.2: Optimal Prices of Two Operating System with Increasing Service Capacity ¹
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Figure 5.3: Optimal Prices of Two Operating System with Increasing Service Capacity ¹
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¦ 1 = r 1(p1; p2; w1; w2)p1 ¡ r 1(p1; p2; w1; w2)T ¸µ 1

¦ 2 = r 2(p1; p2; w1; w2)p2 ¡ r 2(p1; p2; w1; w2)T ¸µ 2

where

µ1 = e¡ ( ¹ 1 ¡ r 1 (p1 ;p2 ;w 1 ;w 2 )T ¸ )w1 c1

µ2 = e¡ ( ¹ 2 ¡ r 2 (p1 ;p2 ;w 1 ;w 2 )T ¸ )w2 c2

µi ; i = 1 ; 2 is set to be the expected average penalty cost for ¯rmi . To solve the maximization problems,

the following properties of ¦ i , i = 1 ; 2 guarantees that there exists a Nash equilibrium and the optimal

prices satisfy the ¯rst order conditions.

Proposition 5.5.1. The ¯rm's pro¯t function ¦ i for i = 1 ; 2 are concave with respect to the decision

variable, i.e., price pi ; i = 1 ; 2.

Proof. The second order derivatives of ¦1 with respect to p1 and ¦ 2 with respect to p2 shown to be

@2¦ 1

@p21
= ¡ 2b1(1 + b1c1T2w1¸ 2) < 0

@2¦ 2

@p22
= ¡ 2b1(1 + b1c2T2w2¸ 2) < 0

Therefore, the two pro¯t functions are concave with p1 and p2 respectively. The optimal prices p¤
1 and

p¤
2 can be derived by the ¯rst order conditions.

The following result gives the sensitivity analysis of the optimal prices with its own capacity pa-

rameter, i.e., ¹ i ; i = 1 ; 2. The ¯rst order derivatives of p¤
1 (p¤

2) with respective to ¹ 1 (¹ 2) are shown to
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be

@p¤1
@¹1

=
(2b2

1c1T w1¸ (1 + b1c2T2w2¸ 2))
(¡ 4b2

1(1 + b1c1T2w1¸ 2)(1 + b1c2T2w2¸ 2) + ( d1 + 2b1c1d1T2w1¸ 2)(d1 + 2b1c2d1T2w2¸ 2))

< 0

@p¤1
@¹2

=
(b1c2d1T w2¸ (1 + 2b1c1T2w1¸ 2))

(d2
1 ¡ (4b3

1 ¡ 2b1d2
1)T2(c1w1 + c2w2)¸ 2 ¡ 4b4

1c1c2T4w1w2¸ 4 + 4b2
1(¡ 1 + c1c2d2

1T4w1w2¸ 4))

< 0

@p¤2
@¹1

=
(b1c1d1T w1¸ (1 + 2b1c2T2w2¸ 2))

(¡ 4b2
1(1 + b1c1T2w1¸ 2)(1 + b1c2T2w2¸ 2) + ( d1 + 2b1c1d1T2w1¸ 2)(d1 + 2b1c2d1T2w2¸ 2))

< 0

@p¤2
@¹2

=
(2b2

1c2T w2¸ (1 + b1c1T2w1¸ 2))
(¡ 4b2

1(1 + b1c1T2w1¸ 2)(1 + b1c2T2w2¸ 2) + ( d1 + 2b1c1d1T2w1¸ 2)(d1 + 2b1c2d1T2w2¸ 2))

< 0

This implies that any capacity increase in the system leads to price decreases by both̄rms. Further,

we ¯nd that optimal pro¯ts are convex with respect to the ¯rm's own capacity.

Lemma 5.5.2. The optimal pro¯t is convex with respect to its own service capacity.

Proof. The second derivative of the optimal pro¯t ¦ ¤
1 and ¦ ¤

2 with respect to ¹ 1 and ¹ 2 are shown to be

@2 ¦ 1

@¹21
=

(2b1c2
1T 2w2

1 ¸ 2 (1 + b1c1T 2w1 ¸ 2 )( ¡ 2b2
1 + d2

1 ¡ 2b1c2w2T 2 ¸ 2 (b2
1 ¡ d2

1 )) 2 )

(d2
1 ¡ 2(c1w1 + c2w2 )T 2 ¸ 2b1 (2b2

1 ¡ d2
1 ) ¡ 4(b1T ¸ )4c1c2w1w2 + 4 b2

1 (¡ 1 + d2
1 (T ¸ )4c1c2w1w2 )) 2

> 0

@2 ¦ 2

@¹22
=

(2b1c2
2T 2w2

2 ¸ 2 (1 + b1c2T 2w2 ¸ 2 )( ¡ 2b2
1 + d2

1 ¡ 2b1c1w1T 2 ¸ 2 (b2
1 ¡ d2

1 )) 2 )

(d2
1 ¡ 2(c1w1 + c2w2 )T 2 ¸ 2b1 (2b2

1 ¡ d2
1 ) ¡ 4(b1T ¸ )4c1c2w1w2 + 4 b2

1 (¡ 1 + d2
1 (T ¸ )4c1c2w1w2 )) 2

> 0

The optimal pro¯t of the two ¯rms are convex with respect to its own service capacity.

5.5.1 Special Cases

Example 1. In case we compare the prices and pro¯ts when there is one ¯rm in the market and

when there are two ¯rms (with exactly half the service capacity) that compete for the same market.

Let, D (I ) = a ¡ b1p ¡ b2w represent the demand for a single ¯rm with a service capacity of¹ and

D1(II ) = a ¡ b1p1 + d1p2 ¡ b2w2 + d2w1 and D2(II ) = a ¡ b1p2 + d1p1 ¡ b2w1 + d2w2 represent the
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demand for the two ¯rms each of which has a service capacity of¹2 . The optimal price for case I and

pro¯t are given by

p¤
1(I ) =

a + b1cT ¸ (1 ¡ ¹ 1w) + 2 b1cT2w¸ 2(a ¡ b2w) ¡ b2w
2b1(1 + b1cT2w¸ 2)

¦ ¤
1(I ) =

(¡ b2w + a + b1cT(¡ 1 + ¹ 1w)¸ )2

4b1(1 + b1cT2w¸ 2)

For case II, the optimal prices and pro¯t are given by

p¤
1(II ) = p¤

2(II ) =
2a + b1cT ¸ (2 ¡ ¹ 1w) + 4 b1cT2wa¸ 2 ¡ 2w(1 + 2b1cT2w¸ 2)(b2 ¡ d2)

¡ 2d1 + 4b2
1cT2w¸ 2 + b1(4 ¡ 4cd1T2w¸ 2)

¦ ¤
1(II ) = ¦ ¤

2(II ) =
b1(¡ 2w(b2 ¡ d2) + 2 a ¡ (b1 ¡ d1)cT ¸ (2 ¡ ¹ 1w))2(1 + b1cT2w¸ 2)

4(d1 ¡ 2b2
1cT2w¸ 2 + 2b1(¡ 1 + cd1T2w¸ 2))2

Example 2. In case we compare the prices and pro¯ts when there is one ¯rm in the market with

capacity ¹ and when there are two ¯rms that compete for the same market with capacities¹ and ¹ + ¯ .

Let, D (I ) = a ¡ b1p ¡ b2w represent the demand for a single ¯rm with a service capacity of¹ and

D1(II ) = a ¡ b1p1 + d1p2 ¡ b2w2 + d2w1 and D2(II ) = a ¡ b1p2 + d1p1 ¡ b2w1 + d2w2 represent the

demand for the two ¯rms.We assumeb2 = d2.

Theorem 5.5.3. When ¯ > ¹̄ , p¤
1(II ) < p ¤

1(I ).

Proof. The optimal price for case I and pro¯t are given by Equations (5.2). The ¯rst order derivative of

the ratio of p¤
1(II ) to p¤

1(I ) with respect to ¯ is given by

@(p¤
1(II )=p¤

1(I ))
@¯

=
2b2

1cd1T w¸ (1 + b1cT2w¸ 2)(1 + 2 b1cT2w¸ 2)
AB

where

A = ¡ (a ¡ b2w) ¡ b1cT ¸ (1 ¡ u1w) ¡ 2b1cT2w¸ 2(a ¡ b2w)

= ¡ (a ¡ b2w) ¡ b1cT ¸ (1 ¡ u1w + 2( a ¡ b2w)wT ¸ ) < 0

B = 4b2
1 ¡ d2

1 + 4b1cT2w¸ 2(2b2
1 ¡ d2

1) + 4( b1cT2w¸ 2)2(b2
1 ¡ d2

1) > 0;
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since 1¡ u1w + 2( a ¡ b2w)wT ¸ > 0 and b1 > d 1. Hence, the ratio is decreasing with¯ . We get

p¤
1(II )=p¤

1(I ) = 1 when

¹̄ =
AB

2b2
1cd1T w¸ (1 + b1cT2w¸ 2)

> 0

where

A = d1 + 2b2
1cT2w¸ 2 + 2b1(1 + cd1T2w¸ 2) > 0

B = d1(¡ b2w + a) + 2 b2
1b2cT2w2¸ 2 + b1(cd1T ¸ (1 ¡ u1w + 2T wa¸ )

¡ 2b2w(¡ 1 + cd1T2w¸ 2)) > 0

sincea ¡ b2w > 0. Hence, when̄ < 0, p¤
1(II ) < p ¤

1(I ).

Proposition 5.5.4. In the above two cases, the ratio of the optimal pro¯t of the ¯rm in duopoly setting

¦ ¤
1(II ) to that of the ¯rm in monopoly setting ¦ ¤

i (I ) is convex with respect to¯ .

Proof. The second order derivative of the ratio of the optimal pro¯t of the ¯rm in duopoly setting ¦ ¤
1(II )

to that of the ¯rm in monopoly setting ¦ ¤
i (I ) is given by

@2R
@ 2̄ =

8b2
1(b1cT w¸ + cd1T w¸ )2(1 + b1cT2w¸ 2)2

(¡ b2w + ®+ b1cT(¡ 1 + ¹w )¸ )2(d1 + 2b2
1cT2w¸ 2 + 2b1(1 + cd1T2w¸ 2))2 > 0

which shows that R is convex with respect to ¯ . The minimum of R occurs when¯ is equal to

¹̄ =
¡ ((®+ c(b1 ¡ d1)T(¡ 1 + ¹w )¸ )(d1 + 2b2

1cT2w¸ 2) + 2 b1(1 + cd1T2w¸ 2))
c(b1 + d1)T w¸ (¡ d1 + 2b2

1cT2w¸ 2 + b1(2 ¡ 2cd1T2w¸ 2))
> 0

and the minimum of R is given by

R( ¹̄ ) =
8b2

1c(b1 + d1 )T w¸ (1 + b1cT2w¸ 2 )2E

(( ¡ b2w + ® + b1cT(¡ 1 + ¹w )¸ )2 (¡ d1 + 2 b2
1cT2w¸ 2 + b1 (2 ¡ 2cd1T 2w¸ 2 ))( d1 + 2 b2

1cT2w¸ 2 + 2 b1 (1 + cd1T 2w¸ 2 )) 2 )
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where

E = 2b3
1c2T3w(¡ 1 + ¹w + w¯ )¸ 3 + 2b2

1cT ¸ (¡ 1 + ¹w + w¯ + T w®¸) + d1(®¡ cd1T(¡ 1 + ¹w + w¯ )¸ )

+ b1(2®(1 + cd1T2w¸ 2) + cd1T ¸ (1 + w¯ + 2cd1T2w¸ 2 ¡ 2cd1T2w2¯¸ 2 ¡ ¹w (1 + 2cd1T2w¸ 2)))

5.6 Conclusion

In this part of research, we study the pricing strategies for service plans when a product is sold under

warranty. We assume a stylized deterministic demand model where the demand not onlydepends on

prices but also on the lead time for service. We ¯rst study the pricing strategy for a product with a

service plan in the monopolistic environment, and for a product with two di®erent service plans which

di®er in the repair setting. Next, we analyze a duopoly case and prove the existence ofa unique Nash

equilibrium. Through the computational study, we explore the e®ect of the repair settingand service

rate on the pricing strategies. Finally we discuss the in°uence of competition on the pricing strategies

and pro¯tability of the ¯rms.
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Chapter 6

Extensions

6.1 Coordinated Inventory Planning for New and Old Products

under Warranty

The simpli¯ed assumptions in our models of Chapters 2 and 3 helped us formulate and theoretically

characterize the optimal policies for this problem motivated by the projector ¯r m, thereby advancing

our knowledge in the area of stylized inventory models. However, in our models we assume that a ¯xed

proportion of items go out of warranty every period. In our model, we assume renewable free replacement

warranty policy, it would be interesting to consider the cases of pro rata andfree replacement non-

renewable warranty policies. We plan to explore the optimal inventory planning policy and ¯nd the way

to derive the optimal policy.

6.2 Warranty Outsourcing Among Competing Vendors

In this part of research, we prove the existence and uniqueness of the Nash equilibria where the

vendors are the leaders and the manufacturer is the leader. In our proposed work, we plan to study the

structure of the Nash equilibrium in more general model, i.e., there are multipletypes of repair services

with di®erent prices. We plan to study how to allocate the multiple types of repair services and establish

the optimal outsourcing contracts among the vendors in the two situations. We can also study models



where the vendors have control over their service capacities in addition to contractprices.

6.3 Pricing and Managing Warranty Repair Lead Times

We plan to numerically compare the optimal prices and pro¯ts in the di®erent three settings: (i) one

¯rm o®ers two types of service with pooled repair system, (ii) one ¯rm with two service type in separate

queue repair system, (iii) two ¯rms in the market and each one o®ers a service. Using the extensive

computational study, we plan to get related managerial insights, and a warranty service manager can

apply our results to make decision on pricing service plans in di®erent models.
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