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ABSTRACT

Wei Huang: Managing Warranty Services: Pricing, Inventory and Outsourcing

(Under the direction of Jayashankar Swaminathan, Vidyadhar Kulkarni)

Managing warranty services plays a very important role in today's busines environment. This
thesis concentrates on three speci ¢ areas related to warranty: joint controlof new and warranty parts
inventory, outsourcing of repair services, coordinated pricing and ful Tlment of warranty plans. The “rst
part of this study is motivated by the inventory planning issues faced by a manufcturer of a digital
projector. The seller faces demand from two sources: new demand, and demand to replace faiiésims
under warranty. We model this setting as a multi-period single product inventory problem where the new
demand in di®erent periods are independent and the demand for replacing failed items under wanty
is proportional to the number of items under warranty. We assume linear procurenent, penalty and
holding costs. We consider backlogging and emergency supply cases, and study both discoashtcost
and average cost cases. We prove the optimality of thev-dependent base stock ordering policy where the
base stock level is a function ofw, the number of items currently under warranty. For the special case,
where the demand for new products is stationary, we prove the optimality of a stdonary w-dependent
base stock policy for the "nite horizon discounted and the in nite horizon discounted and average cost
cases. In our computational study, we nd that such an integrated policy can lead b 31% average
improvement in expected costs when compared to a policy that neglects warranty repes. We extend

this analysis to the case of constant warranty periods and age dependent failarrates.

In the second part, we consider a game-theoretic model of a warranty repair allocan problem with
one manufacturer and multiple vendors where the vendors compete with each other in settg prices
for their services, and the manufacturer responds by optimally allocating its poducts to its own repair
facility and to the vendors for services to minimize the repair and waiting cost. We examine the pricing

decisions facing vendors and the manufacturer and study the Nash equilibria in two di®er¢models. In



the “rst model, the vendors are the leaders, while in the second model, the manufacturersithe leader.
We prove the existence and uniqueness of the Nash equilibrium in both models. Further, &numerically
compare the optimal outsoucing contracts in the two models.

The last issue is about how to price service plans to optimize a company's pro tswhen it o®ers
multiple warranty plans to customers. We study pricing for such warranty plans and how they might be
a®ected by competition. We assume a stylized deterministic demand model where the demandt only
depends on its price but also on the lead time of service that is guaranteed. We “rsttady the optimal
prices for a monopolist that may o®er one or two plans that are di®erentiated by heir service time.
Next, we analyze a duopoly case where each rm o®ers one plan and prove the existenceaafinique
Nash equilibrium. We provide insights on the e®ect of the repair setting, serviceate and competition

on pricing strategies and pro tability of rms.
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Chapter 1

Introduction

The service sector is the largest and a fast growing sector of the US economy accdug for 80%
of the Gross Domestic Product (GDP). It spans several industries including transprtation, logistics,

“nance, retail, health care and tourism, among others.

Warranty services are a major component of the manufacturing and retail industy. Several large
companies have begun to outsource their repair activities in the past few years. Fogxample, electronic
equipment manufacturers routinely augment inhouse servicing of warranties by comtcting outside ven-
dors to repair the items (machines like PCs, or components like hard drives)hat are sold under warranty.
Last year, Microsoft decided to outsource the repair and warranty services relad to XBox gaming de-
vice in North America to Selectron (Serant [41]). According to a recent report by Merrill Lynch, the
warranty services represents a 100 billion dollar opportunity for electronicsmanufacturers and subcon-
tractors (Serant [41]). Several vendors in the recent past have made large invigsents to enhance their
capabilities in this dimension. For example, Selectron alone has acquired seven repairmpanies for
mobile phones, desktop computers and notebooks since 1999 (Serant [40]).

Based on discussions with the warranty and repair services division of a proment local computer
manufacturer, a digital projector manufacturer and retailers of computer/digita | products, we study
three aspects related to managing warranty services in this thesis. These threespects relate to (i)
inventory issues faced in house because of warranty, (ii) development of cortcts to outsource warranty

services, and (iii) price warranty service to maximize pro ts. These three apects deal with - inhouse,



supplier and customer relationships.

The “rst part of this study is motivated by the inventory planning issues faced by a manufacturer of a
digital projector. The seller faces demand from two sources: new demand, and demand to repka failed
items under warranty. In Chapter 2, we model this setting as a multi-period singe product inventory
problem where the new demand in di®erent periods are independent and the demand for replacing
failed items under warranty is proportional to the number of items under warranty. We rst study
coordination of inventory for new and warrantied products when the 'rm only has sdes information but
no information about age of items in the "eld, then we introduce warranty ageinformation into demand
We assume linear procurement, penalty and holding costs. We consider backlogging aremergency
supply cases, and study both discounted cost and average cost cases. We prove the oplity of the
w-dependent base stock ordering policy where the base stock level is a function of, the number of
items currently under warranty. For the special case, where the demand for new products istationary,
we prove the optimality of a stationary w-dependent base stock policy for the "nite horizon discounted
and the in nite horizon discounted and average cost cases. In our computational studywe nd that
such an integrated policy can lead to 31% average improvement in expected castvhen compared to
a policy that neglects warranty repairs. In Chapter 3, we extend this analysis b the case of constant

warranty periods and age dependent failure rates.

In the second part, we study the problem of outsourcing to service warranty claimsan area that has
seen tremendously explosion over the last decade. In Chapter 4, we consider a game-theoratiodel
of a warranty repair allocation problem with one manufacturer and multiple vendors where the vendors
compete with each other in setting prices and repair rates for their services, and thenanufacturer
responds by optimally allocating its products to its own repair facility and to the vendors for services to
minimize the repair and waiting cost. We examine the pricing and capacity decisions feing vendors and
the manufacturer and study the Nash equilibria in two di®erent models. In the "rst model, the vendors
are the leaders, while in the second model, the manufacturer is the leader. We prove thexistence
and uniqueness of the Nash equilibria in three cases of the model where the vendors are tleaders:

(i) there are two vendors in the market, the holding and penalty cost functions are snooth, (ii) there



aren , 2 vendors, and the holding and penalty cost functions are quadratic functions, (iii) here are
n, 2 identical vendors in the holding and penalty cost functions. We also establish the e@stence and
uniqueness of the Nash equilibrium when the manufacturer is the leader. Further, we charaetize the
optimal number of vendors that the manufacturer should have in both the situations.

The last issue is about how to charge service plans to optimize companies pro tgspecially now an
estimated 50% of all new car buyers, and many used car and major appliance buyers purcleservice
plans. In Chapter 5, we study the pricing strategies for service plan when a product isad under
warranty. We assume a stylized deterministic demand model where the demand not onlgepends on
prices but also on the lead time of service that is guaranteed. We model the servicadility as an
M/M/1 queue and study the optimal prices for a monopolist that may o®er one or two plans that are
di®erentiated by their service time. Next, we analyze a duopoly case where each rm®&ers one plan
and prove the existence of a unique Nash equilibrium. We provide insights on the e®ecft the repair
setting, service rate and competition on pricing strategies and pro tability of rms.

The relevant literature in each of these three areas is discussed at appropriate gtes in the ensuing

chapters.






Chapter 2

Coordinated Inventory Planning:

Model |

2.1 Introduction

After-sale parts and services are becoming an important aspect of closed Ipcsupply chains (see
Guide and Wassenhove ([18])). In cases where the original equipment manufacture©OEM) manages
the inventory for the product under warranty, the manufacturer needs to synergize inveitory planning
activities across new demand and demand arising from products under warranty. This wd was moti-
vated by the inventory planning issues faced by a digital projector company. The " had a policy to
replace new any product that failed under warranty. The existing inventory policy of the rm was to plan
for new demand and take care of warranty claims on a as-needed basis. Figure 2osvs the demand
from new customers over a one year period and Figure 2.2 shows the demand for wanty claims. Note
that data in both "gures has been scaled to protect con dentiality. On comparison of these “gures it
is clear that in some periods warranty claims are a signi cant fraction (ften greater than 15%) of the
total demand. This led to rush orders at the last moment resulting in high production (overtime) and
transportation costs in addition to increasing the customer waiting time for repairs (replacements). The
“rm was interested in evaluating the benets of coordinated inventory planning based o new demands

and failures under warranty.
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In this chapter we consider a discrete time multi-period inventory model that jointly manages the
inventory requirements for new products and warranty claims. Throughout this chagpter we will restrict
our attention to a single product. We assume that the demand in each period for he new product is
stochastic and independent (not necessarily identical) whereas warranty claims arproportional to the
number of products currently under warranty. Further, a random fraction of products under warranty
in the "eld go out of warranty every period. The ordering, holding and penalty costs are assumed to
be linear and there is no delivery lag. We study the standard backlogging case andso the emergency
supply case (with no backlogging) where the demand that can not be satis ed by itemsn stock has to
be satis ed by ordering from an emergency supplier. We theoretically prove that thereexist functions
Sh(w) so that it is optimal to order up to S, (w) in period n if there are w items under warranty at
that time. We call this a w-dependent base stock policy. The critical valueS,(w) can be explicitly
obtained by solving for the root of a single transcendental equation. For the spcial case, where the
demand for new products is stationary, we prove the optimality of a stationaly w-dependent base stock
policy for the "nite horizon discounted, the in nite horizon discounted and average co$ cases. In our
computational study, we compare the performance of such an integrated policyd a policy that only took
new demand into consideration while planning inventory (re°ecting the current operations at the rm).
Our study indicates that on average 31% cost improvements can be obtained from usinthe optimal
integrated policy. Among other results, we also nd contrary to our intuiti on that the performance

di®erence between the two policies rst increases and then decreases with the failure rate.

The rest of the chapter is organized as follows. We include a brief literature re\dw of related research
in section 2. We formulate the problem in backlogging case in section 3. Wetidy the structure of the
optimal inventory policy for the "nite horizon problem in section 4, in nite hor izon discounted problem
in section 5, and long run average cost problem in section 6. In section 7, werfaulate the problem in
emergency supply case and study the optimal inventory policy for “nite horizon problem In section 8,

we provide computational insights. We provide extensions and conclusions in sectio9.



2.2 Literature Review

There are three streams of research that are related to our inventory-warraty model. The “rst
stream of research focuses on the e®ects of warranty under deterministic demand condiigy Porteus
([36]) considers a lot-sizing problem where the process goes out-of-control with avgn probability each
time it produces an item. He shows that the optimal lot size is smaller than theclassical economic
manufacturing quantity. Djamaludin et al. ([10]) and Wang and Sheu ([47]) study other extensions of
this scenario to "nd the optimal lot size taking into account long run production in ventory and warranty

costs. As opposed to this stream, our focus is on warranty systems with periodic stochastic demand.

The second stream of literature has studied production systems with inventory depndent deter-
ministic demand without warranty considerations. Khmelnitsky and Gerchak ([21]) study a continuous
review deterministic inventory model where demand rates may vary over time, shdages are possible
and the system has "nite production and nd the optimal production control for such a system. Baker
and Urban ([1]) analyze the continuous, deterministic case of an inventory gstem in which the demand
rate of an item is of a polynomial functional form, dependent on the inventory level. They develop
the optimal policy to maximize average pro t per unit time. In our work, the f uture requirement of a

product is not only dependent on current inventory, but also on previous sales.

The third stream of research considers inventory planning in a periodic setting understochastic
demand (see Swaminathan and Tayur ([44]) for a recent review). Within that strean of papers those
that consider return or remanufacturing are related to our work. Cohen et al. ([6) assume that a
“xed fraction of the products issued in a given period is returned after a "xed sojoun time in the
market and may subsequently be reused. Optimality of a periodic review order upto paty is claimed
when disregarding "xed costs and procurement leadtimes. Kelle and Silver ([20]) extend tisiapproach by
allowing for "xed order costs and stochastic sojourn time in the market. They propose an approximation
scheme transforming this model into a classical dynamic lotsizing problem. Yua and Cheung ([50])
propose for this model an 6; S)-reorder policy based on the sum of the on-hand stock and the number
of items in the market. The single-stage remanufacturing system was rst studed by Simpson ([42])

and Inderfurth ([19]). Simpson ([42]) establishes the optimality of a three-paameter policy consisting



of remanufacture-up-to, order-up-to and dispose-down-to levels. Inderfurth ([19]) extends thse results
to the case of positive but identical lead times for ordering and remanufacturing and argues that if lead
times are not identical then the optimal policy will be more complicated. More recently, Feinberg and
Lewis ([14]) consider a single commodity inventory system in which the demanis modeled by a sequence
of i.i.d. random variables that can take negative values (thereby modeling somef the remanufacturing
or product return settings). A multi-echelon remanufacturing system has been studied byDecroix ([7]).
As opposed to this stream of research where remanufacturing or returns increase sugpin our model
the demand increases when there are warranty claims. This creates additional dependence been sales

in the past and demand in the future making the analysis complicated.

2.3 Model with Backlogging

In our model, inventory for a single product is managed for multiple periods. The rm o®ers re-
placement of items that fail under warranty. The demand arises from two sources: newdemand, and
demand to replace failed items under warranty. Let3, be the new demand in periodn. Let F,(:) be
its cumulative distribution function (cdf), and f,(:) be its probability density function (pdf). Let X,
be the inventory on hand, and W, be the number of items under warranty in periodn. In period n, we
decide to order an amountA,, and de ne Y, = X, + A,. We treat Y,, , X, as the decision variable in
period n. The delivery is assumed to be instantaneous, so thaY,, is the amount available to satisfy the
demand for new and warranty claims in periodn. Any demand that cannot be immediately satis ed is
backlogged.

We assume that the warranty is renewable, i.e., the warranty period of the eplaced item starts
afresh. Such warranty models have been studied in the past (see Blischke and Murh([2])). Also we
assume that the demand to replace failed items is based on a proportional modelei. a xed fraction
~ of the items under warranty fail. This is consistent with other failure models that assume that items
failure are independent and bernoulli (see Gertsbakh ([17])). Furthermore, in peod n a fraction #,

of the items under warranty remain in warranty, where f#,;n Og is a sequence of i.i.d. random

5

variables 2 [0;1] with common probability density g(@. This is only an approximation to the true



system where the number of items remaining under warranty depends exclusively on the waanty-time
and age distribution of items in the "eld. This assumption keeps the analysis tratable. Under these

assumptions, we get

Wh+1 T [(1i IWh +min(Yn; Wi+ 3)] 2.1)

Xns1 = Yni 3ni Wy

Thus f((Wh;Xn);Yn);n , Ogis a Markov decision process. Next we describe the cost structure. We
assume that there is a per unit procurement costc, holding cost h for each item remaining at the end
of a period, and shortage cosp for each unit of backlogged demand in any period. Let
Z B Zyw B
La(w;y)=p Gyt w)fp()d*+h (i i w)fn(®)c8 (2.2)
=yiw 3=0

represent the expected penalty and holding cost incurred in perioch if W, = w;Y, = y. The total one

period expected cost incurred for ordering up toy is given by

Ca(w;x;y) = cyi X)+ La(w;y):

Let ® 0- ®- 1 be the discount factor. Let¥be any policy for choosing decisiony, at time n, based
on the history up to time n. We consider three objective functions for choosing an optimal policy as
described below.

1. Finite Horizon.  The “rst objective of the rm is to minimize the expected total discounted cost
(ETDC) over periods 0;1;2;¢ ¢ ¢N. Let V\(w;x) be the ETDC of following the policy ¥over periods
0;1;¢¢¢N. Since we have a nite horizon we need to specify the terminal cost. Lefl (w;x) be the

terminal cost at time N if Wy = w; Xy = X. Thus

%i 1
VW, x) = Ey( ®Cn(Wn; Xn; Yn)+ @V T(Wy; Xn)jWo = wW; X = X)
n=0

Here E4, denotes the expectation under the assumption that the policy¥is followed. Let Vi (w;X) be

10



the optimal ETDC of operating the system over period 0, ¢ ¢ ¢N. That is
Wiy (w; x) = inf VVi(w; X): (2.3)

A policy ¥Z is called optimal for nite horizon ETDC if

Vi (W;X) = Vi (w;x) for all w and x. (2.4)
2. In nite Horizon ETDC. The second objective function is to minimize the ETDC over the

innite horizon. In this case there is no terminal cost function. Let V”(w;x) be the innite horizon

ETDC of following policy Y4 that is
) R
VAW;X) = Ey( @ Ch(Wn; Xn;Yn)jWo = W; Xg = X)
n=0
Similarly, let V(w;x) be the optimal in nite horizon ETDC, that is
V(w;x) = inf V(w; x):

A policy %Z is called optimal for in nite horizon ETDC if

V(w;x)= V¥ (w;x) forall wand x. (2.5)

3. In nite Horizon Average Cost. Let g”(w; x) be the expected cost per period of following policy
Ysover in nite horizon starting from state ( w;x). Again, there is no terminal cost in this formulation.

Thus assuming the limit exists,

, . 1 X .

g’(w;x) = lim Ev(  Cna(Wn;Xn;Yn)iWo = w;Xo = X): (2.6)
NiT N +1 =0

Typically, this limit is independent of the starting state ( w; x). Let g(w;x) be the optimal expected cost

11



per period over in nite horizon starting in state (w;x). That is,
g(w; x) = inf g"™(w;x):

Typically this in mum does not depend on the initial state ( w;x). A policy ¥Z is called optimal for

in nite horizon average cost if

V(w;x) = V¥ (w;x) forall wand x. 2.7)

We obtain optimal policies under all three objective functions, beginning with the "nite horizon

ETDC in the next section.

2.4 Finite Horizon

In this section, we study the "nite horizon problem with N periods, terminal cost T (w; x), and show
how to compute Vy (w;x) of Equation (2.3). First de ne Vhn (W;X) to be the optimal expected total
discounted cost (ETDC) over periodsn;n + 1;¢ ¢ ¢N starting with W, = w; X, = x. Let Gun (W;Y)
be the ETDC over periods overn;n +1;¢¢¢N given W, = w;Y, = y. Then the standard dynamic

programming recursion yields

Wnn (wix) = T(w;Xx)
Z4,Z B
Gnn (Wyy) = cy+ ®Lp(w;y)+ ® Vorrn (HWH+23)yi w i 3)f(3)deg(H)dx
7.7, 0 0
+® Visrn (H(L )w+y)yi wi 3)fn(3)dig(H)dt
0 yi w
n=0;L¢C¢¢N; 1 (2.8)
Von (W;x) = minfGpny (W;y)gi ex; n=0;L¢C¢¢N j 1
Yy, x

12



where L, (w;y) is as in Equation (2.2). Then we have
Wn (W; X) = Von (W; X)

In the ensuing analysis, we choose the following terminal cost function

W

C
TWX) = 17 oEE

i CX; (2.9)

The rst term represents the expected discounted cost of warranty claims of thew items under warranty
in period N, incurred over the in nite time from then on. The term  cx re°ects the assumption that
any leftover inventory at period can be returned at original purchase price andonly backlog has to be

satis ed at per unit cost c.

We need the following notations:

_ . CE[
b = pi LTE[i]
s = w e Ry (210)
Z, Z yi W Z 4
En(w;y) = . [h . (yi wi3)fan(®)ad+p (i y+ w)fn()d]g(d)dt
yi w
.y - . i 10Bi cli ®)
iy = Y iv;)'r:_”( pri )
_ c 1 . c1,Pi (i ®
¢h = ®(1iTE[i]E[i]+ O'n+c(li ®F, l(lﬁﬂ_—;])
+ ®Ln(w; Sp(w)) (2.11)

1, is the mean of the random demand from new customers at period, and

Hn (w; X)

0 if X+ Sp(w)
Hn(w; X)

I
W AW o

Gnn (Wi X) i Gpn (W; Sp(w));  o.w.

forO- n- Nj 1 (2.12)

13



Theorem 2.4.1. Suppose the demands in each period are stochastically inasng, i.e.,

Fn(X), Fnaa(X); for n=0;L¢C¢N | 2 (2.13)
Then (i)
Gon (Wiy) = oLi @)+ BEn(Wiy) + (B oy + 54 @1 Lo )+ B Bl + w
C_ 1
®(1iTE[i-]E[i]+ 0!n
1Z én (Wiy) _ _
+ ® Hoe (F(Ww+min(yi w;3));yi wj 3)f(3)d3g()d+ (2.14)

0 O

forn=0;¢C¢¢N | 1. y= S,(w) minimizes G,(w;y) for n =0;¢¢¢N | 1, and Gn.n (W;Yy) increases
with respect toy wheny ;| S, (w).
(ii)

ch (wyy)
0

Hn(Hw+min(yi Ww;3));yi Wi 3)fy; 1(3)d® is an increasing function of y wheny , Sp; 1(w)
foragivenw forn=1;¢¢¢N j 1
(iii)

Vin (W;X) = Wi eX+ (¢ p+ ® pyy + 2@ ¢ )+ Hp(w;Xx): (2.15)

C
1 ®E[4]

forn=0;¢¢¢N | 1.

The proof follows from a series of claims using backward induction.
Claim 1: (i), (ii), and (iii) hold for N j 1.

Proof of Claim 1:

Gni v (WrY)
ZlZYi w —
= cy+ ®Lly;1(w;y)+ ® o o [MC?E[_'__]i(W+ )i clyi Wi 3)fn; 1(3)d3g(x)d+
2124 _
+ ® o yiw [liTE[i]i(V\H-yi W) oclyi Wi 3)fn; 1(3)dBg(x)d+
= c(li ®y+ ®(1icTE[i]E[i]+ cw+ ®(1iCTE[i]E[¢]+ Ot w1+ @y, 1(W)y)

14



where

z, z,
buaiy) = Ri BB e Gy e WiC)
Zyi w
+ h (Yi wi 3)fn;1(3)dlo(x)dx
z. z, Zyiw
= . B Ciy+ w)fy;1(])d+h . (Yi wi 3)fn;1(3)dlo(x)dx
Yi w

Itis easy to see thaty = Sy; 1(w) = w+F ", (PSS minimizes Gy ; 1 (w;y). Hence,Gn i 1 (W;Y)

increases with respect toy, wheny , Sy, 1(w). Therefore, we get

8
2 Gni N (W Sy a(w)) i ex  if x - Sy 1(w)
VNi 1:N (W,X) = B (216)
“ Gnj N (w;x)joex o.W.
Now
Gni N (Wi Shy 1(w) = ®(1|CTE[+] [#+c)w+ @X:HCTIE[i-]E[i]-'- O'ni1+ c(li ®)Sy; 1(w)

+ @y 1(W;Sn; 1(w))

_ c
= QMTIE[HE[]+01W+C(1' ®)W+®(WE[+]E[1]+C)1NM
+ ol ®)F,i,i11(—lbi ;&1;] ®))+ ®Ln; 1(W; Sy 1(W))
_ c c . i1 Picli ®)
T onee" T M ee T Ot A ORLH )
+ Gy a(wiS; 1(W)
Using the notation ¢ y; 1 from Equation (2.11), we can rewrite Equation (2.16) as
o
Wi v (WiX) = Wéwi CX
3 ) if X - Sy 1(W)
+ Cnjat 3
© Gnian (WiX) i Gy oan (Wi Shya(w)) o
= liCTE[i']Wi cx+¢ 1+ Hyy1(w;x)

15



R, .
The st order derivative of "' 1(wy) Hyi (Ew+min(y i w;2))y i w i 3)fy, 2(3)d® with

respect toy is given by

R, s “
@Och (W’y)HNi 1(1(w+ 3),y| W j 3)fN[ 2(3)d3

Q@y
R (w N
@ G (HWH )iy Wi 3) i Gy am (W 3)i Sy a(Hw+ )] o)
@y
N 1(wy) _
= GR, 1 (W +3)y i Wi )y o(3)de: (2.17)

0

Since Sy ; 1(w) minimizes Gy ; 1.8 (w;y) and the de nition of Hy; 1(w;y), we get

fy: Gl an (HW+2)yi Wi 3)>0g=fy:Hy; s(xHw+3);yi wi 3)>0g

From the assumption in Equation (2.13), we getSy; 2(w) - Sy; 1(w) + "+w. This proves the quantity
in Equation (2.17) is nonnegative wheny | Sy; 2(w).

Claim 2: If (i),(ii), and (iii) of Theorem 2.4.1 hold for n - N j 1, then they hold for nj 1.

Proof of Claim 2:

The induction hypothesis implies that we have

Gon (Wiy) = c(li ®)y+ ®Ly(W;y)+ (@ puy + i+ @1 1Y)
C_ C_ )
@Zmlf[i]““ coHw+ ®(1iTE[i]E[J_r]+ Oln

+ ® Hns (HW+min(yi w;3))yi wi 3)fa(3)ds3;

0

y = Sp(w) minimizes Gn.n (w;y), and Gn.n (w;y) increases with respect toy, wheny | Sp(w).

R
01 Ho(H(w+min(yi w;3));yi w i 3)fn 1(3)d® is an increasing function ofy wheny | Sp; 1(w),

16



Then

Gnn (W; S (w))

(®C qay + i+ @ 1E )+ ®(1iCTE[i_]E[i]+ Cw+ ®(1iCTE[i]E[i]+ 0'n

c(li ®Sh(w)+ ®tn (W; Sp(w))

+

c i1
:LITE[i]W"'(q: n+<®¢n+1+...+®1l ¢N)

and correspondingly

Von (Wi x) = mwi X+ (¢ n+ ®C g + i+ @1 Y)
20 if X - Sn(W)
+
3

Gnn (W;X) i Gnun (W; Sp(w))  o.w.

Therefore from the DP recursion in Equation (2.8) we get

Gni ;N (W;y)
217w
= cy+ ®Ly 1(Ww;y)+ ® Van (Hw+3)yi w i 3)fp; 1(3)dig(2)d+
7 1Z L 0 0
+ ® i C Van (HwHyi w)y i wop 3)fg 1(3)dig(2)d
Yi W
= i By ®L oy 1(W;Y) + (@ + 4 @6y )+ @Xj_ichf[i-]E[i]+ cHw
+ ®(1jCTE[i]E[i]+ O'ni1
1 1
+ ® o Ho(Hw+min(yi w;3))syi wi 3)fq; 1(3)dg(2)d;

which implies that (i) holds for nj 1. Itis easy to see thaty = S,; 1(w) minimizes ¢(1j ®)y+ ®Ifﬂi 1(w;y).

The assumption (2.13) implies that

bi cli ®
p+ h

pi c(lj ®

Friill( ) ' Fr]1 l( ﬁ)+ h

)

17



which shows that ¢, (w; Sp; 1(w)) < 0. This proves that

z

(',n(W;Snj 1(w)) _
Ho(Hw+3);Spa(w) i wj 3)fp; 1(3)d® =0:
0

Theny = Sy, 1(w) minimizes Gp; 1.n (W;Yy). Hence, G,; 1.5 (W;Y) increases with respect toy wheny |
R . _ _
o Huy 1(w+min(yi W;2))iyi Wi 2)fn; 2(3)d

Sn; 1(w). Furthermore, the “rst order derivative of

with respect to y is given by

@R(j”i )W 3y W 3 o(3)d
5 @y
@& " [Gny i (W 3)y i Wi 2) i Gy o (HW+ 3); Sy 1(HW+ 3))] ) 2(3)

@y
z éni 1(wiy)

= Ghyan (W +2)y i Wi 3)fn; ()R
0

which is nonnegative wheny | Sy, 2(w), since Gy; 1.5 (W;Y) increases with respect toy wheny |

Sh; 1(w),
fy:Ga 1n (HW+3);yj Wi 3)>0g="fy:Hp o(Hw+3);yi Wi 3)>0g
and
éni 1(W;Snj 2(w) - O

Then (ii) holds for nj 1.

This implies that the base stock level policy, which orders uptoS,; 1(w), is the optimal for the

discounted cost function overn i 1;n; ¢ ¢ ¢N periods. Clearly, we get

Gni 1N (W Sny 1(w)) = WH (€ h 1+ ®p+CCE RCy)

-
1; ®E[4]

18



Therefore,

Vi un (Wi X) = &iCTE[i']Wi CX+(¢ nj1+ ®p+ i+ @CY)
2 ) if X+ Sn; 1(W)
+
2

Gni 1N (W;X) i Gni ;N (W; Sni 1(W)) o.w.

which implies that (iii) holds for nj 1.

The theorem (2.4.1) follows from this.

Remark 2.4.2. From Theorem 2.4.1 it follows that the optimal policy in state in period n in state
(w;x) is to order up to S,(w) as given in (2.10). This is called aw-dependent base-stock inventory

replenishment policy.

Special Case: i.i.d. Demands
Consider the special case wherE, (x) = F(x) forn=0;1;¢¢¢N j 1, thatis, the demands are i.i.d..
In this case, the base-stock level in periodh is given by

pi cli ®

S(w)="w + Fi bt h

)

foralln=0;¢¢¢N j 1. Thus, the optimal policy is the stationary w-dependent base-stock policy. It is
unusual to get a stationary optimal policy for a nite horizon problem. However the special structure

of our terminal cost facilitates this result.

2.5 In nite Horizon Discounted Cost

In the previous section we have proved that in the i.i.d. demands case the stationgrw-dependent

base-stock policy minimizes the total expected discounted (or undiscounted) cost ovemg nite horizon

19



N . We denote this stationary policy by ¥2. Thus we have shown that

Vi (w; x)
i 1
Eve( @ Cp(Wn;Xn)+ & T(Wp:Xn)jWo = w; X, =0)

n=1

Wn (W; x)

In this section we shall show that
N”l{n Eve (N T(Wn; XnN)jWo = W; X, =0)=0;

i.e., ¥4 also minimizes the expected total discounted cost over the in nite horizon. Our main reslt is

given in the next theorem.

Theorem 2.5.1. SupposeF,(x) = F(x) for all n , 0. Then the stationary w-dependent base-stock

B

policy that orders upto S(w) = "w + Fi 1('9‘;&%@)) in any period in state (w; x) minimizes the in nite

horizon discounted cost.

Proof. From Equation (2.1), we get
Whet = #[(17 )Wn + Wy + 3]

Hence, taking expected values,

Evr (Wh+1) - E(DE(WR) + 1

where! = E(3,). Iterating the above we get

Eve (W) - E@VEw(Wo)+(E(®)+ ¢¢¢ E()V)*

E@@i E@VY)
1i E(3)

1

1i E(3

[EHNw+

E®Nw+

The e®ect of the initial inventory Xy = x is to increase the above right hand side at most byE ()N x.

20



Also E(Xn),i ! . Combining the above arguments we get that

. c .
Eve (T(Wn;XN)jWo = W; Xo = X) = Ei/f(mWN i CXnNjWo = w; X = X)
1 £ N C_ N
—+(w+ HN)Y——— — + ¢t
G TR e T
Hence,
N'ilm @ Eye (T(Wn ;XN )jWo = W; Xo = X) =0
Hence, it follows that
Jim VI (w;x) = V(W) = V(W X):
That is, ¥4 is optimal for the in nite horizon discounted cost case. O

2.6 In nite Horizon Average Cost

We “rst consider a “nite horizon model with no discounting (® = 1) with a special terminal cost
given by Equation (2.9) at time N, and assume independent and identical demands with distributions

Fn(x) = F(X).

Theorem 2.6.1. Let

SW)= W + Fi 1(p+_ph) (2.18)

wherep= pj %8 The stationary base-stock policy that orders up td&S(w) in state (w; x) minimizes

the N period total cost.

Denote this stationary base-stock policy as¥s. Let the expected cost per period of following policy

Yfor a “nite horizon N starting from state (w; x) be de ned as
i 1

) 1 .
o (W x) = WE: ( Ch(Wn;Xn)+ T(Wn; XN)jWo = w; Xo = X);

n=0
and let gy (w; x) be the optimal expected cost per period for a nite horizonN starting in state w;Xx,

21



that is,
i N Wn (W; X)
oy — Vi ey — UN )
o (i) =inf g (w;x) = Lo
Theorem 2.6.1 implies that

Vn (W;X) = VF (w;X):

Hence, it follows that

an (W;X) = g (w; X):
In this section, we shall show that

1

N“&“ N +1(E1/4“(T(WN;XN)jWO: w; Xo = X)) =0;

and
1 Xt
Nli[n W(EW( Cn(Wn; Xn))jWo = W; Xo = X) (2.19)
' n=0

exists. This will establish that ¥% minimizes the expected cost per period over in nite horizon. To prove

the limit in Equation 2.19 exists, we prove the following properties of (W, ; Xy).

Theorem 2.6.2. Under the policy ¥&, f(W,;Xp);n Og is an irreducible, aperiodic, and positive

B

recurrent DTMC.

Proof. From the de nition of the base stock policy and the equations (2.1),

Xn+1 max(Xn;S(Wn)) i Wni 3n;

Whit = #(Wn +min(max( Xn; S(Wh)) i Whaia)):

where S(Wp,) is as in the Equation (2.18). This implies that f (W,;X,);n, 0Ogis a DTMC. It is easy to

show that it is irreducible and aperiodic. We prove the positive recurrence by using he Foster's criterion

22



(Meyn and Tweedie [29]). We choose the following test functioPA(W; X ) = jXj+ W. Then

E(A(Wn+l;xn+1)i A(Wn;xn)jwn = Ww; Xp = X)

= E(Wna + jXna1 jiWn = Wi Xn = X) i Wij X]
When x , 0, we have

E(iXn+1ji Xnj(Wh = w; X = X))

= E(J max(Xn;S(Whn)) i Wai 2nji Xaj(Wn = w; Xy = X))
Ei_w+1 if x, S(w)
2 Fi YeER)+ i X ow.

FiiPy+ngx

p+ h
and
E(Wn+1 i Whj(Wh = X; X = X))
= E(E®(Wn +minmax( Xn;S(Wn)) i Wn;®n)) i Wnj(Wn = w;Xn = X))
2 EE@Wmn(xi W) i wiWe = wiXe=x)  if x, SW)
-B E(E(®)(w+min(S(w)i w;3,))i wWj(Wh = w; X, =Xx)); o.w.
8
2 E@i (L E@w ifx, SW)
-B E®'i i E(®)w; o.w.
i (1i E@)w+ E(Hn
Therefore

E(AMWhn+1;Xn+1) i AWn; Xn)jWa = W; X = X)
= EMWnst +jXns1ji Whi XajWn = w; Xy = X)

FINCTR)+ (L E@) T (L E@wi x
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The last expression is< 0if (1j E(®)w+ x>F i 1(%) +(1+ E(¥)!. Whenx - 0, we have

E(Xn+1ji] Xn]i(Wn = w; X = X))

= E(max(Xn;S(Wn)) i Wni 3nj+ Xnj(Wh = w; Xy = X))

i1 P
F! (ﬁ+h)+l+x

Ii});

if o1 Eil
0IX| i (ﬁ+h

and

E(Wh+1 i Whj(Wh = w; X = X))

= E(E@®(Wn +min(max( Xn;S(Wn)) i Wni%)) i Waj(Wn = w;Xp = X))

P
p+ h

= E@®Ww+min(FiY( )i%n) i W)

E@i 1i E(@)w:
Therefore,

E(A(Wn+1;xn+l)i A(Wn;xn)jwn =X Xn = X)
= E(Wns + jXns1ji Wh + XnjW, = w; X, = X)

Fi 1(p+—ph)+ L+x+EM®i 1j E@)w:

The last expression is< 0if j x +(1 | E(X)w>F i 1(ﬁ)+(1+ E()L.
Now dene A = f(w;x): (Lj E(®)w+ jxj- Fi 1(%) +(1+ E(¥)'g. Note that A is a nite set.

Based on the above properties, we have shown that

E(Whs1 + [Xnsrji Whij XajjWn = w; Xy = x) < 0 if (W;X) Z2A:

Using the Foster's criterion, this implies that f(W,;Xy,);n, 0Ogis an irreducible and positive recurrent

DTMC. O
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Next, we show the existence of the limit ofN period average total cost whenN goes to in nity.

Py -
Theorem 2.6.3. limyu E(F  NI' Ca(Wh;Xn)jWo = w;Xo = x) exists and is Tite for all (w;x).

Proof. We get the total cost at period n as

E(Cn(Wn;Xn)jWn =w; X, = X)
= E(cYni Xn)*t h(yni Wni3)"+pYni Wni 30)jWy=w; X, = X)

E(clyn i Xn)+ hyn + pCn+ Wp)jW, = w; Xy = X)

= E((c+ hymax(Xn;S(Wn))+ pCn+ Wy)i cXyjWh = w; X, = X)

= (c+ h)E(max(Xn;S(Wn))) i CE(Xn)+ p* + p E (Wn):
When X, , 0 then we could rewrite the above quantity as

E(Ch(Wh; Xn)jWph = w; X = X)
(c+ h)E(S(Whn)) i CE(Xn)+ p* + p E (W)

(c+ h)(E (Wa) + F Y( )+ pt + pE(Wn)

54
b+ )

(4 WF A TRy + pr o+ (et ot py( +(w+ 0EE"):

1i E(3

When X, - 0 we get

E(Cn(Whn; Xn)jWh = w; X = X)
(c+ h)E(Xn) i CE(Xn)+ pt + p E (W)

pt + p E (Wp)
1

1 EQ® +(w+ x)EE)"):

pt+p (
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Hence, we get

E(Ch(Wh;Xn)jWo = w; Xg = X)

(c+ h)F'l( )+ pt +(c+ h+p)- (1il—E(¢)+(W+ X)E@)")

The above bound along with the fact that f (W,;X,);n = 0;¢¢¢lg is a positive recurrent and irre-
ducible implies that
Xi 1

1 .
N'!En E(_ Cn (Whn; Xn)jWo = w; X = X)
n=0

exists and is nite. O

Finally, we study the property of the special terminal cost and derive the optima inventory policy

to minimize the long-run average cost.

Theorem 2.6.4. The stationary w-dependent base stock level policd# minimizes the expected cost per

period over in nite horizon.

Proof. Using the terminal cost in Equation (2.9) and using the argument in Theorem 2.51, we get

Eve (T(WNXN)Wo = W; Xg=X) = Eye(;——o—5Wn i CXNjWo = W; X = X)

1i E()

1

1i E(®

H(wH E@N) s+ o

T E® 1 E@

Hence,

H 1 . H — . — —
qug‘n N +1 E(T(WN ,XN)]WO = W;Xg = X) =0

Since thew-dependent base stock policy minimizes the expected cost per period ovBr periods for each

N, it is clear that it minimizes the long-run average cost. O
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2.7 Model with Emergency Supply

In this section, we study the N -period emergency supply model where rather than backlogging the
manufacturer has to satisfy the unmet demands by purchasing the items from an emergencyupplier.
We usep as the per unit emergency purchase cost wherp > c. Note there are no shortages in this
model. Let , be the failure fraction in period n and %, be the warranty expiration rate in period n.
We assume thatf ,;n=0;¢¢¢N j 1g, andf+,;n =0;¢¢¢N | 1g are two independent sequences of
i.i.d. random variables with density distributions k(¢ and g(9 respectively. The dynamic of the system

is given by

Xnsr = max(Yni nWni %,;0)

Whit = £ (Wh + 3p)

Let V{*(w;x) and Vy (w;x) be de ned as in Section 2.3. Following the methodology of Section 2.4, we

can write the optimality recursions as follows

VN (W;X) =0;
Gnn (W3 Y)
= cy+ Ln(w;y)
z 1Z 1Z Vi w
+ ® Vs (FEwW+3);yi w i 3)f(3)d3g(d)dxk( )d
V4 1OZ 1OZ 10
+ Vi (H(w + 3);0)f n (3)d3g(H)dtk( )d (2.20)
0 0 vyjiw

N=0:¢¢C¢N ; 1

Von (W;X) =min fGpy (W;y)gi X, n=0;¢¢C¢N § 1;
y, X
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where

2,2, Z, z,

Ln(w;y) = . o (h . (i ®i w)fa(®)d*+p i y+ w)fa(®)d*]g)dxk( )d:
yi w

The minimum N -period ETDC is given by Vy (w;X) = Vo.n (W; X).

Theorem 2.7.1. There exists a function S, (w) such that the optimal policy in periodn is to order upto

Sn (W).

We prove it using a series of claims by using induction.
Claim 1: Gn; 1.n (W;Y) is convex with respect toy.
Proof of Claim 1:
From Equation (2.20), we get

Gni v (Wiy) = cy+ Ly 1(w;y);

and from the de nition of Ly; 1(w;y), the second order derivative ofLy; 1(w;y) with respect to y can

be shown to be

Z,

z lz 1 .
Mg(i)dik(_)d_: (p+ Mfnialyi wk()d , 00 (2.21)
0 o @y 0

L& 1(w;y) =

This proves our claim 1.

Claim 2: If Gnn (w;y) is convex with respect toy, then V. (w;X) is convex with respect to x.
Proof of Claim  2:

Let y = S, (w) be the solution to

@G!;N (W:Y) =0:

ay (2.22)

The convexity of G,y (w;y) implies that the optimal policy in period n is order up to S,(w). Then

8

2 G (W Sy(W)) i cx i X+ Sy(w)
Vo (W X) = (2.23)

Gnn (W;X) | cx 0.W.
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We get the rst order derivative of VN (w; X) with respect to x as

8
g i C if X - Sp(w)
Viin (Wi x) = (2.24)
Gan (Wix)i ¢ ow.

SinceG2, (W; Sh(w)) =0, V2, (w;X)is continuous atx = S, (w), i.e., V2, (W;Sq(W)*) = V2, (W; Sp(w)i ) =

i ¢. The second order derivative then can be shown to be

8
2 0 if X - Sp(w)
22

Vn;N (W;X) = 3

G2, (w;x)  o.w.

Thus Vh.n (W;X) is convex with respect to x.

Claim 3: If Vi.n (W; x) is convex with respect to x, then Gy, 1.y (W;Y) is convex with respect toy.
Proof of Claim 3:

From the de nition, we get

Gni 1;N (W;Y) = Cy+ Lnj 1(W;y)
z 1Z 1Z yi w _ o
+ ® Van (Hw+ 3)yi 3§ w)fg; 1(3)d3g(2)dtk( )d
0 0 _0
z 1Z 1Z 1
+ ® Van (Hw + 2);0)fn; 1(3)d3g(H)d£k()d
0 0 vyiw

The second order derivative ofGy; 1.y (W;Y) with respect to y can be shown to be

Gﬁz. N (W3 )

- @Gﬂil;N (w;y)
@y
Z Z Rl 3)- - 3 Ty + 3 3
© Ol sny) D g Vo (U 2N O
2,2,2,
= LZ(wy)+® . [ . V2R (Hw+ 3)y i Wi 3)fn 1(3)de

* Van W+ 2);00fn; a(y i W)lg()dEk)d ™
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From the Equation (2.24) and (2.21), the above quantity can be simplied as

Vi w

(CEAPR (VAY) V2 (Hw+3)y i w3, 1(3)de

I
®

+

(p+hi ®)fn; a(yi w)lg()dzk( )d

0

5

The above quantity is greater than zero by the assumptions, which means thaG,; 1.y (W;Y) is convex

with respect to y.
Theorem 2.7.1 then follows by the above induction.

In the next theorem, we state a useful property ofV,.n (w;X) function that can be used to derive

structural results for the base stock function S, (w).

Theorem 2.7.2.  V}Z (w;x) = ¥ . o

Claim 1. G 1 (w;y) - O.
Proof of Claim 1:

From the denition of Gn; 1.n (W;Y), We get GiZ, 1. (w;y) as follows.

z 1 z 1
G (wiy)= LR a(wiykO)d™ = i (e g alyi WkO)d - 0

Claim 2: If GI3, (w;y) - 0, then V. (w;y) - 0.
Proof of Claim 2:

From Equation (2.24), we get

8

2 0 if X - Sp(w)
12
Van (W;x) = 3

Giy (w;x)  ow.
which implies that VX3 (w;x) - 0.
Claim 3: If Vi§ (w;x) - 0, then Gi2 1.\ (w;x) - O.

Proof of Claim 3:
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From the de nition, we get

lelzyifw

L2 Wi+ ® [ VE Wiz (i VR Wix)fa; 1)
0 0 0

G%Z. 1N (Wsy)

+®Viy (Hw+3);0)( fnyalyi W)lg(®)dk(T)d™
2,72,

[(i )p+hi ®)fn; 1(yi w)
OZ y? w

+ ® Vol (Wi X)£+ (i ViR (Wi x)fng 1(3)dlg(x)d£k()d ™ (2.25)
0

The above quantity is less and equal to zero due to our assumptions.
By proving the above three claims, the theorem follows via the induction.

Given that Vi.y (W; x) is submodular, we get the following property of the base stock functionSy, (w).

Theorem 2.7.3. The optimal base stock leve5, (w) is an increasing function with respect tow, and

dSp (w)

G > When andz*are xed at each period, and the identical demand distributio at each period,

i.e., Fn(X) = F(x).

Proof. First, from the de nition, we get

Gn; v (Wry) = cyi x)+ L(w;y)

and lety = Sy; 1(w;y) denote the solution to the “rst order condition as follows.

GX; i (W;y) = c+ L3(w;y) =0:

Then the optimal base stock levelSy; 1(w) can be derived as

.= _ pic
_ _ i1,Pi C —
Sniiw)=y = F l(p+h)+ w
Therefore 1) = = Theorem 2.7.1, i.e., the convexity ofGnn (W;y) with respect to y implies that

we could derive the optimal base stock functionS, (w) by solving the rst order condition as a function
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to GZy (W; Sn(w)) = 0. From the Equation (2.20), we get

zZ. -
Yi w

c+ L2(w;y)+ ® V2 (@Hw+3)yi wi 3)f()de=0
0

Taking derivative with respect to w on both sides, we get

z w)i w
L2y S0 s ) v @ (G s %) Se () W )
0
V2 s sy i w i (MW yreya + evzy w0 sy w) i W)
= 0
which reduces to
VA Sn (W) "\
i (LY (w; Sy (w)) + ® V hiron (W +3)yiowoj 3)£f(3)d)
W Sn(W)I W
= L2 s, ) T ) "V e s w i (R e,
0

Using the Equation (2.21) for L2?%(w;y), Equation (2.25) for L'?(w;y), and Equation (2.24), we can

rewrite the above equation as

_ _ Z sy (w)i w B
i (i (p+rhf(yi w)+® Vi (Rw+3)yi wj 8)f(3)de)
0
dS, (w
= (i @ S0 W)
n | _ d w
+© [vnzfl;N w2y w i A )0+ cot (syw) 1 W)
0
which is rearranged as
Z sy (w)i w
i (@ ViZi o W+ 2);Sn(w) i Wi 3)xf(3)d?)
0
Z 5q (w)i
= (P ni BN SIW W)+ ® Ve isaw) W i @ )
From the previous Theorem 2.7.1 and Theorem 2.7.2, we ge‘i‘% i ., 0 O

Note that "w is the expected number of new items that are needed for warranty. However, the

optimal policy is to stock greater than that taking into account the penalty costs associated with the
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repairs. We end this section with two conjectures for the in nite horizon i.i.d. demandscase.
Conjecture 1.
There exist a function S(w) such that the policy that orders up to S(w) in any period when there are
w items under warranty minimizes the in nite horizon ETDC.
Conjecture 2
There exist a function S(w) such that the policy that orders up to S(w) in any period when there are

w items under warranty minimizes the in nite horizon expected cost per period.

2.8 Computational Results

In this section, we numerically investigate the bene'ts of using an integrated hventory policy
over the current ad hoc policy used by the 'rm where they took only new demand into considera
tion. We compared the performance over 343 problem instances with the following pameter values-
c=2;+=0:96,® = 0:95. Then we variedh = 0:05;0:1;0:15;0:2; 0:25;0:30, p = 8;10; 12; 15; 20; 25; 30
and” =0:01 0:05;0:1; 0:15; 0:2; 0:25; 0:3. In these instances we computed the totaN periods (N = 100)
discounted cost of the two policies and averaged it across 1000 simulationsn all our experiments we
considered a stationary and uniform demand distribution every period that could be aywhere from 0
to 100 units. In the following passages we highlight our key insights.

Across all these experiments, the average cost improvement due to the integratl policy was 30.7%
with a maximum improvement of 61.8% (see Tables 2.1,2.2,2.3). From igures 2.3 and 2.4, we observe
the the cost improvement monotonically increases with the stock-out penalty cosp, and monotonically
decreases with the holding costh. This is intuitive since the integrated policy stocks more than the
original policy in most of the cases.

Although one would expect that performance improvement of the integrated policyis greater when
failure rate is higher, interestingly, we nd that as the failure rate increases, the cost improvements rst
increase and then decrease (see Figure 2.5). In order to understand this phenomenon better wlotted
the procurement, holding and stock-out costs separately in Figure 2.6. We "nd that e procurement cost

of the integrated inventory control policy increases signi cantly with the failure rate. The procurement
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increases in the standard policy are just a re°ection of the fact that more items needo be ordered to
get to the base stock level since most of the demand is being backlogged at higheilfae rates. That is
also the reason why the stock-out costs of the standard policy are increasing the failure rate while the
stock-out costs of the integrated policy hold steady. There is not a signi cantdi®erence in the holding
costs across the two cases. Thus, as the failure rate increases, the integedtpolicy bene ts from lower
stock out costs up to a certain point. Beyond that, the additional improvements in stock-out costs are
o®set by higher procurement costs that the integrated policy has to incur. Therefore, thdntegrated

policy's improvement rst increases and then decreases with the failure rate.

2.9 Conclusion

Motivated by the inventory planning issues faced by a seller of items under warraty, in this chapter
we analyzed a setting where seller faces demand from two sources: new demand, and demand toaegl
failed items under warranty. We considered backlogging and emergency supply cases andidied both
the discounted cost and the average cost cases. We proved the optimality of the-dependent base
stock ordering policy where the base stock level is a function ofv, the number of items currently under
warranty. For the special case, where an i.i.d. fraction of sold items gaut of warranty every period
and the demand for new products is stationary, we prove the optimality of a statonary w-dependent
base stock policy for nite and in nite horizon cases. Through our computational gudy, we provide
interesting insights on the benets of using an integrated policy and show that m average this leads to

a 31% improvement over an inventory policy that only considers new demands.
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Figure 2.3: The Cost Improvement with Increasing Stock-out Penalty Cost Rake p

Figure 2.4: The Cost Improvement with Increasing Holding Cost Rateh
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Figure 2.5: The Cost Improvement with Increasing Failure Rate

Figure 2.6: Three Cost Components
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p=8 10 12 15 20 25 30
AVG % 0.127 | 0.19 | 0.24 | 0.30| 0.38 | 0.44 | 0.48
MAX % 0.21 | 0.28 | 0.34 | 0.41| 0.496| 0.57 | 0.62
MIN % 0.01 | 0.012| 0.016| 0.02 | 0.026 | 0.03 | 0.04
Table 2.1: Average Cost Improvement Overp
h=0.01 | 0.05 0.1 0.15 0.2 0.25 0.3
AVG % 0.315 | 0.313| 0.31 | 0.308| 0.305| 0.303| 0.3
MAX % 0.618 | 0.616| 0.614 | 0.611| 0.609 | 0.607 | 0.605
MIN % 0.01 0.01 | 001 | 0.01 | 0.01 | 0.01 | 0.01
Table 2.2: Average Cost Improvement Overh
~=0.01 | 0.05 0.1 0.15 0.2 | 0.25| 0.3
AVG % 0.02 0.25 | 0.38 | 0.41 | 0.40 | 0.37| 0.34
MAX % 0.04 0.395| 0.57 | 0.61 | 0.62 | 0.61| 0.59
MIN % 0.01 0.12 | 0.193| 0.192| 0.158| 0.11 | 0.05

Table 2.3: Average Cost Improvement Over
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Chapter 3

Coordinated Inventory Planning:

Model Il

3.1 Introduction

As rms attempt to optimize their end to end supply chains, their focus is turning towards the
close-loop nature of supply chain operations (see Guide and Wassenhove ([18])ekker, Fleischmann,
Inderfurth, and Wassenhove ([9])). Firms are actively integrating their after-sale parts and services
with their forward supply chain processes. One such initiative has been to incorpmte “eld installation
and failure information into supply chain planning and operations. Sciorrotta ([39]) emphasizes the
importance of SIRAS (www.siras.com), a patented electronic registratio program which captures a
product's serial number at point of sale. This system used by Wal-Mart and Tamget enables manufacturers
to keep track of warranty age information for the items thereby helping them prepare inventory and
production capacity for repairs. In addition, as the RFID technology develops, it is projected that RFID
chips could be utilized extensively for tracking machine status in the "eld and perbrming proactive
maintenance thereby leading to signi cant improvements in supply chain performance ¢ee EPCglobal
([461)).

This research was motivated by inventory planning issues faced by a digital prjector company. The

“rm had a policy to replace any product that failed under warranty with a new one. The existing



inventory policy of the 'rm was to plan for new demand and take care of warrarty claims on an as-
needed basis. Warranty data from the rm showed that in some periods warrantyclaims were a signi cant
fraction (often greater than 15%) of the total demand (see Figures 2.1 and 2) 1. This happens due to
two e®ects - (1) the short life cycle of the product implies a fast rise in demand fdwed by a decline and
(2) higher failure rates of older products in the “eld (but still under warranty). Since the rm was not

explicitly planning inventory for these failures, they often would rush orders atthe last moment resulting
in high production (overtime) and transportation costs in addition to increa sing the customer waiting
time for repairs (replacements). The rm wanted to investigate the bene ts of taking eld failure rates

into consideration while planning inventory and explore the possibility of investing in technologies that
would track the age of items under warranty thereby providing exact information about products in the
“eld. The rm was interested in exploring the bene'ts of utilizing an aggregate estimate of failures in
the "eld as well as the benets of going in for a full scale system that would enable d track the age
of each and every sale made by the rm. In the Chapter 1, we study the rst case when therm only

has aggregate sales information but no information about age of items ithe “eld. In this chapter, we

study the coordinated inventory problem where the rm has sales information as welas age information

about items in the eld.

We consider a discrete time multi-period inventory model for a single product rm that jointly
manages the inventory requirements for new products and warranty claims. Demandn each period
for the new product is stochastic and independent (not necessarily identical) whereas waainty claims
depend on the number and ages of products under warranty. The ordering, holding and penalty cts
are assumed to be linear and there is no delivery lag. We study the backlogging aasnd the emergency
supply case (with no backlogging) where the demand that can not be satis ed by itemsn stock has to
be satis ed by ordering from an emergency supplier. We theoretically prove that thereexist functions
Sh(w) so that it is optimal to order up to S, (w) in period n wherew is a vector of the number of items
with di®erent ages under warranty. We call this aw-dependent base stock policy. The critical value

Sh(w) can be explicitly obtained by solving for the root of a single transcendental eqation. For the

1The numbers shown have been scaled to maintain con dentialit y.
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special case, where the demand for new products is stationary, we prove the optimaliof a stationary

w-dependent base stock policy for the nite horizon discounted, the in nite horizon discouned and
average cost cases. In our computational study, we compare the performance of tlogtimal integrated

policy to a policy that only took new demand into consideration while planning inventory (re°ecting

the current operations at the 'rm). Our study indicates that on average 37% cost improvements can
be obtained from using the optimal integrated policy with a maximum bene't of about 58%. We also
compare the approximated policy studied in the Chapter 1 with optimal policy with the age information

and nd that the bene ts of age information is on average 3% and in the best casesi 12%.

The rest of the chapter is organized as follows. We include a brief literature re\dw of related papers
in section 2. We formulate the backlogging case in section 3. We study the sicture of the optimal
inventory policy for the "nite horizon problem in section 4, in nite horizon disco unted problem in section
5, and long run average cost problem in section 6. In section 7, we formulatehe problem in emergency
supply case and study the optimal inventory policy for nite horizon problem. In section 8, we provide

computational insights. We conclude in section 9.

3.2 Literature Review

There are three streams of research that are related to our inventory-warraty model. The rst stream
of research focuses on the e®ects of warranty under deterministic demand conditions. Djaludin et
al. ([10]) and Wang and Sheu ([47]) nd the optimal lot size taking into account long run production
inventory and warranty costs where the process goes out-of-control with a gen probability each time it
produces an item. As opposed to this stream, our focus is on warranty systemsitl a periodic stochastic
demand.

The second stream of literature has studied production systems with inventory depndent determin-
istic demand without warranty considerations. The relationship with this st ream of research stems from
the fact that in our model future demand (for warranty) depends on past and current saks which in turn
are dependent on the inventory stocking decision. Khmelnitsky and Gerchak ([21]) tsidy a continuous

review deterministic inventory model where demand rates may vary over time, shdages are possible
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and the system has "nite production capacity and "nd the optimal production control for such a system.
Baker and Urban ([1]) analyze the continuous, deterministic case of an invermry system in which the
demand rate of an item is of a polynomial functional form, dependent on the invenbry level. They

develop the optimal policy to maximize average prot per unit time.

The third stream of research considers inventory planning under stochastic demand é& Zipkin [52],
Swaminathan and Tayur [44]). Within that stream of papers those that consider return or remanufac-
turing are related to our work. Cohen, Nahmias, and Pierskalla ([6]) assura that a "xed fraction of the
products issued in a given period is returned after a xed sojourn time in the marlet and may subse-
guently be reused. Optimality of a periodic review order upto policy is claimed when dsregarding “xed
costs and procurement leadtimes. Kelle and Silver ([20]) extend this approach by allving for xed order
costs and stochastic sojourn time in the market. They propose an approxiration scheme transforming
this model into a classical dynamic lotsizing problem. Yuan and Cheung ([50]) propse for this model an
(s; S)-reorder policy based on the sum of the on-hand stock and the number of items in the miket. The
area of remanufacturing and closed loop supply chains has gained a lot of interestoin researchers in
the past few years (see Dekkeet. al. ([9])). The single-stage remanufacturing system was rst studied
by Simpson ([42]) and Inderfurth ([19]). Simpson ([42]) establishes the optnality of a three-parameter
policy consisting of remanufacture-up-to, order-up-to and dispose-down-to levels. Inderfutt ([19]) ex-
tends those results to the case of positive but identical lead times for ordering red remanufacturing,
and argues that if lead times are not identical then the optimal policy will be more complicated. More
recently, Feinberg and Lewis ([14]) consider a single commodity inventory sstem in which the demand
is modeled by a sequence of i.i.d random variables that can take negative valuesh@reby modeling some
of the remanufacturing or product return settings). Multi-echelon remanufacturing system has been
studied by Decroix ([7]) and Decroix, Song and Zipkin ([8]). As opposed to thisstream of research
where remanufacturing or returns increase supply, in our model the demand increases when thereea
warranty claims. This creates additional dependence between sales in the past and demandthe future

complicating the analysis.

42



3.3 Model with Backlogging

In our model, inventory for a single product is managed for multiple periods. The rm o®ers replace-
ment of items that fail under warranty. The demand arises from two sources: new demad, and demand
to replace failed items under warranty. In this chapter, we focus on a “xed-period waranty policy, i.e.,
any item above ageK is out of warranty. Let wy; be the number of items at agej under warranty at
periodn forj =1;¢¢¢K, w, be the vector fwn.1; ¢ ¢ ¢w,.« ]. Let 3, be the new demand in periodn and
Fn(:) be its cumulative distribution function (cdf), and f,(:) be its probability density function (pdf).
Let x,, be the inventory on hand at the beginning of periodn, and y, be the inventory immediately after
an order is delivered at periodn. We treat y, , X, as the decision variable in periodn. The delivery
is assumed to be instantaneous, so thay, is the amount available to satisfy the demand for new and

warranty claims in period n. Any demand that can not be immediately satis ed is backlogged.

We assume that warranty is renewable, i.e., the warranty period of the replaed item starts afresh.
Such warranty models have been studied in the past (see Blischke and Murthy ([P} We also assume
that the demand to replace failed items is based on a proportional model i.e. a xedrhction ; of the
items at agej under warranty fail for j =1;¢¢¢K, and let  =[ 1; 2;¢¢¢ ] be the vector of these
failure fractions. This is a common assumption in warranty models and fdows from bernoulli failures.
Di®erent ; allow us to capture age dependent failure rates for di®erent items in the eld. Although
getting accurate estimates for the ; is not easy, with investment in RFID chips it is possible to track
the failures associated with a product. As a result these estimates would be merreadily available in

future. Further, all the items that are K periods old go out of warranty in the next period.

We assume that there is a per unit procurement costc, holding cost h for each item remaining at
the end of a period, and shortage cosp for each unit of backlogged demand in any period. We assume

that at the end of planning horizon, the unit salvage cost isc as well. Let

La(W;y)= _ +h V'_“‘” yi ®i T ewf,(3)d® ify, " ow 3.1)

3=0 Yi |

8
§ e Wy T W)
2 R

p o (G0 Y+ T oW (3)d; o.w.

43



represent the expected penalty and holding cost incurred in perioch if wy, = w;y, = y (Here ~ ¢w =
j ~jw; denotes the scalar product of andw.) The total one period expected cost incurred for ordering
up to y is given by

Ca(w;x;y) = cyi X)+ La(w;y);

wherey | X.

The dynamics of the situation implies that

Wpe1:1 = min(yn; ¢wy + 3)
Wit = Wpj;a(Li j;1) for j =2;¢¢¢K 3.2)
Xne1 = Yni 3ni Cwp:

Thus f((Wn;Xn);Yn);n, 0Ogis a Markov decision process.

Let ® 0- ® - 1 be the discount factor and¥abe any policy for choosing decisiorny, at time n,
based on the history up to time n. We consider three objective functions for choosing an optimal policy

as described below.

1. Finite Horizon.  The “rst objective of the 'rm is to minimize the expected total discounted cost
(ETDC) over periods 0;1;2;¢ ¢ ¢N. Let VJ(w;x) be the ETDC of following the policy Yzover periods
0;1;¢ ¢ ¢N. Since we have a nite horizon we need to specify the terminal cost. LeT (wy ;Xxn ) be the

terminal cost at time N. Thus

i 1
VW(W; X) = Ey( ®Cn(Wn;Xn;Yn)+ @ T (Wn ;XN )jWo = WiXo = X)
n=0

Here E+, denotes the expectation under the assumption that the policy¥is followed. Let Vy (w;X) be

the optimal ETDC of operating the system over period G ¢ ¢ ¢N. That is

Wiy (w; X) = inf Vi(w; X): (3.3
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A policy ¥Z is called optimal for "nite horizon ETDC if

Vi (W;x) = V& (w;x)  for all w and x.

2. Innite Horizon ETDC. The second objective function is to minimize the ETDC over the
in nite horizon. In this case there is no terminal cost function. Let V*(w;x) be the in nite horizon

ETDC of following policy Y4 that is

VAW X) = Ey( @ Cp(Wn;Xn:Yn)jWo = W;Xgo = X)
n=0

Similarly, let V (w;x) be the optimal in nite horizon ETDC, that is
V(w;x) =inf V(w; x):
A policy ¥Z is called optimal for in nite horizon ETDC if

V(w;x) = V¥ (w;x) forall wand x.

3. In nite Horizon Average Cost. Let g”(w; x) be the expected cost per period of following policy
%,over in nite horizon starting from state ( w;x). Again, there is no terminal cost in this formulation.

Thus assuming the limit exists,

X
Evi( Chn(Wn; Xn:¥Yn)jWo = W; Xo = X):

n=

Ve oo\ — |
= |lim ——
g (w;x) NI!1 N +1

Let g(w; x) be the optimal expected cost per period over in nite horizon starting in state (w; x). That
is,

g(w; x) = inf g™(w;x):
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A policy ¥Z is called optimal for in nite horizon average cost if

V(w;x) = V¥ (w;x) forall wand x.

3.4 Finite Horizon Discounted Cost

In this section, we study the nite horizon problem with N periods, terminal costT (w; x), and show
how to compute Vy (w;x) in Equation (3.3). First de ne V,.n (w;Xx) to be the optimal ETDC over
periodsn;n +1;¢ ¢ ¢N starting with w = [wy; ¢ ¢ ¢wy ] units under warranty and x units inventory at
the beginning of periodn. Let G,y (w;y) be the ETDC over periods overn;n+1;¢ ¢ ¢N givenw units
under warranty, and order upto level y units at the beginning to period n. Then the standard dynamic

programming recursion yields

VN (W x) = T(w;x)
Gn;N (W;y)
= cy+ ®Ly(w;y)
z yi B . _ _
+ ® Vosaron C W+ 35wq(li 1);¢C 0wk 1(Li ki a);yi o owi 3)f,(3)d
Z,

+ ®  Viawn(wi@i )¢ Cewk; a(Li ki a)iyi Gwi 3)f(3)de
yi

Von (W;X) =min fGpny (W;y)gi ex;n=0;1,¢¢¢N j 1 (3.4)
Yy, X
where L, (w;y) is as in Equation (3.1). Then we have
Wn (W; X) = Von (W; X)

In any “nite horizon inventory problem, we need to specify a terminal cost. In our case, the terminal cost
depends onw; (j =1 ¢C¢K) as well as the remaining inventory x at the end of the horizon. Although
the product has a short life cycle in terms of sales, the warranty claims may elend over a much longer

period. For example, in the case of high tech products, the life cycle for sales imuch less than a year,
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but it is often common to have warranty for one year or more. When the warrarty is renewable as in
our case, this may extend for an in nite period. Consider an item of agg at time N. Let m; be the
total expected discounted cost of warranty claims for this item incurred fromN onwards. The following

proposition gives the expressions fom;; 1- i - K.

Proposition 3.4.1.  Let

w= @A ) fori=1;¢¢¢K:
j=i
Thenm;; 1. i- K are given by
- Ch
M = 1i ®u
m; = pc+ ®umy for i =2;¢¢¢K:

Proof. From the de nition of m;;i =1;¢¢¢K, we get
mp = Cc1+® M+ &Li 1)m
m; = Co+® mp+®&lj 2)m3
¢
¢
Mgk = Ck+®xm

Recursive substitution yields

Mg = Ck + kMg

m; pc+ ®umyfori=K i 1;¢¢¢1
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where

p= @i Ty fori=1;¢¢eK:

Solving the above equations, we get

_ Clh
ML = 1i ®u
m; = [xc+ ®umq for i =2;¢¢¢K

We propose the following terminal cost function T (w;x) when there arew; items of agei, and x

items in the inventory left on hand at the end of horizon:

X
T(w;Xx) = m;w; j cx: (3.5)

j=i
The rst term represents the expected discounted cost of warranty claims of thew; items under warranty
at the end of the horizon whose age i$ = 1;¢ ¢ ¢K, incurred over the in nite time from then on. The

term j cx re°ects the assumption that any leftover inventory can be returned at original price c and any

backlogs at the end of the horizon can be ful lled by purchasing products atc per unit. Here is some
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additional notation for our analysis.

Wi = min(y; ¢w+ 3);
W = wj; (i ) forj =2;¢¢¢K;

W= [Wy; ¢ ¢ ];

R o= yi Cwj 3
b = pi my;
_ - c1, PP ol ®)
Sn(w) = ¢W+Fn1(lp)+7;]), (3.6)
Zyi ~o Z,
En(w;y) = h (Vi “owj 3)f,)d+p (i y+ ewf,(3)ds
0 yi v
n(Wyy) = yio owi Sy(W);
¢h = ®my+ o)ty + ol ®)FA1(W)
+  ®L,(w; Sp(w)): (3.7)

Let 1, be the mean demand from new customers at period. Now let,

Hn (w;x)

0 if X - Sp(w)

I
W AW o

Hn (w; x)
Gnn (Wi X) i Gun (W; Sp(w));  o.w.

forO- n- Nj 1 (3.8)

The next theorem establishes the optimality of the w-dependent base-stock policy in the "nite horizon

case.

Theorem 3.4.2. Suppose the demands in each period are stochastically inasng, i.e.,

Fn(X), Fns(X); for n=0;¢C¢¢N | 2: (3.9)
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Then

() Gun (Wy) = (li @y+ @La(W;y)+(@ i + CCE @1 0 y)
+ ®mdew)+ ®&my+ C)ly
én+1 (Wy)
te " Ho (W10 ()0 (3.10)

0

forn=0;¢¢¢N | 1. y= S,(w) minimizes Gpn (W;y) for n=0;¢¢¢N | 1, and G,y (W;Y) increases

with respect toy wheny ;| S, (w).

(ii))

R, (-
o (wy) Hn (f; R)fn; 1(3)d® is an increasing function of y wheny | S,; 1(w) for a given w for

nN=0;CC¢N | 1

(i) Van (W;x)= mowj cx+(¢ o+ ® pyq + ¢4 @1 1¢ )+ Hy(w;x) (3.11)

forn=0;¢C¢¢N | 1.

Proof. We will prove the above theorem using backward induction through two claims.

Claim 1 : (i), (ii), and (iii ) hold for N | 1.

Proof:

Using the terminal cost function of Equation (3.5) we get

Gni 1w (Wsy)

cy+ ®Ly; 1(w;y)
Z)’i T ow
® MG+ ew)+ maWy+ ¢C& meWk i cyi ~ Cwi 3)]fn; 1(3)d
YAl
® [ymi+ maWo + ¢C&€ mc Wy § c(yi  Cwi 3)]fn; 1(3)d®
o

Yi
cy+ ®Ly; 1(w;y) + ®maf, + CC& ®mc Wk | ®dy i  ¢w)
Zyi Z1
®cly;1+ ® G+ ewymify; 1(3)d + ® ymafy; 1(3)d?
0 yi o

cli ®)y+ By, 1(W;y) + ®muw, + ¢ ¢ € ®my Wy

®dyj ¢tw)+ @ + ¢w)mg+ ®cCly; 1
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where

ZYi T
Eniawiy) = h (Vi ~owi 3)fy, 1(3)d
0 Z]_
Hpi my) (w3 y)fn; 1(3)d:
yi o

Itis easy to showy = Sy, 1(w) = ~ @+ F} ill(iIbi ;&1;1 ©)) minimizes G ; 1.n (W;y). Hence, Gy, 1:n (W;Y)

increases with respect toy, wheny , Sy; 1(w). Therefore, we get

8
E GNi 1N (W;SNi ]_(W)) i CX if x - SNi 1(W)
Wi 1w (Wi X) = 5
7 Gnj N (W x)joex 0.W.
Now
Gni 1N (W5 Sh 1(wW))
= oi O ews RISy ¢ aty s aw)
+ o wi(C 1+ ®Lj )M+ ® mp)+ CC& we; 1(C k1t ®Li k;j1)Mk + ® g 1My)
+ Wk (Ck +®xmp)+ &c+ my)in;1
= mows @(my+ Qi+ oti OF LI ey awisy; aw);
This yields

Wi N (W5 X) Powi ex+¢ s
E 0 if x - SNil(W)

Gn; v (Wi X) i Gny v (W; Sy 1(w))  o.w.

mewj cx+¢ n; 1+ Hy; 1(w; x):
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We also have

@Z N 1(wyy)
@y Hip (W) 2(0)d
@ZO(LNi 1(wyy)
= @y, [Gni v (W;R) 7 Gy v (W5 Shy 1(W)]F N 2(3)dB

N 1(wiy) 5
= GN v (W R) N, 2(3)d
0

where the superscript 2 indicates partial derivative with respect to the second argurant. SinceSy; 1(w)

minimizes Gy ; 1.n (W;Y) we can use the de nition of Hy; 1(w;y) to get
fy:GR, 1n (W;R) > 0g= fy: Hy; 1(#;8) > Og:

From the assumption in Equation (3.9), we getSy; 2(w) - Sy; 1(w)+ — ¢W. This proves the quantity

in Equation (3.12) is nonnegative wheny | Sy; 2(w).

Claim 2 : If (i), (i) and (iii ) of Theorem 3.4.2 hold forn - N j 1, then they hold fornj 1.

Proof: The induction hypothesis implies that we have

Gun (WiY) = c(li @)+ @Ly(wiy)+(@C sy + ¢C€ @ 1ey)
Z1

+ (méw)+ ®&my+ ), +® Hns1 (W; R)f o (3)d3:
0

Now, y = S, (w) minimizes Gnn (W;Y), and Gy (W;Y) increases with respect toy, wheny | S, (w).

R
Also, 01 Hn (f; R)fn; 1(3)d® is an increasing function ofy wheny | S,; 1(w). Then

Gnn (W3 S (W) (®C ey + CCE @ 1¢ ) +(mew)+ ®my+ 0ty

+

cli ®)Sh(w)+ ®L,(w; S,y (W)

méw+(¢ o+ ¢ce @ 1¢y)
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and correspondingly

Von (W;x) = twi cx+(¢ ,+ ¢ce @1 1¢y)

0 if X - Sp(w)

‘W AW g

Gnn (W;X) i Gpn (W; Sp(w)) o.w.

Therefore from the DP recursion in Equation (3.4), we get

Gnjun (Wyy) = cy+ ®Ly; 1(w;y)
Zyi T
+ ® Von G+ 7 Cwio; CCek sy Cwi 3)fn; 1(3)dB
z°, ~
+® Vi (Vi € ey Swi 3 o (3)al
yi

= cli ®y+ @, 1(W;y)+(®,+ ¢¢& @ ¢1)+ mow
Zl

+ @M+ Oln 1+ ®  H(W R 1(3)dR
0

which implies that (i) holds for nj 1. Itis easy to see thaty = S,; 1(w) minimizes c(1j ®)y+ ®Ifni 1(w;y).

The assumption (3.9) implies that

i c(li ®
p+h

pi c(li ®

Fill( b+h

nj ) Fr%l( )

which shows that ¢, (w; Sp; 1(w)) < 0. This proves that

z

én (W;Shi 1(w)) _
Hno(#; Sn; 2(w) i ewi 3)f,; 1(3)d® =0:
0

Thus y = S,; 1(w) minimizes Gp; 1.8 (W;Yy). Hence, G,; 1.n (W;Yy) increases with respect toy when
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y. Sni 1(W)-

Furthermore, we have

@’

@y 0
@Z éng 1(wy)
@y o
@Z eni 1(wy)
@y o
@Z éni 1(wy)
@y o

énj 1(wy)

Hni 2(f; R)fn; 2(3)d?

Hnp 13+ ew;Wo;¢C ey sy i Cwi 3)fn; 2(3)d3

Gni 1n G+ 0w oWk ;y i Wi 3)fn; 2(3)d

Gnij 1N G+ Cw; W2 6CEWK ;Sh; 13+ Cw;Wa; Wk ))fn 2(3)d3

. G2, i (B + T oW W2 6k iy i Ow i 2)fn; 2(3)dR

which is nonnegative wheny | S;; 2(w), since Gy, 1.n (W;Y) increases with respect toy wheny |

Sn; 1(w). Hence

and

fy: G2 oy (Wyi “owj 2)>0g="fy:Hp 1(Wyj  ¢wij 3)> 0g

éni 1(W; Spj2(w)) - O

Thus (ii) holds for n i 1. This implies that the base stock level policy, which orders up toSy; 1(w), is

optimal for the discounted cost function overnj 1;n;¢ ¢ ¢N periods. Clearly, we get

Gni 1:N (W;Sni 1(W)): m¢W+(¢ nj1t cce ®]¢N)Z

Therefore,
Vhi on (Wi x) = g oowi cx+(¢ 1+ CCe @ Cy)
+
3
“ Gni v (WiX) i Gy in (W) Snj 1(w))  oaw.
which implies (iii ) holds for nj 1. The theorem 3.4.2 follows from this. O

Establishing the above theorem in the case with warranties is more inveled than the standard

inventory problem becauseG,.y (w;y) may not be convex iny. The particular terminal cost function of
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Equation (3.5) enables us to establish the result by writing the function as a sunof two other functions:
the rst one is convex iny and is minimized at S, (w) (de ned by Equation (3.6)) and the second one
is constant fory - S, (w) and increases withy for y , S,(w) and thus achieves its minimum at S, (w)
as well. Thus, for a givenw, Gy (W;Y) attains its global minimum at S, (w).

From Theorem 3.4.2 it follows that the optimal policy in period n in state (w;Xx) is to order up to
Sh(w). This is called a w-dependent base-stock inventory replenishment policy. Next we consider the

special case of stationary demands.

Corollary 3.4.3. LetF,(X)= F(x) forn=0;1;¢¢¢N j 1. Then the optimal base-stock level in period

n is given by

i c(li ®

S(w)= " ¢w+ Fil( b+ h

)i

foralln=0;¢¢¢N j 1.

For the special case, where the demands are independent and identical (i.i.d) the optimalglicy is
a stationary w-dependent base-stock policy. It is not common to get a stationary optimal polcy for a
“nite horizon problem. However the special structure of our terminal cost facilitates this result. It is
useful to note that the modi ed base stock adjusts for the warranty returns by = ¢w to re°ect average
demand from warranties and further adjusts the stock out cost topj mj. This is intuitive because if a
demand is backlogged, the stock out cosp is incurred; however, one does not have to bear the future

expected cost of warranty repairs for a new sale, which is given byn;.

3.5 In nite Horizon Discounted Cost

In the previous section we proved that when the demands are i.i.d. a stationarywv-dependent base-
stock policy minimizes the total expected discounted (or undiscounted) cost over anynite horizon N.

We denote this stationary policy by ¥Z'. Therefore,

VR (w;x)

i 1
Eve( @& Cp(Wn:Xn:¥Yn)+ & T(wn;xn)iwo = W;Xo = X)

n=1

Wn (W; X)
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Our main result is given in the next theorem.

Theorem 3.5.1. SupposeF,(x) = F(x) for all n , 0. Then the stationary w-dependent base-stock
policy that orders upto S(w) = ~ ¢w+ Fi 1(9‘;&%@) in any period in state (w;x) minimizes the in"nite

horizon discounted cost.

Proof. From Equation (3.2) we get

Wnh+1:1 Cwy + 3,

Wnstij = Wpj;1(1i ;1) for j =2;¢¢¢K:
This can be written in matrix form as
Wnt = WaP + 3y,
where 2 3
1 (i) 0 ¢ee 0
2 0 Qi 2) ¢¢c¢c O

¢ee:

K 0 0 ¢¢ce O

Letting e; =[1;0; ¢ ¢ ¢0] and taking expectations on both sides of the above inequality, we get
Evr (Wn+1) - Eve(wn)P + leg:
Iterating the above, we get

Eve(Wn) - WoPN +les(l + P+ ¢ee PNIY)

wPN +1e(1j P)i L

The e®ect of the initial inventory xo = X is to increase the above right hand side at most byx. Also
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E(xn),i !. Combining the above arguments we get that

Eve (T(WN XN )jWo = W;Xo = X) = Eyp(MOwy j CXnjWo = W;Xo = X)

m ¢[(WPN)+ te (1 P) 1+ ct:

SinceP is a sub-stochastic irreducible matrix,
lim PN =0:
N1

Hence,

Nﬂg‘ﬂ @ Eye (T(Wn XN )jWo = WiXo = X) =0

Hence, it follows that

H . — i Ya . — . .
Nllgn Wn (w; x) = '\|‘IP1’1 V' (w;x) = V(w;Xx);

and

Jim VI (Wi x) = V(W x) = V(W X):

That is, ¥4 is optimal for the in nite horizon discounted cost case.

The proof consists of showing that

qugn El/zf’ (<®N T(WN T XN )JWO = W;Xg = X) =0:

This shows that ¥Z' also minimizes the expected total discounted cost over the in nite horizon. The policy

Y2 is intuitively appealing, since it is a natural extension of the standard base-sbck policy modi ed to

take into account the extra demand created by warranty claims.
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3.6 In nite Horizon Average Cost

In this section, we “rst consider a nite horizon model with no discounting (® = 1) with a special
terminal cost given by Equation (3.5) at time N and assume independent and identical demands with
distributions F,(x) = F(x). Let m; be the m; given in Proposition 3.4.1 obtained by using®=1. As a

consequence of Theorem 1 we get the following corollary.

Corollary 3.6.1. Let Fp(x)= F(x) forall n, 0, and
- — i1 P
Sw)= " ew+ FU(C S

wherep= pj m;. The stationary base-stock policy that orders up t&S(w) in state (w; x) minimizes the

N period total cost.

In this section we denote this stationary base-stock policy ag/4'.
Let the expected cost per period of following policy¥for a "nite horizon N starting from state (w;x)
be de ned as
1 Xt
O (Wix)= ———Ey(  Co(WniXn;yn)+ T(Wn;Xn)iWo = W;Xo = X);
e

N+1

and let gy (w; x) be the optimal expected cost per period for a "nite horizon N starting in state w;Xx,

that is,
Wn (W; X)) |

. — Ya . _
On (Wix) =inf oy (WiX) = — =

We know from the above corollary that
Wn (W; X) = VN“B (w; x):

Hence, it follows that

an (W x) = g (w;x):
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We Trst state the following result.

Proposition 3.6.2.  Under the policy ¥#, f(wn;Xn);n ., 0g in an irreducible, aperiodic, and positive

B

recurrent DTMC.

Proof. From the de nition of the base stock policy and the equations (3.2),

Xn+1 max(Xn;S(Wn)) i Ow,j 2

Wnsr = (MIin( Cwy + 3 max(Xn; S(Wn))) ;We1 (1 1) ¢¢8Whak 1 (1§« 1)

where S(w,,) is shown as in the Equation (3.12). This implies that f (wn;X,);n, 0Ogis a DTMC. It is
easy to show that it is irreducible and aperiodic. We prove the positive recurrence ¥ using the Foster's

R P
Criterion (Meyn and Tweedie ([29])). Using the test function A(w;Xx) = jXxj + sz1 w; we get

E(AWn+1:Xn+1) i A(Wn;Xn)jWn = W;Xp = X)

= E(Wn+1 + [Xn+1]]Wn = Wi;Xp = X) | Wi Xj:
When x , 0, we have

E(iXn+1ji Xnj(Wn = W;Xp = X))

= E(jmaX(Xn;S(Wn))i S Own i 2nji Xaj(Wn = WiXp = X))
2 i tw+1? if X, S(w)
2 Filgip)+ ti x ow.
i1, P S
F (p+ h)+ Liox
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and

E(Wn+1 i Wnj(Wh = W; Xy = X))

i 1

= EMIn(" 0wy + 3 max(Xn; SWa))) ¥ Wog (1 )i Waj j(Wa = WXy = X))

8 j=1 j=1

_ P _ P . .

B 2 E(min(” tw, + %x) + it Wog (L0 )0 oy Wy j(Wa = WiXn = X)) if x, S(w)
B _ P.. _ P _

2 E(min(” 6w, + % S(w)) + W (L0 )0 oy Wy (We = WiXn = X)) oW

X K 1 X

pwi e wi@iog)i W
j=1 j=1 j=1

= tiwk(@i k)
Therefore

E(AMWn+1;Xn+1) i AWn;Xn)jWn = W;Xn = X)
= E(Wn+1 + JXn+1]i Wn i XnJWn = W;Xn = X)

FIRCED 2w i O x

The last expression is< 0 if wg (L] k)+ X>F i 1(%) +21,

When x - 0, we have

E(iXn+1Ji] XnJi(Wn = W;Xp = X))
= E@({max(Xn;S(Wn))i ~ ®Wn i 3nj+ Xnj(Wn = W;Xp = X))
i1, P 1
Ei (p+_h)+ + X
Oif x-j tj Fil(

P .
p 1’
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and

E(Wn+1 i Wnj(Wn = W;Xp = X))

Ki 1
= E@min( ¢w, + 3,S(wy)) + Wh; (1§ _j) i Wh;j j(Wnh = W; Xy = X))
j=1 j=1
B Ki 1 _ X
EC 0w+ 3+ wi(li )i w;)
j=1 j=1

= tiwk@i )
Therefore,

E(A(Wn+1;Xns1) i A(Wn;Xn)jWn = WX, = X)
= E(Wn+1 * JXnsa]i Wn + XpJWn = W;Xp = X)

Fil(p+—ph)+21 +xi we(1i k)

The last expression is< 0if j x + wg (1| k) >F i 1(ﬁ)+21.
Now, let A = f(w;x) :wx (1] )+ jxj- Fi 1(%HZ1 g and note that A is a nite set. Based on the
above properties, we have shown thaE (Wp+1 + jXn+1]i Wn i] XnjjWn = W;Xp = X) < 0 if (w;x) 2 A.

Foster's Criterion implies that f(w,;Xn);n, Ogis a positive recurrent DTMC. O

It is easy to establish irreducibility and aperiodicity. We establish positive recurrence by using
Foster's criterion (Meyn and Tweedie ([29])). The next proposition statesthat the long run average cost

exists.

Py,
Proposition 3.6.3. limni  E(F 15" Cn(Wn;Xn;Yn)iWo = W;Xo = ) exists for all (w;x).
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Proof. We get the total cost at period n as

E(Cn(Wn;Xn;Yn))

E(c(Yni Xn)*+ h(yni  Owpj ?’n)Jr +pyni ~ Cw,i 3)')

E(c(Yn i Xn)+ hyn + p(3h +  Cwy))

E((c+ hymax(Xn;S(Wn)) + p(n +  @Wn) i CXn)

(c+ h)E(max(xn;S(Wn))) i CE(Xn)+ p* + p CE(Wn):

When x,, , 0 then we can rewrite the above quantity as

E(Ch(Wn;Xn;¥n)) - (c+ h)E(S(wWn)) i CE(Xn)+ pt+ p CE(Wn)
(c+ h)(" ¢E(wn) + F 1( ))"' pt +p CE(wy)

(c+ F A 70y + pr+ (et hoe p)” o(wP" + dea(l i P)! Y

When x, - 0 we have

E(Ch(Wn;Xn;¥n)) - (c+ h)E(Xn)i CE(Xn)+ pt +p CE(wWp)
pt +p CE(wn)

pt+p GWP" +1ey(l i P) 1)

Hence, we get

NI!]IT' E(Cn(Wn;Xn;yn)jWO = W;Xg = X)
(C+ h)Fll( )+ pl +(c+ h + p) ¢(WPN+191(I i P)'l)

< 1:

Since (v, ;Xp) is an irreducible and positive recurrent DTMC, this shows that

P
limy i E(Ni r’:'zo Chn(Wn; Xn;¥Yn)jWo = W; X = X) exists.
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The proof consists of showing that the expected cost in perioch starting with wg = w;Xg = X is
uniformly bounded over all w and x. The result then follows from the fact that f(wn;x,);n, Ogin an
irreducible, aperiodic, and positive recurrent DTMC.

Finally, we state the main result in the following Theorem:

Theorem 3.6.4. The stationary w-dependent base stock level polid& minimizes the expected cost per

period over in nite horizon.
Proof. Using the terminal cost in Equation (3.5) and using the argument in Theorem 3.51, we get

Eve (T(WNXN)jWo = W;Xo = X) = Eyp(MOwy j CXnjWo = W;Xo = X)

m ¢wPN + te,(1 j P)i 1)+ ct:

Hence,

H 1 . H — . — — .
NIl!gn WE(T(WN IXN)jWo = W;Xo = X)=0:

The proof consists of showing that

Nlllgn m(El/f (T(WN T XN )JWO = W;Xg = X)) -0:

The result then follows from the existence of the limit in Proposition 3.6.3. This establishes that ¥
minimizes the expected cost per period over in nite horizon. Thus, for the in nite horizon average cost
case, the stationary w-dependent base stock policy remains optimal when warranty replacements are

included in the model.

3.7 A Variant: Model with Emergency Supply

In this section, we study the N -period emergency supply model where rather than backlogging the

manufacturer has to satisfy the unmet demands by purchasing the items from an emergencyupplier.
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We usep as the per unit emergency purchase cost wherp > c. Note there are no shortages in this

model. The dynamic of the system is given by

Xn+1 = Max(Yni  ®Wni %;0)
Wnetsr = Owy + 3,
Wneij = Waj;a(li ji1)i) =2;¢¢¢K:
Let Vi(w; x) and Vy (w; x) be de'ned as in Section 3.3. Letwd = ~ ¢w+ 3, W = wj; 1(1i j;1);] =

2;¢¢¢K, andw = fwy; ¢ ¢ ¢k g. Following the methodology of Section 3.4, we can write the optimality

recursions as follows

Wnn (Wi x) = T(w;x)
Gnn (Wy) = cy+ ®L(w;y)
vA yi o
+ ® Vhsron (B y i Gwi 3)f (3)d3
ZO
1
+ ® Vh+1 N (W 0)f (3)d3 (3.12)
yi
Van (W;x) = min Gpn (W;Yy) i CX
y, X

where

L(w;y) =

8
R, -
% h "y Tewp 9 ()
R
% P G0 Y W) ify, Tow

Rl _
po CGiy+ ewf(E)ds o.w.

Theorem 3.7.1. There exists a function S, (w) such that the optimal policy at periodn is to order up

to Sn(W).

Proof. We prove the theorem using a series of claims by using induction.
Claim 1: Gn; 1.n (W;Y) is convex with respect toy.

Proof:
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From Equation (3.12), we get

Gnian (Wyy) = cy+ ®L(w;y)
z Vi
+ ® MG+ Cw)+ maWo + ¢C& meWk § c(yi Cwi 3)fn; 1(3)d®
2,
+ ® [m1(3 + _¢W)+ moW, + ¢ ¢ € my Wy ]fNi 1(3)d3
yi v

and from the de nition of L(w;y), the second order derivative ofL (w;y) with respect to y can be shown

to be

@L(w;y)

22 . —
L (va) - @9

=(p+hf(yi ¢w)>0 (3.13)

Hence,

%;;(W;y): G’ v (Wiy) = ®p+ hi Of(yi ~¢w) >0

This proves our claim 1.

Claim 2: If Gun (W;y) is convex with respect toy, then V,.n (w; X) is convex with respect to x.
Proof:

Let y = Sp(w) be the solution to

@Gn (WiY) _ .
@y '

The convexity of Gy (W;y) implies that the optimal policy at period n is order upto S,(w). Then
8

2 Gon (W;SW)) | oX if X Sy(w)
Voon (W X) =

Gnn (W;X) j cx 0.W.

We get the rst order derivative of V,.n (W;X) with respect to x as

8
2 i C if X - Sp(w)
ViZn (w;x) = (3.14)

G2y (W;x)i ¢ ow.

SinceG3, (W; Sh(w)) =0, V2, (w;x)is continuous atx = S, (w), i.e., V2, (W; Sq(W)*) = V2, (W; Sp(w)i ) =

i ¢. The second order derivative then can be shown to be
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8

2 0 if X - Sp(w)
22
Vn;N (W;X) = 3

G2y (w;x)  o.w.

Thus Vi.n (W; X) is convex with respect tow.

Claim 3: If Vy:n (w; x) is convex with respect to x, then Gy, 1:n (W;Y) is convex with respect toy.

Proof: From the de nition, we get

Gni 1;N (W,Y)
Zyi ~a _
= cy+ ®L(w)y)+ ® Von (W;yi 3§ ew)f (3)d3
Z, 0

+ ® Vin (W; 0)f (3)d3
yi v

The second order derivative ofGy; 1.n (W;y) with respect to y can be shown to be

GaZ in (Wiy) = @g;Gm N (W3Y)

Z,
- @%/®L(w;y)+ ®@% L Ve (Wi 20T ew) )T ()
z yi ow

= ®LZ(wy)+ @ ) VZ (Byi ~owi 3)f (3)ds

+Viin (W0 (yi ~ ew)]:

From the Equation (3.14) and (3.13), the above quantity can be simplied as

22 ZYi o 22 -
GRinwy) = ® VE My owi ()

+ ®p+hiof(yi ¢w)

0:

The above quantity is greater than zero by the assumptions, which implies that

Gn; 1n (W3 y) is convex with respect toy.

Theorem 3.7.1 then follows by induction. O
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The proof of the theorem follows a similar induction approach used in Theorem 1. ldwever, the
G(w;y) function in this case is convex iny so the proof arguments are simpler. However, we cannot
get any explicit formulas for S, (w). Note that the same argument can be easily applied to any other

terminal cost function, i.e., T(w;x) = 0.

3.8 Computational Results

In this section, we numerically investigate the bene ts of using an integrated nventory policy over the
current ad hoc policy used by the 'rm based only on new demand. We also compare the optinh@olicy
with complete age information to the approximated policy studied in the previous chapter. We compare
the performance over 343 problem instances with the following parameter valuesz=2;® = 0:95. Then
we vary h = 0:05;0:1; 0:15; 0:2; 0:25; 0:30, p = 14, 16, 18, 20; 22, 24; 26, ; = 0:01; 0:05;0:1; 0:15; 0:2;
0:25,0:3, and ;| = ;1 +0:002 forj = 2;¢¢¢20. The increasing ;'s imply increasing failure rates,
which is common in many goods. In these instances we compute the total discountecbst of the two
policies overN = 100 periods, and average it across 1000 independent replications. In all our egpiments
we assume that demands are i.i.d. uniformly distributed over [9100] in every period. In the following

passages we highlight our key insights.

3.8.1 Cost Improvement over the Current Policy

Across all these experiments, the average cost improvement due to the integradl policy over the
current policy of only planning for new demand is 37.1% with a maximum improvementof 58.7 % (see
Tables 3.1,3.2,3.3). Such large improvements exist because the current pofi does not take warranty
into account and, as indicated earlier, in some periods the demand from warrantyclaims is as high as
15% of the total demand. From Figures 3.1 and 3.2, we observe that the cost imprvement monotonically
increases with the stock-out penalty costp, and monotonically decreases with the holding cosh. This
is intuitive since the integrated policy stocks more than the current policy in most of the cases.

Although one would expect that percentage performance improvement of the integri@d policy is

greater when failure rate ( 1) is higher, interestingly, we nd that as the failure rate increases, the cost
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improvements “rst increase and then decrease (see Figure 3.3). One can explain this the following
manner. The optimal integrated policy stocks higher amount than the current policy. As the failure rate
increases, the penalty cost in the current policy are higher but the procurement cost in thantegrated
policy also increases. The relative sizes of these two e®ects makes the percentag& aoprovements

“rst increase and then decrease with increasing failure rates (see Figure 3.4).

3.8.2 Value of Age Information

In this section, we compare the performance of the optimal policy with completeage information with

the approximated policy studied in the previous chapter. For the approximation gudied, we assume that

P -
- j=1 |

app = —x— thereby taking the average failure of all age dependent failures. Further, we appramate

that a fraction Ki go out of warranty every period. With these two approximations, we compute te
optimal base-stock levels and then run the simulations with those inventory évels. Across all these
experiments, we nd that the value of having the warranty age information is on average 3% with a
maximum improvement of 12.3 % (see Tables 3.4,3.5,3.6).

With our limited computational study, we nd that most of the bene'ts of incorpora ting warranty
information can be realized by using a smart approximate policy. Using tebnology to get more infor-
mation about the age distribution of the items in the “eld de nitely improves perf ormance. In fact, as
compared to the current policy the improvements are substantial. In our study, we have not accounted
for the "xed costs of adopting these technologies. Also, adopting such technology nayield some bene ts
that are unrelated to the inventory setting. For example, such a technology can le used to get better
information of about product use and estimates of the failure rates ;. As rms adopt these technologies

for warranty, they need to consider both the costs and bene ts associated in their pdicular situation.

3.9 Summary and Future Plans

In this chapter we study the management of inventory for a rm that faces demand for new items
as well as items under warranty. We consider backlogging and emergency supply cases arddy both

the discounted cost and the average cost cases. We prove the optimality of the-dependent base stock
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Integrated Policy VS

. Current Policy

p=14 16 18 20 22 24 26
AVG % 0.245 | 0.297 | 0.342| 0.381| 0.415| 0.445]| 0.472
MAX % 0.39 | 0.437| 0.476| 0.51 | 0.538| 0.564 | 0.587
MIN % 0.06 | 0.142| 0.178| 0.196| 0.212| 0.227| 0.238
Table 3.1: Average Cost Improvement Overp
Integrated Policy VS. Current Policy
h=0.01 | 0.05 | 0.1 0.15 | 0.2 025 | 0.3
AVG 0.374 | 0.372| 0.37 | 0.367 | 0.365| 0.363| 0.36
MAX 0.587 | 0.586| 0.584 | 0.581| 0.58 | 0.577 | 0.574
MIN 0.08 | 0.074| 0.072| 0.07 | 0.068 | 0.066 | 0.064
Table 3.2: Average Cost Improvement Overh
Integrated Policy VS. Current Policy
"=0.01| 005 | 0.1 015| 02 | 025 | 0.3
AVG 0.2 045 | 049 | 045 | 039 | 0.33 | 0.26
MAX 0.258 | 0.536| 0.587 | 0.562 | 0.515| 0.462 | 0.41
MIN 0.14 | 0.345| 0.374| 0.318| 0.239| 0.153| 0.06
Table 3.3: Average Cost Improvement Over
Integrated Policy VS. Approximation
p=14 16 18 20 22 24 26
AVG % 0.02 0.023 | 0.027 | 0.03 | 0.033 | 0.037 | 0.04
MAX % 0.068 | 0.078 | 0.088 0.1 0.11 | 0.124 | 0.123
MIN % 0.0002 | 0.0004 | 0.0006| 0.0009| 0.0013| 0.0017| 0.0021

Table 3.4: Cost Improvement As a Function ofp

Integrated Policy VS. Approximation

h=0.01 | 0.05 0.1 0.15 0.2 0.25 0.3
AVG 0.031 | 0.031 | 0.03 0.03 0.03 | 0.029 | 0.029
MAX 0.123 0.12 0.12 | 0.117 | 0.117 | 0.116 | 0.112
MIN 0.0002 | 0.0003 | 0.0005| 0.0004 | 0.0005| 0.0006| 0.0006

Table 3.5: Cost Improvement As a Function ofh

Integrated Policy VS. Approximation
"=0.01 | 005 0.1 | 015 | 0.2 0.25 0.3
AVG 0.09 | 0.06 | 0.03 | 0.015| 0.007 | 0.003 | 0.001
MAX 0.123 | 0.08 | 0.04 | 0.02 | 0.01 | 0.005 | 0.003
MIN 0.06 | 0.04 | 0.02 | 0.007 | 0.003 | 0.0007 | 0.0002
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Figure 3.1: The Cost Improvement with Increas- Figure 3.2: The Cost Improvement with Increas-
ing Stock-out Penalty Cost Rate p ing Holding Cost Rate h

Figure 3.3: The Cost Improvement with Increas- Figure 3.4: Three Cost Components
ing Failure Rate —
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ordering policy where the base stock level is a function ofv, the vector representing the number of
items with di®erent ages under warranty. For the special case, where the demand for new guiucts is
stationary, we prove the optimality of a stationary w-dependent base stock policy for "nite and in nite
horizon cases. Through our computational study we provide interesting insights o the benets of using
an integrated policy and show that on average this leads to a 37% improvemertdver an inventory policy
that only considers new demands. Further, we show that availability of warranty age information can
lead to improved performance by an average of 3%. Although we have focused dhe practice of a
single rm, we believe that many companies similarly separate replenishment dedisns from warranty
exposures. Our results suggest that such rms could bene't substantially from integating these areas.
Our analysis in this chapter provides theoretical characterization of the structure of the the optimal
policy for this problem and advances the knowledge in the area of stylized inventgr models. However,
it has a few shortcomings. First, we assumed that a "xed proportion of itemsunder warranty fail in
each period. However, in many real situations the actual number of failures a& a random function of the
number of items under warranty. In order to analyze such a situation, a general waanty failure model
needs to be studied. Secondly, in our model we neglect the possibility of remanufacturingépair for the
items that fail. A model that combines both repair and demand changes is likely to beinteresting in
terms of analysis and insights. In the variant of emergency supply, the case wheoonsidering™ as a
vector of i.i.d. random variable is a possible extension as well. We plan tstudy these models in the

future.
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Chapter 4

Warranty Outsourcing Among

Competing Vendors

4.1 Introduction

In a highly competitive market, outsourcing service o®ers °exibility for the manufacturing industry.
Advantages of outsourcing include the °exibility to easily change service and suppdro®erings for dif-
ferent marketing campaigns. King and Cole-Gomolski ([22]) show that because dhe payo®s, such as
increased °exibility, sales of outsourced customer services will increase by 49% thyear. The outsourcing
Institute in New York pegs the total 1998 customer service outsourcing marketat 7 billion. The recent
book by Thomas L. Friedman ([16]) describes in detail the explosion in outsorcing that has occurred
due to advances in computer and communication technologies.

The last decade has seen an explosion in terms of degree of outsourcing of various Inesis operations
that were traditionally performed in-house. Speci cally, warranty services whidh is a major component
of the manufacturing and retail industry has experienced a rising trend in terms of ousourcing. Several
large companies in past few years have begun to outsource their repair activitiedzor example, electronic
equipment manufacturers routinely augment inhouse servicing of warranties by comticting outside ven-
dors to repair the items (machines like PCs, or components like hard drives)iat are sold under warranty.

For example, Microsoft decided to outsource the repair and warranty services rela@d to XBox gaming



device in North America to Selectron (Serant [40]). Some reports by Merrill lynch have projected
that the warranty services represents a 100 billion dollar opportunity for electronic manufacturers and
subcontractors.

Outsourcing repair and warranty services provides an opportunity for the origind equipment manu-
facturer (OEM) to improve turnaround times and have better asset utilization by using the core compe-
tencies of the vendors specializing in repairs. However, it also poses downwarigks in terms of customer
satisfaction particularly in cases where poor experience in repair services mayanslate into future lost
sales. Thus, it is very important for the OEM to not only pay attention to cost reductions but also
customer experience while outsourcing warranty and repair services. The main purpesof the paper
is to explore the above cost-service tradeo®. Based on our interaction with avranty outsourcing at
a leading computer manufacturer in this paper we study development of contracts and compéton in
the context of outsourcing warranty services. We propose a game-theoretic modelf a warranty repair
allocation problem with one manufacturer and multiple vendors where the vendors comete with each
other in setting prices and repair rates for their services, and the manufacturer respads by optimally
allocating its products to its own repair facility and to the vendors for services to minimize the repair
and waiting cost. We examine the pricing and capacity decisions facing vendors and the mafacturer
and study the Nash equilibria in two di®erent models. In the rst model, the vendors ae the leaders,
while in the second model, the manufacturer is the leader. We prove the existence and uniquersesf the
Nash equilibria where the vendors are the leaders. We also establish the existencedauniqueness of the
Nash equilibrium when the manufacturer is the leader. Further, we compare the optimaloutsourcing
contract in both situations.

The rest of the paper is organized as follows.

4.2 Literature Review

Outsourcing from manufacturing rms has fueled some of the service sector's rapidrgwth. Fixler
and Siegel ([15]) model the 'rm's decision to outsource and show that increases in ouisrcing may

explain part of the increase in the divergence in productivity growth between manufaturing and ser-
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vices. They also analyze the implications of outsourcing for output and productivity growth of service
industries. Kumar, Markeset, and Kumar ([25]) shows that as industrial products are becoming more
advanced and complex, the role of supporting services needed to exploit a product's functiorotan
agreeable performance is becoming increasingly important. To achieve the beperformance, industrial
customers are entering into service contracts with the OEM or independent service praders. They
study the scenario which is to contract out/outsource to a regional/dependent serviceprovider who can
e®ectively work as an extended arm of the OEM, and discuss the key factors that de ne the needsrfo
product support and services and key content of a service delivery agreement. Opp, Adan, Kulkai and
Swaminathan ([32]), Opp, Glazebrook, and Kulkarni ([33]) consider the problem of mnimizing the costs
of outsourcing warranty repairs when failed items are statically (dynamicdly) routed to one of several
service vendors.

There are mainly three operations management prototypical models: the news-vendor adel, the
Clark-Scarf multi-echelon inventory model and the M/M/1 make-to-stock queue modelin supply chain.
Caldentey and Wein (2003) ([4]) modeled a competitive supply chain as a M/M/1 make-to-stock queue.
They characterized the optimal centralized and Nash solutions for this two-playergame theoretical
model, and showed a contract with linear transfer payments replicates a cost-sharg agreement and
coordinates the system. In our paper, we formulate the whole problem into &\ + 1-player game, i.e.,
the con®icts between manufacturer and vendors, and the competition among vendors themsedg.

Economic analysis of the impact of competitive tendering in the United Kingdom has 6llowed the

work by Domberger et al. ([11], [12]), which speci ed and estimated a relabnship of the general form:

P=1f(XY):

In this equation, P is the price of the service provided under contract;X is a vector of contractor char-
acteristics, whether privately or publicly owned and whether selected competitively or not Y is a vector
of contract characteristics including the quantity and quality of services to be provided as set out in the
contract speci cations. The results from the above papers indicated that the introduction of competition

led to signi cant reductions in expenditure on those services (i.e. contract prices). Sulexjuent research
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by, for example, Milne and McGee ([30]), and Szymanski and Wilkins ([45]), co rmed these "ndings.
Inspired by these analysis, we propose a game theoretical model to formulatthe repair service
contracting problem among the manufacturer and repair vendors. The repair vendors in themarket
compete with each other, and we specify the quality of services by the service te&!. The purpose of
our paper is to construct the optimal repair service pricing contract for the manufacturer and repair

vendors, and capture the e®ect of di®erent factors on the performance.

4.3 Vendors as Leaders

In this sections we consider the situation where the vendors are the leaders. The maradturer needs
vendors to service the items under warranty when they fail. The manufacturer supplies ay parts that
need replacement, and pays the vendor a xed amount per claim. The vendor is expected to provide
machines on loan to the customers while their items are under repair. Since we are codsring the case
where the vendors are the leaders, we assume that vendéro®ers the manufacturer a contract under
which the vendor will charge the manufacturer a xed fee ofc; dollars for each repair that is made under
warranty, independent of the type of repair and the (labor and loaner) cost to the vendor. We further
assume that the manufacturer has its own repair facility, and can repair items vith "xed known unit
cost ¢y per repair.

We assume that the combined failure rate of all of the products under warranty is a xed constant
., and the manufacturer allocates failure rate, j;i =1;¢ ¢ ¢N, to vendor i, such that P iN:1 i+, and
allocates, o = , | P iNzl , i to its own in-house repair facility.

We stipulate that the vendor i incurs a congestion or holding cost; (, i) per unit time if the manu-
facturer allocates,  to vendor i. This cost can be assumed to be related to the delay costs of congestion
and the cost of the loaners that the vendor has to provide whenever items are under repair atie vendor.

Similarly, go(, o) is the congestion or holding cost at the manufacturer's in-house repair facility. We
assume thatg; is an increasing, strictly convex, and di®erentiable function in,; (i =0;1;::;;N). For a
given vector [o; C1; ¢ ¢ ¢cy ] the optimization problem for the manufacturer is to "nd allocation vector

[, o;,1;¢¢ ¢ n]soas to minimize the sum of the repair costs plus his own congestion costs. Farvendor
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i, the optimization problem is to choosec; in order to maximize its own net revenue,

Ri=c.,ii g(i); (4.1)

where | ; is the allocation decision by the manufacturer.

For a xed ¢ the net revenueR; is a concave function of ;, sinceg; is assumed to be convex. If

¢ - g%0), it is a decreasing function of | ; and the revenue is maximized at, ; = 0. If ¢ > g¥0), the

5

net revenueR; is maximized at , "™, given by the unique solution to:

d . .
900 = )= i=1ccn (42)
s
We shall need the solution, ; = , i (ki) to the following equation for k; 2 (j1 ;1 ):
dgd(’_i):g?(,i)= ki i=0¢CN (4.3)
sl

Sinceg is strictly convex, g is strictly increasing, and hence this equation has a unique solution ; (ki)
for ki 2 [g%0);1 ). We extend the domain of _ ;(k;) from [g%0);1 ]to (i1 ;1) by dening , (k) =0
for ki <gX0). Itis easy to see that, fork; , g%0),

da®(, i (ki) _ 1 .
d Tk ”

where the inequality follows from the assumed convexity ofy;. Thus , i(k;) is a non-decreasing function

of ki. Using the , j(k;) function we see that the optimum upper bound for vendori can be written as

=) (4.4)

Thus the vendor has no interest in getting an allocation larger than, ™ . We make this part of
the vendor contract by assuming that the vendor contract has two components: the fee @r repair ¢,

and the maximum allocation the vendor will accept from the manufacturer: |, ™ . It is not necessary

sl
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that , "™ be given by the solution to the Equation (4.2), although from the vendor's point of view it
is the correct upper bound if he can be certain that he will get the maximum that he askedfor. The
manufacturer takes , "™ as just a given part of the contract, and does not know how the vendor has

decided on it. Competition among the vendors prevents them from using in nitely largevalues ofc;.

We analyze this situation as anN + 1 person game with the N vendors as the leaders competing
with each other, and the manufacturer as the follower. We assume that vendors do rio(or, are not
allowed to) cooperate and form coalitions. However, all parties are assned to know all the parameters

of everybody's contract.

Now let F(, o;, 1;, 2;¢ ¢ ¢, ) be the manufacturer's expected cost per unit time. It is given by:

F(,oj.1;.2:¢¢¢, n)= Go(L0) + Gi,i:

Note that the costs gi(,i); 1+ i - N; do not appear in this function since these costs are not borne
by the manufacturer. Since the manufacturer is assumed to be the follower, he aim® minimize his
cost, for given vectors fo;¢1;Co;¢¢goy] and , M = [ ¥ D¢ ¢ ¢ 1] Thus he solves the fol-

lowing optimization problem to "nd the optimal allocations fi = fi(co; C1;C;¢¢¢cy),1=0;1,2,¢CC¢EN:

The ith vendor's net revenue per unit time is given by
Ri=c,ii GG 1- i N;

and since the vendors are the leaders, each vendor knows the allocation function and chooses:; to

maximize his own revenue. This gives rise to a non-zero-sum non-cooperative game. \Afen to nd the
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Nash equilibrium for this game.

4.3.1 Manufacturer's Problem

The interaction between the manufacturer and the vendors can be modelled as a Stackedly game
with the vendors as leaders and the manufacturer as a follower. Thus we assume ththe vendors o®er
contract vectors [c; C; ¢ ¢ ¢ey] and [ 7%, 5 ; ¢ ¢ ¢, 12 ] to the manufacturer and the manufacturer
responds by choosing the partition of, among the N vendors and himself so as to minimize his costs.

That is, he solves problemM of the previous section.

We begin by studying the general problemM . First, we eliminate | o and rewrite the problem as

follows:

X
M1 :min co, + Go(, i i)t (G Co),i

St P

This is a knapsack problem with separable convex objective function and upper bounds odecision
variables. It is known that (Martello and Toth ([27])) this problem can be solved by a simple greedy
algorithm that incrementally allocates to the cheapest vendor (including the in-house epair option)
that is available for further allocation. If more than one vendor is cheapest,they are all treated evenly.
We describe this algorithm below. In this algorithm, A represents the set of vendors (including the
manufacturer) that are available for allocation, @ represents the unallocated repair rate. We assume

P
that = [\, , max

5 s "

Algorithm G:

P
Step 1: Set}; =0for i =1;2;:;;N: anda = | j i2AiLi' Set

A=10;12¢CC¢NQ:
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Step 2: Let

¢(A)=minfag,

and set

B=fi2A:c¢=cA)g:

Then

5

g =minf, "™ g
i2B

Step 3: If, ™ (B) < &, set

= M fori 2 B:
ThenA=Aj B,a=go j M (B):
Else 'nd a unique t that solves
X
minft;, "™ g=mno:
i2B
Then i =minft;, X g: i 2 B:
Step 4: If @ > 0 go to Step 2.
Else stop. 1| i =0;1,2,¢¢¢N is the optimal solution.

Remark 4.3.1. It is easy to see that,li is a piecewise constant decreasing function of; if all other ¢;'s

are xed, with the jumps occurring wheneverc; crosses ag, .

Next we consider a special case of this problem that will be of interest to us:.cg = c for all i =

1;2;:::;N. In this case the objective function of the manufacturer reduces to

X
F(o;,1,¢6¢¢,0)=Co, 0+ Qo)+ C ,i:
i=1

. Py
Using 2, .i=.i .o, Weget

F(,o;,1:¢6¢¢,n)=(Coi ©,0+ %(,0)+ C,:

80



As before, ifci ¢ - gd(0), this cost is minimized at , § = 0; that is, it is optimal to out-source all

the repair operation to the vendors. From Equation (4.3) we see that the cosfis minimized at
,0=,0(Ci co): (4.5)
Clearly the manufacturer would use this solution if it is feasible. That is, the actual optimal solution

opt _ a, .
Lo =maxf, g, i

P
Clearly, if f, > iNzl , " g; there is a unique optimal allocation to the vendors given by

P
If f, < iN:1 , "™ g, any feasible allocation of, | , g among the N vendors is optimal. However, in
order to avoid the vendors in°ating their upper bounds, we shall use the following uniqueallocation.
Let t be the unique solution to

X

minft;, "™ g= :

i=1

Then the manufacturer chooses to allocate
Yi=minft, ™™g 1.0 N;

to vendor i. Intuitively, the manufacturer tries allocate equal amounts to every vendor without violating

their individual upper bounds.

4.3.2 Vendor's Problem

If vendor i o®ers contract pricec; and actually gets his optimal allocation , ™ = (ci), his optimal
revenue would be

R™ =¢.i(c)i g(i(c)): (4.6)
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It is easy to see thatR"® is a non-decreasing function of;. This implies that given the possibility
of obtaining full optimal allocation, the vendor will try to ask for as lar ge ac; as he can get away with.
This helps analyze the non-zero sum, no-cooperative game played by th¢ vendors. The main result is

given in the following theorem.

Theorem 4.3.2. Let c® be optimal unique solution to

X
,o(c™i co)+ i€ = (4.7)
i=1

The Nash equilibrium prices for the vendors are
¢ =c i=1;2:5N: (4.8)
The Nash equilibrium allocation is
= (e =152,

Yo=.0(Cc"i o)

Proof: We shall rst prove (by contradiction) that at Nash equilibrium we must have ¢ = c for
all i =1;2;::;;N. Assume without loss of generality thatc; - ¢ - i - cy. Suppose not allgs are
identical, so there existanindex 1- i< N suchthatc < cj.; . Now it follows from the greedy algorithm
that the allocation fi to vendor i remains the same ifc; increases toci+; j , and the allocations to other
vendors does not change, if " is held constant. Thus the revenue of Vendor increases, while those
of other vendors remains unchanged. Thus such a c-vector cannot be a Nash equilibrium, sinceNash
equilibrium no vendor should have unilateral incentive to change.

So suppose; = cfor all i =1;2;::;N: We shall show that (by contradiction), at Nash equilibrium,
each vendor must get his optimal allocation, i.e.,

L= Li(0); 1=1;2; N (4.9)

B
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Suppose not. Then there exists a vendor such that

Yi<,i(:

Then vendor i can increase his pro ts by decreasing hig; in nitesimally below c, and thus inducing the
manufacturer to give him his full allocation at that price. The resultant net revenue would be larger
than the current one. Thus this vendor has an incentive to deviate from hisc; value unilaterally and

hence this cannot be a Nash equilibrium. Hence Equation (4.9) must hold.

When all the ¢ = c for i = 1;2::;;N, we know from Equation (4.5) that the optimal in-house
allocation is given by , o(ci Co). Since the total allocation must equal , , we get Equation (4.7). Since
each, i(c) and , o(cj cp) is an increasing function of c, there is a unique solution to Equation (4.7).

Next we consider two cases.

Case 1:¢” - co+ g§(0). In this case we know that , o(c"j ¢) = 0, and that everything is out-sourced
by the manufacturer. In this case vendori gets allocation , j (c®): However, from the algorithm followed
by the manufacturer, it follows that this allocation will remain the sam e even if the vendors increase
their price beyond c°, until it reaches co + g3(0), after which the manufacturer will start processing some
warranties inhouse, thus decreasing the allocations to all. However, since this ia non-cooperative game,
they will not simultaneously raise prices in a coordinated way. Hence any vendor thatcharges a price
higher than c® will get less than his optimal share, which cannot be a Nash equilibrium. Hence each

vendor will stick with contract price c°.

Case 2:¢" > cp + gJ(0). In this case we know that , o(c® i o) > O, that the manufacturer processes
some warranties inhouse. In this case vendarr gets allocation , ;(c”): However, this allocation (and net
revenue) will decrease if the vendors increase their price beyornef, thus making the new prices not Nash

Equilibrium prices. Thus the Nash Equilibrium prices are ¢’ = c°:

Thus Equation (4.8) follows. This completes the proof.
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4.4 Manufacturer as Leader

In this section, we consider the manufacturer as the leader and N repair vendors as follers in
the service outsourcing market. In this game the manufacturer, being the leader, o®gra contract
value which he paysc; per claim to vendori. The vendor i, being follower, responds by informing the
manufacturer how much outsourcing (i.e.,, i) he will accept under this o®er. The optimization problem
for the manufacturer is to minimize the total repair cost as described in Formubktion M . The vendor i

aim to choose a, j to maximize his own pro't function given by
Ri(Li)=oc.ii G(i);

whereg;(, i) is as de ned earlier.

As a rst step, we characterize the vendors optimal responses to the manufacturer's®er. Assuming
convexity of g;(:) we see that the vendori's pro t function is concave with respect to , i, and the optimal

.i will be given by the solution to the rst order condition
o.i)=a:

As described earlier, the solution is denoted by
Li=Lia):

Sinceg(, i) is a increasing function of | ;, there exist a uniquec which satis es the above equation for
any ,; > 0. Note that ,; =0if ¢ - g%0). We let ¢ = g%0) when ,; = 0. We assume that the vendor

gives the manufacturer the entire acceptable allocation function, j(c) as a function of ¢;.

The manufacturer knows this response function and thus his optimization problem reduceso

X X
min F(c;;¢¢¢en) = Co, + Qo i A i@+ i @), i(a)l
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X
st J(G) -
i=1

The next theorem characterizes the optimal solution to this game. First we need the dllowing

notations. Let ,; = (®);i =1;¢¢¢N be the solution to

X
®=00C i L)+ i g )i o) i=1;¢eeN: (4.10)
i=1

We shall show that the above system of equations has a unique solution in the pod of the following

theorem.

Theorem 4.4.1. Assume thatg%:); g°{:) are positive for i = 0;¢ ¢ ¢N, and g°) is nonnegative for
i =1;¢¢¢N. There exist a unique optimal solution,c’;, ;i = 1;¢ ¢ ¢N, for this game theoretical model

as described below.

P
If iNzl 7i(0) <, , then the optimal solution is
7= 70); i =1;¢¢¢N;

51

and

If iz1 .i(0), ., then the optimal solution is
.i = 7i(®; and, 5 =0;

where ® is the solution to

In both cases,c is given by

¢ = o). 7):
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Proof. From the vendors' optimal response functions

G =g i);
we get the following properties.
1
O e = _ > O,
9= g
1

,6) = W(QPO?, ), () < 0:

I \s

Sinceg;(:) is assumed to be strictly convex,c; is a one-to-one function of, ;. Hence, we can rewrite the

manufacturer's cost function as
X X 0
F(L1,¢6¢¢, n)= Co, + Qo(, i )+ GG i )il

The rst order derivative of the manufacturer's cost function with respect to | ; is given by

. b\
%W=igg(,i F Ui+ gD

i=1

and the second order derivatives are given by

@F(,1;¢¢¢, n)

X
20’00+ ). i + L i | i)

@,2 i=1
@F(,1:¢¢¢, N) _ oo . X e -
@;@j = go((, i . ,|(C|))-

Let H represent the Hessian matrix of the manufacturer's cost functionF (, 1;¢ ¢ ¢, ) and di = 2g°{, )+

g%, i), i, fori=1;¢¢¢N. For any vector , =(,1;¢¢¢ )" 60, we get

(0] )(\I T >(\I 2
go((,i L), . F L dh

i=1 i=1

TH
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since we assume thagX(:); g°{:) are positive fori = 0; ¢ ¢ ¢N, and g°¢:) are nonnegative fori = 1;¢ ¢ ¢N .

Thus the manufacturer's cost function is jointly strictly convex with respect to , . We solve the

B

constrained optimization problem by using Lagrangian multiplier ®. The problem can be formulated as
) X X 0
min Co, + Go(, i Lt (@G c)ii @ . i)

sit: i, Ofori=1;¢CCEN;

®, O
The “rst order conditions are given by

X
PG i LD+ gD i+gX i)+ ®=0; fori=1;¢¢¢N:
i=1

Hence,

X
=00 i L)+ ci Ui gLi);i=1;¢CeN: (4.11)
i=1

P
Based on the properties ofg(, i) and do(, i iN:1 . i) as functions of , ;, we can show that the right
hand side of the above equation is monotonically decreasing function with respecbt, ;. It proves that

there exists a unique set of solution, ; = (®) to the above equation.

P
If iN:1 7i(0) <, , then the optimal solution is
®=0;,7="Ti(0); i=1;¢¢¢N;

and

If N, Ti(0), ,,then the optimal solution is

.i = Ti(®); and, o =0;
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where ® is the solution to

X
Ji@® =

i=1

We get the corresponding optimal contract o®ers, i.e.c’;i =1;¢¢¢N by using

¢ =oX.7):

Next, we give the simpli ed method to solve the system of equations (4.10).Instead of solving N

equations simultaneously, we reformulate the equations as follows.

gCi)itgi) = mi=1;¢CN;
o X
m = Co+ g, i )i @
i=1
From the ‘rst N equations, we get a unique, | = f\i(m) fori =1;¢¢¢N. Then we rewrite the last

equation as

0 X\] N
m = co+ gy(, i ,i(m)) | ®:

i=1

Let th be the solution to the above equation with® = 0. Then the optimal solution are given as follows.

If iN:1 fi(m) <, , then the optimal solution is

o}
1

®= M(m); i =1;CCPN;

and

If ~ N, %i(m), ., then the optimal solution is

o _

0= 2i(m®); and, § =0;
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where m® is the solution to

Si(mT) =
i=1

We get the corresponding optimal contract o®ers, i.e.c’;i =1;¢ ¢ ¢N by using

¢ =oX.7):

4.5 Example: M/M/1 Cost Function

In this section, we think of the ith vendor as an M/M/1 queue with arrival rate , i, service ratel;,
and holding cost rate h; per item per unit time. Similarly, consider the manufacturer's inhouse repair
facility as an M/M/1 queue with arrival rate | o, service rate! o, and holding cost rate hg. In this case

we can use the following function to represent the holding cost per unit time in steadystate:

g(i)= hill’_i

[

P
We will assume that iN:o 1; >, . Using Equation (4.2), we get

Li(K) =1

Thus , i (k) is an increasing function ofk that increases from 0 to!; ask increases from[‘—ii tol. We

extend the domain of the above function by dening , (k) = 0 if k < .. Here we consider a special

case where the vendors are identical, i.eX; = *; and h; = hy forall i =1;¢¢ ¢N. From symmetry, we
expect the , ;'s to be identically equal to , 1, ,1 <! 1, and all ¢ = ¢;. In the following two subsections,

we characterize and compare the optimal solutions in the two game theoretical wdels, i.e., vendors as

leaders, and manufacturer as leader.

Vendors as Leaders: From Theorem 4.3.2, the Equation (4.7) can be written as

r r
hot hyt

1o #4.[\](1“ 11

Cii Co C1

)=
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We get the optimal contract price ¢; = ¢§ by solving the above equation. Then the optimal repair

outsourcing allocations are given as follows.

L1 = Lald),;
.o = L0 NJE
Manufacturer as Leader: We have
h 1
0 171 >0
9:(, 1) 1 12 ;
2h,t
0 - 171 > O
ol 1) T ;
6ht
00 - # >0
9. 1) (tri 14

This implies that M/M/1 cost functions satisfy our assumptions. For N identical vendor's problem, we

get
r

hity
C1

c1(c) =t

Let , 1 = 1 be the solution to the rst order condition of the manufacturer's cost function given by

@G i N, o)+ coi 10X 1)i 9 1)=0:

From Theorem 4.4.1, we can show that there are two possible cases.
) N>

The manufacturer outsources all the repair to the repair vendors, and the optimal albcation is given by

2|

i) NTp-

The manufacturer allocates, | = 1 to every vendor and allocates the remaining repair rate to its own

inhouse facility, i.e., ,g =, i N, 7.
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Next, we numerically investigate the e®ects of increasing holding cost on the optiail outsourcing
contract, including outsourcing repair allocation and contract price, and on the marufacturer's total
repair cost and vendors' prot. We compare the above e®ects over the two di®erent gamdeoretical
models, i.e., vendors as leaders and manufacturer as leader with the following pareeter values: ¢y =
1,t9=1;hg=1;, =0:5;1; =1;N = 2. Then we varied h;=t; from 0 to 5. In the following passages
we highlight our key insights.

From the following Figure (4.1), we can see that the outsourcing allocatio in both models decrease
with the increase of the holding cost,h;. When the holding cost is comparatively large, the manufacturer
repairs all the claims by its own inhouse facility, i.e.,, o = , . At the other extreme, the manufacturer
outsources all the repair to vendors, i.e., o = 0. However the allocation to the vendors in the vendors as
leaders model is always larger than that in the manufacturer as leader case. The mafacturer needs to
o®er higher contract price in the vendors as leaders case (see Figure (4.2)), as autests total repair cost
is also higher in that case (see Figure (4.4)). Although one would expect thathe pro't of the vendors is
lower when the holding cost is higher, interestingly, we "nd that as the holding cost inceases, the pro 't
“rst increases and then decreases (see Figure (4.3)). We "nd out that the increase of the king cost h;
pushes the manufacturer to o®er higher repair contract value to the vendors which causes thendors'
prot to increase up to a certain point. Beyond that, the manufacturer, at the same time, outsources
fewer and fewer repairs to the vendors which o®set the higher contract price e®ect on the vendqguso t.

Therefore, the vendors' pro't rst increases and then decreases with the holding cost.

4.6 Conclusion

In this part of thesis, we study the problem of outsourcing to service warranty chims. We apply
a game-theoretic model to analyze a warranty repair allocation problem with me manufacturer and
multiple vendors where the vendors compete with each other in setting prices and repairates for their
services, and the manufacturer responds by optimally allocating its products to tis own repair facility
and to the vendors for services to minimize the repair and waiting cost. We prove lte existence and

uniqueness of the Nash equilibria where the vendors are the leaders. We also establitie existence and
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The Optimal Repair Outsourcing Allocations in Two Models
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Figure 4.1: The Optimal Repair Outsourcing Al-
locations in Two Models

The Optimal Vendors' Profit in Two Models
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Figure 4.3: The Optimal Vendors' Prot in Two
Models
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The Optimal Outsourcing Contract Offers in Two Models

Figure 4.2: The Optimal Outsourcing Contract
O®ers in Two Models

The Optimal Manufacturer's Repair Cost in Two Models
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Figure 4.4: The Optimal Manufacturer's
Cost in Two Models

Repair




uniqueness of the Nash equilibrium when the manufacturer is the leader.
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Chapter 5

Pricing and Managing Warranty

Repair Lead Times

5.1 Introduction

In an increasingly global and competitive marketplace, rms today need to di®erentaite themselves
not only in cost, but in the overall "value" of the products and the services they o®er to cusomers.
An important aspect of service is warranty plans. Caplan (2005) [5] acording to research done by
Businessweek Magazine shows pro ts from warranties accounted for all of CircuCity's operating income
and almost half for Best Buy's. The research “gures show that prot margins on exended service
contracts are between 50 and 60 percent, which is nearly 18 times the margin ahe goods themselves.
For example, a four-year contract on a $3,000 °atpanel TV costs about $400. Bé8uy gives its insurers
$160 and keeps $240 for itself. At the same time, while the growing sales ofew technologies like
plasma televisions, home theaters and digital imaging products are giving praders of warranties an
extra wellspring of pro ts, many service contract providers are "nding ways to garnish their plans with
other services in order to make their o®erings more attractive to consumers, l&k o®ering 24/7 service.
According to Zarley (2005) [51], Holcomb sells extended warranties for sees with various response times
depending on the critical nature of the data. \Some people can wait 24 hours to get a seer xed, but

for others, every hour the server is down, they are losing money."



Numerous empirical studies in the services marketing literature have focused on the ugue charac-
teristics of service and the resulting marketing problems, and also on exploringli®erences in the future
strategic orientation of goods and service business in the context of varis functional areas. Parasura-
man and Varadarajan (1988) [35] shows that e®ective use of a variety of ming strategies would be of
great concern and importance to service businesses since synchronizing demand and supply is\ajor
problem confronting them. However adding more capacity to handle peak demand may not be wiable
solution for most service rms in view of the large "nancial outlays involved. Hence, most service busi-
nesses would decide their repair capacity in front, and at the next step, design the appropate pricing
strategies to optimize their prots.

In this chapter, we study pricing for such warranty service plans and how they migh be a®ected by
competition. In particular, we assume a stylized deterministic demand model wher¢he demand for the
plan not only depends on its price but also on the lead time of service that is guaraeed. We model the
service facility as an M/M/1 queue and study the optimal prices for a monopolig that may o®er one or
two plans that are di®erentiated by their service time. Next, we analyze a duopolycase where each rm
o®ers one plan and prove the existence of a unique Nash equilibrium. We provide insighon the e®ect
of the repair setting, service rate and competition on pricing strategies and po tability of rms. The
rest of the chapter is organized as follows. In section 2 we discuss relatedditature. In section 3, we
study one rm o®ering one service plan. In section 4, we study a single rm o®ering twoesvice plans.

In section 5, we study the duopoly setting and conclude in section 6.

5.2 Literature Review

A number of studies have analyzed control problems associated with congestion igervice facilities.
The use of pricing for regulating the size of queues was rst studied by Naor (1969([31]). His model
was generalized by Yechiali (1971) ([49]), Knudsen (1972) ([24]), Edelsoand Hildebrand (1975) ([13]),
Lippman and Stidham (1977) ([26]) and Mendelson and Yechiali (1981) ([28]) mong others. All of
these models, are restricted to the case of a xed capacity queueing system, and study thaptimal

balking policy as a function of the number of customers in the queue. Mendelson (1985)udies optimal
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pricing and capacity decisions for a service facility in a microeconomic framewdr which incorporates
the tradeo® between delay costs and the capacity and utilization of the system, asming linear delay
costs and homogeneous service requirements. Whang (1989) ([48]) developed a ttage game-theoretic

model analyzing the impact of di®erent accounting rules on the elicitation of demand infonation.

Although there is no work on pricing and lead time considerations for warranty plans to the best of
our knowledge, the work on price and due date management is related to our work. Mo®f the existing
literature on due date management ignores pricing decisions and the impact of the quotegrices and lead
times on demand. Ideally, a manufacturer should take a global perspective and codinate its decisions
on price, lead time quotation and order acceptance for increased pro tability. The man stream of the
recent study about due date management with order selection decisions by incorporatinthe impact of
the quoted lead times on demand includes two parts: 1) take prices as given by considehea impact
of quoted lead times on demand, 2) combined price and lead time quotation decisions.n Ithe second
part, we discuss ve papers closest to our work. So and Song (1998) ([43]), Réda et. al. (1998) ([34]),
Ray and Jewkes (2003) ([38]), Rao, Swaminathan and Zhang (2005) ([37]and Boyaci and Ray (2003)
([3]) consider capacity selection/expansion decisions in addition to price and lead e decisions. These

papers study due date management using an M/M/1 queuing model with FCFS policy.

Palaka et. al. (1998) ([34]) assume that the demand is downward slopingni both price and quoted
lead-time, and a linear function of these two parameters. They derived the optimal quogd lead-time,
capacity utilization, and price that maximize revenues less total variable producion costs, WIP holding
costs, and lateness penalty costs. Ray and Jewkes (2003) ([38]) also moeellthe demand as a linear
function of price and the lead-time, however they explicitly model price premiums for shorer delivery
times by assuming that the price is determined by the length of the guaranteed delivertime and that
a shorter delivery time can command a higher market price. They solved the 'rm's pro t maximization
problem based on lead-time and capacity. Boyaci and Ray (2003) ([3]) extend the présus models to
the case of two substitutable products served from two dedicated capacities. Rao, Swanathan and
Zhang (2005) ([37]) explicitly model the impact of a lead time guarantee on cu®mer demands and

production planning for a make-to-order environment. They study how a rm can integrate demand
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and production decisions to optimize expected prots by quoting a uniform guaranteed maimum lead
time to all customers.

Our study uses price and service plan together regulate the size of queues, i.e., the demand funat
for products. The rm sells products with service plan and warranty, and there is adelay costc incurred
if the 'rm do not "x product's problem by the arranged time according to the service plan contract.
We model the rm as an M/M/1 queue and seek a pricing mechanism that maximizes the rm'spro t.
In Palaka et. al. (1998) ([34]), the authors also use linear downlope denmal function. However in their
optimization problem, they formulate the mean arrival rate (or, demand), ,, the expected number of
customers in the system, which does not need to be equal to the demand generated by prige, and
guoted lead-time|. As opposed to the above papers that related demand with lead time and prices, in
our study, the mean arrival rate for the repair facility characterizes the combinational e®ects of price,
p, quoted lead-time w, mean failure rate of the product, and the warranty period T. This formulation
characterizes the whole product life cycle, including the product sold at the current period ad the
products sold in previous periods but under warranty.

The primary objective of this chapter is to develop a model that captures the characteistics of the
lead-time sensitive customer market from monopoly and duopoly settings.Wehen extend the monopoly
setting, i.e., one product-service, one rm to the two product-services, one rm and to the dugoly
setting. In all the setting, we explore the optimal pricing strategies for the rms and the corresponding

prot, and further give sensitivity analysis for the di®erent parameters, i.e.,*.

5.3 Basic Model

Fixed Service Rate 1*:

In this section, we “rst introduce the monopoly model in which a “rm sells products and o®ers repair
service free during the xed warranty period T units of time, and guarantees that the repair service
“nish in w units of time, otherwise the rm pay penalty cost c. We model the service facility as an
M/M/1 queue, with the mean service rate 1. We adopt a linear demand function per unit of time based

on price p and lead time w, i.e., r(p; w). We assume that the product inter-failure times are given by an
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exponential distribution with failure rate , . Failed product is minimally repaired so that the repaired
product failure times are also exponentially distributed with failure rate , . The amount of product under
repair is given by r(p; w)T, during warranty period. The steady-state probability of service completed

by w units of time (Kleinrock [23]) is

1j e (i Tr(pw), )w
The average pro t with price p and lead time w in steady state is as follows
= r(pwpi Tr(p;w), (e O TTEWIve):
Let e (i Tr(PW).)We = 1) and the system stability conditionis 1 > Tr (p;w), .

Proposition 5.3.1. The prot function | is concave with respect to pricep if the demand function is

convex decreasing inp.

Proof. The rst-order and second-order derivatives of the pro t with respect to p is

= 7@%;"’),“ r(p;w) i T—@(g;v),ui Tr(p;w),
Qpw) . o @pW) @ L Bl

@p ' @p @p @p

Q@p
@p

NS
o

= 2 2T,

©)
™

where

ou _ @p:w)
@ " ap

@p _ @r (p;w) @tp;w) @u
e = " ep " ep @p

The convexity and decreasing of demand function with respect top implies that %}‘;") < 0 and

%ﬂ > 0. Hence,%{)k 0 and %gi > 0, which guarantees that%é;jr < 0. O
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In the rest of chapter, we adopt the linear demand function shown by

r(p;w)= aj bpj mw; b, Oandm, O

which is convex decreasing with respect op and the prot function is concave with respect to p. Clearly,
a shorter lead time and lower prices both lead to higher demand rates. This assumpih is consistent
with earlier research by Palaka et. al. (1998) ([34]), and Boyaci and Ry (2003) ([3]). Using the st

order condition we derive the optimal price p® by solving rst order condition to

i bg'+(aj bg'i mw)j T(i b,ui T(aj bg' i mw),uwT, (j =0

subject to

1> (aj bg'i mw)T, (5.1)

which is the stability condition for M=M=1 queue.

In addition, we study the relationship between p” and the failure rate , and the lead time w.

Lemma 5.3.2. The optimal price p° decrease with respect to the failure rate,, and decreases with

respect to the guaranteed lead timeav.

Proof. From the “rst derivatives of p® with respect to , and w shown as follows

@p _  2TPr(piw),pw + Tp+ T u(T%r (w)w + 1) r(p;w)w -

@. 2+ T2, 2p(T,r (piw)w + 1)+ bT?, 2w

@B _  m+(Tb, + bT? 2r(pw)((ui r(pw)T,)+ pwT,m)+ bT?, 2muw i bT? 2r(pw)p _
ew ' 2b+ B2T2, 2pw +(Th, + bT2, 2r (p; w))(uwT .b)

Intuitively, this result makes sense and implies that more expected failure occursthe higher price

the “rm would charge for the repair service. Similarly the shorter the lead time quoted, the higher the

price it should charge.

Although we can characterize the optimal price we can not obtain a closed form dotion. In order

to do that, we will approximate the M/M/1 queue waiting probability distribut ion el (i Tr(PW). )W py

100



(@i (*i Tr(p;w), )w). It may be noted that this approximation, besides being tractable, is reasonabé to
apply in many situations. Particularly in situations where (1 j Tr(p;w), )w is close to 0. Such situations
correspond to high utilization settings which are often very common for thewarranty service facilities.
This approximation makes the analysis tractable for the duopoly setting andalso enable sensitivity
analysis for the optimal prices and pro ts.

After applying the above approximation, the optimal price is given by

o _ a+bcT(1j w), +2abcT?w, 2| mw(l+2bcT?w, 2)
- 2b(1 + bcT2w, 2)

and the optimal pro't is as follows.

Lo (@i mw+ beT(j 1+ w),)?
T 4b(1 + bcT2w, 2)

Similarly, the “rst derivatives of the optimal price with respectto , and w are given by

B

@p _ cT(1+2aTw, | 2mTw?, j bcT?w, ? + w (i 1+ bcT?w, %)) -0

@, 2(1 + bcT?w, 2)2

@p _ . (m(L+4bcT?w, 2 +2PA2T*w?, %)+ beT,(* + T, (j a+ bcT))))
aw ! 20(1+ beT2w, 2)2 <0

It is interesting to note that the dependencies ofp® onw and , (characterized in Lemma 5.3.2) does not

change with the approximation.

Remark 5.3.3. The pro t function is not jointly concave with respect to p and w.

Proof. The second order derivative of the pro t function with respect to w and the second order partial

derivative with respect to p and w are given by

g—iﬁl = ZCmTé(l + T(pr+3mWi 2®)>) >0
1
—@@vlv@p: i bcT (* +2T(bpi ®),)i m(1+4bcT?w, ?)

The determinant %%}f i (@ﬁg@ 2 is not always positive (see Figure (5.1)).
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Service Rate as Decision Variable:

In the real business, the mean service raté, i.e., capacity parameter, may be also a main decision
variable for the service manager. If the rm were to optimally size the capaciy for the repair service
facility then it would have to optimize both 1 and p. We solve for this in two stages. In the rst stage

the 'rm decides the capacity !, and in the second stage, the rm then choose the pricing strategy.

Proposition 5.3.4. At the “rst stage, the prot function with the optimal price derived as Equation

(5.2), is convex increasing int.

Proof. Based on the previous result, we can show that the "rst and second order derivatives athe

optimal pro t with respect to ! as follows,

@° _ cTw,(aj mw+ bcT(j 1+ w),)
@ 2 +2bcT2w, 2

1o _ T2w?, 2¢%b
@® 2+ 2bcT?w, 2

The approximation for the waiting time probability distribution is based o n the assumption 0< 1

(*i r(p;w)T,)w < 1. Therefore, the optimal pro t is convex increasing in! and satis es the following
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inequality
2+aTw, | mTw?, + bcT?w, 2 w (2+ bcT?w, ?)

1
2+ 2bcT?w, 2

The two-stage pro t is maximized as

L _ 2+aTw, i mTw? + bcT?w, ?
w(2 + bcT2w, 2) '

which is given by
,ea _ (@i Mw)*(1+ beT?w, %)
' b(2 + bcT2w, 2)2

when

L _ 2+aTw, | mTw? + bcT?w, ?
- (2 + bcTw, 2)w

We could easily consider an extension of the previous model where there is a cagassociated with
investing the processing rate one job/unit time. In this setting, the optimal pro t shown in Equation
(5.2) is still convex with respect to 1, we could derive the two-stage optimal prot by taking the “rst

order condition as

cTw,(aj mw+ bcT(j 1+*w),) dg(*)
2 +2bcT2w, 2 oot

Remark 5.3.5. The prot function is not jointly concave with respect to pand?®.

We get the above remark from the rst order derivative with respect to 1, which is given by

@ = cTw(j bpji mw+ ®),> 0

@1

5.4 One Firm Two Plans

In many situations, a rm might o®er multiple service plans for the consumer to dioose. For examples,

Dell Optiplex GX 270 o®ers multiple onsite service plans for the customers at the di®ent prices -i)
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next business day service (M-F business hour) for three years and three years limited wanty (base
price); ii) same day 4 hours service (M-F business hour) for three years and three yealisnited warranty
($159); iii) same day 4 hours service seven days 24 hours for three years and ¢leryears limited warranty
($199). This causes the internal competition among the di®erent service optionsin this section, we
study a single rm that is providing service with two di®erent lead time plans, i.e., w; and w,. We
could assume the service with shorter lead timew; is an express service, the other slower service with
W is a regular service. The products are identical and are di®erentiated only in termsfavarranty prices
and lead times and are served either by two separate capacities or by a common fhiyi with di®erent
priorities. The objective of the rm is to maximize its pro't by suitable sel ection of the prices for both

products.

5.4.1 The Separate Service Facilities

We assume that the product failures arrive to repair at two separate facilities (one for the regular
service and another for the express) according to a Poisson process. The separateilfies are modelled
as two separate M/M/1 queues. The demand function is still a linear demand model withsubstitution:
i) each product's mean demand is decreasing in its own price and lead-time o®ered, and ii)aeproduct's
demand is increasing in other product's price and lead-time. The demand functions for the twoervices

are shown to be

apj bipy+ dipo i pwi + dow,

r1(p1; P2; W1; Wo)

r2(P1; P2; W1; Wo) apj bipp+ dip1i pw, + dowy

We approximate the steady state actual waiting time probability distributi on as the previous section for

the two separate queues, which are given as

P(W >wj)

e Crir Wi 90 (1 1y T)wy

P(W >w,) e C2i 12TIWe 1 95 (1,5 1y Tw,
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The maximization pro't problem for the 'rm is formulated as

Po= rL(p pos W Wo)pli rd(ps; p2swa; W) T, (Ld (Pri 1)Wa)Cr + ra(pa; P2 Wi Wa)p2

i r2(pr P2 Wi, W2)T, (1§ (P20 2)wa)ee

where

r1(pa; P2; Wa; Wo) T,

[N
|

ro(p1; P2y Wi, W) T,

N
|

and we assumely, > d; > 0, b, > d, > 0 to characterize that its own price (lead-time) sensitivity of

demand is greater than corresponding sensitivity toward other product service.

Proposition 5.4.1.  The total prot is jointly concave with respect to p; and p,.

Proof. The second order derivatives of the rm's pro t with respective to p; and p, are given by

1
%Iﬁ) = 2+ B T?w, 2+ diT?wy, %) < 0
1
@ = j2(bp+ e diT?wy, 2+ BcT?w,, 2< 0
@p
@ = 2di(1+ biT?(cwy + CW2), 2)
@p@p

The determinant is equal to be

@ @ = @
@p @p ' @p@p

=4(B | d)A+ biT?(cawy + CowWa), 2 + e TAwiws, (B d?)) > 0
From the above properties of the rm's pro t, we see that the total pro t is jo intly concave with respect
to p1 and po. O

Lemma 5.4.2. The optimal price for express service is higher than that foregular service whert ; = 1 ,,

CL = Co.
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Proof. The di®erence betweemp] and p; (asl; = 1, ¢ = ¢;) can be derived as

i (Wi w2)(A+ B)

PIi 5= c
where
A = dy(1+ bcT?(wy+ wy), 2+2(k j d2)AT4, “wywy) > 0
+ b1+ @2+ di)eT?(wy + wyp), 2+ 2(B | d2)AT?, *wiws)

and

B = cly+d)T,(*+T,(®+c(bjd)T,))>0

C = 2(by+ di)(L+ beT?(wy + W), 2+ (B d2)AT *wiwy) > 0
Hence, we show thatp] > p35. O

Clearly, as expected the rm will choose to charge a higher price for the premium seice when the

capacities and penalties are identical.

Proposition 5.4.3.  An increase in the capacities of the two service facilitiest ; (1) leads to i) a

decrease in its own optimal pricep] (or p3); ii) a decrease in other optimal price p; (or p7).

Proof. The “rst order derivative of the optimal price pj and p; with respective to *; and ! , respectively

are

@p _ (c1Twi, (L + bicoT2wa, 2))

Il - 0

@4 "2+ biT2(CWy + GoWa), 2 + G eWiW, T, b2 dP)))

@_p _ i (C2TW2, (l + b_|_C;|_T2W1) 2)) <0

@% (21 + b T2(Cawy + CoWy), 2+ CiCowiw, T4, 4(B2 § df)))

@E) i C102d1T3W1W2) 3

@b = i 2 2 i ey <9
) (21 + by T2(Cawy + CWs), 2+ CrCWiWo T4 4(kE i d2)))

@@ _ i C102d1T3W1W2> 3

@ @1+ BT 2(cows + CWp), 2+ Crewiw, T2, 4B § )
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The “rst part of the above result is intuitive because when the 'rm provide a larger capacity, i.e.,
a increase in the average service rate, it incurs lower repair penalty cost. So the m would lower the
price for that plan. The second part of the result follows from the fact that these two plans compete
with each other. As the price of the rst plan comes down, it is optimal for the rm to lower the price

of the other plan as well.

Furthermore,
@_@_ @—p _ C]_TW]_ (1+ b_]_CzTZWZ’ i C2d1T2W2} ) >0
@y' @y 2(1+ by T2(Ccywy + Cowa), 2+ (B i dB)caCoTAwawy, 4)
@p @p _ CoTwa, (1+ biciT?wa, 2 cdiT2wy, ?) >0
@y' @ 2(1+ by T2(cawy + Cowa), 2+ (B2 i dB)caCoTAwswy, 4)

This shows that the impact of the capacity *; (* ;) on the other service pricep; (p7) is less than that

on its own service pricep] (p3).
Proposition 5.4.4. The rm's total optimal prot is joint convex with respectto 1; and?,.

Proof. The second derivatives of |” with respective to 1 ; and  , are given by

@ ° _ (ET2wz, 2(by + (B i df)caT?wo, 2)) > 0
@% (2(1+ b_LT2(01W1 + CW,), 2+ ¢ TAwiwy, 4(BF i d?)))
@, - _ (BT2w3, 2(by + (B df)ciT2wy, 2)) >0
@% 21+ BiT2(ciwy + CaWa), 2+ crCTA4wawy, 4(bF | df)))
@, - _ C1C2d; T2wywyp, 2 <0
@1@% (2(1 + i T2(cwy + Cows), 2+ (1 | d2)cicowi W, T4, 4))
The determinant is derived to be
@ @' i @: O (C%(%(b%l dz)T4W1W2,4) 0

( @% X 12)' (@’1@12) T A+ bT2(Cwy + CW2), 2+ (BB i d?)CiCaT 4wiwa, 4)) g

The optimal prot! “ is jointly convex with 1, and ! ,. O

This proposition shows that we could consider the two-stage optimization prdlem for the separate

queues setting. At the rst stage, the rm maximizes the total prot by setting the o ptimal pricing
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strategies. At the second stage, the “rm derives the optimal capacity parametersd ; and 1 ,. Since the
total pro t function is jointly convex with respectto 1; and?!,, we can get that the optimal 1; and !,

are the extreme points of the feasible region.

5.4.2 Single Service Facility

In this section, we consider one rm with two plans and one combined service facility hat gives prior-
ity to the expedited service plan. In this pooled system, we approximate the waing time distribution by
@i (*i ri(plp2;wlw2)T, )wl for the service with higher priority and e (Ti rl(pLp2wl;w2)T, i r2(pl;p2;wiw2)T, )w2

for the service with lower priority. The demand functions for the di®erent services ge assumed to be

ri(pe; P2 Wi Wo) = a1 j bipy + dip2 i bpwy + dow,

ro(Pe; P2 Wi Wo) = a1 j bipa + dipri bpws + dowy

wherew; <w, and the “rst service plan has the higher priority. The total prot is given by

1= para(pe;P2; Wi W2) i ra(p1;p2; Wi, W2)T e + para(pe; p2; Wi We) i ra2(p1; P2 Wi w2)T 12

where

W = g (i ru(piip2iwaw2)T, )W1Cl

e = e CirnPupzwiwa)T. i rz(pipziwswz)T, Jwz e,

Furthermore, we approximate the waiting distributions . by (1§ (* i ri(pg;pz;wi;w2)T, )w;p)c; and

o by (Li (Y i ra(p;p2swi;w2)T, i ra(ps; p2;We;Wo) T, )wa)co.

Proposition 5.4.5.  The pro t is jointly concave with respect to p; and p;.
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Proof. The second order derivatives of | with respect to p; and p, are given by

I
%Iﬁ) = i2hi 26ciT w2 +2c(bi di)dhiT?w,, 2 < 0
I
%Ié = 2 20dT?wy, % 2bicp(byi di)T?w2, %<0
@) 2, 2 212, 2 2 2
= . RoT2w C o d?T 2w +2di(1+ b T(cpwy + cow. :
@p@p i T2, 2§ CodfT 2wy, 1(1+ bTo(Caws + CoWo), %)

The determinant then is given by

@, @, @
@3’ @3 ' “@p@p

)2

(B d2)(4+4biT2(cawy + cowp), 2+ c3d2T4w3, 4 + o THwa (4w | cowy),

i 4c2diT?wz, 2(1+ c1d1T2wy, 2))

(B d)(@+4bT2ciwy +4(by i di)T?, 2cowa + (103§ d3)T *cowa(dciwy i Cowz))

> 0

which proves that the total pro t is jointly concave with p; and p;. O

This result means that there is a unique set of optimal pricesp; and p; for regular and express

services and which can be derived by the rst order condition equations.

Proposition 5.4.6.  The optimal prices for express and regular servicespf and p3) decrease with respect

to the service capacity! if c;w; > c,w,. Additionally, the impact of the capacity on the express sefice

price is higher than that on the regular service, i.e.,@@‘i < %’%.

Proof. The ‘rst derivative of p; and p; with respective to ! are given by

@p (c3T3w3, 3§ ciTwy, (2+2b1caT 2wy, 2+ Codi T2wp, 2))
@t (4+4 D T2(ciwy + Cowp), 2+ c2d2T4w3, 4 + B2 TAwo(4ciw | Cowz), 4§ 4cadiT2wa, 2(1+ c1d1T 2wy, 2))
(c3T3wW2, 2§ c1Twr, (2+2bicoT?wa, 2+ codi T2wo, 2))
4+47T2 2cowa(by i di)+ (b2 d2)cowaT4, 4(4ciwi i Cowp)
(CaTwa, (j 2 biciT2wa, 2§ 2cidiT?wy, 2 + cadiT2wp, 2))
@* (4+4DT2(cawg + CoW), 2+ c3d2T4w3, 4 + P2caTAwa(dcaws | Cowz), 4§ 4cpdiT2wz, 2(1+ cadiT 2wy, 2))
(C2Twa, (i 2j bcaT2wa, 2 2c2d1T2wy, 2+ c2d1T2wa, 2))
4+4T2 2cowp(by i di)+ (b2 df)cowaT4, 4(4ciwi i Cowa)
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Hence, we get

@p @p _ (bii di)T3,3(EW5 i ciwiCawy) i 2T, (Cawi | Cowy)
@' @ 4+4T2 2cowo(by i di) + (B2 df)cowaT4, 4(4ciwy | CoWp)
((bri di)cowoT3,3+2T,)(CoWa i Ciwa)

4+4T2 2cowo(by i di) + (B d2)eow,T4, 4(4ciwa i Cowy)

@4

Hence, whenciwy > cows, %’% and R

are negative, and the impact of capacity parameter on express

service price is greater than that on regular service price. O

Lemma 5.4.7. The optimal total prot | ° is convex with respect tot .

Proof. The second derivative of the optimal total prot| ° with respect to ! is given by

&' (272, 2(by(c3w? + c3w3) + 2cicaT2w2wa, 2§ cicadiwiwa(2+ c1diT2wy, 2)))
@d 4+4T2 2cowp(by i d1)+ (B2 d?)cowpT4, 4(4cawi i Cowa)
bic?w? + bic3wZ i 2cicodiwiwe + (B2 i d3)c2coT?, 2w2w3
44472 2cowo(by i di)+ (02§ d?)cowaT4, 4(4caws i Cowa)

di(caws i Cowz)? + (B2 d2)c2caT2, 2wiwd
4+4T2 2cowa(by i di)+ (BB i d2)cowoT4, 4(4cawy i Cowa)

> 0

The system stability condition is given by

0<1j (*i ra(py;p2swi;wo)T, Jwy < 1

0<1ji (*i ra(pesp2swiswW2)T, i ra(pr; P2 Wi, W2)T, )we < 1

Pooled vs. Separate Queues

We numerically compare the optimal prices in systems with pooled and separatqueues in cases where
w1 < cpwWo under di®erent service capacities. Lepis(pip) represent the optimal prices for express
service in separate queue operating system (pooling operating system). Silaily, p»s(p2p) denote the
optimal prices for regular service in two operating system.

We assume that each of the separate queue has a service capacityand the pooled facility has
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a service capacity of 2. We nd that for the separate queueing system, the optimal pricesp;s; P2s
decreases with respect tdt. However, under pooling operation, the optimal prices might increase or

decrease int when c;w; < c,w, (See Figures (5.2, 5.3)).

Proposition 5.4.6 shows that when penalty cost for express service is notgsii cant larger than that
for regular service, i.e.,c;w; < C,W,, the express service optimal price increases with respect tb.
We might explain this unintuitive e®ect by that the rm makes more prot by providi ng more regular

service.

5.5 Duopoly Setting

In this section, we consider the competition between two substitutable products whichdi®erentiate
only by price and service lead time. For examples, compared to the service plan Del®ers, as we stated
earlier, HP Compaqg d200 Microtower o®ers similar onsite service plans forhe di®erent prices. HP
Compag o®ers i) next business day service for one year and one year limited warrgntbase price); ii)

next business day service for three years and three years limited warranty ($99)

We assume the demand functions for these two products are linear downlope functions wiicare

given by

apj bipr+ dipoi pws + dowy

r1(p1; P2; W1; Wa)

a i bipy+ dipii pw, + dowy

ra2(P1; P2; Wa; Wo)

where @ is the potential market share for rm i, b (d;) is the i 'rm own price (service lead time)
elasticity parameter. The rms aim to maximize its own pro't, i.e., revenue minus the expected average
penalty cost. In this study, we model the two rms' service facilities as two sparate M/M/1 queues as

the section 3. Therefore, the pro t functions for the two rms are given by
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Figure 5.2: Optimal Prices of Two Operating System with Increasing Service Capaty !
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Figure 5.3: Optimal Prices of Two Operating System with Increasing Service Capaty !
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| = ra(pap2; W, Wo)p1 i r(pa; P2 Wa; W2) T g

N
|

L2 = r2(p1p2sW1, Wo)p2 i Fa(pr; P2s Wi, W2) T 12

N
|

where

W = € (*1i ra(prip2iwiw2)T, )chl

b = é (20 r2(puip2iwaw2)T, Jwa o)

Li;i =1;2is set to be the expected average penalty cost for rm. To solve the maximization problems,
the following properties of | ;, i = 1;2 guarantees that there exists a Nash equilibrium and the optimal

prices satisfy the “rst order conditions.

Proposition 5.5.1. The rm's pro t function | ; for i = 1;2 are concave with respect to the decision

variable, i.e., price pj;i =1;2.

Proof. The second order derivatives of |; with respect to p; and | , with respect to p, shown to be

@

i 200(1+ b T2wy, 9 < 0

e
N

i 200(1+ b T2wp, %) < 0

®
re

Therefore, the two pro t functions are concave with p; and p, respectively. The optimal pricesp] and

p5 can be derived by the “rst order conditions. O

The following result gives the sensitivity analysis of the optimal prices wth its own capacity pa-

rameter, i.e.,1;;i = 1;2. The Trst order derivatives of p] (p;) with respective to *; (*,) are shown to
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@_p _ (ZlfClTW]_5 (l + b]_CZTZWZ’ 2))

@4 (i 48(1+ byc T2wy, 2)(1+ bicoT2wWs, 2) + (dy +2byCidi T?wy, 2)(dy + 2bycodh T2ws, 2))
< 0

@p _ (b Coth TWs, (1+2byc T2y, 2))

@3 (d2i (4B i 2bd2)T2(ciwy + CoWp), 2 4dbfciCoTAwWawy, 4 +412(j 1+ ¢ Cd?T4wiwa, 4))
< 0

@p _ (berdi Twa, (1+2b1CT?ws, %))

@4 (i 4b(1+ biciT?wy, 2)(1+ biCoT2wa, 2) + ((dy +2brcadi T2wy, 2)(dy + 2bicod1 T2wsy, 2))
< 0

@p _ (2bicaTwa, (1+ biciT?wy, ?))

@ (i 4b7(1+ biciT2wy, 2)(1+ biCoT2Wp, 2) + ((dy +2brcadi T2wy, 2)(dy + 2bcod1 T2wsp, 2))
< 0

This implies that any capacity increase in the system leads to price decreases by botlims. Further,

we nd that optimal pro ts are convex with respect to the rm's own capacity.

Lemma 5.5.2. The optimal prot is convex with respect to its own service capcity.

o}

Proof. The second derivative of the optimal prot| 7 and | 5 with respectto; and !, are shown to be

@1 _ (biciT?wE, 2(1+ biciT?wa, 2)(j 202 + df | 2bicowa T2, 2(bf § df))?)
@® (d2 i 2(ciwy + Cow2)T2,2by (202 | d2) | 4(bT,)4caicowiwa +4B2(; 1+ d2(T,)*cicowiwy))?
> 0
@ 2 _ (2b1c5T?w3, 2(1+ brcoT?wp, ?)(i 267 + df | 2bycawaT?, ?(b] i df))?)
@% (d2 i 2(cawy + Cow2)T2 20 (202 | d2)§ 4(nT, )4cicowiwe +402(i 1+ d2(T, )4cicowiwy))?
> 0
The optimal pro't of the two rms are convex with respect to its own service capacity. O

5.5.1 Special Cases

Example 1. In case we compare the prices and prots when there is one rm in the market and
when there are two rms (with exactly half the service capacity) that compete for the same market.
Let, D(I) = aj bpj bw represent the demand for a single rm with a service capacity oft and

Di(ll') = aj bupr + dipz i bpwz + dowy and Do(I1) = aij bipz + dipy i bwy + dow, represent the
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demand for the two rms each of which has a service capacity ofi. The optimal price for case | and

prot are given by

o a+ bcT, (1 *qw)+2bcT?w, ?(aj bw)i bw
| o (i w+ a+ bieT(j 1+ tw), )?
1) = 4b, (1 + b,cT2w, 2)

For case Il, the optimal prices and prot are given by

211 )= 227 BicT, 21 *aw) +4bicTwa, 2§ 2w(l +2b,cT2w, ?)(by i d)
> ) i 2d; +402cT2w, 2+ by(4i 4cd T2w, 2)

el ) = bi(i 2w(lp | do)+2aij (b di)eT, (2 *1w)?(1+ bicT?w, ?)
12 4(d1 i Zb%CTZW’ 2 4 Zbl(i 1+ CleZW, 2))2

pr(Il)

L a(n)

Example 2. In case we compare the prices and pro ts when there is one rm in the market with
capacity * and when there are two rms that compete for the same market with capacitiest and?® + .
Let, D(I) = aj pj bw represent the demand for a single 'rm with a service capacity oft and
Di(I1) = aj bps+ dipzi Wy + dowy and Do(l1) = aj bip + dipr i bpwi + dow represent the

demand for the two rms.We assumeb, = d,.

+

Theorem 5.5.3. When "> * pi(ll ) <p3(l).

Proof. The optimal price for case | and pro't are given by Equations (5.2). The rst order derivative of

the ratio of pj(Il ) to pj(l) with respect to  is given by

@pi(1)=gi(1)) _ 2fcchTw, (1 + bicT?w, 2)(1+2bcT?w, ?)
@ a AB

where

A = j(ai bw)i bicT,(1i uw)i 2bcT?w, 2(aj byw)
= j(aj bw)j bicT, (1 wuw+2(aj Lw)wT )< 0
B = 4B d2+4bcT?w, 222 | d?) +4(bcT?w, 2)2(kE | d?) > O;
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since 1j uyw +2(aj bbw)wT, > 0 and by > d;. Hence, the ratio is decreasing with-. We get

pi(I1)=pi(1) =1 when
+ AB

= >
2tcd; Tw, (1 + bycT2w, 2) 0

where
A = dp+2BcT?w, 2+2b(1+ chT?w, %) >0
B = di(j bw+ a)+22hcT?w?, 2+ by(cd T, (1i upw+2Twa,)
i 2opw(j 1+ cdhT?w, 2))>0
sinceaj b,w > 0. Hence, when < 0, pj(Il ) <pj(l). O

Proposition 5.5.4.  In the above two cases, the ratio of the optimal pro't of the rm n duopoly setting

! 7(11) to that of the "'rm in monopoly setting | (1) is convex with respect to .

Proof. The second order derivative of the ratio of the optimal pro t of the rm in duopoly setting} (Il )
to that of the “rm in monopoly setting | (1) is given by

@R _ 82 (b cTw, + cch Tw, )2(1 + bycT?w, )2

@2 (i bw+ ®+ bycT(j 1+ w), )2(dy +202cT2w, 2+ 2y (1 + cdy T2w, 2))2 >0

which shows that R is convex with respect to . The minimum of R occurs when  is equal to

+_ i (@+clbi d)T( 1+ w),)(ds +2bEcT?w, %)+ 2Dy (1+ cchT?w, 2))

- c(by + di)Tw, (j dp +2bcT2w, 2+ by(2 2cd; T2w, 2)) 0

and the minimum of R is given by

82c(by + di)Tw, (1+ bicT?w, 2)2E

RCY= ((i bW+ ®+ bycT(j 1+ w),)2(j dp +2b2cT2w, 2+ by (2§ 2cdiT2w, 2))(di +2b2cT2w, 2+ 2y (1 + cdy T2w, 2))2)
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where

E = 2BCT3w(j 1+Ww +w ), 2 +2BcT,(j 1+WwW +wW + Tw®,)+ di(®] chT(j 1+w +w),)

+h (281 + cAh T2w, 2) + ch T, (1+w +2cchT?w, 2§ 2cchT?w?™, 2§ w (1+2cdiT?w, 2)))

5.6 Conclusion

In this part of research, we study the pricing strategies for service plans when a piuct is sold under
warranty. We assume a stylized deterministic demand model where the demand not onlgepends on
prices but also on the lead time for service. We “rst study the pricing strategy for a product with a
service plan in the monopolistic environment, and for a product with two di®eren service plans which
di®er in the repair setting. Next, we analyze a duopoly case and prove the existence afunique Nash
equilibrium. Through the computational study, we explore the e®ect of the repair settingand service
rate on the pricing strategies. Finally we discuss the in°uence of competition on he pricing strategies

and pro tability of the 'rms.
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Chapter 6

Extensions

6.1 Coordinated Inventory Planning for New and Old Products
under Warranty

The simpli ed assumptions in our models of Chapters 2 and 3 helped us formulate and theetically
characterize the optimal policies for this problem motivated by the projector rm, thereby advancing
our knowledge in the area of stylized inventory models. However, in our models @vassume that a xed
proportion of items go out of warranty every period. In our model, we assune renewable free replacement
warranty policy, it would be interesting to consider the cases of pro rata andfree replacement non-
renewable warranty policies. We plan to explore the optimal inventory planning policy and "nd the way

to derive the optimal policy.

6.2 Warranty Outsourcing Among Competing Vendors

In this part of research, we prove the existence and uniqueness of the Nash equilibriahere the
vendors are the leaders and the manufacturer is the leader. In our proposed work, wegpi to study the
structure of the Nash equilibrium in more general model, i.e., there are multipletypes of repair services
with di®erent prices. We plan to study how to allocate the multiple types of repair services and establish

the optimal outsourcing contracts among the vendors in the two situations. We ca also study models



where the vendors have control over their service capacities in addition to contracprices.

6.3 Pricing and Managing Warranty Repair Lead Times

We plan to numerically compare the optimal prices and prots in the di®erent three setings: (i) one
“rm o®ers two types of service with pooled repair system, (ii) one rm with two service type in separate
gueue repair system, (iii) two rms in the market and each one o®ers a service. Usj the extensive
computational study, we plan to get related managerial insights, and a warraty service manager can

apply our results to make decision on pricing service plans in di®erent models.
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