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ABSTRA CT

Michelle Opp: OUTSOURCING WARRANTY REPAIR SERVICES:

STATIC AND DYNAMIC ALLOCATION FOR A FIXED POPULATION

(Under the direction of ProfessorVidyadhar G. Kulkarni)

We considera manufacturer that has a ¯xed population of items that are sold with

a warranty. Rather than maintaining a repair facility of its own, the manufacturer

outsourcesthe repairs of items covered under warranty to several external repair

vendors. The manufacturer must decidehow to allocate items to repair vendorsin

order to minimize the total relevant costs. In doing so, the manufacturer has two

choicesfor allocation schemes:static allocation or dynamic allocation. Under static

allocation, the manufacturer assignseach item to a vendor at the time of sale,and

all failures of that item are handled by the preassignedvendor. Under dynamic

allocation, the manufacturer delays all allocation decisionsuntil the times of failure,

and usesthe current state of each vendor in decidingwhereto route the failed item.

For the static allocation problem, we model each service vendor as a ¯nite-

population multi-server queueing system and formulate the resulting outsourcing

problem as an integer-variable resourceallocation problem. We show that under

certain conditionson the problem parameters,a simplegreedyalgorithm can be used

to ¯nd an optimal allocation; we alsogive a solution technique that canbe usedwhen

the conditions are not satis¯ed. Through a computational study, we compare the

optimal static allocation to several simple static allocation heuristics.
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For the dynamic allocation problem, we develop a model basedon a continuous-

time Markov decisionprocess.Sincethis approach is numerically infeasiblefor large

problems,weconsidertwo di®erent approachesto develope®ective, simply structured

index-typerouting policies. The ¯rst usesdynamicprogrammingpolicy improvement,

while the secondusesa restlessbandit model. Using simulation, we compare the

dynamic allocation index policiesto optimal static allocationsand to commonlyused

dynamic allocation heuristics. For small problems,we comparethe index policies to

optimal dynamic allocations, and show that the index policiesare nearly optimal.

For a large manufacturer with annual warranty costs in the tens of millions of

dollars, the cost reductions that can be achieved using the allocation policies we

develop can be practically signi¯cant in many cases.
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Chapter 1

In tro duction

1.1 Overview

In recent years, product warranties have becomean increasingly important part of

consumerproduct sales.Servicingthe warranty commitments can be very costly to a

manufacturer. For small, inexpensive items, the manufacturer may chooseto replace

all defective items with new items, eliminating the needto maintain a repair facility.

On the other hand, largerand moreexpensive items will likely berepairedrather than

replaced. In this case,the manufacturer may chooseto perform the repair itself or

to hire a subcontracted repair vendor to perform the repairs. Several subcontracted

repair vendorsmay be necessaryto handle the workload of warranty repairs. Our

research focuseson the costsof outsourcing repair servicefor warranty claims, and

on determining policies for allocating warranty claims to repair vendorsin order to

minimize the manufacturer's associated cost of warranty.

Outsourcing warranty repair servicesprovidesnumerousbene¯ts to the manufac-

turer: it createsan opportunit y for the manufacturer to improve turnaround times,

have better assetutilization, and improve customer satisfaction. However, it also

posesdownward risks in terms of customersatisfaction, particularly in caseswhere



poor experiencewith repair servicemay translate into future lost sales.Therefore,it

is crucial for the manufacturer not only to aim for costreductions,but alsoto consider

customerexperiencewhen managingthe outsourcedwarranty repair services.

While there are many important issuesin the outsourcing of warranty repair

servicesto subcontracted vendors (for example, the determination of the contract

parameters),we will concentrate our attention mainly on the questionof allocation.

The allocation problem ariseswhen a manufacturer hascontracts with several repair

vendors,and the manufacturer must decidewhich vendor it will hire to repair a failed

item under warranty.

We considercontracts that are ¯xed feeper repair; that is, the manufacturer pays

the vendor a predeterminedamount, speci¯ed in the contract betweenthe manufac-

turer and the vendor, for each item that is sent to the vendor for repair. This type of

contract is commonwhen the repair vendor chargesonly for labor, and any required

parts or materialsareprovided by the manufacturer. Wealsoassumethat all relevant

information is completely available to the manufacturer. Although this assumption

may seemrestrictive, it is often the casethat repair vendorswill dedicatea part of

their repair capacity to a large manufacturer. In this case,the manufacturer would

know things such as servicerates, number of dedicatedrepairpeople,and so on.

Weconsiderclosedpopulation models,wherethe manufacturer hasa ¯xed number

of items covered under warranty at any given time. For example, a manufacturer

may make batch sales,such asthe saleof 10,000computersto a large customer. The

manufacturer is then concernedwith optimally outsourcing the warranty repairs on

these 10,000computers. More importantly, however, the closedpopulation model

can be used to approximate a system that has, in steady state, a ¯nite number of

identical items coveredunder warranty.

Becausewe are consideringclosedpopulation models, the underlying framework

for our research is that of a closedqueueingnetwork. Although we have chosento

2



focuson the application of such modelsto the allocation of warranty repair service,the

modelscould be adaptedto any situation in which a ¯nite population of customersis

servicedby oneof several possiblequeues.For example,considera car rental company

with a °eet of cars. The rental company may useseveral independent repair shops

to perform simple maintenance(for example,oil changeor tire rotation) on the cars.

The rental company will incur a ¯xed cost for the maintenance;this costmay depend

on which repair shop was used. In addition, the rental company would also like the

maintenanceto be performedvery quickly, sincea car that is in the shopcannot be

rented to a customer, and therefore cannot generaterevenue. The rental company

must then decidehow it will allocate cars to repair shopsin order to minimize the

total relevant cost, which includesthe actual maintenancecost as well as the lossof

revenue.

We apply two approachesto the allocation decision:static allocation and dynamic

allocation. In static allocation, the allocation decisionsare madeat the point of sale,

so that each customerhasbeen(knowingly or unknowingly) assignedto a particular

repair vendor. For example, a customer who purchasesan item is given a phone

number to call for warranty claims. In static allocation, we can think of this phone

number as leading directly to the repair vendor. Dynamic allocation, on the other

hand, considersthe current workload at each repair vendor when deciding where

to send a failed item. Therefore, under dynamic allocation, all customerswould

be given the samephone number, which would connect them to a central decision-

making facility at the manufacturer. The current state of all vendors is considered

when determining to which vendor a failed item is sent.

The simpler of the two allocation schemesis static allocation, wherethe manufac-

turer hasa ¯xed number of items to be allocated amongthe vendors. The allocation

is determinedat the time the items are sold, and an item that hasbeenallocated to

a particular vendor is repairedby that vendoreach time it experiencesa failure. The

3



model formulation and an algorithm for determining an optimal static allocation are

discussedin Chapter 2.

The dynamic allocation problem is then described in Chapter 3. In the dynamic

allocation model, the manufacturer againhasa ¯xed number of items that arecovered

under warranty. However, instead of allocating all items to the vendorsat the point

of sale,the manufacturer makesrouting decisionsat the times of failure. Each time

an item needsrepair, the manufacturer observesthe current state of the system(that

is, how many items are already undergoingor awaiting repair at each vendor), and

choosesa vendor to repair that item in order to minimize the long-run averagecost.

1.2 Literature Review

Considerableattention hasbeengivento the analysisof warranty costmodelsover the

last two decades.Blischke and Murth y [3] give an in-depth overview of the subject,

including the historical and legalaspectsof warranty contracts. They examineseveral

di®erent typesof warranties, such as free-replacement and pro-rata warranties, both

one-dimensionaland two-dimensional. In these models, the typical objective is to

determinethe cost to the manufacturer of providing a warranty, including the cost of

replacements, over the life cycleof an item. Renewal theory is usedin many casesto

model repeatedfailures and salesover the warranty period (Blischke and Scheuer[4],

Mamer [41]). Ja et al. [30] derive ¯rst and secondmoments for the manufacturer's

total discounted warranty costsfor the salesover the life cycleof the product. Using

a normal approximation, they use the estimation of warranty costs to calculate the

necessaryamount that the manufacturer must invest in a warranty reserve fund, in

order to provide a given level of protection of not depleting the entire reserve fund.

They alsodevelopexpressionsfor the relatedcostsof warranty undera minimal-repair

warranty policy with time-dependent repair costs(Ja et al. [29]).

4



We extendthe warranty research by analyzingwarranty coststo the manufacturer

when the warranty serviceis outsourcedto servicevendors,rather than provided by

the manufacturer itself. In the next section, we discussthe literature speci¯cally

related to the static allocation model of outsourcingwarranty repairs;we then discuss

the literature related to the dynamic allocation model in Section1.2.2.

1.2.1 Static Allo cation Mo del

Although the application of static allocation models to warranty outsourcingis new,

static allocation modelsarerelatively commonin areassuch asload balancing(Comb¶e

and Boxma [9], Hordijk, Loeve, and Tiggelman[27], Chengand Muntz [8]) and server

allocation (Rolfe [47], Dyer and Proll [11], Shanthikumar and Yao [50], [51]).

Using performancemeasuressuch as the meanwaiting time of a customeror the

total number of customersin the system,Comb¶e and Boxma [9] considertwo di®er-

ent typesof static allocation|probabilistic allocation and pattern allocation|for an

open network with single-server queues. Under probabilistic allocation, a customer

is routed to each queuewith a given probability, independent of the number of cus-

tomers in each of the queues,whereaspattern allocation usesan in¯nite string of

integers(with possibly repeating subsequences)that designatesto which queueeach

customer in the arrival processis routed. Thus, they use allocation schemesthat

are static in the sensethat they do not depend on the current state of the system.

However, our model of static allocation di®ersfrom their model of static routing in

the following regard: in our model, a particular customer will always be served by

the samevendor. As a result, our static allocation model is essentially one of par-

titioning the customersand creating several independent closedqueueingnetworks,

rather than the typical application of static routing in an open queueingnetwork.

Severalauthorshaveconsidereda similar problemof allocating servers,rather than

customers,in a queueingnetwork. Rolfe [47] considersthe caseof Poissonarrivals

5



to parallel queues,where the objective is to minimize the expected queueingtime

of customersin the system. He shows that marginal allocation of servers is optimal

in the caseof constant servicetimes, and suggeststhat it is optimal for exponential

service times; Dyer and Proll [11] then prove this conjecture. Shanthikumar and

Yao [50], [51] consideroptimal allocation of servers in a closednetwork in order to

maximize the throughput of the system.

Heinhold [23] develops a model to explain the allocation of customersto auto-

mobile inspection stations, where the customersare free to choose any inspection

station. He also suggeststhat this approach can be usedfor similar problems,such

as the allocation of customersto supermarkets. The key di®erencein this model is

that the customerchoosesto which station he is assigned.

Our static allocation model is most similar to Hordijk, Loeve, and Tiggelman[27],

who analyzea closedqueueingnetwork in which customersare assignedto oneof two

parallel single-server queuesin order to minimize the long-run averageholding cost.

The routing decisionsmay not depend on the number of customersin each of the

queues.To compute an optimal routing policy, they usean algorithm basedon suc-

cessiveapproximation (seealsoHordijk and Loeve [25]). Becauseof the complexstate

space|a state in this model is given by the positionsof all customersin the system|

the algorithm can be usedonly for a system with a small number of customers;in

Hordijk, Loeve, and Tiggelman [27], exampleswith eight customersare considered.

However, they also remark that with exponential servers, an optimal routing policy

can be calculatedby partitioning the customersinto groupsand minimizing over all

possiblepartitions. Using this approach, they considerexampleswith up to 10,000

customers.

In Hordijk and Loeve [26], closedqueueingnetworks of quasi-reversible queues

are considered,and techniques of linear programming are used to ¯nd an optimal

deterministic routing of the customers, based on any cost function that depends
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on the state of the queueingnetwork. Rather than using successive approximation

(which is restrictive due to the large state space)or linear programming (which may

require one LP problem to be solved for each customer in the network before an

optimal solution is found), we show in Chapter 2 that marginal allocation can be

usedto compute an optimal static allocation of customersto the queuesunder the

cost structure of our model.

In particular, we usemeanvalueanalysis(Reiserand Lavenberg [46]) to e±ciently

compute the cost of a given allocation amongthe vendors. Under certain conditions

on the cost parameters,the static allocation problem using thesecomputed costs is

a separableconvex resourceallocation problem with integer variables. An optimal

solution to this problem can be found using a simple greedyalgorithm ¯rst proposed

by Gross[21] in 1956;a moregeneralcaseof the problem is given in Fox [15]. Several

authors have extendedthe work on the resourceallocation problem. For example,

Hochbaum [24] considerscomplexity and implementation issues,and Bretthauer and

Shetty [5] considera generalcaseof nonlinear resourceallocation problems,for which

the separableconvex resourceallocation problem is a special case. The resourceal-

location problem has also beendiscussedin terms of maximizing the e®ectof e®ort

exerted in several tasks (Saaty [48]). Ibaraki and Katoh [28] provide a comprehen-

sive framework for the study of resourceallocation problems,including an extensive

bibliography and review of the literature.

1.2.2 Dynamic Allo cation Mo del

For the dynamic allocation of warranty repair services,we use a continuous-time

Markov decisionprocess(CTMDP), and the problem is one of routing control. The

routing control problem for two parallel single-server queueswith in¯nite population

has beenstudied in great detail. Under certain assumptionsregarding the cost and

servicerate parameters,the optimal routing decisionsin this casehave beenshown to
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satisfy routing monotonicity, resulting in a routing policy in the form of a switching

curve. Ephremides,Varaiya, and Walrand [12] considerthe caseof two similar queues;

that is, the serviceratesof the two queuesare equal,and both queuesincur the same

holding cost. They show that if the queuelengths are observable, then the \join the

shortestqueue"(JSQ) rule is optimal. Furthermore, this result extendsto more than

two queues,as long as the servicerates and costsare identical at all queues. If the

queuelengths are not observable, it is optimal to alternately route arrivals between

the queues,provided the initial distribution of the two queue sizesare the same.

Hajek [22] extendsthis result with an inductive proof of routing monotonicity when

the servicerates are not equal. Stidham and Weber [54] provide a survey of results

regardingcontrol of networks of queuesusing Markov decisionmodels. They discuss

not only routing control, but also admissioncontrol, servicerate control, and server

allocation, amongother topics.

When the number of items to be coveredunder warranty is large and the failure

rate is comparatively low, the ¯nite-source dynamic allocation problem with two

vendors can be approximated by the in¯nite-source routing control problem, and

we would therefore expect similar switching curve results. However, for the general

model with more than two queues,multiple serversat each queue,a ¯nite population

for arrivals, and a cost structure that includes both ¯xed and holding costs, such

approximations are often inadequate.

Furthermore, becauseof the complexity of the state space,we have little hope of

analytically ¯nding optimal routing policies for the dynamic allocation model. For

small problems, we can use average-costrelative value iteration (see, for example,

Puterman [45]), but this method quickly becomesine±cient. We therefore use two

di®erent approaches to develop e®ective, simply structured index policies for the

dynamic allocation problem.
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The ¯rst index policy approach that we employ usesdynamic programmingpolicy

improvement, and followsKrishnan andOtt [33] andKrishnan [31] in applying a single

policy-improvement step to an optimal state-independent policy. Krishnan and Ott

[33] investigate state-dependent routing of telephone tra±c to minimize blocking;

Krishnan [31] then usesthe sameapproach to study sojourn minimization of data

tra±c (seealsoTijms [55]). To computean optimal state-independent policy, we use

a ranking algorithm described in Ibaraki and Katoh [28]. This algorithm was ¯rst

proposedby Lussand Gupta [40]; the algorithm presented in Ibaraki and Katoh is a

re¯ned versiondue to Zipkin [59].

Our secondindex policy approach is basedon Whittle's proposal for restlessban-

dits (Whittle [57]), which are generalizationsof the classicmulti-armed bandits of

Gittins [16]. Whittle's approach to the development of index heuristics for restless

bandits centers on Lagrangian relaxations of the original problem; he then proposes

the useof restlessbandit models to develop dynamic policies for the routing of cus-

tomersto alternative servicestations (Whittle [58]). Subsequent studieshave demon-

strated, both theoretically and empirically, the strong performanceof Whittle's index

policy (see, for example,Ansell et al. [1], Glazebrook, Ni~no-Mora, and Ansell [19],

and Weber and Weiss[56]).
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Chapter 2

Static Allo cation

2.1 Problem Description

In this chapter, we considera manufacturer that wishesto use a static allocation

schemeto allocate K identical items under warranty amongV vendors,whereoneof

the vendorscould be the in-houserepair facility of the manufacturer. As one might

expect, and aswewill show in Chapter 3, a lower-costsolution usually canbeobtained

by using a dynamic allocation policy rather than a static allocation policy. Despite

this, however, there are compelling reasonsfor using a static allocation policy.

The principal advantage of using a static allocation model is its simplicity. The

manufacturer makes allocation decisionsonly once, at the time that the items are

sold, and doesnot needto make routing decisionsfor every failure, as is required for

a dynamic allocation model. Therefore, the implementation is much simpler, and it

can reducethe manufacturer's overheadcostsif the task of answering phonecalls is

delegatedto the vendors. For example,as described in Section1.1, with each item

sold, the manufacturer typically includesa phonenumber for the customerto call in

the event of a failure under warranty. Under static allocation, the manufacturer can



provide the phone number of the assignedvendor, sincea customer will always be

sent to its assignedvendor for repair.

Another situation that lends itself to static allocation is when the manufacturer

has incomplete information about the current state. Under dynamic allocation, the

manufacturer can easily track the number of items that have been routed to each

vendor. However, if any vendor is slow to report repair completions back to the

manufacturer, the state information that the manufacturer useswill likely overstate

the number of items at the vendor. Using a dynamic allocation scheme when the

current state is not known with certainty can lead to adverse results, and in this

situation the manufacturer should usestatic allocation.

We now describe the framework of the static allocation model. The manufac-

turer knows the number of servers (si ) and their averagerate of repair (¹ i ) at each

of the vendors. We assumethat all servers at a particular vendor are identical and

that the servicetimes are independent and exponentially distributed. The exponen-

tial assumptionfor repair times is commonin the warranty literature (Blischke and

Murth y [3]). In addition, we assumethat the transportation times for routing a failed

item to a vendor are negligible.

The times betweenfailures for a single item are assumedto be independent and

identically distributed with mean 1=¸ . In the models that follow, we will use ex-

ponential failure times to derive the expected number of customersin the sytsem.

However, Bunday and Scraton [7] have shown that, for a systemwith a ¯nite pop-

ulation for arrivals, the expectednumber of customersin the systemin steady state

dependson the failure time distribution only through its mean. Therefore, for the

static allocation model, we do not require times betweenfailures for a single item to

be exponentially distributed.

The contract with vendor i (i = 1; : : : ; V) speci¯es that the manufacturer will

pay the vendor a ¯xed amount ci for each repair performed by that vendor. Such
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fee structures|indep endent of the type of repair and the cost to the vendor|are

commonwhenall parts and materials arechargedto the manufacturer and the repair

vendor chargesonly for the labor costs, or for items where the cost of parts and

materials is minimal comparedto the labor costsof repair. In addition, we assume

that the manufacturer incurs a goodwill costat a rate of hi per unit time that an item

spendsat vendor i , either in the queueor in service.The goodwill cost, which can be

thought of asa standardholding cost,prevents the manufacturer from overloadingan

inexpensive but slow vendor, which would result in unacceptably large turnaround

times for warranty service. Note that the goodwill cost is generally the samefor

all vendors (that is, hi = h for i = 1; : : : ; V), since it re°ects the loss of goodwill

for the manufacturer directly from the customer, independent of the repair vendor

used. In other words, if a customer is not satis¯ed, the lossof goodwill is typically

directed at the manufacturer from whom the product was purchased, rather than

at the repair company assignedto perform the repair. However, becausethere is

little computational advantage in assuminga constant goodwill cost h, we consider

the generalmodel where the goodwill costs hi are not required to be equal for all

vendors. Note, however, that by requiring the holding cost at a particular vendor to

be the samefor all customers,we are assumingthat all customersare identical.

Under the above assumptions,the manufacturer must decideki , the number of

items to allocate to vendor i , in order to minimize the expectedtotal warranty cost.

In Section2.2,we formulate the optimization problem for the static allocation model.

For simpleconditionson the problemparameters,the static allocation problemcanbe

easilysolved usinga greedyalgorithm. This algorithm, aswell assolution techniques

for problemsthat do not satisfy the required conditions, is described in Section2.3.

A small example is given in Section 2.4, and the results of an extensive numerical

study are summarizedin Section2.5.
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2.2 Form ulation

Giventhat ki items havebeenallocatedto vendori , the repair processcanbemodeled

asan M =M =si =1 =ki queuewith arrival rate ¸ , servicerate ¹ i , and ¯nite population

ki . Figure 2.1 shows the population dynamics in this system, modeled as a closed

network. Station 1 includes all items that are properly functioning (that is, not

undergoingor awaiting repair); in Figure 2.1, there are ki ¡ n such items. Each of

theseitems fails at rate ¸ , soitems move from station 1 to station 2 at rate ¸ (ki ¡ n).

Station 2 is the repair queueand consistsof si serverseach having repair rate ¹ i . In

Figure 2.1, there are n items at station 2, becausethere are ki ¡ n items at station 1

and a total of ki items in the system. Therefore,itemsmovefrom station 2 to station 1

at rate ¹ i min(n; si ).

ki ¡ n

-
¸ (ki ¡ n)

¾
¹ i min(n; si )

Station 1 Station 2
j 1

j 2
...
j si

Figure 2.1: Finite-population queueingsystem

Let L i (ki ) bethe expectednumber of itemsawaiting or undergoingrepair at vendor

i when ki items are allocated to vendor i (that is, L i (ki ) is the expected number of

items at station 2 in Figure 2.1). Directly computing L i (ki ) from the probability

distribution is time-consuming and ine±cient. However, the values of L i (ki ) can

be computed recursively using mean value analysis as described in Section 2.2.1.

Among the ki items that are allocated to vendor i , the expectednumber of properly

functioning items is ki ¡ L i (ki ), and each such item hasfailure rate ¸ . Therefore,the

expectednumber of arrivals to the i th vendorper unit time is ¤ i (ki ) = ¸ (ki ¡ L i (ki )).
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The manufacturer's expected cost per unit time for repairs at the i th vendor

includesa ¯xed costci every time there is an arrival to the i th vendor,plus a goodwill

cost hi per unit time for each item that is awaiting or undergoingrepair at vendor i .

Therefore,the expectedcost per unit time, denotedf i (ki ), is given by:

f i (ki ) = ci ¤ i (ki ) + hi L i (ki )

= ¸c i ki + (hi ¡ ¸c i )L i (ki ) (2.1)

2.2.1 Recursiv e Calculation of L i (ki )

In this section, we describe how to e±ciently compute L i (ki ), which is neededin

the cost function f i (ki ) given in (2.1). To simplify the notation, we drop the vendor

subscript i . First considerthe M =M =s=slossmodel with arrival rate ¸ and service

rate ¹ . Customerswho arrive when all s servers are busy are turned away. The

probability that a customeris turned away (i.e., the blocking probability) is given by

B(s) =
½s=s!
sP

i =0
½i =i!

; s ¸ 0; (2.2)

where½= ¸=¹ . The blocking probability can be computedusing the following well-

known recursion,starting with B(0) = 1:

B(s) =
B(s ¡ 1)½=s

1 + B(s ¡ 1)½=s
; s > 0: (2.3)

Next considerthe M =M =smodelwith arrival rate ¸ andservicerate ¹ . A customer

who arrives when all s servers are busy will not be turned away, but will join the

queueand wait. The probability of a customerhaving to wait, PW (s), is equal to the

probability that at least s customersare in the system,and is given by
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PW (s) =
½s=s!

(1 ¡ ½=s)
s¡ 1P

i =0
½i =i! + ½s=s!

; s > 0: (2.4)

It follows from (2.2) and (2.4) that

PW (s) =
B(s ¡ 1)½=s

1 ¡ ½=s+ B(s ¡ 1)½=s
; s > 0: (2.5)

Now considera closedtwo-station network similar to that shown in Figure 2.1 on

page13. Station 1 is an ample-server station with servicerate ¸ , and station 2 is a

multi-server station with s serversand servicerate ¹ . Customersmove from station 1

to station 2 and from station 2 to station 1 inde¯nitely . The number of circulating

customersis k.

Let pj (k) be the steady-stateprobability that there are j customersat station 1.

An arriving customerat station 2 is blocked if all s serversat station 2 are busy, that

is, if there are at least s customersat station 2. Therefore, the probability that an

arriving customerto station 2 is blocked, denotedPB (k), is equal to the probability

that there are no more than k ¡ s customersat station 1. Hencewe have

PB (k) =
k¡ sX

j =0

pj (k) =

8
>>>>>>><

>>>>>>>:

0; k < s;
k¡ sP

i =0
! i =i!

k¡ sP

i =0
! i =i! + M (k)! k¡ s=(k ¡ s)!

; k ¸ s;
(2.6)

where! = s¹=¸ and

M (k) =
sX

i =1

! i s(s ¡ 1) ¢¢¢(s ¡ i + 1)
(k ¡ s + 1) ¢¢¢(k ¡ s + i )si

; k ¸ s:
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Note that the number of terms in M (k) is s, independent of k. From (2.6) we obtain,

for k ¸ s,

PB (k) =
1

1 + M (k)B(k ¡ s)
;

whereB(k ¡ s) denotesthe blocking probability in the lossmodel with k ¡ s servers

and ½= s¹=¸ .

To compute the expectednumber of customersin station 2, we usea meanvalue

approach (Reiserand Lavenberg [46]). Let L q(k) be the meannumber of customers

waiting in the queueat station 2 when there are k circulating customersin the net-

work; note that L q(k) doesnot include the customerswho are in serviceat station 2.

Let Wq(k) be the corresponding meanwaiting time in the queueat station 2, and let

¤( k) be the throughput of station 2. Then the following relations hold, which are

basedon the arrival theorem (Lavenberg and Reiser [35], Sevcik and Mitrani [49])

and Little's law (Little [38]):

Wq(k) =
Lq(k ¡ 1) + PB (k ¡ 1)

s¹

¤( k) =
k

1=¸ + Wq(k) + 1=¹

Lq(k) = ¤( k)Wq(k)

Theserelations are recursive in the population sizek, starting from L q(0) = 0 and

PB (0) = 0. Then L(k) can be computedas follows:

L(k) = ¤( k)W(k) = ¤( k) (Wq(k) + 1=¹ )

= Lq(k) + ¤( k)=¹:
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When s = 1, L(k) can be simpli¯ed as follows:

L(k) = k ¡
¹
¸

³
1 ¡ B(k)

´
;

whereB(k) is the Erlang lossformula given in (2.2) with rate ½= ¹=¸ ; B(k) can be

computedrecursively using (2.3).

2.2.2 Optimization Problem

To ¯nd an optimal allocation of K items amongV vendors,the manufacturer solves

the following optimization problem:

Minimize
VP

i =1
f i (ki )

Subject to
VP

i =1
ki = K

ki ¸ 0 and integer; i = 1; : : : ; V;

(2.7)

wheref i (ki ) is asgiven in equation (2.1). This type of problem is called the resource

allocation problem with integer variables, and it has been extensively studied (see

Gross[21], Fox [15], Ibaraki and Katoh [28], and Hochbaum [24]). Note that the ob-

jective function is separable;that is, the cost f i (ki ) associated with vendor i depends

only upon the allocation ki to vendor i , and doesnot depend on the allocation kj to

vendor j 6= i . To useexisting methods for solving this problem, we require convexity

properties of the cost functions f i (ki ). The convexity of L i (ki ) is establishedwith

Theorem1, and the condition for convexity of f i (ki ) follows in Corollary 1.

Theorem 1. Let L i (ki ) be the expected number of customersin an M =M =si =1 =ki

queuewith individual arrival rate ¸ , service rate ¹ i , and ¯nite population ki . Then

L i (ki ) is convexin ki .
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Proof. The proof of Theorem 1 follows from the proof of throughput concavit y by

Shanthikumar and Yao [52] (seealso Shanthikumar and Yao [53]). They show that

the throughput of a closedproduct-form queueingnetwork is increasingand concave

in the ¯nite population sizeif, for all stations i = 1; : : : ; N in the network, the service

rate at station i is increasingand concave in the number of customersat station i .

Certainly this is true when all stations have exponential servicerates, as is the case

in the two-station network shown in Figure 2.1 on page13. Let Ti (ki ) be the long-

run averagethroughput of this network with ki customers. The long-run average

throughput at station 1 is given by ¸ (ki ¡ L i (ki )), and since the customerscycle

through stations 1 and 2 inde¯nitely , the throughput is equalat both stations. Hence

we have Ti (ki ) = ¸ (ki ¡ L i (ki )), or L i (ki ) = ki ¡ Ti (ki )=¸ . The convexity of L i (ki )

then follows directly from the concavit y of Ti (ki ), since¸ > 0.

Note that for the specialcaseof a singleserver at station 2, the proof of throughput

concavit y in the earlierwork of Dowdy et al. [10] canbeusedto establishthe convexity

of L i (ki ). For the sake of completeness,a self-contained proof of Theorem 1 is given

in Appendix A.

Corollary 1. The function f i (ki ) given in equation (2.1) is convexin ki if hi ¸ ¸c i ,

and it is concave in ki if hi · ¸c i .

In practice, it is reasonableto assumethat hi ¸ ¸c i , becauseif hi < ¸c i , there

is no incentiv e to repair the item; the cost of holding it at the vendor is lessthan

the expected cost to repair it as it fails over time. Therefore, when hi < ¸c i , the

manufacturer's motivation is not to repair items quickly, but rather to repair items

slowly (or not at all) so that they remain in a failed state as long as possible. In

doing so, the manufacturer would delay the time until the item fails again, thereby

reducing the frequencywith which the ¯xed cost for failure must be paid.
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Although the casehi < ¸c i is extremely rare in practice and can only ariseunder

unusualcircumstances,we are interestedin a completesolution to the problem under

any possiblerelationship betweenhi and ¸c i . We thereforepartition the vendorsinto

the following two subsets:

² A+ = f i : hi ¸ ¸c i g

² A ¡ = f i : hi < ¸c i g

That is, A+ is the set of vendorsfor which the objective term is convex, and A ¡ is

the set of vendorsfor which the objective term is (strictly) concave. In the following

section,we describe how to solve problem (2.7) for three separatecasesinvolving A+

and A ¡ .

2.3 Solution Metho d

In Section2.3.1,we describe the solution technique for the most commoncasewhen

A ¡ = ; ; we call this the convexcase. Section2.3.2dealswith the concavecase, where

A+ = ; . Section 2.3.3 then describes a combined solution technique for the mixed

case, whereA ¡ 6= ; and A+ 6= ; .

2.3.1 Convex Case

In this section, we consider the case when A ¡ = ; ; that is, hi ¸ ¸c i for all

i = 1; : : : ; V . For this case,all f i (ki ) are convex in ki , by Corollary 1. This problem

is the separableconvex resourceallocation problem; refer to Ibaraki and Katoh [28]

for an overview. An optimal allocation in this casecan be found using marginal allo-

cation, ¯rst proposedby Gross[21] in 1956. The marginal allocation algorithm is as

follows:
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² Step 0: Set ki = 0 for all i = 1; : : : ; V .

² Step 1: Choosea vendor j such that j 2 argmin
i =1 ;:::;V

©
f i (ki + 1) ¡ f i (ki )

ª
.

² Step 2: Set kj = kj + 1.

² Step 3: If
VP

i =1
ki < K , go to Step 1. Else,stop: (k1; : : : ; kV ) is optimal.

The proof of optimalit y in Gross[21] and a moregeneralproof in Fox [15] arebased

on Lagrangian analysis; seealso Everett [13]. In Appendix B, we give an alternate

proof of optimalit y, basedon induction.

Ibaraki and Katoh [28] describe several alternative algorithms for solving the sep-

arable convex resourceallocation problem, including a polynomial-time algorithm

basedon a binary search. However, for our purposes,marginal allocation (which we

will alsorefer to asthe greedyalgorithm) performsquite well; for example,an optimal

allocation for K = 100;000and V = 4 takesapproximately 30 secondsto computefor

reasonablevaluesof ¸ , ¹ i , and si . SeeSection2.5 for more details about the running

time of the algorithm and the data usedfor the examples.

2.3.2 Concave Case

When A+ = ; (that is, hi < ¸c i for all i = 1; : : : ; V), then all f i (ki ) are concave.

The objective function is concave, and the optimum occurs at an extreme point.

Therefore, the solution is trivial: calculate f i (K ) for all vendors i = 1; : : : ; V , and

choosea vendor j such that j 2 argmin
i =1 ;:::;V

©
f i (K )

ª
. Allocate all K items to vendor j .

2.3.3 Mixed Case

When both A ¡ 6= ; and A+ 6= ; (that is, at least one vendor i has hi ¸ ¸c i and

at least one vendor j has hj < ¸c j ), the objective function may be neither convex

nor concave. However, we can decomposethe problem into two problems, each of
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which can be easily solved using the methods already described. For a ¯xed value

m 2 f 0; : : : ; K g, considerthe following problem.

z(m) = Minimize
P

i 2 A +

f i (ki ) +
P

i 2 A ¡

f i (ki )

Subject to
P

i 2 A +

ki = m

P

i 2 A ¡

ki = K ¡ m

ki ¸ 0 and integer; i = 1; : : : ; V

(2.8)

This gives an optimal solution for a ¯xed value m; we must then optimize over

m = 0; : : : ; K to obtain an optimal solution to the original problem,

z¤ = min
m=0 ;:::;K

z(m): (2.9)

Note, however, that solving (2.8) is equivalent to separatelysolving the following two

problems:

z+ (m) = Minimize
P

i 2 A +

f i (ki )

Subject to
P

i 2 A +

ki = m

ki ¸ 0 and integer; i 2 A+

(2.10)

z¡ (K ¡ m) = Minimize
P

i 2 A ¡

f i (ki )

Subject to
P

i 2 A ¡

ki = K ¡ m

ki ¸ 0 and integer; i 2 A ¡

(2.11)
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For a ¯xed valuem, problem (2.10) can be solved usingmarginal allocation asde-

scribed in Section2.3.1. Furthermore, becauseof the iterativ e nature of the marginal

allocation algorithm, ¯nding an optimal allocation for m = K automatically ¯nds an

optimal allocation for all m < K , as long asonekeepstrack of the optimal allocation

at each iteration. Therefore,¯nding an optimal allocation for all m = 0; : : : ; K is no

more di±cult that ¯nding an optimal allocation for m = K , although it doesrequire

more storage.

Similarly, for a ¯xed value K ¡ m, problem (2.11) can be easily solved: choose

a vendor j 2 A ¡ for which f j (K ¡ m) is minimum, and allocate all K ¡ m items

to that vendor. Additionally , since the functions f j (kj ) are computed recursively,

computing f j (K ) automatically computesf j (K ¡ m) for all 0 < m < K , as long as

one keepstrack of all intermediate iterations. Therefore, as is the casefor problem

(2.10), ¯nding an optimal allocation for all K ¡ m = 0; : : : ; K is no more di±cult

than ¯nding an optimal allocation for K ¡ m = K (that is, m = 0).

It is easyto construct simpleexamplesto show that z+ (m) + z¡ (K ¡ m) is neither

convex nor concave in m, so it is necessaryto evaluate z+ (m) + z¡ (K ¡ m) for all

m = 0; : : : ; K . Finding a minimizing value of m is then simply a matter of ¯nding a

smallestvalue in an unsortedvector of length K .

2.4 An Example

Considera small exampleof allocating ten items among three repair vendors. The

parameters for the problem are as follows: K = 10, ¸ = 1:5 failures per item

per year, ¹ = (6; 7; 9) repairs per year, s = (2; 1; 1), c = (100; 110; 115), and

h = (1000; 1000; 1000). The values of the vendors' cost functions are shown in

Table 2.1.
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Table 2.1: Evaluated cost functions

m f 1(m) f 2(m) f 3(m)

0 0.00 0.00 0.00

1 320.00 312.35 290.71

2 640.00 666.24 609.80

3 968.13 1073.93 965.16

4 1312.13 1549.26 1366.39

5 1679.99 2105.71 1824.39

6 2080.33 2752.98 2350.34

7 2522.39 3493.11 2953.80

8 3015.75 4318.17 3640.11

9 3569.50 5211.63 4408.09

10 4190.99 6153.23 5249.20

In this example,hi > ¸c i for i = 1; 2; 3, soweusemarginal allocation to determine

an optimal static allocation. The ¯rst stepis to initialize the allocation to each vendor

to 0, hencek = (0; 0; 0). Let z denotethe expectedcostper year,and initialize z = 0.

At each step j , let ¢ j (k ) denotethe marginal cost vector; that is,

¢ j (k ) = (f 1(k1 + 1) ¡ f 1(k1); f 2(k2 + 1) ¡ f 2(k2); f 3(k3 + 1) ¡ f 3(k3)) :

The marginal allocation algorithm proceedsas shown in Table 2.2, where the

underlined value in the ¢ j (k ) column indicates the minimum value of ¢ j (k ). The

last row in Table 2.2 indicates that the optimal solution is to allocate ¯v e items to

vendor1, two items to vendor2, and three items to vendor3, for a resulting expected

warranty servicecost of $3311:39 per year.
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Table 2.2: Iterations of marginal allocation algorithm

Step j k z ¢ j (k )

0 (0,0,0) 0 (320.00,312.35,290.71)

1 (0,0,1) 290.71 (320.00,312.35, 319.09)

2 (0,1,1) 603.06 (320.00,353.89,319.09)

3 (0,1,2) 922.15 (320.00, 353.89,355.36)

4 (1,1,2) 1242.15 (320.00, 353.89,355.36)

5 (2,1,2) 1562.15 (328.13, 353.89,355.36)

6 (3,1,2) 1890.28 (344.00, 353.89,355.36)

7 (4,1,2) 2234.28 (367.86,353.89, 355.36)

8 (4,2,2) 2588.17 (367.86,407.69,355.36)

9 (4,2,3) 2943.53 (367.86, 407.69,401.23)

10 (5,2,3) 3311.39 |

2.5 Computational Study

In this section, we summarize the results from our computational study involving

static allocation; theseresultswill be revisited in Section3.4 whenwe comparestatic

and dynamic allocation schemes.

We consider examples with four vendors (V = 4), a ¯xed failure rate of

¸ = 1:2 failures per item per year, and a ¯xed holding cost of h = $1;000 per

year for all vendors. We constructed the data set as follows: for each value of

K 2 f 102; 103; 104; 105g and for each vendor i = 1; : : : ; 4, we chosea low value of

¹ i , denoted¹
i
, and a high value of ¹ i , denoted¹ i . Similarly, we choselow and high

valuesof ci and si , denotedci , ci , si , and si , respectively. We then createda single

trial for each combination of ¹ i , ci , and si such that ¹ i 2 f ¹
i
; ¹ i g, ci 2 f ci ; ci g, and

si 2 f si ; si g for i = 1; : : : ; 4. This givesus 212 = 4;096 trials for each value of K , for

a total of 16;384 trials. We then repeated this process¯v e times with di®erent low
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and high valuesfor each parameter, for a total of 81;920 trials. The data are given

in TablesD.1 through D.4 in Appendix D.

Note that for all examples,hi > ¸c i , so we are solving the convex caseusing

the greedy algorithm described in Section 2.3.1. We ruled out the concave case

(described in Section2.3.2) and the mixed case(described in Section2.3.3) for three

reasons.First, as described in Section2.2.2, in practice it is far more likely that the

objective function terms areconvex. Second,the concave caseis trivial, and therefore

uninteresting. And third, it is very di±cult to comeup with realistic examplesfor the

mixed casethat lead to interesting results. For example,if we keepthe holding cost

¯xed at h = 1;000 and the failure rate ¯xed at ¸ = 1:2, we would needa ¯xed cost

ci > 833:33 in order for the objective function term to be concave. But a cost this

high generallyhas the e®ectof \pricing out" the particular vendor from the optimal

solution (that is, the vendorwill not receiveany allocation), and the resulting problem

is essentially the sameas the similar problem with one fewer vendor.

Note also that the servicerates were chosensuch that
VP

i =1
si ¹ i

> K ¸ . Although

there is no issueof instabilit y in a closednetwork, this wasdonein order to facilitate

comparisonsto the dynamic allocation modelsdescribed in Chapter 3, which require

this stabilit y condition. The valuesof si are between1 and 20 for all 81,920trials,

independent of the value of K . To satisfy the condition that
VP

i =1
si ¹ i

> K ¸ , the

magnitude of the servicerates was then scaledaccordingto K (seeAppendix D for

the actual valuesof the problem parameters).

Therefore, one should consider the di®erent values of K as completely distinct

problemsfrom one another, rather than the sameproblem with a larger number of

items to allocate. For example,considera manufacturer that hascontracts with four

vendors,and the number of servers and the servicerates are given by s = (1; 4; 3; 2)

and ¹ = (70; 60; 50; 80), respectively. If the failure rate is ¸ = 1:2 failures per item

per year, then the stabilit y condition
VP

i =1
si ¹ i > K ¸ is satis¯ed for K = 100, but
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not for K = 1;000. If the manufacturer increasesits production from K = 100 to

K = 1;000, one would not expect that the vendorswould be able to increasetheir

servicerates tenfold in order to accommodate all the items. A more realistic solution

would be either for the manufacturer to usemorevendors,or for the existing vendors

to add more servers.

However, for easeof comparison,as well as for reporting data and results, we

restrict our examplesto four vendors for all valuesof K . Therefore, if we were to

treat all examplesasthe sameproblemwith a di®erent population size,the remaining

option is to hold ¹ i constant for all vendorsand increasethe valuesof si in such a

way as to satisfy the stabilit y condition. However, doing so leadsto unrealistically

large valuesof si for large valuesof K . For example,if we usesi valuesin the range

of 1 to 20 for K = 100,then we would requiresi valuesin the rangeof 1,000to 20,000

for K = 100;000, and it is di±cult to imagine any situation where a repair vendor

has20,000repairpeopleassignedto oneparticular manufacturer.

Therefore,we have decidedto keepthe range of s ¯xed for all valuesof K , and

scale the magnitude of ¹ instead. The interpretation is that we are solving one

particular problem for K = 100,an unrelated problem for K = 1;000,and so on. In

the following sections,we will comment when necessaryabout what would happen if

we had scaleds instead of ¹ .

In Section2.5.1,wetest the abilit y of the optimal algorithm to handleindustry-size

problems. Section2.5.2then comparesthe performanceof the optimal algorithm with

commonly usedheuristics. In Section2.5.3,we examinehow utilizing a single-server

approximation of vendorsa®ectsthe optimal allocation. Finally, in Section2.5.4,we

comment on the e®ectof servicerates of vendorson the optimal allocation.
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2.5.1 Running Time of the Optimal Algorithm

Table2.3givesthe averagerunning time, in seconds,to computean optimal allocation

using Matlab 6.5 on a Pentium 4 1.8GHz computer. Note that the running time is

approximately linear in K for the trials considered.However, recall that the valuesof

si are no greaterthan 20 for all valuesof K . The calculation of f i (ki ) usesa sumover

j = 0; : : : ; si , so for larger valuesof si , the marginal allocation algorithm could take

signi¯cantly longer to ¯nd an optimal allocation. Therefore, we ran 100 additional

exampleswith K = 100;000 and si in the range of 1,000to 20,000,and the greedy

algorithm found an optimal allocation within 5 minutes on average,with the slowest

problem instancetaking approximately 12 minutes to ¯nd an optimal allocation.

Table 2.3: Mean running time to computeoptimal static allocation

K = 100 K = 1;000 K = 10;000 K = 100;000

Time (in seconds) 0.0268 0.2678 2.6743 23.5446

2.5.2 Static Allo cation Heuristics

In this section,we comparean optimal static allocation with simple static allocation

heuristics. We chosethe following ¯v e heuristics for comparison:

² H1 : Equal allocation to all vendors. If K =V is fractional, the allocation is

bK =Vc to each of the ¯rst V ¡ K + VbK =Vc vendors,and bK =Vc + 1 to each

of the remaining K ¡ VbK =Vc vendors. This allocation policy might be used

when the manufacturer has little or no information about each vendor.

² H2 : Allocation is proportional to 1=ci , favoring low-cost vendors. This alloca-

tion policy might be usedwhen the manufacturer has cost information about

the vendors,but does not have good estimatesof vendors' servicerates. The
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allocation ki = K =ci to each vendor i = 1; : : : ; V ¡ 1 is rounded to the nearest

integer, and kV is then set to K ¡
V ¡ 1P

i =1
ki so that the total allocation equalsK .

If the resulting allocation kV is negative, items are reassignedoneat a time to

vendor V from each vendor i such that ki > 0, starting with vendor V ¡ 1 and

working back to vendor 1 until all vendorshave ki ¸ 0.

² H3 : Allocation is proportional to si ¹ i =ci , favoring vendorswith low cost ci and

high maximum servicerate si ¹ i . This allocation policy might bepreferredwhen

the vendor has accurate estimatesof both costsand servicerates. Fractional

allocations are adjusted as in H2.

² H4 : All items are allocated to the vendor with the smallest cost ci . This

heuristic is a \winner-tak e-all" versionof H2.

² H5 : All items areallocatedto the vendorwith the largestvalueof si ¹ i =ci . This

heuristic is a \winner-tak e-all" versionof H3.

We ¯rst comparethe ¯v e heuristicsto each other, ignoring the optimal static allo-

cation. Table2.4givesthe percent of trials for which each simpleheuristic (H1,: : :,H5)

performedat least as well as the remaining simple heuristics. The column sumsare

greater than 100%becausesometrials had two or more heuristics giving the same

allocation that was best among the ¯v e heuristics. Table 2.4 shows that heuristics

H4 and H5 generallyperformedbest amongthe ¯v e heuristics. For example,for the

caseK = 100;000,heuristic H4 (sendall items to the lowest-costvendor) performed

at least as well as the other heuristics in 72.55%of the 20,480trials.
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Table 2.4: Percent of trials for which each heuristic performed best among all ¯v e
heuristics (ignoring optimal allocation)

Heuristic K = 100 K = 1;000 K = 10;000 K = 100;000

H1 1.15% 4.72% 2.05% 2.53%

H2 4.52% 5.92% 5.10% 6.23%

H3 7.76% 2.72% 7.60% 6.53%

H4 60.89% 73.23% 72.64% 72.55%

H5 60.21% 50.53% 45.78% 48.30%

Table2.5givesthe percent of trials for which the costproducedby each heuristic's

allocation was equal to the optimal cost. Again, the column sums may be greater

than 100%becausethere weretrials for which both H4 and H5 resultedin the optimal

cost. This table shows that heuristic H4 (send all items to the lowest-costvendor)

often results in the optimal cost. For example, for K = 100, heuristic H4 gives the

optimal cost in 48.71%of the trials, and for K = 100;000, it gives the optimal cost

in 72.50%of the trials. The valuesin Table 2.5 are zero for heuristics H1, H2, and

H3, becausetheseheuristicsproduceproportional allocations, and it is unlikely that

an optimal allocation will be exactly proportional to the problem data.

Table 2.5: Percent of trials for which each heuristic's cost was equal to optimal cost

Heuristic K = 100 K = 1;000 K = 10;000 K = 100;000

H1 0% 0% 0% 0%

H2 0% 0% 0% 0%

H3 0% 0% 0% 0%

H4 48.71% 70.47% 70.94% 72.50%

H5 46.45% 39.91% 33.02% 36.14%
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From the results in Table 2.4 and Table 2.5, it may seemthat heuristic H4 is

a suitable heuristic for solving the static allocation problem. However, Table 2.6

shows the averageoptimalit y gap betweeneach heuristic and an optimal allocation.

For K = 100;000, the cost of heuristic H4's allocation is, on average,166.21%away

from optimal for the casesconsidered. In other words, heuristic H4 performs well

quite often, but can also perform extremely poorly. This is a result of the myopic

\winner-tak e-all" structure of heuristic H4. It choosesa singlevendor basedon cost

parametersalone,and if the cheapestvendoralsohappensto be very slow, the results

can be disastrous.Table 2.6 shows that heuristic H5 appearsto be the best heuristic

overall, but even this allocation method is an averageof 23% to 45% away from

optimal for the examplesconsidered.

Table 2.6: Averageoptimalit y gap between simple static allocation heuristics and
optimal static allocation

Heuristic K = 100 K = 1;000 K = 10;000 K = 100;000

H1 83.54% 83.13% 111.89% 103.45%

H2 67.90% 64.09% 88.19% 80.56%

H3 33.37% 47.68% 47.75% 52.06%

H4 115.74% 155.69% 142.59% 166.21%

H5 22.96% 39.98% 42.14% 44.95%

2.5.3 Single-Serv er Appro ximation

The calculation for L i (ki ) using meanvalue analysis(seeSection2.2.1) is quite com-

plicated for the multi-server case,but L i (ki ) can be more easily computed for the

single-server case. Therefore, in this sectionwe explore the tradeo®betweenlossof

optimalit y and increasedspeedof calculation when approximating a vendor with si

serversand servicerate ¹ i by a vendor with a singleserver and servicerate si ¹ i .
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We determine the approximate policy using a single server for each vendor and

servicerate si ¹ i ; i = 1; : : : ; V , and we compute the averagerunning time as well as

the expectedcost of following this approximate policy.

Table2.7givesthe averagerunning time to determinethe allocation usinga single-

server approximation. The running times for the optimal algorithm from Table 2.3

have also been replicated here. Note that the running time for the single-server

approximation is again nearly linear in K , and the approximation is about twice

as fast as the optimal algorithm. However, this includes only the time required

to determine the allocation, and not the time required to compute the expected

cost of using this allocation. Computing this expected cost would bring the total

running time near or above that required to compute an optimal allocation (which

automatically computesthe expectedcost). Therefore,this approximation shouldbe

consideredonly whenan approximation to the expectedcostof the policy is su±cient.

Table 2.7: Mean running time to compute single-server approximate allocation and
optimal allocation (in seconds)

K = 100 K = 1;000 K = 10;000 K = 100;000

Approximation 0.0122 0.1192 1.2244 12.0055

Optimal 0.0268 0.2678 2.6743 23.5446

Table 2.8 shows the optimalit y gap betweenthe single-server approximate alloca-

tion and an optimal static allocation. For K = 100, the single-server approximate

allocation is about 2% away from optimal on averagefor the casesconsidered,but

the worst-caseperformanceis quite high at 32.29%away from optimal. For the larger

valuesof K , this di®erenceis negligible (for example,an averagegap of 9E-7% for

K = 100;000, with a worst-casegap of 8E-5%). In fact, for 72.9% of the experi-

ments, the allocation under the single-server approximation was exactly the sameas
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the optimal allocation. Furthermore, this number increaseswith K for the examples

considered:for K = 100, it is 57.1%,and for K = 100;000, it is 79.7%.

Table 2.8: Optimalit y gap for single-server approximate allocation

K = 100 K = 1;000 K = 10;000 K = 100;000

Min. gap 0% 0% 0% 0%

Max. gap 32.29% 2.72% 0.02% 8E-5%

Mean gap 2.14% 0.04% 2E-4% 9E-7%

The results in this section show that the single-server approximation may be

used without a signi¯cant loss of optimalit y for large values of K . Furthermore,

this approximation may be necessaryin caseswherethe manufacturer may not have

detailed information about si and ¹ i for each vendor, but rather knows only the

overall maximum servicerate at each vendor.

Note, however, that the values in Table 2.8 are for the 81,920trials that use si

valuesin the rangeof 1 to 20. For the 100additional trials we ran with K = 100;000

and si between1,000and 20,000for i = 1; : : : ; 4, the single-server approximation did

not perform as well. For thesetrials, the allocation obtained using the single-server

approximation resulted in an optimalit y gap that rangedfrom 0% to 46.3%,with an

averagevalue of 4.5%. Therefore, the single-server approximation works remarkably

well for large K when the valuesof si are very small relative to K . However, as si

becomescloserto K , this approximation can result in a signi¯cant lossof optimalit y.

When si is very large,an in¯nite-server approximation may be moreappropriate than

a single-server approximation.
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2.5.4 E®ect of Service Rates

Finally, we comparethe optimal allocations when we changeall vendorsfrom rela-

tiv ely slow serviceratesto fasterservicerates. That is, wecompare¹ = (¹
1
; ¹

2
; ¹

3
; ¹

4
)

with ¹ = (¹ 1; ¹ 2; ¹ 3; ¹ 4), keepingall other data unchanged. This gives us 5(28) =

1;280 experiments for each value of K , for a total of 5,120trials. In approximately

43%of the 5,120trials, the allocation wasexactly the sameusing ¹ or ¹ . In particu-

lar, the optimal solution using ¹ was 100%allocation to a singlevendor. Therefore,

one vendor was already fast enough to handle all items at relatively low cost, so

increasingthe servicerates of the vendorsdid not changethe allocation.

In the remaining 57% of the trials, the allocation did change when using ¹ as

comparedto ¹ . The pattern we seefrom theseresults is that increasingthe service

rate for all vendors serves to shrink the vendor base. That is, it appears that if

allocation is positive for exactly n of the V vendorswhen the servicerates are given

by ¹ , then the allocation will be positive for m · n vendorswhen the servicerates

are given by ¹ . For example, for K = 100 the allocation might shift from k =

(11; 35; 31; 23) when the servicerates are given by ¹ , to k = (0; 0; 42; 58) when the

serviceratesaregiven by ¹ . This is intuitiv e, sinceincreasingthe serviceratesmeans

the manufacturer can allocate more items to any given vendor without signi¯cantly

increasing the waiting times at the vendor; hence, fewer vendors will be required

to handle all K items. Therefore, the manufacturer has an added advantage when

the vendors have fast service rates: not only are the holding costs lower, but the

manufacturer will require fewer vendors,which will likely reduceadministration costs

of maintaining the contracts.
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Chapter 3

Dynamic Allo cation

3.1 Problem Description

In Chapter 2, we focusedon the optimal static allocation of items to repair vendors.

The static allocation model is extremely simple, requiring the manufacturer to make

allocation decisionsat only onepoint in time. However, static allocation modelsignore

important information about the current state of the system, and do not account

for congestionat the vendors. In this chapter, we study the dynamic allocation of

items at the times of failure. That is, whenever an item fails, the manufacturer

must decidewhich vendor will be usedto repair the item. The disadvantage of the

dynamic allocation model over the static allocation model is that it is moredi±cult to

implement in practice. The manufacturer must operatea call center for the customers

to report warranty claims,and must be able to react to a warranty claim at any given

time. However, becausethe manufacturer is delaying any allocation (or routing)

decisionsuntil the times of failure, when more information about the congestion

at each vendor is known, one would expect that the cost reductions from using a

dynamic allocation policy|rather than a static allocation policy|migh t outweigh

the increaseddi±cult y of implementing such a policy.
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Figure 3.1: Dynamic allocation with closedpopulation

As in Chapter 2, weconsidera closedpopulation of K items. Figure 3.1 illustrates

the dynamic allocation model using a closednetwork framework. Station 0 includes

all items that are properly functioning (that is, not awaiting or undergoingrepair);

this station can be thought of as a multi-server queuewith K servers, each server

having exponential servicetimes with rate ¸ , the individual failure rate of the items.

The exponential failure time distribution is required to keepthe dynamic allocation

model analytically and computationally tractable; recall from Section 2.1 that this

assumptionis not required for the static allocation model. When an item fails, the

central decision-maker (designatedby D in Figure 3.1) decides,basedon the cost

and congestionat each vendor, to which repair vendor the item is sent. Station i

represents the i th repair vendor (i = 1; : : : ; V); this station has si servers, each with

exponential servicetimes with rate ¹ i . In addition, an item sent to station i incurs a

¯xed cost ci , as well as a per-unit-time holding cost hi while it remainsat station i .

For this model, we usea continuous-timeMarkov decisionprocess(CTMDP) and

model the situation asa routing control problem. The routing control problemfor two

parallel single-server queueswith in¯nite population hasbeenextensively studied; see

Section1.2.2for details. In this chapter, we considerthe problem that hasV parallel

multi-server queues,a ¯nite population for arrivals, and a coststructure that includes
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both a queue-dependent ¯xed cost for routing to a queueplus a holding cost while

awaiting or receivingservice.

We de¯ne the CTMDP as follows. Let X i (t) denote the number of items under-

going or awaiting repair at vendor i at time t (i = 1; : : : ; V ; t ¸ 0). We say that

vendor i is in state x i at time t if X i (t) = x i ; the state of the systemis denotedby

x = (x1; : : : ; xV ). Becausewe are consideringa closedpopulation, the state spaceof

X (t) = [X 1(t); : : : ; X V (t)] is given by

S =

(

x = (x1; : : : ; xV ) 2 ZV : x i ¸ 0;
VX

i =1

x i · K

)

:

The action spaceis given by A = f 1; : : : ; Vg, where action i 2 A indicates that an

incoming failed item is sent to vendor i for repair.

To simplify the notation, let ¹ i (x i ) = ¹ i min(x i ; si ), and let ei denotethe i th unit

vector (that is, ei is the i th row of the V £ V identit y matrix). In state x , newfailures

occur at rate ¸
µ

K ¡
VP

i =1
x i

¶
. If a failure is routed to vendor i , then the systemstate

changesfrom x to x + ei . Repair completionsat vendor i occur at rate ¹ i (x i ), and

the systemstate changesfrom x to x ¡ ei . Therefore, the total transition rate out

of state x is given by

¸

Ã

K ¡
VX

i =1

x i

!

+
VX

i =1

¹ i (x i ):

Furthermore, whenan incoming failure is routed to vendor i , the manufacturer incurs

a ¯xed cost ci . The holding cost rate in state x is
VP

i =1
hi x i .

Now, following the standard courseof uniformization, we choosea suitable time

scale so that K ¸ +
VP

i =1
¹ i si = 1. We introduce \¯ctitious" transitions in state x

(which result in no changeof state) so that the total transition rate out of state x

is 1 (Lippman [37]). A ¯ctitious transition in state x occursat the following rate:
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1 ¡ ¸

Ã

K ¡
VX

i =1

x i

!

¡
VX

i =1

¹ i (x i )

= K ¸ +
VX

i =1

¹ i si ¡ ¸

Ã

K ¡
VX

i =1

x i

!

¡
VX

i =1

¹ i (x i )

=
VX

i =1

(¸x i + ¹ i si ¡ ¹ i (x i )) :

Let g¼(x ) denote the long-run averagecost associated with state x under policy

¼ and let w¼(x ) denote the bias associated with state x under policy ¼. That is,

w¼(x 1) ¡ w¼(x 2) is the incremental cost associated with starting in state x 1 rather

than x 2, under policy ¼. Becausethe state spaceS and the action spaceA are ¯nite,

we have the following theorem,which is basedon Proposition 2.1 in Bertsekas [2].

Theorem 2. If a scalar g and a vector w satisfy

g + w(x ) =
VX

i =1

hi x i +
VX

i =1

¹ i (x i )w(x ¡ ei )

+
VX

i =1

(¸x i + ¹ i si ¡ ¹ i (x i ))w(x ) (3.1)

+ ¸

Ã

K ¡
VX

i =1

x i

!

min
j =1 ;:::;V

n
cj + w(x + ej )

o

for all x 2 S, then g is the optimal averagecost per stagefor all x . Furthermore, if

policy ¼¤(x ) attains the minimum in equation (3.1) for each x , the stationary policy

¼¤ is optimal.
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Theorem2 says that if we¯nd a scalarg and a vectorw that satisfy (3.1), then this

solution is optimal. However, it doesnot guarantee the existenceof a solution. For

this, we usethe fact that for every two statesa = (a1; : : : ; aV ) and b = (b1; : : : ; bV ),

there exists a stationary policy ¼(a; b) such that there is a positive probability of

eventually reaching state b, starting from state a.

For instance,onepossiblepolicy is the onethat assignsan item to vendor j such

that

j = min
¡
i 2 f 1; : : : ; Vg : x i · bi

¢
:

Starting in state a, if all items at all vendorscompleteservicebeforeany item fails,

the system will reach state (0; : : : ; 0). Then, if there are
VP

i =1
bi failures before any

servicecompletion at any vendor, following policy ¼(a; b) will bring the system to

state b. This sequenceof events happens with positive probability in the closed

queueingnetwork. Note, however, that this is not the only sequenceof events that

brings the systemfrom state a to state b.

Then, using Propositions 2.5 and 2.6 in Bertsekas [2], we know that there exists

a unique solution g and w to (3.1), provided we ¯x the bias for a particular state

(say, w(0) = 0). For small instancesof the problem (e.g., K · 300 and V = 2),

we can solve the optimalit y equationsin Theorem 2 to obtain the optimal long-run

averagecost g. However, for larger valuesof K or V, ¯nding an exact solution to the

DP equations is usually numerically intractable. We therefore ¯nd nearly optimal

policies using two di®erent index-type policies: one derived from policy improve-

ment (described in Section 3.2), and the other derived from restlessbandit models

(described in Section3.3).
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3.2 Policy Impro vement Index

In this section, we use an approach based on policy improvement to develop an

approximately optimal routing policy for the dynamic allocation problem. The result

of following this approach is the derivation of an heuristic that associateswith each

vendor a function of the current state (called the index), and allocatesan item that

fails when the systemis in state x to the vendor with the smallest index in state x .

The form of our index policy di®ersslightly from traditional index policies in that

the index for vendor i does not depend on the state of vendor i alone, but also on

the state of all other vendors. However, the index is still very easyto calculate,and

results in a nearly optimal policy, as demonstratedin Section3.4.

We begin by assuming¸ ! 0 and K ! 1 such that K ¸ ! ¹̧ , a constant. In

practice, it is typically the casethat the population sizeis su±ciently large and the

failure rate is su±ciently small, so the ¯nite-p opulation systemcan be approximated

by an in¯nite-p opulation system with constant arrival rate. We develop the index

policy using this ¯xed arrival rate ¹̧ betweendecisionepochs, and then substitute the

actual varying arrival rate ¸
µ

K ¡
VP

i =1
x i

¶
in the expressionfor the index function at

the end.

With this assumptionof a ¯xed arrival rate, the average-costoptimalit y equations

in (3.1) can be modi¯ed to the following
³

with uniformization ¹̧ +
VP

i =1
¹ i si = 1

´
:

g + w(x ) =
VX

i =1

hi x i +
VX

i =1

¹ i (x i )w(x ¡ ei )

+
VX

i =1

(¹ i si ¡ ¹ i (x i ))w(x ) (3.2)

+ ¹̧ min
j =1 ;:::;V

n
cj + w(x + ej )

o
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One method of solving (3.2) is via the policy improvement algorithm (Puterman

[45]). However, even with a ¯xed arrival rate, performing several iterations of policy

improvement is usually numerically intractable for problems of realistic size. We

follow Krishnan and Ott [33] and Krishnan [31], [32] in proposing the development

of a dynamic routing heuristic by applying a single policy-improvement step to an

optimal state-independent policy. The idea behind this approach is that the greatest

bene¯t from policy improvement generallycomesin the ¯rst fewiterations, which may

then be followed by several iterations with only slight improvement to \¯ne-tune" the

optimal policy. Therefore, by performing only one iteration of policy improvement,

we might not obtain an optimal policy, but we hope to obtain a policy that is very

closeto optimal (seealsoTijms [55]).

In Section3.2.1,wedescribehow to determinean optimal state-independent policy

to useasa starting policy in the policy improvement algorithm. Then, in Section3.2.2,

we apply the policy-improvement step, which results in a closed-formindex heuristic

for routing incoming failed items.

3.2.1 Initial Policy

A state-independent policy p = (p1; : : : ; pV ) routesan incoming item to vendor i with

probability pi , independent of the state of the system. This is similar to the model

of Comb¶e and Boxma [9] mentioned in Section1.2.1. Under policy p, and using the

assumption of a ¯xed arrival rate ¹̧ , vendor i seesan incoming Poissonstream of

items with rate ¹̧ pi ; therefore, vendor i can be viewed as an M =M =si system. We

also assume
VP

i =1
si ¹ i > ¹̧ ; that is, the total maximum servicecapacity of all vendors

together is enoughto handle the incoming stream of failed items. As a consequence,

we know that there exist policiesp such that ¹̧p i < si ¹ i for all i = 1; : : : ; V . In what

follows, we consideronly such stable policies.
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The expectedlong-run averagecost of policy p is given by

VX

i =1

(ci
¹̧p i + hi L i ( ¹̧p i )) ; (3.3)

where L i ( ¹̧p i ) is the expected number of customersin steady state in an M =M =si

system with arrival rate ¹̧p i and servicerate ¹ i . Using the fact that the expected

number of busy servers in such a systemis ¹̧p i =¹ i , onecan show that

L i ( ¹̧ pi ) =
¹̧p i

¹ i
+

®i;p ½i;p

(1 ¡ ½i;p )2
; (3.4)

where½i;p = ¹̧p i =si ¹ i , and ®i;p is the steady-stateprobability of there being exactly

si customersin the M =M =si system. This probability is given by

®i;p =

1
si !

µ ¹̧p i

¹ i

¶ si

si ¡ 1X

n=0

1
n!

µ ¹̧ pi

¹ i

¶ n

+
ssi

i

si !

µ
½si

i;p

1 ¡ ½i;p

¶ : (3.5)

For si = 1, equation (3.4) simpli¯es to L i ( ¹̧p i ) = ¹̧p i =(¹ i ¡ ¹̧p i ).

L i ( ¹̧ pi ) is a convex function of ¹̧p i (Grassmann[20], Lee and Cohen [36]), and

hencea convex function of pi for constant ¹̧ > 0. Therefore, since the costs are

nonnegative, ci
¹̧p i + hi L i ( ¹̧p i ) is also convex, and the problem of minimizing the

objective (3.3) subject to the constraints
VP

i =1
pi = 1 and pi ¸ 0 (i = 1; : : : ; V) is

a separableconvex resourceallocation problem with continuous variables. We use

the ranking algorithm in Ibaraki and Katoh [28] (which we describe in Appendix C

as applied to this particular problem) to ¯nd an optimal solution, denoted p¤. In

the next section,we perform a single iteration of the policy improvement algorithm

beginningwith the optimal state-independent policy p¤.
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3.2.2 Policy-Impro vement Step

Let g¤ and w¤(x ) denotethe long-run averagecostand bias, respectively, of the state-

independent policy p¤ that was computed in Section 3.2.1. Theseare given by the

solution to the following systemof equations:

g¤ + w¤(x ) =
VX

i =1

hi x i +
VX

i =1

¹ i (x i )w¤(x ¡ ei )

+
VX

i =1

(¹ i si ¡ ¹ i (x i ))w¤(x )

+ ¹̧
VX

i =1

p¤
i (ci + w¤(x + ei ))

Note that this systemof equationsdi®ersfrom (3.2) in that there is no minimiza-

tion term. Under the state-independent policy p¤, the actionsarealreadydetermined

and there are no decisionsto be made,aseach item is always routed to vendor i with

probability p¤
i (i = 1; : : : ; V).

We improve the policy p¤ by implementing a singledynamic programming (DP)

policy-improvement step. That is, for each state x , we determine an optimal action

to take for an arrival to this state, after which we would follow policy p¤ for all

subsequent arrivals. The improved policy is one that, in state x , choosesa vendor

j that minimizes cj + w¤(x + ej ), which is equivalent to choosing a vendor j that

minimizes cj + w¤(x + ej ) ¡ w¤(x ). Note that, although the improved policy may

not be optimal, it is guaranteed to yield an averagecost that is at least as low as

that of the initial policy p¤, by the monotonicity of the policy improvement algorithm

(Puterman [45]). We now turn to the computation of cj + w¤(x + ej ) ¡ w¤(x ), but

¯rst we needto de¯ne someadditional notation.
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Let vT (x ) be the total expectedcost of policy p¤ up to time T, starting in state

x at time 0. From Puterman [45], we have that

w¤(x + ej ) ¡ w¤(x ) = lim
T !1

£
vT (x + ej ) ¡ vT (x )

¤
: (3.6)

Furthermore, we can exploit the separability of the vendorsunder the policy p¤, and

write the total cost vT (x ) as the sum of the cost for each vendor up to time T. Let

vi;T (x i ) be the total expected cost associated with vendor i under policy p¤ up to

time T when vendor i starts in state x i ; then vT (x ) =
VP

i =1
vi;T (x i ).

Recall that we are consideringonly policiesp¤ that result in stable queuesfor all

i = 1; : : : ; V . Therefore,the expectedcost associated with vendor i reachesa steady-

state value given by g¤
i = ci

¹̧ p¤
i + hi L i ( ¹̧p ¤

i ). It follows that, as T ! 1 , vi;T (x i )

becomesasymptotic to a straight line of slope g¤
i . Hence,

vi;T (x i ) = ¯ i;x i + g¤
i T + O(T); (3.7)

where¯ i;x i is the intercept of the asymptote, and O(T) is any function that satis¯es

lim
T !1

O(T) = 0.

Let ¿i (x i ) be the time it takesvendor i to reach state 0 for the ¯rst time, starting

from state x i , and let Ti (x i ) = E[¿i (x i )]. Let J i (x i ) be the expectedcost incurred at

vendor i from an initial state x i until the vendor reaches state 0 for the ¯rst time.

Sinceentry into state 0 is a regenerationpoint for the process,we canexpressvi;T (x i )

in terms of the total expectedcostsbeforeand after time ¿i (x i ) as follows, wherethe

notation (a ^ b) meansthe minimum of a and b:

vi;T (x i ) = E¿i (x i )

£
vi; (T ^ ¿i (x i )) (x i ) + vi;T ¡ ¿i (x i )(0)

¤
; (3.8)
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where vi;t (j ) is taken to be zero for all starting states j when t · 0. Using (3.7) in

(3.8), we have

vi;T (x i ) = E¿i (x i )

£
vi; (T ^ ¿i (x i )) (x i )

¤
+ E¿i (x i )

£
vi;T ¡ ¿i (x i )(0)

¤

= Ji (x i ) + O(T) + E¿i (x i )

£
¯ i; 0 + g¤

i (T ¡ ¿i (x i )) + O(T ¡ ¿i (x i ))
¤

= Ji (x i ) + vi;T (0) ¡ g¤
i Ti (x i ) + O(T):

Therefore,

vT (x + ej ) ¡ vT (x ) =
VX

i =1
i 6= j

vi;T (x i ) + vj ;T (x j + 1) ¡
VX

i =1

vi;T (x i )

= vj ;T (x j + 1) ¡ vj ;T (x j )

= Jj (x j + 1) + vj ;T (0) ¡ g¤
j Tj (x j + 1) + O(T)

¡
¡
Jj (x j ) + vj ;T (0) ¡ g¤

j Tj (x j ) + O(T)
¢

= Jj (x j + 1) ¡ Jj (x j ) ¡ g¤
j

¡
Tj (x j + 1) ¡ Tj (x j )

¢
+ O(T):

Substituting this in (3.6) yields

w¤(x + ej ) ¡ w¤(x ) = J j (x j + 1) ¡ Jj (x j ) ¡ g¤
j

¡
Tj (x j + 1) ¡ Tj (x j )

¢
:

Sincethe improved policy choosesa vendor j that minimizescj + w¤(x + ej ) ¡ w¤(x ),

we de¯ne the index I j (x j )|whic h we refer to as the policy improvementindex|as

follows:

I j (x j ) = cj + Jj (x j + 1) ¡ Jj (x j ) ¡ g¤
j

¡
Tj (x j + 1) ¡ Tj (x j )

¢
: (3.9)
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A closed-formsolution for I j (x j ) is given in the following theorem,using° j = ¹̧p ¤
j ,

½j = ° j =(sj ¹ j ), and

®j =

1
sj !

µ
° j

¹ j

¶ sj

sj ¡ 1X

n=0

1
n!

µ
° j

¹ j

¶ n

+
ssj

j

sj !

Ã
½sj

j

1 ¡ ½j

! : (3.10)

Theorem 3. The dynamic index policy obtained upon implementinga single policy-

improvementstep on an optimal state-independent policy p¤ operates as follows: In

state x , route an incoming failed item to any vendor i suchthat

I i (x i ) = min
j =1 ;:::;V

I j (x j )

where

I j (x j ) =

8
>>>>>>><

>>>>>>>:

cj +
hj

¹ j
+ x j !

µ
¹ j

° j

¶ x j hj ®j ½j

° j (1 ¡ ½j )2

x jX

n=0

(° j =¹ j )n

n!
; 0 · x j · sj ¡ 1;

cj +
hj

sj ¹ j ¡ ° j

µ
x j + 1 +

° j

sj ¹ j ¡ ° j
¡

° j

¹ j
¡

®j ½j

(1 ¡ ½j )2

¶
; x j ¸ sj :

(3.11)

Proof. For notational convenience,we drop the vendorsu±x j and write ° , ½, ®, and

g¤ in placeof ° j , ½j , ®j , and g¤
j , respectively. It is clear that ® of equation (3.10) is

the probability that there are exactly s customersin an M =M =s queuewith arrival

rate ° and servicerate ¹ ; this is the sameas equation (3.5) with a slight changeof

notation.
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Let L(° ) be the expectednumber of customersin this system,asgiven in equation

(3.4). Then

g¤ = c° + hL(° )

= c° +
h°
¹

+
h®½

(1 ¡ ½)2
(3.12)

Now let ¹ x = ¹ min(x; s). Using ¯rst-step analysis, the expected time T(x) to

reach state 0 is given by the solution to

T(x) =
1

° + ¹ x
+

¹ x

° + ¹ x
T(x ¡ 1) +

°
° + ¹ x

T(x + 1); x = 1; 2; : : : ; (3.13)

with T(0) = 0. Similarly, the expectedcost J (x) incurred beforereaching state 0 is

given by the solution to

J (x) =
hx

° + ¹ x
+

¹ x

° + ¹ x
J (x ¡ 1) +

°
° + ¹ x

(c + J (x + 1)) ; x = 1; 2; : : : ; (3.14)

with J (0) = 0. We useequations(3.13) and (3.14) to derive the closed-formsolution

for I (x) by consideringtwo cases.

Case 1: 0 · x · s ¡ 1

For 0 · x · s, equations(3.13) and (3.14) give

¹x
©

T(x) ¡ T(x ¡ 1)
ª

= 1 + °
©

T(x + 1) ¡ T(x)
ª

(3.15)

¹x
©

J (x) ¡ J (x ¡ 1)
ª

= (hx + ° c) + °
©

J (x + 1) ¡ J (x)
ª

(3.16)
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Let Ã(x) = I (x) ¡ c ¡ h=¹ . Using (3.9) together with (3.12), (3.15), and (3.16), we

have for 1 · x · s ¡ 1,

Ã(x) = J (x + 1) ¡ J (x) ¡ g¤
©

T(x + 1) ¡ T(x)
ª

¡
h
¹

=
¹x
°

n
J (x) ¡ J (x ¡ 1)

o
¡

hx
°

¡ c ¡ g¤

·
¹x
°

©
T(x) ¡ T(x ¡ 1)

ª
¡

1
°

¸
¡

h
¹

=
¹x
°

·
J (x) ¡ J (x ¡ 1) ¡ g¤

©
T(x) ¡ T(x ¡ 1)

ª
¡

h
¹

¸
¡ c ¡

h
¹

+
g¤

°

=
¹x
°

Ã(x ¡ 1) +
h®½

° (1 ¡ ½)2
: (3.17)

Next we evaluate Ã(0). Observe that the expected cost incurred during each

busy period initiated by a single repair in the systemis c + J (1) = c + J (1) ¡ J (0),

while the expectedtime betweenthe starts of successive busy periods after the ¯rst is

1=° + T(1) = 1=° + T(1) ¡ T(0). It follows from a standard renewal theory argument

(see,for example,Theorem8.25in Kulkarni [34]) that the averagecost g¤ is given by

g¤ =
c + J (1) ¡ J (0)

1=° + T(1) ¡ T(0)
;

whereJ (0) = T(0) = 0. Therefore

I (0) = c + J (1) ¡ J (0) ¡ g¤
©

T(1) ¡ T(0)
ª

=
g¤

°

= c +
h
¹

+
h®½

° (1 ¡ ½)2
:

Hence

Ã(0) =
h®½

° (1 ¡ ½)2
: (3.18)
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Solving (3.17) recursively, beginningwith (3.18), we get

Ã(x) = x!
µ

¹
°

¶ x h®½
° (1 ¡ ½)2

xX

i =0

(° =¹ ) i

i !

for 0 · x · s ¡ 1. The result from Theorem3 follows.

Case 2: x ¸ s

For x ¸ s, equation (3.13) givesthe following:

s¹
©

T(x) ¡ T(x ¡ 1)
ª

= 1 + °
©

T(x + 1) ¡ T(x)
ª

:

Using an approach similar to that in Kulkarni [34] (page179), onecan show that

T(x) =
1X

n=1

1
° qn

+
x¡ 1X

r =1

qr

1X

n= r +1

1
° qn

;

where

qn =
nY

i =1

¹ min(i; s)
°

=

8
>>><

>>>:

n!
µ

¹
°

¶ n

; n · s;

s!sn¡ s

µ
¹
°

¶ n

; n > s:

Therefore,

T(x + 1) = T(x) + qx

1X

n= x+1

1
° qn

:

But for x ¸ s,

1X

n= x+1

1
° qn

=
ss

³
°
s¹

´ x

s!(s¹ ¡ ° )
;
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so T(x + 1) ¡ T(x) simpli¯es to

T(x + 1) ¡ T(x) =
1

s¹ ¡ °
: (3.19)

Similarly, for x ¸ s, equation (3.14) givesthe following:

s¹
©

J (x) ¡ J (x ¡ 1)
ª

= hx + °
©

c + J (x + 1) ¡ J (x)
ª

:

Let ¢( x) = J (x) ¡ J (x ¡ 1); x = s;s + 1; : : : . Sincex ¸ s, the overall servicerate

remainsconstant at s¹ , and

¢( x + 1) = ¢( x) +
h

s¹ ¡ °
:

That is, the only additional cost in going from state x + 1 to state x (as opposedto

going from state x to state x ¡ 1) is the associated holding cost for the oneadditional

item whenstarting in state x + 1. As we have just seen,the expectedtime it takesto

go from state x + 1 to state x is T(x + 1) ¡ T(x) = 1=(s¹ ¡ ° ), so this extra holding

cost is simply h=(s¹ ¡ ° ). Then we have

s¹ ¢( x) = hx + °
µ

c + ¢( x) +
h

s¹ ¡ °

¶
;

hence

(s¹ ¡ ° )¢( x) = hx + ° c +
° h

s¹ ¡ °
:

This gives

J (x + 1) ¡ J (x) =
h(x + 1)
s¹ ¡ °

+
° c

s¹ ¡ °
+

° h
(s¹ ¡ ° )2

: (3.20)
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Substituting (3.12), (3.19), and (3.20) in equation (3.9) yields the result for x ¸ s:

I (x) = c + J (x + 1) ¡ J (x) ¡ g¤
¡
T(x + 1) ¡ T(x)

¢

= c +
h(x + 1)
s¹ ¡ °

+
h°

(s¹ ¡ ° )2
¡

h°
¹ (s¹ ¡ ° )

¡
h®½

(1 ¡ ½)2(s¹ ¡ ° )
:

This concludesthe proof of Theorem3.

Note that the index I j (x j ) is increasinglinear in x j for the range of importance

x j ¸ sj . In addition, for the special casesj = 1, the index can be simpli¯ed to the

following:

I j (x j ) = cj +
hj (x j + 1)

¹ j ¡ ° j
:

In practice,weuse¸
µ

K ¡
VP

i =1
x i

¶
in placeof ¹̧ to computethe policy with indices

I j (x j ). That is, we modify the policy to account for the dynamically changingarrival

rate ¸
µ

K ¡
VP

i =1
x i

¶
, rather than usingthe ¯xed arrival rate ¹̧ . In this case,the arrival

rate ° j is calculated as ° j = ¸p ¤
j

µ
K ¡

VP

i =1
x i

¶
. Note, however, that the original

de¯nition of p¤
j doesnot change;that is, p¤

j is calculatedat the beginning,assuminga

¯xed arrival rate ¹̧ . This value is subsequently usedin the calculation of the index for

vendor j when accounting for the dynamic arrival rate ¸
µ

K ¡
VP

i =1
x i

¶
. As a result,

the form of our index policy di®ersfrom traditional index policies in that the index

for vendor i does not depend on the state of vendor i alone, but also on the state

and parameters for all other vendors (through both the dynamic arrival rate and

the initial calculation of p¤). However, this modi¯cation is very easyto implement

in the index calculation, and results in a nearly optimal policy, as demonstratedin

Section3.4.
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3.3 Restless Bandit Index

In Section3.2, we derived an index policy basedon a singlepolicy-improvement step

applied to an optimal state-independent policy. In this section,we derive an alternate

index policy basedon a restlessbandit model; this approach does not require the

computation of an initial policy.

Whittle [57] introduceda classof models for stochastic resourceallocation called

restlessbandits, which aregeneralizationsof the classicmulti-armed bandits of Gittins

[16], [17],often usedin stochasticscheduling(see,for example,Bertsekas[2]). A multi-

armedbandit model is onein which there aren projects,and project i is characterized

by a current state x i . There is a singleresourcethat can be allocated to oneproject

at a time. When the resourceis allocated to project i , then the state of project i

changesfrom x i to x0
i by time-homogeneousMarkov rules, but the states x j of the

other projects do not change. A reward, whoseexpectation is a function R i (x i ) of

both i and x i , is earned each time project i is chosen. The policy is given by a

rule specifying which project to work on at any given time in order to maximize the

expectedaverageor discounted reward over an in¯nite horizon.

The restlessbandit model is an extensionof the multi-armed bandit model, in

which the unengagedprojects can also changestate, although by di®erent rules. In

addition, rather than allowing only one project to be engagedin any time period, a

¯xed number m < n of the projects may be engagedin each time period.

Papadimitriou and Tsitsiklis [44] have shown that the restlessbandit problem

with deterministic transition rules is PSPACE-hard. The classPSPACE is the set

of decisionproblemsthat can be solved by a Turing machine using unlimited time,

but a polynomial amount of memory. Becausethe most basicversionof the restless

bandit problem is PSPACE-hard, it is unlikely that there exist optimal policies of

simple form.
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Whittle [57] describedan approach to the development of index heuristicsfor rest-

lessbandits, which center on Lagrangian relaxations of the original problem. Sub-

sequent studies have demonstrated, both theoretically and empirically, the strong

performanceof Whittle's index policy. See,for example,Ansell et al. [1], Glazebrook,

Ni~no-Mora, and Ansell [19], and Weber and Weiss[56].

Whittle [58] then proposedthe deployment of restlessbandit approaches to the

development of dynamic policies for the routing of customersto alternative service

stations. Ni~no-Mora [43] hasdeveloped a generaltheory that extendsWhittle's ideas

and discusseswhen they can be successfullyapplied to routing problems (seealso

Ni~no-Mora [42]). In¯nite-p opulation approximations to our models satisfy all of the

su±cient conditions;we thereforefollow Whittle's approach in deriving an index-type

policy for the dynamicallocation of items to vendors,which wedevelopin closedform.

In the following discussion,we focuson an arbitrary vendor, labeledj . To develop

the index, we supposethat vendor j is facing the entire incoming stream of failed

items that has rate ¹̧ = K ¸ , since we will again consider the in¯nite-p opulation

approximation while developing the index. The vendor has the freedomto acceptor

reject each incoming item. Thesetwo actions correspond respectively to routing the

incoming item to vendor j (accept) or to another vendor (reject) in the full multi-

vendor problem. The cost structure of this single-vendor problem includesthe repair

cost cj and the holding cost rate hj discussedin Section 3.1, and it also includes a

rejection penalty W that is payablewhenever an incoming item is rejectedfor service.

The generaltheory (seeNi~no-Mora [43]) assertsthe existenceof a nondecreasing

function Wj : N ! R with the following property: For each queuelength x j it is

optimal to accept an incoming item at queuelength x j when W ¸ Wj (x j ) and to

reject an incomingitem at queuelength x j whenW · Wj (x j ). In other words,Wj (x j )

may be thought of as a fair charge for rejection of an item in state x j , as shown in

Figure 3.2.

52



-

0 W

£

Wj (x j )
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Reject in x j when

W · Wj (x j )

Accept in x j when

W ¸ Wj (x j )

Figure 3.2: Rejection and acceptanceregionsfor restlessbandit model

The index heuristic for the original multi-v endor problem routes an incoming

customer to a station with the lowest fair charge for rejection in the current state.

To understandthe intuition behind this, ¯x a state x , and let m = argmin
i =1 ;:::;V

©
Wi (x i )

ª
.

Now considerwhat happens if we increasethe penalty W, starting at W = 0. As

long as W < Wm (xm ), all vendorswill reject an incoming item. When W becomes

equal to Wm (xm ), and as long as W is greater than Wm (xm ) but lessthan the fair

chargeof all other vendors,vendor m will be the only vendor acceptingan incoming

item; all other vendorswill reject an incoming item. In other words, the vendor with

the smallestfair chargeWi (x i )|in this case,vendorm|is the ¯rst vendorwilling to

accept an incoming item as W increases;hence,this is the vendor that will receive

the incoming item.

In order to computeWj (x j )|whic h we refer to as the restlessbandit index|note

that when the rejection penalty W is ¯xed such that W = Wj (x j ), both actions of

rejecting and accepting an incoming item to vendor j are optimal in state x j . In

addition, for this value of W it is optimal to acceptan incoming item to vendor j for

states yj · x j ¡ 1, sinceWj (yj ) · Wj (x j ) = W (recall that Wj is a nondecreasing

function of x j ). Similarly, it is optimal to reject an incomingitem to vendorj for states

yj ¸ x j + 1, sinceWj (yj ) ¸ Wj (x j ) = W. Therefore,Wj (x j ) may be characterizedas

the valueof the rejection penalty W that makesboth of the following policiesoptimal

for vendor j :
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1. Policy ¼j (x j ): Accept an incoming item to vendor j in statesf 0; 1; : : : ; x j ¡ 1g,

and reject an incoming item to vendor j in states f x j ; x j + 1; : : : g.

2. Policy ¼j (x j + 1): Accept an incoming item to vendor j in statesf 0; 1; : : : ; x j g,

and reject an incoming item to vendor j in states f x j + 1; x j + 2; : : : g.

First considerpolicy ¼j (x j ). Under this policy, the number of items at vendor j

forms a birth-death processon the statesf 0; 1; : : : ; x j g, wherethe birth rate is given

by ¹̧ = K ¸ for states k = 0; : : : ; x j ¡ 1. The birth rate for state x j is 0. The death

rate is given by ¹ j min(k; sj ) for states k = 1; : : : ; x j , and the death rate for state 0

is 0.

Let pj (x j ; k) denotethe steady-stateprobability that there are k items at vendor

j under policy ¼j (x j ). For x j · sj , this probability is given by the following:

pj (x j ; k) =

8
>>>>>><

>>>>>>:

¡ ¹̧=¹ j
¢k

=k!
x jX

n=0

¡ ¹̧=¹ j
¢n

=n!

; k = 0; : : : ; x j ;

0; k ¸ x j + 1:

For x j ¸ sj + 1, we have the following for pj (x j ; k):

pj (x j ; k) =

8
>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>:

¡ ¹̧=¹ j
¢k

=k!
sjX

n=0

¡ ¹̧=¹ j
¢n

=n! +
x jX

n= sj +1

¡ ¹̧=¹ j
¢n

=
³

sj !s
n¡ sj
j

´ ; k = 0; : : : ; sj ;

¡ ¹̧ =¹ j
¢k

=
³

sj !s
k¡ sj
j

´

sjX

n=0

¡ ¹̧=¹ j
¢n

=n! +
x jX

n= sj +1

¡ ¹̧=¹ j
¢n

=
³

sj !s
n¡ sj
j

´ ; k = sj + 1; : : : ; x j ;

0; k ¸ x j + 1:
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When the vendoris in a state in which policy ¼j (x j ) acceptsan incomingcustomer

(that is, states0; : : : ; x j ¡ 1), the manufacturer incurs a cost at rate cj
¹̧ . When the

vendor is in a state in which policy ¼j (x j ) rejects an incoming customer (that is,

state x j ), the manufacturer incurs a cost at rate W ¹̧ . In all statesk = 0; : : : ; x j , the

manufacturer incurs a holding cost at rate khj . Therefore, the cost associated with

policy ¼j (x j ) is given by the following:

C¼j (x j )(W) =
x j ¡ 1X

k=0

pj (x j ; k)(cj
¹̧ + khj ) + pj (x j ; x j )(W ¹̧ + x j hj )

= cj
¹̧ +

x jX

k=0

khj pj (x j ; k) + ¹̧ (W ¡ cj )pj (x j ; x j ): (3.21)

Similarly, the cost associated with policy ¼j (x j + 1) is given by

C¼j (x j +1) (W) =
x jX

k=0

pj (x j + 1; k)(cj
¹̧ + khj ) + pj (x j + 1; x j + 1)(W ¹̧ + (x j + 1)hj )

= cj
¹̧ +

x j +1X

k=0

khj pj (x j + 1; k) + ¹̧ (W ¡ cj )pj (x j + 1; x j + 1): (3.22)

The fair chargeWj (x j ) is the value for which

C¼j (x j )(W) = C¼j (x j +1) (W):

The solution to this is given in the following theorem,wherewe use

A j (k) =
kX

n=0

( ¹̧ =¹ j )n

n!
; k = 0; 1; : : :

and

B j (k) =
( ¹̧=¹ j )k

k!
; k = 0; 1; : : : :
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Theorem 4. If ¹̧ 6= sj ¹ j , then Wj (x j ), the fair charge for rejection in state x j , is

given by

Wj (x j ) =

8
>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>:

cj +
hj

¹ j
; 0 · x j · sj ¡ 1;

cj + hj

"

B j (sj )
µ ¹̧

¹̧ ¡ sj ¹ j

¶ 2
( µ ¹̧

sj ¹ j

¶ x j ¡ sj

¡
µ ¹̧

sj ¹ j

¶ ¡ 1
)

¡
½

B j (sj )
µ ¹̧

¹̧ ¡ sj ¹ j

¶
¡ A j (sj )

¾µ
x j + 1 ¡

¹̧

¹ j

¶ #Á

"

B j (sj ) ¹̧ ¡ A j (sj )( ¹̧ ¡ sj ¹ j )

#

; x j ¸ sj :

Moreover, asymptotically as x j ! 1 ,

Wj (x j ) »

hj B j (sj )

Ã
¹̧

¹̧ ¡ sj ¹ j

! 2 Ã
¹̧

sj ¹ j

! x j ¡ sj

B j (sj ) ¹̧ ¡ A j (sj )( ¹̧ ¡ sj ¹ j )
for ¹̧ > sj ¹ j

and

Wj (x j ) »
hj

³
x j + 1 ¡

¹̧
¹ j

´

sj ¹ j ¡ ¹̧ for ¹̧ < sj ¹ j :

If ¹̧ = sj ¹ j , then Wj (x j ) is given by

Wj (x j ) =

8
>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:

cj +
hj

¹ j
; 0 · x j · sj ¡ 1;

cj +
hj

sj ¹ j

"
(x j + 1 ¡ sj )A j (sj )

B j (sj )
+ sj

+
1
2

(x j ¡ sj ) +
1
2

(x j ¡ sj )2

#

; x j ¸ sj :
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Proof. For notational convenience,we drop the vendor subscript j , and we consider

the case¹̧ 6= s¹ . Let

Bk =
(¹̧=¹ )

k
; k = 1; 2; : : :

Case 1: 0 · x · s ¡ 1

For x · s ¡ 1, the equilibrium distribution for the number of items at the vendor

under policy ¼(x) is given by

p(x; k) = B(k)p(x; 0); k = 0; : : : ; x;

wherep(x; 0)¡ 1 = A(x). The equilibrium distribution for the number of items at the

vendor under policy ¼(x + 1) is given by

p(x + 1; k) = B(k)p(x + 1; 0); k = 0; : : : ; x + 1;

wherep(x + 1; 0)¡ 1 = A(x + 1).

The de¯ning equation of the index W = W(x) is C¼(x)(W) = C¼(x+1) (W). By

equating (3.21) and (3.22), this gives

(W ¡ c) ¹̧ ©
p(x; x) ¡ p(x + 1; x + 1)

ª
=

x+1X

k=0

hkp(x + 1; k) ¡
xX

k=0

hkp(x; k):
(3.23)

Multiplying both sidesof (3.23) by p(x; 0)¡ 1p(x + 1; 0)¡ 1 gives

(W ¡ c) ¹̧ ©
B(x)A(x + 1) ¡ B(x + 1)A(x)

ª
=

h(x + 1)B(x + 1)A(x) +
xX

k=0

hkB(k)
©

A(x) ¡ A(x + 1)
ª

:
(3.24)
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We ¯rst analyzethe left sideof (3.24).

(W ¡ c) ¹̧ ©
B(x)A(x + 1) ¡ B(x + 1)A(x)

ª

= (W ¡ c) ¹̧B (x)
©

A(x + 1) ¡ Bx+1 A(x)
ª

= (W ¡ c) ¹̧B (x)

(Ã

1 +
xX

y=1

yY

k=1

Bk

!

¡ Bx+1

Ã

1 +
x¡ 1X

y=1

yY

k=1

Bk

!)

= (W ¡ c) ¹̧B (x)

(

1 +
x¡ 1X

y=0

(By+1 ¡ Bx+1 )
yY

k=1

Bk

)

: (3.25)

But

By+1 ¡ Bx+1 =
µ ¹̧

¹

¶ µ
1

y + 1
¡

1
x + 1

¶
=

µ ¹̧

(x + 1)¹

¶ µ
x + 1
y + 1

¡ 1
¶

= Bx+1

³
(x + 1)

³ ¹
¹̧

´
By+1 ¡ 1

´
:

Therefore,(3.25) is equal to

(W ¡ c) ¹̧ B (x)

(

1 + Bx+1

"

(x + 1)
³ ¹

¹̧

´ xX

y=1

yY

k=1

Bk ¡

Ã

1 +
x¡ 1X

y=1

yY

k=1

Bk

!#)

= (W ¡ c) ¹̧ B (x)

(

Bx+1

"

(x + 1)
³ ¹

¹̧

´
(

1 +
xX

y=1

yY

k=1

Bk

)

¡

(

1 +
x¡ 1X

y=1

yY

k=1

Bk

)#)

= (W ¡ c) ¹̧ B (x)Bx+1

"
n

(x + 1)
³ ¹

¹̧

´
¡ 1

o
A(x) + B(x)

#

= (W ¡ c) ¹̧ B (x + 1)

"
n

(x + 1)
³ ¹

¹̧

´
¡ 1

o
A(x) + B(x)

#

: (3.26)

58



We now analyzethe right sideof (3.24).

h(x + 1)B(x + 1)A(x) +
xX

k=0

hkB(k)
©

A(x) ¡ A(x + 1)
ª

= B(x + 1)

(

h(x + 1)A(x) ¡
xX

k=0

hkB(k)

)

= B(x + 1)
½

h(x + 1)A(x) ¡ h
µ ¹̧

¹

¶
A(x ¡ 1)

¾
: (3.27)

Thus, equating (3.26) and (3.27) gives

(W ¡ c) ¹̧ B (x + 1)

"
n

(x + 1)
³ ¹

¹̧

´
¡ 1

o
A(x) + B(x)

#

=

hB(x + 1)
½

(x + 1)A(x) ¡
µ ¹̧

¹

¶
A(x ¡ 1)

¾
;

or

W = c +
h
¹̧

2

6
6
4

(x + 1)A(x) ¡
µ ¹̧

¹

¶
A(x ¡ 1)

(x + 1)
³ ¹

¹̧

´
A(x) ¡ A(x ¡ 1)

3

7
7
5 = c +

h
¹

:

Case 2: x ¸ s

Let ½=
¹̧

s¹
. For x ¸ s, the equilibrium distribution for policy ¼(x) is given by

p(x; k) =

8
>>>>>>><

>>>>>>>:

µ ¹̧

¹

¶ k 1
k!

p(x; 0); k = 0; : : : ; s;

µ ¹̧

¹

¶ s 1
s!

½k¡ s p(x; 0); k = s + 1; : : : ; x;

where

p(x; 0)¡ 1 = A(s) +
B(s) ¹̧ (1 ¡ ½x¡ s)

s¹ ¡ ¹̧ :
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The de¯ning equation of the index W = W(x) is C¼(x)(W) = C¼(x+1) (W), or

(W ¡ c) ¹̧ ©
p(x; x) ¡ p(x + 1; x + 1)

ª
=

x+1X

k=0

hkp(x + 1; k) ¡
xX

k=0

hkp(x; k):

(3.28)

Multiplying both sidesof (3.28) by p(x; 0)¡ 1p(x + 1; 0)¡ 1 gives

p(x; 0)¡ 1p(x + 1; 0)¡ 1
h
(W ¡ c) ¹̧ ©

p(x; x) ¡ p(x + 1; x + 1)
ª i

=

p(x; 0)¡ 1p(x + 1; 0)¡ 1

"
x+1X

k=0

hkp(x + 1; k) ¡
xX

k=0

hkp(x; k)

#

:

(3.29)

We ¯rst develop the left sideof (3.29) as follows:

p(x; 0)¡ 1p(x + 1; 0)¡ 1
h
(W ¡ c) ¹̧ ©

p(x; x) ¡ p(x + 1; x + 1)
ª i

= (W ¡ c) ¹̧ ©
B(s)½x¡ sp(x + 1; 0)¡ 1 ¡ B (s)½x+1 ¡ sp(x; 0)¡ 1

ª

= (W ¡ c) ¹̧ B (s)½x¡ s
©

p(x + 1; 0)¡ 1 ¡ ½p(x; 0)¡ 1
ª

= (W ¡ c) ¹̧ B (s)½x¡ s(1 ¡ ½)
½

A(s) +
B(s) ¹̧

s¹ ¡ ¹̧

¾
: (3.30)
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We now analyzethe right sideof (3.29) by writing

p(x; 0)¡ 1p(x + 1; 0)¡ 1

"
x+1X

k=0

hkp(x + 1; k) ¡
xX

k=0

hkp(x; k)

#

=
sX

k=0

h
µ ¹̧

¹

¶ k 1
k!

k
·
A(s) + B(s)

µ ¹̧

s¹ ¡ ¹̧

¶
¡
1 ¡ ½x¡ s

¢
¸

+
xX

k= s+1

hB(s)½k¡ sk
·
A(s) + B(s)

µ ¹̧

s¹ ¡ ¹̧

¶
¡
1 ¡ ½x¡ s

¢
¸

+ hB(s)½x+1 ¡ s(x + 1)
·
A(s) + B(s)

µ ¹̧

s¹ ¡ ¹̧

¶
¡
1 ¡ ½x¡ s

¢
¸

¡
sX

k=0

h
µ ¹̧

¹

¶ k 1
k!

k
·
A(s) + B(s)

µ ¹̧

s¹ ¡ ¹̧

¶
¡
1 ¡ ½x+1 ¡ s

¢
¸

¡
xX

k= s+1

hB(s)½k¡ sk
·
A(s) + B(s)

µ ¹̧

s¹ ¡ ¹̧

¶
¡
1 ¡ ½x+1 ¡ s

¢
¸

= hB(s)½x+1 ¡ s(x + 1)
·
A(s) +

B(s) ¹̧

s¹ ¡ ¹̧
¡
1 ¡ ½x¡ s

¢
¸

¡ hB(s)½x+1 ¡ s

" µ ¹̧

¹

¶ s¡ 1X

k=0

µ ¹̧

¹

¶ k 1
k!

+ B(s)½
x¡ sX

k=1

(s + k)½k¡ 1

#

= hB(s)½x+1 ¡ s(x + 1)
·
A(s) +

B(s) ¹̧

s¹ ¡ ¹̧
¡
1 ¡ ½x¡ s

¢
¸

¡ hB(s)½x+1 ¡ s

" µ ¹̧

¹

¶
©

A(s) ¡ B(s)
ª

+
B(s) ¹̧

s¹ ¡ ¹̧

½
s + 1 +

¹̧

s¹ ¡ ¹̧
¡
1 ¡ ½x¡ s¡ 1

¢
¡ x½x¡ s

¾#
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= hB(s)½x+1 ¡ s

"

A(s)
½

x + 1 ¡
¹̧

¹

¾

+
B(s) ¹̧

s¹ ¡ ¹̧

(

x + ½x¡ s

µ ¹̧

s¹ ¡ ¹̧

¶
¡

¹̧

¹
¡

¹̧

s¹ ¡ ¹̧

)#

:

(3.31)

Thus, equating (3.30) and (3.31) gives

W = c+
h

s¹ ¡ ¹̧

2

6
6
4

A(s)
³

x + 1 ¡ ¹̧
¹

´
+ B(s)

³
¹̧

s¹ ¡ ¹̧

´ ½
x +

³
¹̧

s¹

´ x¡ s ³
¹̧

s¹ ¡ ¹̧

´
¡ ¹̧

¹ ¡ ¹̧

s¹ ¡ ¹̧

¾

A(s) + B(s)
³

¹̧

s¹ ¡ ¹̧

´

3

7
7
5 :

This completesthe proof for ¹̧ 6= sj ¹ j . The case¹̧ = sj ¹ j can be dealt with similarly

or by consideringthe limit ¹̧ ! sj ¹ j .

Commen t: For the range0 · x j · sj ¡ 1, the index is cj + hj =¹ j , which is simply the

expected cost incurred when a single item proceedsthrough the station unhindered

by other queueingitems, as is the caseif the item is routed to a station with x j < sj .

Asymptotically as x j ! 1 , the index grows exponentially if ¹̧ > sj ¹ j , and it grows

linearly if ¹̧ < sj ¹ j . If ¹̧ = sj ¹ j , the index grows quadratically for the rangex j ¸ sj .

In the casewherenoneof the vendorscan handle the entire demandstreamalone

for the in¯nite-p opulation approximation (that is, ¹̧ > sj ¹ j for all j = 1; : : : ; V), all

vendorswill have the geometricindex. The resulting index policy is lessradical than

it would at ¯rst appear, sincechoosingthe minimum index is equivalent to choosing

the minimum log index, and the latter is asymptotically linear in the queuelength.

However, in caseswhere somevendors could handle the whole stream ( ¹̧ < si ¹ i ,

with linear index) while otherscould not ( ¹̧ > sj ¹ j , with geometricindex), the index
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policy would certainly make heavy useof the more capablevendorswhen the system

becomescongested.

As in Section3.2, in practice we modify the policy to account for the dynamically

changing arrival rate. That is, we replace ¹̧ with ¸
µ

K ¡
VP

i =1
x i

¶
in the expression

for Wj (x j ). This is donefor the simulation study in the following section.

3.4 Simulation Study

The index policiesderived in Sections3.2and 3.3areeasyto compute;however, there

is no closed-formexpressionfor the expectedcost of each index policy. Therefore,to

evaluate the performanceof the dynamic allocation policies in practice, we develop

simulation models to estimate the averagecost of implementing each index policy.

For each simulation in this section,we use1,000independent replications, and a

duration of ¯v e yearsafter a warm-up interval of two years. Our simulation programs

werewritten in SIMSCRIPT II.5, and we usedLABATCH.2 (Fishman [14]) to calcu-

late 99%con¯denceintervals on the total cost to the manufacturer of following each

policy.

In Section 3.4.1, we describe a measureof uniformit y that is connectedto the

performanceof dynamic allocation. In Section 3.4.2, we compare the two index

policiesto an optimal static allocation from Chapter 2. In particular, we show that if

the optimal static allocation is relatively uniform amongthe vendors,then dynamic

allocation providesan opportunit y for signi¯cant costsavings. Then, in Section3.4.3,

we comparethe two index policiesto an optimal dynamic routing policy for a limited

set of exampleswith K = 300 and V = 2, and we show that the index policies are

nearly optimal for these examples. Section 3.4.4 considersthree additional simple

routing heuristics, and comparesboth average-caseand worst-caseperformanceto

the index policies. In Section 3.4.5, we examine the e®ectof using a single-server
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approximation in the calculation of the index values,much aswe did with the optimal

static allocation in Section 2.5.3. Finally, in Section 3.4.6, we compare the policy

improvement index policy and the restlessbandit index policy to oneanother.

3.4.1 Gini Coe±cien t of the Optimal Static Allo cation

In preliminary experimentation with the policy improvement and restlessbandit in-

dexpolicies,wenoticed that the relativecostreduction from usingdynamic allocation

(rather than optimal static allocation) varied widely acrossproblem instances. Fur-

thermore, the reduction appearedto depend on the uniformit y of the optimal static

allocation. For example,as one might expect, problems in which all K items were

allocated to one vendor in the optimal static allocation did not show much cost re-

duction whendynamic allocation wasused. In fact, it wasoften the casefor this type

of problem that the dynamic allocation policy routed all failures to the samevendor

usedin the static allocation, e®ectively resulting in the sameallocation policy as the

optimal static allocation policy.

Therefore,to determinewhen dynamic allocation can provide a signi¯cant reduc-

tion in averagecosts, we ¯rst calculate a measureof the uniformit y of the optimal

static allocation for each of the examplesin Section2.5. The Gini coe±cient is com-

monly usedin economicsasa measureof inequality in a population (Glasser[18]), and

we apply it to our problem as a measureof the inequality of the allocation between

vendors.Beforegiving an explicit expressionfor the Gini coe±cient, we illustrate the

conceptwith a small example.

Supposea static allocation of 100items to four vendorsis given by (15; 30; 10; 45);

that is, vendor 1 is allocated 15 items, vendor 2 is allocated 30 items, vendor 3 is

allocated10 items, and vendor4 is allocated45 items. We sort the vendorsaccording

to their allocation, and we say that the lowest vendor receives10%of the allocation,

the lowest two vendorscombined receive 25%of the allocation, and the lowest three
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vendorscombined receive 55% of the allocation. Of course,the lowest four vendors

combined receive100%of the allocation. A Lorenzcurve is a piecewiselinear function

that, in this case,plots the percent of allocation vs. the percent of vendorsunder this

ordering. In the more commoneconomicsusage,the Lorenz curve plots the percent

of income vs. the percent of householdsafter ordering the householdsaccording to

increasingincome levels (Lorenz [39]). If all family incomesare equal, the Lorenz

curve is a straight line connectingthe points (0; 0) and (1; 1). Figure 3.3 shows the

Lorenz curve and the line of perfect equality for the above allocation example.
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Figure 3.3: Lorenz curve and line of perfect equality

The Gini coe±cient, G, is then calculatedas the areabetweenthe line of perfect

equality and the Lorenzcurve,divided by the areabeneaththe line of perfectequality.

In a perfectly equal allocation (for example,25 items to each vendor when K = 100

and V = 4), the Lorenz curve will lie directly on the line of perfect equality, so

G = 0. In the most unequal allocation (that is, all K items are allocated to one

vendor), we have G = (V ¡ 1)=V, sincethe Lorenz curve connectsthe points (0; 0),

((V ¡ 1)=V; 0), and (1; 1). A smallervalue of the Gini coe±cient is generallytaken to
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indicate a moreuniform allocation amongthe vendors.For any allocation (k1; : : : ; kV )

of K items amongV vendors,the Gini coe±cient can be explicitly calculated using

the following formula:

G =

VP

i = j +1

VP

j =1
jki ¡ kj j

K V

In the following section,we investigatethe performanceof the dynamic allocation

index policies as a function of the Gini coe±cient of the static allocation. Because

of the computing time involved in each simulation, we considerexamplesonly for

K = 100and K = 1;000. We choseour examplesfrom amongthe 20;480 trials used

in Section2.5for each of K = 100andK = 1;000. The Gini coe±cient rangedfrom 0:2

to 0:75 for the majorit y of theseexamples,with only a few instanceshaving G < 0:2.

Furthermore, therewerefar moreexampleswith high valuesof G than with low values

of G. Therefore, rather than randomly selectingexamplesfrom all 20;480 trials for

K = 100, we selected15 exampleswith ® · G < ®+ 0:1 for ® 2 f 0:2; 0:3; : : : ; 0:7g.

We did the samething for K = 1;000, for a total of 90 examplesfor each of these

two valuesof K . The completedata for the simulation study are given in TablesD.5

through D.14 in Appendix D.

3.4.2 Comparison with Optimal Static Allo cation

In this section,wecomparethe two dynamicallocation index policieswith the optimal

static allocation from Chapter 2. For the trials with K = 100, the estimatedaverage

cost of the dynamic policy using the policy improvement index was always lessthan

the expectedcostusingoptimal static allocation, and the reduction rangedfrom 0.06%

to 18.12%.Furthermore, as was suggestedby our initial experimentation, the sizeof

the costreduction from usingdynamicallocation doesdependon the uniformit y of the

optimal static allocation. Figure 3.4showsthe percent cost reduction usingthe policy

improvement index policy for all 90 trials with K = 100, where the horizontal axis
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is the Gini coe±cient of the optimal static allocation. The solid line has been¯tted

usinglinear regression,and the regressionequationand squaredcorrelation coe±cient

R2 are given in the upper right corner of the plot. Clearly, the bene¯t from using

dynamic allocation diminishesasthe Gini coe±cient G increases.This behavior is to

be expected,sincea problem for which a static allocation policy allocateseverything

to one vendor will likely result in almost exactly the samepolicy under dynamic

allocation. However, for the examplesthat resulted in a low value of G, the relative

cost savings from using dynamic allocation instead of static allocation were much

larger. For example,for the trials with K = 100 and G near 0:2, the cost reduction

over optimal static allocation averagedaround 15%.

Figure 3.5 shows the results for the restlessbandit index policy with K = 100.

Becausethe two indices often result in nearly the samepolicy, the plots in Figures

3.4 and 3.5 are similar. A comparisonof the two index policiesagainst one another

is deferreduntil Section3.4.6.

Figures3.6and 3.7show the correspondingplots for the 90trials usingK = 1;000.

Theseplots show the samedownward trend asthe plots for K = 100,but the relative

cost reduction is a bit lower. The intercepts of the linear regressionequations for

K = 100are near 20, whereasthe intercepts for K = 1;000are just under 14.
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Figure 3.4: Percent cost reduction from usingpolicy improvement index policy rather
than optimal static allocation (K = 100)
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Figure 3.5: Percent cost reduction from usingrestlessbandit index policy rather than
optimal static allocation (K = 100)
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Figure 3.6: Percent cost reduction from usingpolicy improvement index policy rather
than optimal static allocation (K = 1;000)
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Figure 3.7: Percent cost reduction from usingrestlessbandit index policy rather than
optimal static allocation (K = 1;000)
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Figures3.4through 3.7seemto indicate that the percent costreduction over static

allocation is decreasingwith K , which would imply that the bene¯t of usingdynamic

allocation would eventually disappear. However, recall from Section2.5 that, due to

the scaling of the data, the di®erent valuesof K should be regardedas completely

distinct problems from one another, rather than the same problem with a larger

number of items to allocate. The fact that the relative cost savings for K = 1;000are

smaller than thosefor K = 100is an e®ectof usingdi®erent data in the problemsfor

K = 100and K = 1;000,and is not a generalresult regardingincreasingvaluesof K .

To seethat it is typically not the casethat the relativecostsavingsdecreasewith K

whenall other problemparametersremainunchanged,considerthe following example:

V = 4, ¸ = 1:2, ¹ = (100; 100; 100; 100), s = (2; 3; 4; 5), c = (100; 110; 120; 130), and

h = (1000; 1000; 1000; 1000). This exampleis realistic in the sensethat vendorswith

a higher maximum service rate (si ¹ i ) are more attractiv e to a manufacturer, and

hencecharge a higher ¯xed cost per repair (ci ). We compute the costs of optimal

static allocation, the policy improvement index policy, and the restlessbandit index

policy as K rangesfrom 100to 1,000.

The results are given in Table 3.1, where the columns labeled \P olicy Improve-

ment Index" and \RestlessBandit Index" give the percent cost reduction from using

the corresponding index policy rather than optimal static allocation. Note that for

both index policies, the percent cost reduction is generally increasingwith K . For

K = 100,the total failure rate (K ¸ = 120) is much lower than the total servicecapac-

it y
µ

VP

i =1
si ¹ i = 1400

¶
, so we would expect that not all vendorswould be usedin an

optimal static allocation. In fact, only two vendorsareused,and the Gini coe±cient is

rather high at G = 0:6750. As K increases,more vendorsare needed,and the alloca-

tion is spreadmore evenly amongthe vendors. As a result, the Gini coe±cient starts

to decrease,and the percent cost reduction from using dynamic allocation starts to

increase.As K increases,and the total failure rate becomescloserto the total service
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capacity, the manufacturer will start to favor the server with highestcapacity (in this

case,vendor 4). This is why the Gini coe±cient increasesafter K = 700; however,

the percent cost reduction for both index policiescontinuesto increase.

Furthermore, the cost reductionsare signi¯cant both in relative terms and in ab-

soluteterms, becauseasK increases,the averagecostalsoincreases.When K = 100,

the policy improvement index policy providesa 1.302%cost reduction on an average

cost of $13,497for the optimal static allocation, for a total savings of $176. But for

K = 1;000, the averagecost of the optimal static allocation is $162,700|more than

ten times the cost for K = 100,dueto the holding costsin the morecongestedsystem

with 1,000items to allocate. In this case,the cost reduction from using the policy

improvement index policy is 5.560%,for a total savings of $9,046.

Table 3.1: Percent cost reduction from using dynamic allocation rather than optimal
static allocation, as a function of K

K Gini Policy Improvement Index RestlessBandit Index

100 0.6750 1.302% 1.624%

200 0.5175 2.285% 2.302%

300 0.4250 2.984% 3.261%

400 0.3100 3.381% 3.329%

500 0.3470 3.599% 3.484%

600 0.1808 4.093% 3.846%

700 0.1150 4.204% 3.946%

800 0.1450 4.103% 4.092%

900 0.1739 4.436% 4.580%

1000 0.1825 5.560% 5.773%
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3.4.3 Comparison with Optimal Dynamic Routing

For small values of K and two vendors (i.e., V = 2), we can compute an optimal

dynamic routing policy using the optimalit y equationsin Theorem2. We consider50

exampleswith K = 300; the data are given in TablesD.15 and D.16 in Appendix D.

We userelative value iteration to ¯nd the expectedcost of an ²-optimal policy with

² = 0:0001(seePuterman [45]).

Table 3.2 summarizesthe optimalit y gap for the 50 trials, using both the policy

improvement index policy and the restlessbandit index policy. For the 50 trials,

the optimalit y gap for the policy improvement index policy ranged from -0.05%to

0.98%,with an averagevalue of 0.26%. The optimalit y gap for the restlessbandit

index policy rangedfrom -0.04%to 0.25%,with an averagevalue of 0.06%.

The negative values of optimalit y gap in Table 3.2 correspond to problems for

which the estimated averagecost of the index policy was lower than the expected

cost of an optimal dynamic policy. In most of these cases,the index policy was

exactly the sameas the optimal dynamic policy. However, the averagecost of the

index policy is estimated using simulation, while the expected cost of the optimal

dynamic policy is calculated using relative value iteration. Therefore, the negative

valuesin Table 3.2 should not be interpreted as the index policy performing better

than the optimal dynamic policy. Rather, they merely re°ect the small margin of

error in the comparisonof simulation averagesto expectedvalues. For all problems,

the simulation con¯denceintervals for the averagecostsof the two index policiesdo

contain the expectedcost of the optimal DP policy.
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Table 3.2: Gap betweencost of dynamic allocation index policiesand cost of optimal
dynamic policy (K = 300)

Policy Improvement Index RestlessBandit Index

Min. gap -0.05%¤ -0.04%¤

Max. gap 0.98% 0.25%

Mean gap 0.25% 0.06%
¤ Seeprecedingparagraph for an explanation of negative values in this table.

3.4.4 Dynamic Allo cation Heuristics

In this section, we describe three very simple routing heuristics, and we compare

the average cost of each of these policies to the average cost of both the policy

improvement index policy and the restlessbandit index policy. The heuristicsare as

follows:

² Optimal State-Indep endent Policy (PST AR) : An incoming item is sent

to vendor i with probability p¤
i (i = 1; : : : ; V), where p¤ is the optimal state-

independent policy calculated in Section 3.2.1. Unlike the index policies, the

PSTAR heuristic doesnot usecurrent state information in the routing decisions.

² Join the Shortest Queue (JSQ) : An incoming item is sent to a vendorwith

the shortest queuelength. If more than onevendor has minimal queuelength,

the item is sent to the vendor among them with a smallest value of the ¯xed

cost, cj .

² Individually Optimal (IO) : An incoming item is sent to a vendor for which

the total cost associated with that particular item alone is optimal; in other

words, this heuristic myopically routes the incoming items. Speci¯cally, the

item is sent to a vendor with the smallestvalue of IO j (x j ), where
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IO j (x j ) =

8
>>>>>>><

>>>>>>>:

cj +
hj

¹ j
; x j < sj ;

cj +
(x j + 1)hj

sj ¹ j
; x j ¸ sj :

Tables3.3 through 3.5 summarizethe gap betweenthe averagecost of using the

routing heuristics (PSTAR, JSQ, and IO) and the averagecost of using the policy

improvement or restlessbandit index policy. These tables show not only that the

PSTAR, JSQ, and IO heuristics perform weakly on average,but there are problem

instancesfor which the heuristics perform very poorly comparedto the policy im-

provement and restlessbandit index policies.

For instance,Table 3.3 shows the results for the optimal state-independent policy

p¤. For the trials with K = 100, the averagegap between PSTAR and the policy

improvement index policy is 9.522%,and the averagegap betweenPSTAR and the

restlessbandit index policy is 9.618%.For the trials with K = 1;000,the averagegap

betweenPSTAR and the policy improvement index policy is 5.410%,and the average

gap between PSTAR and the restlessbandit index policy is 5.563%. Again, recall

that the data for K = 100and K = 1;000are for di®erent problems,soa comparison

of the gap betweenthe two valuesof K is not meaningful.

Table3.4shows the results for the join-the-shortest-queueheuristic. For the trials

with K = 100, the averagegap between JSQ and the policy improvement index

policy is 7.874%,and the averagegap between JSQ and the restlessbandit index

policy is 7.985%. For the trials with K = 1;000, the averagegap betweenJSQ and

the policy improvement index policy is 2.810%,and the averagegapbetweenJSQand

the restlessbandit index policy is 2.946%. In comparingTables3.3 and 3.4, we also

seethat the JSQ heuristic is slightly better than the PSTAR heuristic on average,
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but the worst-casegap is much higher for the JSQ heuristic than for the PSTAR

heuristic.

Table3.3: Gap betweencostof PSTAR heuristic and costof dynamic allocation index
policies

Policy Improvement Index RestlessBandit Index

K = 100 K = 1;000 K = 100 K = 1;000

Min. gap -0.061% 0.029% -0.071% 0.029%

Max. gap 26.595% 19.703% 25.710% 19.107%

Mean gap 9.522% 5.410% 9.618% 5.563%

Table 3.4: Gap betweencost of JSQ heuristic and cost of dynamic allocation index
policies

Policy Improvement Index RestlessBandit Index

K = 100 K = 1;000 K = 100 K = 1;000

Min. gap -0.247% -1.360% -0.072% -0.003%

Max. gap 41.043% 29.902% 41.376% 29.926%

Mean gap 7.874% 2.810% 7.985% 2.946%

Table 3.5 shows the results for the individually optimal heuristic. For the trials

with K = 100, the averagegap betweenIO and the policy improvement index policy

is 4.164%,and the averagegap between IO and the restlessbandit index policy is

4.264%. For the trials with K = 1;000, the averagegap betweenIO and the policy

improvement index policy is 14.948%,and the averagegapbetweenIO and the restless

bandit index policy is 15.140%. It is interesting to note that for the problemswith

K = 100, the IO heuristic was the best of the three heuristics, both for averageand

worst-caseperformance.However, for the problemswith K = 1;000,the IO heuristic

was the worst of the three heuristics.
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Table 3.5: Gap between cost of IO heuristic and cost of dynamic allocation index
policies

Policy Improvement Index RestlessBandit Index

K = 100 K = 1;000 K = 100 K = 1;000

Min. gap -0.021% -0.204% -0.196% -0.003%

Max. gap 16.193% 65.195% 15.894% 65.033%

Mean gap 4.164% 14.948% 4.264% 15.140%

3.4.5 Single-Serv er Appro ximation

In this section,we investigatethe result of using a single-server approximation in the

evaluation of the index functions. That is, rather than having si servers, each with

rate ¹ i , we calculate the indices as if vendor i has one server that operatesat rate

si ¹ i . Recall from Section2.5.3that the single-server approximation resultedin a very

nearly optimal static allocation policy for the trials with large K .

Table 3.6 summarizesthe gap between the single-server approximation to the

policy improvement (\PI Index") and restlessbandit (\RB Index") policiesand the

original policy improvement and restlessbandit index policies. For example, for

the trials with K = 100, the gap between the single-server approximation to the

policy improvement index policy and the original policy improvement index policy

rangedfrom -0.461%to 10.002%,with an averagevalue of 2.984%.The gap between

the single-server approximation to the restlessbandit index policy and the original

restlessbandit index policy rangedfrom -0.432%to 13.736%,with an averagevalue

of 3.615%.

For the trials with K = 1;000,the gap narrows: for the policy improvement index

policy, the gap rangesfrom -0.653%to 2.326%,with an averagevalue of 0.214%,

and for the restlessbandit index policy, the gap ranged from -0.008%to 1.754%,

with an average value of 0.489%. Although comparisonsbetween K = 100 and

K = 1;000werenot meaningful in the previoussectionswhenwe comparedthe index
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policiesto the optimal static allocation and the simpledynamic allocation heuristics,

a comparisonbetweenthe di®erent valuesof K is valid here. That is, asK increases,

a single-server approximation to either of the index policies becomescloser to the

original index policy.

Table 3.6: Gap betweencost of dynamic allocation index policy using single-server
approximation and cost of original dynamic allocation index policy

K = 100 K = 1;000

PI Index RB Index PI Index RB Index

Min. gap -0.461% -0.432% -0.653% -0.008%

Max. gap 10.002% 13.736% 2.326% 1.754%

Mean gap 2.984% 3.615% 0.214% 0.489%

This is similar to the result from Section2.5.3,wherewe saw that for largevalues

of K , the increasein cost from using a single-server approximation was negligible.

For dynamic allocation, a single-server approximation simpli¯es the evaluation of the

index policies. In addition, a single-server approximation may be necessarywhen the

manufacturer does not have detailed information about si and ¹ i for each vendor,

but knows only the overall maximum servicerate at each vendor. However, as in

Section 2.5.3, the single-server approximation should be used only when si is very

small relative to K , or when the probability of all servers being busy is closeto 1.

When si is very large, an in¯nite-server approximation may be more appropriate.

3.4.6 Comparison of the Tw o Index Policies

In Section3.4.2, we showed that both the policy improvement index policy and the

restlessbandit index policy aresuperior to the optimal static allocation policy. Then,

in Section 3.4.3, we saw that for 50 trials with K = 300 and V = 2, both index

policieswerevery closeto the optimal dynamic routing policy. Section3.4.4demon-

strated that both index policiesperform much better than the threerouting heuristics.
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Finally, Section3.4.5showed that for either of the two index policies,a single-server

approximation becomesvery closeto the original index policy as K increases.What

we have not undertaken thus far is a comparisonbetween the two index policies,

which is the focusof this section.

First, it must benotedthat neither index policy strictly dominatesthe other. That

is, there are problem instanceswherethe policy improvement index policy results in

a lower cost than the restlessbandit index policy, and other problem instanceswhere

the restlessbandit index policy results in the lower cost. Table 3.7 shows the number

of times each policy resulted in the lower cost of the two policies,out of 90 trials for

each value of K .

Table 3.7: Comparisonof dominanceof policy improvement (PI) and restlessbandit
(RB) index policies

K = 100 K = 1;000

PI better than RB 26 27

RB better than PI 45 52

Both index policiesequal 19 11

From Table 3.7, we seethat for both K = 100 and K = 1;000, the restless

bandit index policy was at least as good as the policy improvement index policy

in over two-thirds of the trials. Furthermore, for the trials used in Section 3.4.3,

the optimalit y gap of the restlessbandit index policy was about 75% smaller than

that of the policy improvement index policy, for both the averageand the worst-case

performance(seeTable 3.2). In addition, the restlessbandit index policy does not

require the computation of an optimal state-independent policy p¤.

Therefore, since there is no way to know which policy is superior without esti-

mating the averagecost of both policies using simulation, it seemsthat the restless

bandit index policy may be a wiser choiceto usethan the policy improvement index

policy. However, for all trials, the two index policiesresulted in coststhat werevery
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close to each other, so one could also argue that either index policy would be an

acceptablechoice, since the potential loss from choosing the \wrong" index policy

for a particular problem is not severe. Table 3.8 summarizesthe gap between the

inferior and superior index policy for each trial. For example,when K = 100, if one

happenedto usethe inferior policy (that is, the policy with higher cost insteadof the

policy with lower cost), the resulting cost rangedfrom 0% to 2.033%higher than the

cost of the superior policy, with an averageof only 0.352%higher.

Table 3.8: Percent increasein cost from using higher-cost index policy rather than
lower-cost index policy

K = 100 K = 1;000

Min. increase 0% 0%

Max. increase 2.033% 3.594%

Mean increase 0.352% 0.506%
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Chapter 4

Conclusions and Future Work

4.1 Conclusions

In Chapter 2, we consideredthe static allocation of items under warranty to alter-

native repair vendors. Modeling the repair serviceas a multi-sever ¯nite-p opulation

queue,we developed an e±cient algorithm to ¯nd an optimal allocation, basedpri-

marily on the marginal allocation algorithm for separableconvex resourceallocation

problemswith integer variables.

Through a computational study, we showed the following results regarding the

static allocation model:

² If mean value analysis is usedto compute the cost function, an optimal static

allocation can be found very quickly.

² Among the ¯v e simplestatic allocation heuristicsusedfor comparison,the best

heuristic still resulted in a cost that was an average of 23{45% away from

optimal. Therefore,if items are to be allocated accordingto a static allocation

scheme,usingan optimal static allocation canproducea signi¯cantly lower cost

than using oneof the simple heuristics.



² When the number of items to be allocatedis large,and the number of serversat

each repair vendor is comparatively very small, a single-server approximation

leadsto an optimal static allocation in most of the cases.This approximation

decreasesthe computing time required to determine a static allocation, with

very little lossof optimalit y.

The static allocation model in Chapter 2 is very easyto implement, and can pro-

vide cost savings over other static allocation schemes.However, if the manufacturer

has the capability to implement a dynamic allocation schemeusing current state in-

formation, there is even greater potential for cost savings. In Chapter 3, we derived

closed-formexpressionsfor two separateindex-type dynamic routing policies: one

basedon a single policy-improvement step applied to an optimal state-independent

policy, and the other basedon restlessbandit models for customerrouting. Because

it is extremely di±cult to derive theoretical results regarding index policies(such as

bounds on optimalit y), we relied on a simulation study to characterize the perfor-

manceof the two index policies. In particular, we demonstratedthe following:

² The potential cost savings from using our dynamic allocation policiesis closely

tied to the result of optimal static allocation. We usedthe Gini coe±cient asa

measureof the uniformit y of the optimal static allocation, and we showed that

the percent cost reduction for dynamic allocation is decreasingwith this mea-

sure. As a result, problemsfor which the optimal static allocation wasnot very

uniformly allocatedamongthe vendorsgenerallydo not seemuch improvement

from using dynamic allocation. On the other hand, the problemswith a more

uniform static allocation saw a tremendousreduction in costs(around 10{20%)

when dynamic allocation was used.
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² For large problems, it would be impossible to compute an optimal dynamic

routing policy; in fact, this is preciselywhy we are interested in deriving ap-

proximately optimal index-type policies. However, for small problems,we can

computean optimal dynamic routing policy. Using 50 exampleswith K = 300

and V = 2, we showed that both index policies are very closeto optimal in

the classof dynamic routing policies. For the numerical examplesstudied, the

policy improvement index policy was an averageof 0.25%away from optimal,

and the restlessbandit index policy wasan averageof 0.06%away from optimal.

² The index-basedrouting policiesconsistently outperform the PSTAR, JSQ,and

IO routing heuristics, and the worst-caseperformanceof these heuristics is

su±ciently bad to excludethe heuristics as acceptablepolicies in the dynamic

allocation of failed items needingwarranty repair service.

² As with the static allocation model, for large valuesof K and comparatively

small valuesof si , usinga single-server approximation in the dynamic allocation

index policiessimpli¯es the index calculations,and leadsto only a small increase

in the averagecost.

For a manufacturer with annual warranty costsin tens of millions of dollars, cost

reductions of the scaledescribed above provide an opportunit y to realizesigni¯cant

total cost savings. Moreover, the closed-formsolutions for the indices are easy to

calculate, resulting in policiesthat are easily manageablein practice.

Therefore, we make the following recommendationas to how to proceedwhen

faced with a new practical problem. First, one should compute an optimal static

allocation asdescribed in Chapter 2. If the Gini coe±cient of the resulting allocation

is very high (i.e., closeto the maximum value of (V ¡ 1)=V), then there is little to no

advantage in using dynamic allocation. In this case,oneshould usestatic allocation
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to outsourcethe warranty repairs, thereby eliminating the cost of operating a central

call facility.

On the other hand, if the Gini coe±cient is low, using either of the dynamic

allocation index policies will likely produce signi¯cant cost reductions. Based on

the results of Section3.4.6, we recommendthe restlessbandit index over the policy

improvement index, although the two index policies are very closeand either one

would likely lead to an acceptablelevel of improvement.

4.2 Future Work

There are somelimitations to this research, and somesimplifying assumptionsthat

we would like to relax in future work. The following sectionsdescribes the major

extensionsthat are of primary interest to us.

Op en Population Mo dels

In our research, we have assumeda closednetwork with K customers.This wasused

to model a manufacturer that has, in steady state, a ¯xed number of items covered

under warranty. In reality, the number of items covered under warranty might not

be ¯xed. For example,items enter the population as they leave the production line

and are sold with a warranty, while other items exit the population as the warranty

coverageexpires.

For this model, a static allocation would correspond to assigningan item to a

vendorat the point of purchase.Each time the item experiencesa failure, it is sent to

its assignedvendor for repair. When allocating a new item, the manufacturer would

know how many items are already allocated to each vendor; however, the number of

items actually being repairedat each vendor is not observed.
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A dynamic allocation model would be similar to the closed-population versionof

dynamic allocation discussedin Chapter 3, but the population sizewould bechanging

over time. An item is not allocatedto a particular vendoruntil it experiencesa failure,

and then it is allocated to that vendor for only that instanceof failure.

Multiple Customer Classes

By assigningthe samegoodwill holding cost to all customers,we are assumingthat

all customersare identical. In many practical applications,a manufacturer may have

di®erent typesof customers(e.g.,corporate customersand individual customers)who

are promiseddi®erent levelsof service.Therefore,the holding cost for the higher pri-

ority customersmay be much higher than that of the lower priorit y customers.Peter

Buczkowski [6] is currently working on a static allocation model that incorporates

multiple customerclasses.

Nonlinear Fixed Costs, Lower Bounds on Allo cation

In our models, we implicitly assumethat the manufacturer is much more powerful

than the vendors. That is, the manufacturer seeksto determine the allocation that

minimizes its costs alone, regardlessof the e®ecton the vendors. As a result, we

assumethat the vendorsare willing to acceptwhatever allocation the manufacturer

decidesupon. In reality, this is probably not true; for example,a manufacturer with

100 items to allocate might ¯nd that it is optimal to allocate 99 items to vendor A

and only one item to vendor B. However, vendor B might not be willing to set up

and maintain a repair facility for only one item.

We could approach this problem in two ways. The ¯rst would be to model the

¯xed costper repair asa decreasingfunction of the allocation. Under static allocation,

this meansthat the manufacturer would pay vendor j a ¯xed amount cj (kj ) for each

repair, given that kj items have beenallocated to vendor j .
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The other approach is to include lower boundsin the static allocation model. For

lower boundsof the form kj ¸ l j , the modi¯cation for the convex caseis very simple:

rather than initializing the marginal allocation to 0 for each vendor, initialize each

vendor j to its lower bound l j , and usemarginal allocation from that point onward.

However, a more realistic lower bound would also give the manufacturer the option

of excluding a vendor from the optimal allocation. That is, the allocation to vendor

j must be either 0 or at least l j . This complicatesthe problem, sincewe now have

O
¡
2V

¢
possiblechoicesfor the set of vendorsthat are usedin an optimal solution.
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App endix A

Pro of of Theorem 1

Theorem 1. Let L i (ki ) be the expected number of customersin an M =M =si =1 =ki

queuewith individual arrival rate ¸ , service rate ¹ i , and ¯nite population ki . Then

L i (ki ) is convexin ki .

Proof. Considera closedqueueingnetwork with two stations as shown in Figure 2.1

on page13. For notational convenience,we drop the vendor subscript i . Station 1 is

an ample (equivalently, k-) server station, and station 2 is an s-server station. The

servicetimes are exponential, with parameter ¹ in the s-server station and ¸ in the

ample-server station. There are k jobs circulating between the two stations. Let

LA (k) denote the mean number of jobs in the ample-server station. We will show

that LA (k) is concave in k, i.e.,

LA (k) ¡ LA (k ¡ 1) ¸ LA (k + 1) ¡ LA (k): (A.1)

First note that the di®erenceL A (k) ¡ LA (k ¡ 1) canbe interpreted asa utilization

rate. To seethis, supposethat k ¡ 1 jobs are red and one is blue. In the s-server

station, the red jobs are servicedwith preemptive priorit y over the blue job. Let

½k denote the fraction of time that the blue job spendsin the ample-server station.

Becausethe blue job doesnot exist for the red jobs, it follows that the meannumber

of red jobs in the ample-server station is L A (k ¡ 1) and hence

½k = LA (k) ¡ LA (k ¡ 1):



Thus to establish(A.1) it su±cesto show that the utilization rate ½k is decreasing

in k. To do so, we compare the systemswith k and k + 1 circulating jobs, each

systemhaving exactly onelow priorit y blue job. Both systemscan be described by a

Markov processwith states(i; j ), wherei and j are the number of red and blue jobs,

respectively, in the ample-server station (so j is 0 or 1). Without lossof generality

we assumethat the problem is scaledsuch that s¹ + (k + 1)¸ = 1.

Let Q be the generatorof oneof the two Markov processes.Then the correspond-

ing equilibrium distribution ¼satis¯es ¼Q = 0. By de¯ning the reward rate r (i; j ) in

state (i; j ) as

r (i; j ) =

8
>><

>>:

1; j = 1;

0; j = 0;

it follows that the averagereward ¼r is equal to the utilization rate ½. Instead of

studying the Markov processwith generator Q, we look at the Markov chain with

transition matrix P = I + Q. Recall that s¹ + (k+ 1)¸ = 1, soP is indeeda stochastic

matrix. Clearly the equilibrium distribution ¼of the Markov processis the sameas

the one for the Markov chain. Also, averagerewards in the Markov processand the

Markov chain are easy to compare. If we let r (i; j ) be the costs per period in the

Markov chain, then the Markov processand the Markov chain will have the same

averagereward. From now on, we consideronly the two Markov chains.

Wede¯ne vk
n (i; j ) asthe expectedn-period reward in the systemwith k jobs, when

starting in state (i; j ). We will show that for all i = 0; 1; : : : ; k ¡ 1, j = 0; 1, and

n ¸ 0,

vk
n (i; j ) ¸ vk+1

n (i + 1; j ): (A.2)
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This inequality implies that the averagerewards for the two models are ordered

in the sameway, since

½k = lim
n!1

1
n

vk
n (i; j ) ¸ lim

n!1

1
n

vk+1
n (i + 1; j ) = ½k+1 :

The proof of (A.2) is by induction on n and requiresthe following inequalities,which

state that moving either a red or blue job from the s-server station to the ample-server

station doesnot decreasethe expectedreward.

Lemma 1. For all n ¸ 0,

vk+1
n (i; j ) · vk+1

n (i + 1; j ); i = 0; 1; : : : ; k ¡ 1; j = 0; 1; (A.3)

vk+1
n (i; 0) · vk+1

n (i; 1); i = 0; 1; : : : ; k: (A.4)

The proof of Lemma1 is alsoby induction on n. Sincevk+1
0 = 0, inequalities(A.3)

and (A.4) trivially hold for n = 0. Assuming (A.3) and (A.4) to hold for n we will

establishthem for n+ 1. We¯rst considerinequality (A.3). De¯ne Ái = ¹ min(s;k¡ i )

for i = 0; : : : ; k, and

µi;j =

8
>>>>>><

>>>>>>:

0; i · k ¡ s;

0; i > k ¡ s; j = 1;

¹; i > k ¡ s; j = 0:

That is, Ái is the transition rate associated with the red jobs at the s-server station,

and µi;j is the transition rate associated with the blue job at the s-server station. The

only way µi;j can be positive is if the blue job is at the s-server station (i.e., j = 0)

and there are fewer than s red jobs at the s-server station (i.e., k ¡ i < s).
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With this notation, we have for i = 0; : : : ; k ¡ 1 and j = 0; 1,

vk+1
n+1 (i + 1; j ) = j + (i + 1)¸v k+1

n (i; j ) + j ¸v k+1
n (i + 1; 0)

+ Ái +1 vk+1
n (i + 2; j ) + µi +1 ;j vk+1

n (i + 1; 1)

+ (s¹ + (k ¡ i ¡ j )¸ ¡ Ái +1 ¡ µi +1 ;j )vk+1
n (i + 1; j )

and

vk+1
n+1 (i; j ) = j + i¸v k+1

n (i ¡ 1; j ) + j ¸v k+1
n (i; 0) + Ái vk+1

n (i + 1; j )

+ µi;j vk+1
n (i; 1) + (s¹ + (k + 1 ¡ i ¡ j )¸ ¡ Ái ¡ µi;j )vk+1

n (i; j );

wherevk+1
n (q; j ) is taken to be zerofor q < 0 or q > k. Subtracting the two equations

yields

vk+1
n+1 (i + 1; j ) ¡ vk+1

n+1 (i; j ) = bk+1
n+1 (i; j ) + dk+1

n+1 (i; j );

where

bk+1
n+1 (i; j ) = i¸

£
vk+1

n (i; j ) ¡ vk+1
n (i ¡ 1; j )

¤

+ j ¸
£
vk+1

n (i + 1; 0) ¡ vk+1
n (i; 0)

¤

+ (k ¡ i ¡ j )¸
£
vk+1

n (i + 1; j ) ¡ vk+1
n (i; j )

¤

and

dk+1
n+1 (i; j ) = Ái +1 vk+1

n (i + 2; j ) + µi +1 ;j vk+1
n (i + 1; 1)

+ (s¹ ¡ Ái +1 ¡ µi +1 ;j )vk+1
n (i + 1; j )

¡ Ái vk+1
n (i + 1; j ) ¡ µi;j vk+1

n (i; 1)

¡ (s¹ ¡ Ái ¡ µi;j )vk+1
n (i; j ):
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Each term of bk+1
n+1 (i; j ) is nonnegative, by the induction hypothesisand (A.3); hence

bk+1
n+1 (i; j ) ¸ 0. To show the nonnegativity of dk+1

n+1 (i; j ), we considerfour cases.

Case 1: i · k ¡ s ¡ 1. By de¯nition, we have Ái = Ái +1 = s¹ and µi;j = µi +1 ;j = 0.

Therefore,

dk+1
n+1 (i; j ) = s¹

£
vk+1

n (i + 2; j ) ¡ vk+1
n (i + 1; j )

¤
¸ 0;

wherethe inequality follows from the induction hypothesisand (A.3).

Case 2: i = k ¡ s. By de¯nition, we have Ái = s¹; Ái +1 = (s ¡ 1)¹ , and µi;j = 0.

Therefore,

dk+1
n+1 (i; j ) = (s ¡ 1)¹

£
vk+1

n (i + 2; j ) ¡ vk+1
n (i + 1; j )

¤

+ µi +1 ;j
£
vk+1

n (i + 1; 1) ¡ vk+1
n (i + 1; j )

¤

¸ 0;

wherethe inequality follows from the induction hypothesis,(A.3), and (A.4).

Case 3: i ¸ k¡ s+ 1; j = 1. By de¯nition, wehaveÁi = (k¡ i )¹; Ái +1 = (k¡ i ¡ 1)¹;

and µi;j = µi +1 ;j = 0. Therefore,

dk+1
n+1 (i; j ) = (k ¡ i ¡ 1)¹

£
vk+1

n (i + 2; j ) ¡ vk+1
n (i + 1; j )

¤

+ (s ¡ k + i )¹
£
vk+1

n (i + 1; j ) ¡ vk+1
n (i; j )

¤

¸ 0;

wherethe inequality follows from the induction hypothesisand (A.3), sincei · k ¡ 1

implies k ¡ i ¡ 1 ¸ 0, and i ¸ k ¡ s + 1 implies s ¡ k + i ¸ 1.
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Case 4: i ¸ k¡ s+ 1; j = 0. By de¯nition, wehaveÁi = (k¡ i )¹; Ái +1 = (k¡ i ¡ 1)¹;

and µi;j = µi +1 ;j = ¹ . Therefore,

dk+1
n+1 (i; j ) = (k ¡ i ¡ 1)¹

£
vk+1

n (i + 2; j ) ¡ vk+1
n (i + 1; j )

¤

+ (s ¡ k + i ¡ 1)¹
£
vk+1

n (i + 1; j ) ¡ vk+1
n (i; j )

¤

+ ¹
£
vk+1

n (i + 1; 1) ¡ vk+1
n (i; 1)

¤

¸ 0;

wherethe inequality follows from the induction hypothesisand (A.3), sincei · k ¡ 1

implies k ¡ i ¡ 1 ¸ 0, and i ¸ k ¡ s + 1 implies s ¡ k + i ¡ 1 ¸ 0.

Therefore, taking all four casestogether, dk+1
n+1 ¸ 0, so we have vk+1

n+1 (i + 1; j ) ¡

vk+1
n+1 (i; j ) ¸ 0. This completesthe proof of (A.3). The proof of (A.4) is similar. We

have for i = 0; : : : ; k,

vk+1
n+1 (i; 1) = 1 + i¸v k+1

n (i ¡ 1; 1) + ¸v k+1
n (i; 0) + Ái vk+1

n (i + 1; 1)

+ (s¹ + (k ¡ i )¸ ¡ Ái )vk+1
n (i; 1)

and

vk+1
n+1 (i; 0) = i¸v k+1

n (i ¡ 1; 0) + Ái vk+1
n (i + 1; 0) + µi; 0vk+1

n (i; 1)

+ (s¹ + (k + 1 ¡ i )¸ ¡ Ái ¡ µi; 0)vk+1
n (i; 0);

wherevk+1
n (q; j ) is taken to be zerofor q < 0 or q > k. Subtracting the two equations

yields

vk+1
n+1 (i; 1) ¡ vk+1

n+1 (i; 0) = 1 + bk+1
n+1 (i ) + dk+1

n+1 (i );
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where

bk+1
n+1 (i ) = i¸

£
vk+1

n (i ¡ 1; 1) ¡ vk+1
n (i ¡ 1; 0)

¤

+ Ái
£
vk+1

n (i + 1; 1) ¡ vk+1
n (i + 1; 0)

¤

and

dk+1
n+1 (i ) = (s¹ + (k ¡ i )¸ ¡ Ái )

£
vk+1

n (i; 1) ¡ vk+1
n (i; 0)

¤

¡ µi; 0
£
vk+1

n (i; 1) ¡ vk+1
n (i; 0)

¤
:

Each term of bk+1
n+1 (i ) is nonnegative, by the induction hypothesisand (A.4); hence

bk+1
n+1 (i ) ¸ 0. To show the nonnegativity of dk+1

n+1 (i ), we considertwo cases:

Case 1: i · k ¡ s. By de¯nition, we have µi; 0 = 0. Therefore,

dk+1
n+1 (i ) = (s¹ + (k ¡ i )¸ ¡ Ái )

£
vk+1

n (i; 1) ¡ vk+1
n (i; 0)

¤
¸ 0;

where the inequality follows from the induction hypothesisand (A.4), sinceÁi · s¹

and i · k.

Case 2: i ¸ k ¡ s + 1. By de¯nition, we have µi; 0 = ¹ . Therefore,

dk+1
n+1 (i ) = ((s ¡ 1)¹ + (k ¡ i )¸ ¡ Ái )

£
vk+1

n (i; 1) ¡ vk+1
n (i; 0)

¤
¸ 0;

where the inequality follows from the induction hypothesisand (A.4), since i · k,

and i ¸ k ¡ s + 1 implies Ái · (s ¡ 1)¹ .

Therefore,dk+1
n+1 (i ) ¸ 0, so we have vk+1

n+1 (i; 1) ¡ vk+1
n+1 (i; 0) ¸ 0. This completesthe

proof of (A.4). We will now prove (A.2) by induction. Inequality (A.2) trivially holds

for n = 0. Assuming(A.2) to hold for n weproveit for n+ 1. Let Á̂i = ¹ min(s;k¡ i ¡ 1)

and
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µ̂i;j =

8
>>>>>><

>>>>>>:

0; i · k ¡ s ¡ 1;

0; i > k ¡ s ¡ 1; j = 1;

¹; i > k ¡ s ¡ 1; j = 0:

With this notation, we have for i = 0; : : : ; k ¡ 1 and j = 0; 1,

vk
n+1 (i; j ) = j + i¸v k

n(i ¡ 1; j ) + j ¸v k
n (i; 0) + Á̂i vk

n (i + 1; j )

+ µ̂i;j vk
n (i; 1) + (s¹ + (k + 1 ¡ i ¡ j )¸ ¡ Á̂i ¡ µ̂i;j )vk

n (i; j )

and

vk+1
n+1 (i + 1; j ) = j + (i + 1)¸v k+1

n (i; j ) + j ¸v k+1
n (i + 1; 0)

+ Á̂i vk+1
n (i + 2; j ) + µ̂i;j vk+1

n (i + 1; 1)

+ (s¹ + (k ¡ i ¡ j )¸ ¡ Á̂i ¡ µ̂i;j )vk+1
n (i + 1; j );

wherevk
n (q; j ) is taken to be zerofor q < 0 or q > k ¡ 1, and vk+1

n (q; j ) is taken to be

zero for q < 0 or q > k. Subtracting the two equationsyields

vk
n+1 (i; j ) ¡ vk+1

n+1 (i + 1; j ) =

i¸
£
vk

n (i ¡ 1; j ) ¡ vk+1
n (i; j )

¤

+ j ¸
£
vk

n (i; 0) ¡ vk+1
n (i + 1; 0)

¤

+ Á̂i
£
vk

n (i + 1; j ) ¡ vk+1
n (i + 2; j )

¤

+ µ̂i;j
£
vk

n (i; 1) ¡ vk+1
n (i + 1; 1)

¤

+ (s¹ + (k ¡ i ¡ j )¸ ¡ Á̂i ¡ µ̂i;j )
£
vk

n (i; j ) ¡ vk+1
n (i + 1; j )

¤

+ ¸
£
vk

n (i; j ) ¡ vk+1
n (i; j )

¤
:

The ¯rst ¯v e terms are nonnegative from the induction hypothesisand (A.2). (The

nonnegativity of the ¯fth term follows from the fact that Á̂i + µ̂i;j · s¹ , and i + j · k.)
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The last term is alsononnegative, since

vk
n (i; j ) ¡ vk+1

n (i; j ) ¸ vk
n (i; j ) ¡ vk+1

n (i + 1; j ) ¸ 0;

where the ¯rst inequality follows from (A.3) and the secondinequality follows from

the induction hypothesisand (A.2).

Therefore,vk
n (i; j ) ¸ vk+1

n (i + 1; j ) for all i = 0; 1; : : : ; k ¡ 1; j = 0; 1, and n ¸ 0,

soLA (k) is concave in k. The expectednumber of jobs at the s-server station is given

by L(k) = k ¡ L A (k), and henceL(k) is convex in k. This completesthe proof of

Theorem1.
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App endix B

Pro of of Optimalit y of Greedy

Algorithm

In this appendix, we give an alternate proof of the optimalit y of the marginal al-

location algorithm for static allocation, based on induction rather than Lagrange

multipliers (Gross [21], Fox [15]). In the following theorem, we show that the opti-

mal allocation to each vendor is nondecreasingin K . The optimalit y of the greedy

algorithm then follows in Corollary 2.

Theorem 5. Let k¤
i (K ; V) be the optimal allocation to vendor i when there are K

items to be allocated to vendors1; : : : ; V . If f i (k) is convexin k for all i = 1; : : : ; V ,

then k¤
i (K ; V) is nondecreasing in K for all i = 1; : : : ; V .

Proof. We begin with the caseV = 2. Let zK (k) be the cost of allocating k items to

vendor1 andK ¡ k itemsto vendor2; hencezK (k) = f 1(k)+ f 2(K ¡ k). Sincef 1(k) and

f 2(k) are both convex in k, zK (k) is convex in k for a ¯xed value of K . Therefore,an

optimal allocation (k¤
1(K ; 2); K ¡ k¤

1(K ; 2)) is determinedby the point wherethe ¯rst

di®erenceof zK (k) with respect to k is zero(or, more precisely, sincek takesinteger

values,at a point k that satis¯es zK (k) ¡ zK (k ¡ 1) · 0 and zK (k) ¡ zK (k + 1) ¸ 0).



Now considerthe ¯rst di®erenceof zK (k) ¡ zK (k ¡ 1) with respect to K :

zK +1 (k) ¡ zK +1 (k ¡ 1) ¡ zK (k) + zK (k ¡ 1)

= f 1(k) + f 2(K ¡ k + 1) ¡ f 1(k ¡ 1) ¡ f 2(K ¡ k + 2)

¡ f 1(k) ¡ f 2(K ¡ k) + f 1(k ¡ 1) + f 2(K ¡ k + 1)

= 2f 2(K ¡ k + 1) ¡ f 2(K ¡ k + 2) ¡ f 2(K ¡ k)

· 0;

wherethe inequality follows from the convexity of f 2(k).

SincezK +1 (k) ¡ zK +1 (k ¡ 1) · zK (k) + zK (k ¡ 1), it must be the casethat the

minimizing value of zK +1 (k) lies to the right of the minimizing value of zK (k). This

property is illustrated in Figure B.1.
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Figure B.1: Plot of zK (k) and zK +1 (k)

96



Therefore, we have k¤
1(K + 1; 2) ¸ k¤

1(K ; 2). From this it follows that for any

nonnegative integer d, we have k¤
1(K + d;2) ¸ k¤

1(K ; 2). We can interchangeven-

dors 1 and 2 and repeat this argument to show that k¤
2(K + 1; 2) ¸ k¤

2(K ; 2) and

k¤
2(K + d;2) ¸ k¤

2(K ; 2).

We now considerthe caseV > 2. Let zK (k; V) = m(k; V ¡ 1)+ f V (K ¡ k), where

m(k; V ¡ 1) is the cost of optimally allocating k items to vendors1; : : : ; V ¡ 1. Let

yf 1;:::;V ¡ 1g(K ) =
V ¡ 1P

i =1
k¤

i (K ; V); that is, yf 1;:::;V ¡ 1g(K ) is the optimal total allocation to

the set of vendorsf 1; : : : ; V ¡ 1g when there are K items to be allocated amongall

V vendors.

As an induction hypothesis,assumethat the statement of the theoremis true for

V ¡ 1; that is, for any nonnegative integer Q,

k¤
i (Q + 1; V ¡ 1) ¸ k¤

i (Q; V ¡ 1); i = 1; : : : ; V ¡ 1;

and, hence,for any nonnegative integer d,

k¤
i (Q + d;V ¡ 1) ¸ k¤

i (Q; V ¡ 1); i = 1; : : : ; V ¡ 1:

Considerthe ¯rst di®erenceof zK (k; V) ¡ zK (k ¡ 1; V) with respect to K :

zK +1 (k; V) ¡ zK +1 (k ¡ 1; V) ¡ zK (k; V) + zK (k ¡ 1; V)

= m(k; V ¡ 1) + f V (K ¡ k + 1) ¡ m(k ¡ 1; V ¡ 1) ¡ f V (K ¡ k + 2)

¡ m(k; V ¡ 1) ¡ f V (K ¡ k) + m(k ¡ 1; V ¡ 1) + f V (K ¡ k + 1)

= 2f V (K ¡ k + 1) ¡ f V (K ¡ k + 2) ¡ f V (K ¡ k)

· 0;

wherethe inequality follows from the convexity of f V (k).
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SincezK +1 (k; V) ¡ zK +1 (k ¡ 1; V) · zK (k; V) + zK (k ¡ 1; V), it must be the case

that the minimizing value of zK +1 (k; V) lies to the right of the minimizing value of

zK (k; V). That is, yf 1;:::;V ¡ 1g(K + 1) ¸ yf 1;:::;V ¡ 1g(K ). By symmetry betweenvendors,

we can interchangevendorsand repeat this argument to show that any subsetC of

V ¡ 1 vendorssatis¯es yC (K + 1) ¸ yC (K ) (i.e., the total allocation to the vendors

in C is nondecreasingin K ).

Now, from the induction hypothesis,we have that for any set C of V ¡ 1 vendors,

k¤
i (yC (K + 1); V ¡ 1) ¸ k¤

i (yC (K ); V ¡ 1) for i 2 C, since yC (K + 1) ¸ yC (K ).

Therefore, k¤
i (K + 1; V) ¸ k¤

i (K ; V) for all i 2 C. Furthermore, sinceeach vendor

i = 1; : : : ; V is a member of at least onesubsetC, we have

k¤
i (K + 1; V) ¸ k¤

i (K ; V); i = 1; : : : ; V:

The following corollary to Theorem 5 establishesthe optimalit y of the marginal

allocation algorithm given in Section2.3.1.

Corollary 2.

k¤
i (K + 1; V) 2

©
k¤

i (K ; V); 1 + k¤
i (K ; V)

ª
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App endix C

Computing an Optimal

State-Indep endent Policy p¤

To ¯nd an optimal state-independent policy p¤ in Section3.2.1,which is usedas the

initial policy for policy improvement, we must solve the following problem:

Minimize
VP

i =1
r i (pi )

Subject to
VP

i =1
pi = 1

pi ¸ 0; i = 1; : : : ; V

(C.1)

The objective function term r i (pi ) in (C.1) is given by

r i (pi ) = ci
¹̧p i + hi L i ( ¹̧ pi );

where L i ( ¹̧p i ) is the expected number of customersin steady state in an M =M =si

systemwith arrival rate ¹̧p i and servicerate ¹ i . Grassmann[20] and Leeand Cohen

[36] show that L i ( ¹̧p i ) is a (strictly) convex function of ¹̧p i , and hencer i (pi ) is convex

in pi for constant ¹̧ > 0, sincethe costsci and hi are assumedto be nonnegative.

This is similar to the optimization problem that is usedto determinean optimal

static allocation in Chapter 2. However, in this case,the variablespi are continuous



rather than integer, so we cannot usethe marginal allocation algorithm described in

Section2.3.1.

Ibaraki and Katoh [28] describe a solution technique for this problem basedon

satisfying the Kuhn-Tucker conditions. This algorithm was ¯rst proposedby Luss

and Gupta [40] in 1975; the algorithm presented in Ibaraki and Katoh is a re¯ned

versiondueto Zipkin [59]. We includea descriptionof this techniqueasapplied to our

problem. Note that the problem formulation in Ibaraki and Katoh is more general;

in particular, the right-hand sideof the linear equality in problem (C.1) is N , rather

than 1, and r i (pi ) can be any strictly convex function of pi .

The optimization problem with si = 1 for all i = 1; : : : ; V is much simpler than

the problem with multi-server vendors.Therefore,in SectionC.1 we demonstratethe

algorithm of Ibaraki and Katoh [28] to ¯nd an optimal solution to the problem where

each vendor has only a single server. Section C.2 then describes the modi¯cations

that must be madewhen dealing with the generalcasesi ¸ 1 (i = 1; : : : ; V).

C.1 Single-Serv er Problem

When si = 1 for all i = 1; : : : ; V , we have

L i ( ¹̧ pi ) =
¹̧p i

¹ i ¡ ¹̧p i

for ¹̧p i < ¹ i . Therefore,r i (pi ) in (C.1) can be written as

r i (pi ) =

8
>><

>>:

ci
¹̧p i +

hi
¹̧p i

¹ i ¡ ¹̧ pi
; pi < ¹ i =¹̧;

1 ; pi ¸ ¹ i =¹̧:

(C.2)

The algorithm in Ibaraki and Katoh [28] requiresthat r i (pi ) becontinuouslydi®er-

entiable over the interval [0; 1] (or, for the generalproblem, over the interval [0; N ]).
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However, r i (pi ) as de¯ned in (C.2) is continuously di®erentiable over the interval

[0; ¹ i =¹̧ ), which doesnot include the interval [0; 1] if ¹ i < ¹̧ . We could remedy this

situation by including upper boundson the variablesas follows:

pi · ¹ i =¹̧ ¡ "; i = 1; : : : ; V;

for su±ciently small " > 0. Ibaraki and Katoh [28] also describe an algorithm that

handles upper bounds on the variables. The idea behind the modi¯ed algorithm

is quite simple: First solve the relaxed problem (C.1) with no upper bounds. If

any variables in the optimal solution to this relaxed problem are greater than their

upper bound, ¯x the valuesof thesevariables to their upper bound, and solve the

new problem with these variables ¯xed. Repeat this processuntil a solution has

been found that is feasibleto the original problem with upper bounds. Assuming
VP

i =1
¹ i > ¹̧ , this modi¯ed algorithm will ¯nd an optimal solution to the problem with

upper boundsafter at most V iterations.

Fortunately, for the problemof ¯nding an optimal state-independent policy p¤, we

can ignore such upper bounds. Recall from Section3.2.1that we assume
VP

i =1
si ¹ i > ¹̧

for the dynamic allocation model. Hence there exist stable policies p such that

¹̧p i < si ¹ i for all i = 1; : : : ; V , and such a policy will have a ¯nite cost
VP

i =1
r i (pi ). As a

result, any policy with ¹̧ pi ¸ si ¹ i for somei cannot be optimal, asit will have in¯nite

cost. In other words, the upper bounds on the variables are implicit in the cost

functions, and do not needto be handled explicitly. The relaxed problem (without

upper bounds) already ¯nds an optimal solution to the upper-boundedproblem, so

the modi¯cation of including upper bounds is not necessaryin this case. In what

follows, we describe the algorithm for ¯nding an optimal solution to problem (C.1),

which doesnot include explicit upper bounds.
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Let ±i be the Lagrangemultiplier associated with the constraint pi ¸ 0, and let

» be the Lagrangemultiplier associated with the constraint
VP

i =1
pi = 1. Then we can

write the Kuhn-Tucker conditions for optimalit y for problem (C.1) as follows:

r 0
i (pi ) ¡ ±i ¡ » = 0; i = 1; : : : ; V (C.3)

±i ¸ 0; i = 1; : : : ; V (C.4)

±i pi = 0; i = 1; : : : ; V (C.5)

pi ¸ 0; i = 1; : : : ; V (C.6)

VX

i =1

pi = 1 (C.7)

For the single-server case,the derivative function r 0
i (pi ) is given by

r 0
i (pi ) = ci

¹̧ +
hi

¹̧¹ i
¡
¹ i ¡ ¹̧ pi

¢2 :

Furthermore, conditions (C.3) through (C.5) may be rewritten as follows:

r 0
i (pi ) ¸ »; i = 1; : : : ; V (C.8)

pi > 0 ) r 0
i (pi ) = »; i = 1; : : : ; V (C.9)

The following lemmasare directly from Ibaraki and Katoh [28], with the notation

changedto suit our problem.

Lemma 2 (Lemma 2.2.1 from Ibaraki and Katoh [28]). Let the indicesof r i be

arranged so that r 0
1(0) · r 0

2(0) · ¢¢¢· r 0
V (0) holds. Let p¤ = (p¤

i ; : : : ; p¤
V ) denotean

optimal solution of problem(C.1). Then there exists an index i ¤; 1 · i ¤ · V; such

that

p¤
i > 0; i = 1; 2; : : : ; i ¤

p¤
i = 0; i = i ¤ + 1; : : : ; V
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Proof. The proof usesthe Kuhn-Tucker conditionsandstrict convexity of r i (pi ). Refer

to Ibaraki and Katoh [28] (page17) for details.

Lemma 3 (Lemma 2.2.2 from Ibaraki and Katoh [28]). A V-dimensionalvector

p¤ is optimal to problem(C.1) if and only if there exist » 2 R and i ¤ 2 f 1; : : : ; Vg

satisfying

r 0
i (p

¤
i ) = »; i = 1; : : : ; i ¤ (C.10)

r 0
i (p

¤
i ) ¸ »; i = i ¤ + 1; : : : ; V (C.11)

p¤
i > 0; i = 1; : : : ; i ¤ (C.12)

p¤
i = 0; i = i ¤ + 1; : : : ; V (C.13)

VX

i =1

p¤
i = 1 (C.14)

Proof. The proof usesthe Kuhn-Tucker conditions and Lemma 2. Refer to Ibaraki

and Katoh [28] (page17) for details.

Lemma3 implies that wecan¯nd an optimal solution to problem(C.1) by directly

constructing p¤ and i ¤ satisfying (C.10){(C.14). To do so, let i ¤ = n temporarily, and

denote the solution of (C.10), (C.13), and (C.14) by pi (n); i = 1; : : : ; V; and »(n).

To computepi (n) and »(n), let qi denotethe inverseof r 0
i (that is, qi (y) = pi implies

y = r 0
i (pi )). For the single-server case,this inverseis given as follows:

qi (y) =
1
¹̧

0

@¹ i ¡

s
hi

¹̧¹ i

y ¡ ci
¹̧

1

A : (C.15)

Now de¯ne

Qn (») =
nX

i =1

qi (»); n = 1; : : : ; V:
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For the single-server problem, Qn (») is given by

Qn (») =
1
¹̧

nX

i =1

0

@¹ i ¡

s
hi

¹̧ ¹ i

» ¡ ci
¹̧

1

A :

Note that Qn is increasingand continuousover
µ

¹̧ max
i =1 ;:::;V

f ci g; 1
¶

; thus it hasinverse

Q¡ 1
n over this range.

Now the following »(n) and pi (n) are uniquely determined:

»(n) = Q¡ 1
n (1) (C.16)

pi (n) = qi (»(n)); i = 1; : : : ; n (C.17)

pi (n) = 0; i = n + 1; : : : ; V (C.18)

Note that (C.17) implies r 0
i (pi (n)) = »(n) for i = 1; : : : ; n, and (C.16) implies

nP

i =1
pi (n) = 1. Therefore, these pi (n) and »(n) satisfy (C.10), (C.13), and (C.14);

if they alsosatisfy (C.11) and (C.12), they solve problem (C.1). Lemma3 guarantees

that pi (n) and »(n) satisfy (C.11) and (C.12) if n = i ¤, so we needonly search for

such an n using the following lemma.

Lemma 4 (Lemma 2.2.3 from Ibaraki and Katoh [28]). The solution

p(n) = (p1(n); : : : ; pV (n)) determined by (C.16){(C.18) for some n 2 f 1; : : : ; Vg

is optimal to problem(C.1) if

Qn (r 0
n (0)) < 1; (C.19)

Qn (r 0
n+1 (0)) ¸ 1 (C.20)

hold, where r 0
V +1 (0) = 1 is assumed by convention.

Proof. The proof usesthe fact that Qn is increasing,alongwith the resultsof Lemmas

2 and 3. Refer to Ibaraki and Katoh [28] (page18) for details.
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To ¯nd an optimal solution p¤, we ¯rst use a binary search over f 1; : : : ; Vg to

determine an index n satisfying (C.19) and (C.20). For the single-server problem,

thesesimplify to

Qn (r 0
n (0)) =

1
¹̧

nX

i =1

Ã

¹ i ¡

s
hi ¹ i

cn ¡ ci + hn=¹ n

!

and

Qn (r 0
n+1 (0)) =

1
¹̧

nX

i =1

Ã

¹ i ¡

s
hi ¹ i

cn+1 ¡ ci + hn+1 =¹ n+1

!

;

and evaluation is straightforward.

Oncean index n satisfying (C.19) and (C.20) is found, »(n) satisfying (C.16) can

be found by using a binary search over the interval [r 0
n (0); r 0

n+1 (0)], and then pi (n) of

(C.17) can by found by evaluating qi (y) in (C.15) at y = »(n).

C.2 Multiple-Serv er Problem

When si > 1, the algorithm described in the previoussectionrequiresa few modi¯-

cations. First, for si > 1, r i (pi ) is as follows:

r i (pi ) = ci
¹̧p i + hi

µ ¹̧p i

¹ i
+

®i;p ½i;p

(1 ¡ ½i;p )2

¶
;

where½i;p = ¹̧p i =si ¹ i , and ®i;p is the steady-stateprobability of there being exactly

si customersin an M =M =si systemwith arrival rate ¹̧p i and servicerate ¹ i (given in

equation (3.5) on page41). In this case,qi (y)|the inverseof r 0
i (pi )|do esnot have a

closed-formsolution. Therefore,whenever an evaluation of qi (y) is required,a binary

search is performed over the interval [0; min(1; si ¹ i =¹̧ )] to ¯nd a value pi such that

r 0
i (pi ) = y.
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The secondmodi¯cation involvesthe convexity of r i (pi ). Although r i (pi ) is strictly

convex for ¹̧ > 0, there areproblem instanceswherer i (pi ) is nearly °at. For example,

considerthe cost function r i (pi ) shown in Figure C.1. When si = 1, a cost function

that is nearly °at doesnot causeany problems,sincethere is a closed-formsolution

for the inverseqi (y) of r 0
i (pi ). However, when using a binary search to evaluate qi (y)

for the multiple-server case,convergencecan be very slow if the function is nearly

°at. Ibaraki and Katoh [28] describe a modi¯cation that can be usedwhen the r i (pi )

are not necessarilystrictly convex, and we usethis algorithm for problemsin which

at least one i hassi > 1.
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r i(p
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Figure C.1: Nearly °at cost function
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The modi¯ed algorithm requiresthe following relaxedproblem:

Minimize
P

i 2 I
r i (pi )

Subject to
P

i 2 I
pi = 1;

(C.21)

where I is a subset of f 1; : : : ; Vg. Note that problem (C.21) does not require the

nonnegativity constraints pi ¸ 0. The Kuhn-Tucker conditions for (C.21) are as

follows:

r 0
i (pi ) = »; i 2 I (C.22)

X

i 2 I

pi = 1 (C.23)

But if r i (pi ) is not strictly convex in pi (or, asin our case,if r i (pi ) is barely convex),

the inverseqi (y) of r 0
i (pi ) may not be uniquely determined. Therefore,to solve (C.22)

and (C.23), we usea binary search to ¯nd a value of » such that

p
i

= minf pi j r 0
i (pi ) = »g; i 2 I

pi = maxf pi j r 0
i (pi ) = »g; i 2 I

X

i 2 I

p
i

· 1 ·
X

i 2 I

pi

Now let

n = max

(

j 2 I

¯
¯
¯
¯
¯

X

i · j

pi +
X

i>j

p
i

· 1

)

:
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Then the following valuesfor pi ; i 2 I ; satisfy (C.22) and (C.23):

pi =

8
>>>>>>><

>>>>>>>:

pi ; i · n; i 2 I ;

1 ¡

Ã
P

j · n
pj +

P

j ¸ n+2
p

j

!

; i = n0 (the index next to n in I );

p
i
; i > n0; i 2 I :

An optimal solution to the original problem (C.1) can then be found by ¯rst

solving the relaxed problem (C.21) with I = f 1; : : : ; Vg. Let p¤ denote an optimal

solution to (C.1), and let p̂ denotean optimal solution to (C.21). If p̂i ¸ 0 for all i ,

then p̂ is optimal for (C.1). Otherwise, ¯x p¤
i = 0 for all i with p̂i < 0, and delete

from I all indices i with p̂i < 0. Then solve (C.21) again, and repeat this process

until p̂i ¸ 0 holds for all i 2 I .
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App endix D

Data

The data for the numerical studies in Chapters 2 and 3 are given in this appendix.

TablesD.1 through D.4 give the data for the computational study of static allocation

in Chapter 2. The data for the simulation study in Chapter 3 are shown in Tables

D.5 through D.14. The data for the comparisonof optimal dynamic routing with the

derived index policies(discussedin Section3.4.3)areshown in TablesD.15 and D.16.



Table D.1: Static Allocation Data, K = 100

Group 1 Group 2 Group 3 Group 4 Group 5

Low High Low High Low High Low High Low High

c1 61.96 157.95 53.74 142.18 55.21 156.39 68.74 136.34 67.92 148.64

c2 67.78 139.79 67.26 131.73 57.36 138.43 62.44 142.75 59.81 139.28

c3 55.60 162.36 60.16 159.83 56.67 153.66 59.99 156.30 58.92 147.37

c4 46.74 173.32 52.48 184.44 47.14 171.87 52.52 184.59 50.79 176.17

¹ 1 7.86 114.84 17.31 106.76 17.24 103.86 28.10 122.55 19.62 122.05

¹ 2 36.31 121.02 23.67 125.29 30.14 112.45 29.09 112.73 33.22 120.57

¹ 3 24.37 125.54 31.14 125.85 23.89 128.15 22.14 126.12 25.88 123.27

¹ 4 37.53 160.63 30.84 153.60 28.18 162.53 32.65 162.77 28.06 155.17

s1 3 11 1 11 3 10 1 11 1 11

s2 2 15 1 17 1 12 1 14 1 16

s3 2 13 4 14 5 16 3 13 5 13

s4 1 5 2 6 1 8 2 9 1 7
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Table D.2: Static Allocation Data, K = 1;000

Group 1 Group 2 Group 3 Group 4 Group 5

Low High Low High Low High Low High Low High

c1 57.22 151.98 57.08 148.10 56.02 144.55 65.72 156.69 61.70 147.00

c2 61.60 132.25 56.37 135.24 59.84 134.34 59.99 145.78 60.98 146.47

c3 57.22 150.48 51.51 158.45 56.18 162.12 51.55 156.70 56.96 160.59

c4 51.80 174.18 49.09 172.90 49.43 164.35 47.84 170.03 47.94 180.51

¹ 1 192.56 1505.98 164.23 1494.62 172.24 1484.92 161.62 1474.44 183.77 1504.23

¹ 2 354.42 1802.65 351.78 1831.40 363.88 1886.53 352.22 1839.73 327.16 1867.52

¹ 3 260.29 1872.17 266.40 1976.67 281.11 1920.60 256.34 1881.34 246.10 1933.35

¹ 4 293.02 2789.58 300.54 2818.41 316.07 2800.25 296.71 2828.71 292.63 2786.68

s1 1 8 3 11 3 12 2 10 3 9

s2 1 11 2 16 2 12 2 15 2 14

s3 2 20 4 17 4 7 3 10 2 14

s4 1 8 1 9 1 7 1 8 2 9
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Table D.3: Static Allocation Data, K = 10;000

Group 1 Group 2 Group 3 Group 4 Group 5

Low High Low High Low High Low High Low High

c1 61.47 159.59 60.00 157.77 63.28 145.57 58.65 156.70 58.07 151.52

c2 62.91 142.89 62.03 142.18 63.68 135.74 66.60 129.53 61.72 138.93

c3 69.78 151.38 52.97 160.27 57.38 154.11 53.48 147.12 53.33 157.18

c4 53.30 188.90 59.50 161.24 55.38 170.13 55.30 172.95 45.85 164.70

¹ 1 2122.30 17961.00 2064.06 18055.41 2107.26 18005.26 2083.28 18081.09 2067.61 18066.65

¹ 2 1880.42 21047.19 1835.40 20907.20 1849.31 20976.57 1822.75 20989.56 1848.79 20940.04

¹ 3 2206.53 16014.71 2216.44 15964.07 2207.74 15924.84 2221.18 16046.04 2204.84 15987.73

¹ 4 2161.15 19811.02 2132.91 19899.36 2204.27 19866.39 2140.53 19937.76 2196.55 19923.36

s1 1 10 1 12 1 10 1 12 2 8

s2 1 15 2 16 1 14 2 17 1 12

s3 5 16 4 7 3 11 5 9 5 12

s4 2 8 1 5 1 7 2 5 2 6
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Table D.4: Static Allocation Data, K = 100;000

Group 1 Group 2 Group 3 Group 4 Group 5

Low High Low High Low High Low High Low High

c1 68.48 144.85 57.12 135.99 61.31 160.78 60.54 145.40 53.64 136.95

c2 68.00 139.92 58.34 153.69 65.25 140.77 68.89 140.03 61.60 138.17

c3 46.53 167.47 64.81 154.85 54.10 162.40 57.21 166.45 57.39 149.61

c4 47.23 178.57 48.11 180.42 48.61 172.51 55.84 177.11 53.83 174.74

¹ 1 21036.39 222033.28 21322.31 218480.41 21274.77 222887.26 21455.08 228451.93 21105.24 232381.33

¹ 2 23030.79 191618.05 25869.71 188166.68 24899.77 192447.63 22520.36 197853.31 23503.24 201670.44

¹ 3 20095.03 207623.40 19963.75 189419.52 15707.37 212650.20 18505.10 198175.58 19055.07 221346.82

¹ 4 20943.71 289047.94 21419.29 296212.16 19386.49 290130.16 21519.96 302640.41 21386.20 298925.98

s1 3 11 2 11 2 9 1 8 3 8

s2 2 15 2 13 1 12 2 12 1 14

s3 4 14 2 20 4 14 5 20 4 19

s4 1 6 2 9 1 7 1 5 1 6
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Table D.5: Dynamic Allocation Data, K = 100(Trials 1{18)

¹ s c

Trial Gini 1 2 3 4 1 2 3 4 1 2 3 4

1 0.200 7.86 36.31 24.37 37.53 3 2 2 1 61.96 139.79 55.60 46.74

2 0.210 7.86 36.31 24.37 37.53 3 2 2 5 61.96 139.79 55.60 173.32

3 0.210 28.10 29.09 22.14 32.65 1 1 3 2 68.74 142.75 156.30 184.59

4 0.225 28.10 29.09 22.14 32.65 1 1 3 2 68.74 62.44 59.99 184.59

5 0.230 28.10 29.09 22.14 32.65 1 1 3 2 68.74 62.44 156.30 52.52

6 0.240 17.24 30.14 128.15 28.18 3 1 5 1 55.21 57.36 153.66 47.14

7 0.250 17.24 112.45 128.15 28.18 3 1 5 1 55.21 138.43 153.66 47.14

8 0.255 28.10 29.09 126.12 32.65 1 1 3 2 68.74 62.44 156.30 52.52

9 0.260 7.86 36.31 24.37 37.53 3 2 2 1 61.96 139.79 162.36 173.32

10 0.270 28.10 29.09 22.14 32.65 1 1 3 2 68.74 142.75 59.99 184.59

11 0.275 7.86 36.31 24.37 37.53 3 2 2 1 61.96 139.79 55.60 173.32

12 0.275 28.10 29.09 22.14 32.65 1 1 3 2 68.74 62.44 59.99 52.52

13 0.280 28.10 29.09 22.14 32.65 1 1 3 2 136.34 62.44 156.30 52.52

14 0.285 28.10 112.73 22.14 32.65 1 1 3 2 68.74 142.75 59.99 52.52

15 0.295 7.86 36.31 125.54 37.53 3 2 2 1 61.96 67.78 162.36 46.74

16 0.305 17.31 23.67 31.14 30.84 11 1 4 2 142.18 67.26 159.83 52.48

17 0.310 7.86 36.31 24.37 37.53 11 2 2 1 61.96 67.78 55.60 46.74

18 0.320 7.86 36.31 24.37 37.53 3 2 2 1 61.96 67.78 55.60 46.74
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Table D.6: Dynamic Allocation Data, K = 100(Trials 19{36)

¹ s c

Trial Gini 1 2 3 4 1 2 3 4 1 2 3 4

19 0.320 106.76 23.67 125.85 30.84 1 1 4 2 142.18 67.26 159.83 52.48

20 0.320 17.31 23.67 31.14 30.84 11 1 4 2 142.18 131.73 159.83 52.48

21 0.325 7.86 36.31 24.37 160.63 3 2 2 1 61.96 67.78 55.60 173.32

22 0.330 122.55 29.09 22.14 32.65 1 1 3 2 136.34 142.75 59.99 52.52

23 0.340 106.76 125.29 31.14 30.84 1 1 4 6 53.74 67.26 60.16 52.48

24 0.340 7.86 36.31 24.37 37.53 11 2 2 1 61.96 67.78 55.60 173.32

25 0.350 7.86 36.31 125.54 37.53 3 2 13 1 61.96 139.79 162.36 46.74

26 0.365 28.10 29.09 22.14 32.65 11 1 3 2 136.34 142.75 59.99 52.52

27 0.370 7.86 36.31 24.37 37.53 11 2 2 1 61.96 67.78 162.36 46.74

28 0.380 122.55 112.73 126.12 32.65 1 1 3 2 68.74 62.44 156.30 52.52

29 0.380 7.86 36.31 24.37 37.53 3 2 2 1 61.96 67.78 55.60 173.32

30 0.395 7.86 36.31 24.37 37.53 3 2 2 5 157.95 67.78 55.60 173.32

31 0.400 7.86 36.31 24.37 37.53 3 15 2 1 61.96 139.79 55.60 46.74

32 0.415 106.76 23.67 31.14 30.84 1 1 4 2 53.74 67.26 60.16 52.48

33 0.420 7.86 121.02 24.37 37.53 3 15 2 1 61.96 139.79 55.60 46.74

34 0.420 106.76 125.29 31.14 30.84 1 1 4 2 53.74 67.26 60.16 52.48

35 0.420 7.86 36.31 24.37 37.53 3 2 2 5 61.96 67.78 162.36 173.32

36 0.445 7.86 36.31 24.37 37.53 3 2 13 1 61.96 139.79 162.36 173.32
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Table D.7: Dynamic Allocation Data, K = 100(Trials 37{54)

¹ s c

Trial Gini 1 2 3 4 1 2 3 4 1 2 3 4

37 0.455 7.86 36.31 125.54 37.53 3 2 2 5 61.96 67.78 162.36 173.32

38 0.455 114.84 36.31 24.37 37.53 3 2 2 5 157.95 139.79 55.60 173.32

39 0.470 17.31 23.67 125.85 30.84 1 1 4 2 53.74 131.73 159.83 52.48

40 0.470 17.31 23.67 31.14 30.84 1 1 4 2 53.74 131.73 159.83 184.44

41 0.485 17.31 23.67 31.14 30.84 11 1 4 2 53.74 131.73 60.16 52.48

42 0.485 17.24 30.14 23.89 28.18 3 1 5 1 156.39 138.43 153.66 171.87

43 0.490 17.31 23.67 31.14 30.84 1 1 4 6 142.18 67.26 159.83 184.44

44 0.490 17.24 30.14 23.89 28.18 10 1 5 1 156.39 138.43 153.66 171.87

45 0.495 114.84 36.31 24.37 37.53 3 2 13 1 157.95 139.79 162.36 46.74

46 0.500 106.76 125.29 31.14 30.84 1 1 14 2 53.74 67.26 159.83 184.44

47 0.510 106.76 23.67 31.14 30.84 1 1 14 6 53.74 67.26 60.16 184.44

48 0.515 7.86 36.31 24.37 37.53 11 2 2 1 61.96 67.78 162.36 173.32

49 0.520 19.62 120.57 123.27 28.06 11 1 5 7 67.92 59.81 147.37 50.79

50 0.525 103.86 30.14 23.89 28.18 3 1 16 1 156.39 57.36 153.66 47.14

51 0.530 122.55 29.09 22.14 32.65 1 1 13 2 68.74 142.75 59.99 184.59

52 0.545 17.24 30.14 128.15 162.53 3 1 5 1 156.39 57.36 56.67 47.14

53 0.550 17.31 23.67 31.14 30.84 11 1 4 6 53.74 67.26 60.16 184.44

54 0.560 17.24 112.45 23.89 28.18 10 1 16 1 156.39 138.43 153.66 171.87
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Table D.8: Dynamic Allocation Data, K = 100(Trials 55{72)

¹ s c

Trial Gini 1 2 3 4 1 2 3 4 1 2 3 4

55 0.565 7.86 36.31 125.54 37.53 3 2 2 1 61.96 139.79 162.36 173.32

56 0.570 106.76 23.67 31.14 30.84 11 1 14 2 142.18 131.73 159.83 52.48

57 0.570 17.31 125.29 31.14 30.84 1 1 14 6 142.18 67.26 60.16 52.48

58 0.585 103.86 112.45 23.89 28.18 3 1 16 1 156.39 57.36 153.66 47.14

59 0.590 28.10 29.09 22.14 32.65 1 1 13 2 68.74 62.44 59.99 52.52

60 0.595 19.62 33.22 25.88 28.06 11 1 5 7 67.92 139.28 58.92 176.17

61 0.600 17.24 30.14 128.15 28.18 3 1 5 8 55.21 138.43 153.66 171.87

62 0.610 7.86 36.31 24.37 37.53 3 15 2 1 61.96 139.79 55.60 173.32

63 0.615 17.24 112.45 23.89 28.18 3 12 16 1 55.21 138.43 153.66 171.87

64 0.620 17.24 112.45 23.89 162.53 3 1 5 1 55.21 57.36 56.67 47.14

65 0.620 28.10 29.09 22.14 32.65 1 1 13 2 136.34 142.75 59.99 52.52

66 0.630 17.24 30.14 23.89 28.18 10 1 16 1 55.21 57.36 153.66 47.14

67 0.640 122.55 29.09 22.14 32.65 1 14 3 9 68.74 62.44 59.99 52.52

68 0.640 19.62 33.22 25.88 28.06 1 1 5 1 67.92 139.28 58.92 50.79

69 0.650 106.76 23.67 125.85 30.84 1 1 14 6 53.74 67.26 60.16 52.48

70 0.665 103.86 30.14 23.89 28.18 3 1 16 1 156.39 138.43 153.66 47.14

71 0.670 114.84 36.31 24.37 37.53 3 2 2 1 157.95 139.79 162.36 173.32

72 0.670 7.86 36.31 24.37 37.53 3 15 2 1 61.96 67.78 55.60 46.74
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Table D.9: Dynamic Allocation Data, K = 100(Trials 73{90)

¹ s c

Trial Gini 1 2 3 4 1 2 3 4 1 2 3 4

73 0.685 19.62 33.22 25.88 28.06 1 16 13 7 67.92 59.81 58.92 50.79

74 0.690 7.86 36.31 24.37 160.63 3 2 2 1 61.96 67.78 55.60 46.74

75 0.695 17.24 30.14 23.89 28.18 3 1 16 1 55.21 57.36 56.67 47.14

76 0.700 17.24 30.14 23.89 162.53 3 12 5 1 156.39 57.36 56.67 47.14

77 0.705 28.10 112.73 22.14 162.77 11 1 3 2 68.74 142.75 59.99 184.59

78 0.710 114.84 36.31 24.37 37.53 3 15 2 5 61.96 67.78 55.60 46.74

79 0.715 19.62 33.22 25.88 155.17 1 16 13 7 67.92 139.28 147.37 176.17

80 0.720 7.86 121.02 24.37 37.53 3 2 2 1 61.96 67.78 55.60 46.74

81 0.725 17.31 125.29 31.14 30.84 1 17 4 6 53.74 131.73 159.83 184.44

82 0.730 19.62 33.22 25.88 28.06 1 1 13 1 67.92 139.28 58.92 50.79

83 0.735 7.86 36.31 24.37 37.53 3 15 2 5 61.96 67.78 55.60 173.32

84 0.735 28.10 29.09 22.14 32.65 1 1 13 2 136.34 62.44 59.99 184.59

85 0.740 19.62 33.22 25.88 155.17 1 1 5 1 67.92 139.28 147.37 50.79

86 0.750 114.84 36.31 24.37 37.53 11 2 2 1 61.96 67.78 55.60 46.74

87 0.750 114.84 36.31 24.37 37.53 3 2 13 1 61.96 67.78 55.60 173.32

88 0.750 106.76 23.67 125.85 30.84 11 17 14 2 53.74 67.26 60.16 184.44

89 0.750 17.24 112.45 23.89 28.18 3 12 5 8 156.39 138.43 153.66 171.87

90 0.750 7.86 36.31 125.54 37.53 3 2 2 5 61.96 67.78 55.60 46.74
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Table D.10: Dynamic Allocation Data, K = 1;000(Trials 1{18)

¹ s c

Trial Gini 1 2 3 4 1 2 3 4 1 2 3 4

1 0.2005 192.56 354.42 260.29 293.02 1 1 2 1 57.22 132.25 57.22 51.80

2 0.2005 192.56 354.42 260.29 293.02 1 1 2 8 57.22 132.25 57.22 174.18

3 0.2020 192.56 354.42 260.29 293.02 1 1 20 1 57.22 61.60 150.48 51.80

4 0.2055 192.56 354.42 260.29 293.02 1 1 2 1 57.22 61.60 57.22 51.80

5 0.2090 192.56 1802.65 260.29 293.02 1 1 2 1 57.22 132.25 57.22 51.80

6 0.2125 192.56 354.42 260.29 293.02 8 1 2 1 151.98 61.60 57.22 51.80

7 0.2155 192.56 354.42 260.29 293.02 1 1 2 8 57.22 61.60 57.22 174.18

8 0.2155 192.56 354.42 260.29 2789.58 1 1 2 1 57.22 61.60 57.22 174.18

9 0.2170 192.56 354.42 260.29 293.02 1 1 2 1 57.22 132.25 57.22 174.18

10 0.2235 192.56 354.42 260.29 293.02 1 1 2 1 57.22 61.60 57.22 174.18

11 0.2360 192.56 354.42 260.29 293.02 1 1 20 1 57.22 132.25 150.48 51.80

12 0.2365 192.56 354.42 260.29 293.02 1 1 2 8 151.98 61.60 57.22 174.18

13 0.2375 192.56 354.42 260.29 2789.58 1 1 2 8 151.98 61.60 57.22 174.18

14 0.2445 192.56 354.42 1872.17 293.02 1 1 20 1 57.22 132.25 150.48 51.80

15 0.2955 183.77 327.16 246.10 292.63 3 14 2 2 61.70 146.47 56.96 47.94

16 0.3005 183.77 327.16 246.10 292.63 3 2 2 2 61.70 60.98 160.59 47.94

17 0.3010 164.23 351.78 1976.67 300.54 3 2 17 1 148.10 135.24 158.45 49.09

18 0.3170 1505.98 354.42 260.29 293.02 8 1 2 1 151.98 61.60 57.22 174.18
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Table D.11: Dynamic Allocation Data, K = 1;000(Trials 19{36)

¹ s c

Trial Gini 1 2 3 4 1 2 3 4 1 2 3 4

19 0.3240 161.62 352.22 256.34 296.71 10 2 3 1 156.69 145.78 156.70 47.84

20 0.3270 1474.44 352.22 256.34 296.71 2 2 3 1 65.72 59.99 51.55 47.84

21 0.3315 161.62 352.22 256.34 296.71 2 2 3 1 156.69 145.78 156.70 47.84

22 0.3425 192.56 354.42 260.29 293.02 8 1 2 1 151.98 132.25 57.22 174.18

23 0.3450 172.24 363.88 281.11 316.07 3 2 4 1 56.02 59.84 56.18 49.43

24 0.3485 192.56 354.42 260.29 293.02 1 11 2 1 151.98 132.25 57.22 51.80

25 0.3550 164.23 351.78 266.40 300.54 3 2 17 9 148.10 135.24 158.45 172.90

26 0.3695 1505.98 354.42 260.29 293.02 1 1 20 1 151.98 132.25 150.48 51.80

27 0.3740 172.24 363.88 281.11 316.07 3 2 7 1 144.55 134.34 162.12 49.43

28 0.3805 183.77 1867.52 246.10 292.63 3 14 2 2 147.00 146.47 56.96 47.94

29 0.3875 1505.98 354.42 260.29 293.02 1 1 2 1 151.98 132.25 150.48 51.80

30 0.3970 164.23 351.78 266.40 300.54 3 2 17 1 57.08 56.37 158.45 49.09

31 0.4045 192.56 354.42 260.29 293.02 1 1 20 1 151.98 61.60 150.48 51.80

32 0.4045 1505.98 354.42 260.29 293.02 1 1 20 1 151.98 61.60 150.48 51.80

33 0.4060 192.56 354.42 1872.17 293.02 1 1 20 1 151.98 61.60 150.48 51.80

34 0.4090 161.62 352.22 1881.34 296.71 2 2 3 1 65.72 59.99 156.70 47.84

35 0.4100 164.23 351.78 1976.67 300.54 3 2 17 1 148.10 56.37 158.45 49.09

36 0.4100 172.24 363.88 281.11 316.07 3 2 7 7 144.55 134.34 162.12 164.35
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Table D.12: Dynamic Allocation Data, K = 1;000(Trials 37{54)

¹ s c

Trial Gini 1 2 3 4 1 2 3 4 1 2 3 4

37 0.4340 161.62 352.22 256.34 296.71 10 2 3 8 65.72 59.99 51.55 170.03

38 0.4380 172.24 363.88 281.11 316.07 12 12 4 1 56.02 59.84 56.18 49.43

39 0.4435 172.24 363.88 1920.60 316.07 3 2 4 7 56.02 134.34 162.12 164.35

40 0.4535 161.62 352.22 256.34 296.71 2 2 3 8 65.72 59.99 51.55 170.03

41 0.4580 1494.62 351.78 266.40 300.54 3 2 4 1 57.08 56.37 51.51 49.09

42 0.4660 172.24 363.88 1920.60 316.07 3 2 7 1 144.55 59.84 162.12 164.35

43 0.4720 172.24 363.88 281.11 316.07 3 2 7 1 144.55 59.84 162.12 164.35

44 0.4805 192.56 354.42 260.29 293.02 1 11 2 1 57.22 61.60 57.22 51.80

45 0.4990 192.56 1802.65 260.29 293.02 8 1 2 1 57.22 61.60 150.48 51.80

46 0.5005 164.23 351.78 266.40 300.54 11 2 4 1 57.08 135.24 51.51 49.09

47 0.5055 161.62 352.22 256.34 296.71 10 2 3 8 65.72 145.78 51.55 170.03

48 0.5110 192.56 1802.65 260.29 293.02 1 1 2 1 57.22 61.60 57.22 51.80

49 0.5155 192.56 354.42 260.29 293.02 1 11 20 1 57.22 132.25 150.48 51.80

50 0.5170 192.56 1802.65 260.29 293.02 1 11 20 1 57.22 132.25 150.48 51.80

51 0.5265 1504.23 327.16 246.10 292.63 3 2 14 2 147.00 146.47 160.59 47.94

52 0.5355 172.24 363.88 281.11 316.07 3 12 4 1 56.02 59.84 162.12 49.43

53 0.5385 192.56 1802.65 260.29 293.02 1 1 2 1 151.98 61.60 57.22 51.80

54 0.5475 192.56 354.42 260.29 293.02 8 1 2 1 57.22 61.60 57.22 51.80
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Table D.13: Dynamic Allocation Data, K = 1;000(Trials 55{72)

¹ s c

Trial Gini 1 2 3 4 1 2 3 4 1 2 3 4

55 0.5650 183.77 327.16 246.10 292.63 3 14 2 9 147.00 146.47 56.96 180.51

56 0.5670 192.56 1802.65 260.29 293.02 1 11 2 1 151.98 61.60 57.22 51.80

57 0.5740 183.77 327.16 246.10 292.63 9 2 2 2 61.70 146.47 160.59 47.94

58 0.5860 1504.23 327.16 246.10 292.63 3 2 2 2 61.70 60.98 160.59 47.94

59 0.5885 1505.98 354.42 260.29 293.02 1 1 2 1 57.22 61.60 57.22 51.80

60 0.5915 183.77 327.16 246.10 292.63 3 14 14 2 61.70 60.98 56.96 47.94

61 0.6075 183.77 327.16 1933.35 292.63 3 2 14 2 147.00 60.98 56.96 47.94

62 0.6100 172.24 363.88 281.11 316.07 3 2 4 7 56.02 134.34 56.18 164.35

63 0.6120 164.23 351.78 266.40 300.54 3 2 4 1 57.08 135.24 51.51 172.90

64 0.6210 1505.98 1802.65 260.29 293.02 1 11 2 1 57.22 61.60 150.48 51.80

65 0.6240 1505.98 1802.65 260.29 293.02 1 1 20 1 57.22 61.60 150.48 51.80

66 0.6330 183.77 327.16 246.10 292.63 9 2 2 9 61.70 146.47 56.96 180.51

67 0.6360 172.24 363.88 281.11 316.07 3 12 7 1 144.55 134.34 162.12 49.43

68 0.6415 161.62 352.22 256.34 296.71 2 15 3 1 156.69 145.78 156.70 47.84

69 0.6510 192.56 1802.65 260.29 293.02 1 1 2 1 151.98 61.60 57.22 174.18

70 0.6590 192.56 354.42 260.29 293.02 1 11 2 1 57.22 61.60 150.48 51.80

71 0.6660 192.56 354.42 260.29 293.02 8 1 2 1 57.22 61.60 150.48 51.80

72 0.6765 172.24 363.88 281.11 316.07 3 12 4 1 56.02 59.84 162.12 164.35
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Table D.14: Dynamic Allocation Data, K = 1;000(Trials 73{90)

¹ s c

Trial Gini 1 2 3 4 1 2 3 4 1 2 3 4

73 0.6795 172.24 363.88 281.11 316.07 3 12 4 1 144.55 59.84 162.12 49.43

74 0.6880 192.56 354.42 260.29 293.02 1 11 2 1 151.98 61.60 150.48 51.80

75 0.6935 164.23 351.78 266.40 300.54 3 16 4 1 57.08 56.37 158.45 49.09

76 0.7015 1484.92 1886.53 1920.60 316.07 3 2 7 1 144.55 134.34 56.18 49.43

77 0.7060 161.62 352.22 256.34 296.71 2 2 10 1 65.72 59.99 51.55 47.84

78 0.7105 192.56 354.42 260.29 293.02 8 1 2 8 57.22 61.60 150.48 174.18

79 0.7155 1505.98 354.42 260.29 293.02 8 1 2 1 57.22 61.60 57.22 51.80

80 0.7285 1505.98 354.42 1872.17 293.02 1 1 2 8 57.22 61.60 57.22 174.18

81 0.7355 192.56 354.42 260.29 293.02 1 11 2 1 57.22 61.60 150.48 174.18

82 0.7500 1505.98 1802.65 260.29 293.02 1 1 20 8 57.22 132.25 150.48 174.18

83 0.7500 1494.62 351.78 266.40 300.54 11 16 4 1 57.08 56.37 158.45 172.90

84 0.7500 1494.62 1831.40 266.40 300.54 3 2 4 9 57.08 56.37 158.45 172.90

85 0.7500 192.56 354.42 260.29 293.02 1 11 2 8 151.98 61.60 150.48 174.18

86 0.7500 161.62 352.22 256.34 296.71 2 15 3 8 156.69 145.78 156.70 170.03

87 0.7500 161.62 352.22 256.34 296.71 2 2 10 8 65.72 59.99 51.55 170.03

88 0.7500 172.24 363.88 1920.60 316.07 3 2 4 1 144.55 59.84 56.18 164.35

89 0.7500 192.56 354.42 260.29 2789.58 1 1 2 1 57.22 61.60 57.22 51.80

90 0.7500 172.24 363.88 281.11 316.07 3 2 7 7 56.02 134.34 56.18 49.43

123



Table D.15: Dynamic Allocation Data, K = 300(Trials 1{25)

Trial ¹ 1 ¹ 2 s1 s2 c1 c2

1 234 133 2 1 115 102

2 178 103 3 3 90 113

3 108 28 4 4 156 99

4 150 140 4 2 100 117

5 247 79 2 1 155 116

6 592 74 1 5 101 90

7 108 170 4 2 115 148

8 88 86 5 5 156 129

9 208 43 2 5 158 116

10 147 272 4 1 158 147

11 166 252 3 1 146 122

12 135 45 3 4 107 130

13 183 131 3 4 130 158

14 122 157 4 2 102 158

15 464 78 1 3 95 124

16 135 158 4 3 107 137

17 281 102 2 2 145 140

18 136 19 3 4 97 123

19 150 163 4 3 150 144

20 490 123 1 4 91 89

21 122 214 4 2 128 103

22 544 38 1 2 98 132

23 148 40 4 3 131 116

24 289 83 2 4 81 103

25 216 88 2 4 94 95
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Table D.16: Dynamic Allocation Data, K = 300(Trials 26{50)

Trial ¹ 1 ¹ 2 s1 s2 c1 c2

26 521 243 1 2 150 112

27 110 168 5 3 116 135

28 420 203 1 2 111 98

29 124 149 4 3 105 129

30 176 80 3 4 135 86

31 97 56 5 3 158 155

32 114 27 5 3 93 134

33 111 13 5 4 155 108

34 108 79 5 4 155 85

35 137 91 4 1 88 104

36 593 81 1 2 129 132

37 154 37 3 5 81 123

38 259 85 2 3 141 143

39 107 27 5 5 103 155

40 595 43 1 5 135 144

41 562 113 1 3 137 129

42 230 45 2 4 107 96

43 119 44 5 4 127 97

44 167 154 3 2 139 98

45 195 86 3 5 124 123

46 134 60 3 5 80 159

47 407 66 1 3 107 103

48 85 100 5 4 158 143

49 516 96 1 4 124 108

50 144 201 4 2 144 105

125



Bibliograph y

[1] P. S. Ansell, K. D. Glazebrook, J. Ni~no-Mora, and M. O'Keefe. Whittle's index
policy for a multi-classqueueingsystemwith convex holding costs.Mathematical
Methods of Operations Research, 57(1):21{39,2003.

[2] D. P. Bertsekas. Dynamic Programming and Optimal Control, Vol. 2. Athena
Scienti¯c, Belmont, MA, 1995.

[3] W. R. Blischke and D. N. P. Murth y. Warranty Cost Analysis. Marcel Dekker,
New York, 1994.

[4] W. R. Blischke and E. M. Scheuer. Applications of renewal theory in analysisof
the free-replacement warranty. Naval Research Logistics Quarterly, 28(2):193{
205,1981.

[5] K. M. Bretthauer and B. Shetty. The nonlinear resource-allocation problem.
Operations Research, 43(4):670{683,1995.

[6] P. S. Buczkowski. Determining policies for managingwarranty costs. Doctoral
Dissertation Proposal,Dept. of OperationsResearch, UNC - Chapel Hill. March
25, 2003.

[7] B. D. Bunday and R. E. Scraton. The G=M =r machine interferencemodel.
European Journal of Operational Research, 4(6):399{402,1980.

[8] W. C. Chengand R. R. Muntz. Optimal routing for closedqueueingnetworks.
Performance Evaluation, 13(1):3{15, 1991.

[9] M. B. Comb¶e and O. J. Boxma. Optimization of static tra±c allocation policies.
Theoretical Computer Science, 125(1):17{43,1994.

[10] L. W. Dowdy, D. L. Eager,K. D. Gordon,and L. V. Saxton. Throughput concav-
it y and responsetime convexity. Information ProcessingLetters, 19(4):209{212,
1984.

[11] M. E. Dyer and L. G. Proll. On the validit y of marginal analysisfor allocating
servers in M =M =c queues.ManagementScience, 23(9):1019{1022,1977.

[12] A. Ephremides,P. Varaiya, and J. Walrand. A simpledynamic routing problem.
IEEE Transactionson Automatic Control, 25(4):690{693,1980.

[13] H. Everett, I I I. GeneralizedLagrangemultiplier method for solving problemsof
optimum allocation of resources.Operations Research, 11(3):399{417,1963.

[14] G. S. Fishman. Discrete-EventSimulation: Modeling, Programming, and Anal-
ysis. Springer-Verlag, New York, 2001.

126



[15] B. L. Fox. Discrete optimization via marginal analysis. ManagementScience,
13(3):210{216,1966.

[16] J. C. Gittins. Bandit processesand dynamic allocation indices. Journal of the
Royal Statistical Society, 41(2):148{177,1979.

[17] J. C. Gittins. Multi-armed Bandit Allocation Indices. John Wiley & Sons,New
York, 1989.

[18] G. J. Glasser. Varianceformulas for the meandi®erenceand coe±cient of con-
centration. Journal of the American Statistical Association, 57(299):648{654,
1962.

[19] K. D. Glazebrook, J. Ni~no-Mora, and P. S. Ansell. Index policies for a classof
discounted restlessbandit problems.Advancesin Applied Probability, 34(4):754{
774,2002.

[20] W. Grassmann.The convexity of the meanqueuesizeof the M =M =cqueuewith
respect to the tra±c intensity. Journal of Applied Probability, 20(4):916{919,
1983.

[21] O. Gross. A classof discrete type minimization problems. Technical Report
RM-1644,RAND Corp., 1956.

[22] B. Hajek. Optimal control of two interacting servicestations. IEEE Transactions
on Automatic Control, 29(6):491{499,1984.

[23] M. Heinhold. An operational research approach to allocation of clients to a
certain classof serviceinstitutions. Journal of the Operational Research Society,
29(3):273{276,1978.

[24] D. S. Hochbaum. Lower and upper bounds for the allocation problem and
other nonlinear optimization problems. Mathematics of Operations Research,
19(2):390{409,1994.

[25] A. Hordijk and J. A. Loeve. Undiscounted Markov decisionchains with par-
tial information: an algorithm for computing a locally optimal periodic policy.
ZOR|Mathematic al Methods of Operations Research, 40(2):163{181,1994.

[26] A. Hordijk and J. A. Loeve. Optimal static customerrouting in a closedqueueing
network. Statistica Neerlandica, 54(2):148{159,2000.

[27] A. Hordijk, J. A. Loeve, and J. Tiggelman. Analysis of a ¯nite-source customer
assignment model with no state information. Mathematical Methods of Opera-
tions Research, 47(2):317{336,1998.

[28] T. Ibaraki and N. Katoh. Resource Allocation Problems: Algorithmic Ap-
proaches. MIT Press,Cambridge, MA, 1988.

127



[29] S.-S.Ja, V. G. Kulkarni, A. Mitra, andJ. G. Patankar. A non-renewableminimal-
repair warranty policy with time-dependent costs. IEEE Transactionson Relia-
bility, 50(4):346{352,2001.

[30] S.-S.Ja, V. G. Kulkarni, A. Mitra, and J. G. Patankar. Warranty reserves for
nonstationary salesprocesses.Naval Research Logistics, 49(5):499{513,2002.

[31] K. R. Krishnan. Joining the right queue:a Markov decisionrule. In Proceedings
of the 28th IEEE Conference on Decision and Control, pages1863{1868,1987.

[32] K. R. Krishnan. Joining the right queue:a state-dependent decisionrule. IEEE
Transactionson Automatic Control, 35(1):104{108,1990.

[33] K. R. Krishnan and T. J. Ott. State dependent routing for telephonetra±c:
theory and results. In Proceedings of the IEEE Conference on Decision and
Control, Dec. 1986.

[34] V. G. Kulkarni. Modeling and Analysis of Stochastic Systems. Chapman and
Hall, New York, 1995.

[35] S. S. Lavenberg and M. Reiser. Stationary state probabilities at arrival instants
for closedqueueingnetworkswith multiple typesof customers.Journal of Applied
Probability, 17(4):1048{1061,1980.

[36] H. L. Leeand M. A. Cohen.A note on the convexity of performancemeasuresof
M =M =c queueingsystems.Journal of Applied Probability, 20(4):920{923,1983.

[37] S. A. Lippman. Applying a newdevicein the optimization of exponential queue-
ing systems.Operations Research, 23(4):687{710,1975.

[38] J. Little. A proof for the queuing formula: L = ¸W . Operations Research,
9(3):383{387,1961.

[39] M. O. Lorenz. Methods for measuringthe concentration of wealth. Journal of
the American Statistical Association, 9:209{219,1905.

[40] H. Luss and S. K. Gupta. Allocation of e®ort resourcesamong competitiv e
activities. Operations Research, 23(2):360{366,1975.

[41] J. W. Mamer. Discounted and per unit costsof product warranty. Management
Science, 33(7):916{930,1987.

[42] J. Ni~no-Mora. Restlessbandits: partial conservation laws and indexability. Ad-
vances in Applied Probability, 33:76{98,2001.

[43] J. Ni~no-Mora. Dynamic allocation indices for restlessprojects and queueing
admissioncontrol: a polyhedral approach. Mathematical Programming, 93:361{
413,2002.

128



[44] C. H. Papadimitriou and J. N. Tsitsiklis. The complexity of optimal queuing
network control. Mathematicsof Operations Research, 24(2):293{305,1999.

[45] M. L. Puterman. Markov Decision Processes:Discrete StochasticDynamic Pro-
gramming. John Wiley & Sons,New York, 1994.

[46] M. Reiserand S.S.Lavenberg. Mean-valueanalysisof closedmultichain queuing
networks. Journal of the Association for Computing Machinery, 27(2):313{322,
1980.

[47] A. J. Rolfe. A note on marginal allocation in multiple-server servicesystems.
ManagementScience, 17(9):656{658,1971.

[48] T. L. Saaty. Mathematical Methods of Operations Research. McGraw-Hill, New
York, 1959.

[49] K. C. Sevcik and I. Mitrani. The distribution of queuing network states at
input and output instants. Journal of the Association for ComputingMachinery,
28(2):358{371,1981.

[50] J. G. Shanthikumar and D. D. Yao. Optimal server allocation in a system of
multi-server stations. ManagementScience, 33(9):1173{1180,1987.

[51] J. G. Shanthikumar and D. D. Yao. On server allocation in multiple center
manufacturing systems.Operations Research, 36(2):333{342,1988.

[52] J. G. Shanthikumar and D. D. Yao. Second-orderpropertiesof the throughput of
a closedqueueingnetwork. Mathematicsof Operations Research, 13(3):524{534,
1988.

[53] J. G. Shanthikumar and D. D. Yao. Second-orderstochastic properties in queue-
ing systems.Proceedings of the IEEE, 77(1):162{170,1989.

[54] S. Stidham and R. Weber. A survey of Markov decisionmodels for control of
networks of queues.QueueingSystems, 13(1{3):291{314,1993.

[55] H. C. Tijms. Stochastic Models: An Algorithmic Approach. John Wiley & Sons,
New York, 1994.

[56] R. R. Weber and G. Weiss. On an index policy for restlessbandits. Journal of
Applied Probability, 27(3):637{648,1990.

[57] P. Whittle. Restlessbandits: activit y allocation in a changingworld. Journal of
Applied Probability, 25A:287{298,1988.

[58] P. Whittle. Optimal Control: Basics and Beyond. John Wiley & Sons,New
York, 1996.

[59] P. H. Zipkin. Simpleranking methodsfor allocation of oneresource.Management
Science, 26(1):34{43,1980.

129


