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Abstract

In this paper we study a general stochastic fluid model with a single infinite capacity
buffer, where the buffer content can change continuously as well as by instantaneous
upward jumps. The continuous as well as the instantaneous change is modulated by
an external environment process modelled as a finite state continuous time Markov
chain. The Laplace-Stieltjes transform of the steady-state joint distribution of the
buffer content and the state of the environment is determined explicitly in terms of
the solutions of a generalized eigenvalue problem. The methodology is illustrated by
several well-known queueing problems.

1 Introduction

A stochastic fluid queueing system describes the input-output flow of a fluid in a storage
device, called a buffer. The rates at which the fluid enters and leaves the buffer depend
on a random environment process that is usually chosen to be an irreducible CTMC. The
study of fluid flow models is motivated by their various applications. One of these are the
real-world systems that deal with the processing of continuous entities such as the ones used
in the petroleum and chemical industries. Fluid flow models also provide an important tool
for the performance analysis of high-speed data networks, or large-scale production systems
where a large number of relatively small jobs are processed. Fluid flow models are also used
as models of the asymptotic behavior of queues in heavy traffic.

Most of the classical research on stochastic fluid systems in the area of telecommuni-
cations is based on the work of Anick, Mitra and Sondhi [2] which is an extension of the
pioneering work of Kosten [4]. They study a model with several identical and independent
Markov on-off sources that transmit fluid to an infinite-capacity buffer. The fluid is then
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processed at a fixed rate. The limiting distribution of the buffer content process is com-
puted as a solution of a set of ordinary differential equations. The identical input sources
facilitate the analysis of the differential equations and the main result provides the system’s
eigenvalues in explicit form. In [8], [9] Mitra generalizes this model by introducing multiple
on-off switching. Most of the work in fluid queues deals with the steady-state distribution
of the buffer content. See the survey paper by Kulkarni [5] for an extensive overview of the
research in this area.

In this paper we consider a modification of the classical fluid model, where in addition
to the continuous changes, the buffer content can have instantaneous upward jumps. The
rate of the continuous change and the size of the jumps both depend on the state of the
environment. The aim of this paper is to determine the Laplace-Stieltjes transform of the
steady-state joint distribution of the buffer content and state of the environment. This prob-
lem can be reduced to that of finding the boundary probabilities (of an empty buffer). We
show that the boundary probabilities can be explicitly determined in terms of the solutions
of a generalized eigenvalue problem. The developed technique is illustrated by some simple
example of well-known queueing problems.

Fluid models with upward, respectively downward, jumps are natural continuous ana-
logues of the M/G/1-type and G /M /1-type Markov chains studied by Neuts [10, 11]. Re-
cently matrix-analytical results for the discrete problem have been extended to the continuous
case. Takada [?] studies the model with upward jumps, and takes the following approach
to find the boundary probabilities: instead of using the solutions of an eigenvalue problem,
Takada first determines the fundamental matrix, similar to the one for the M/G/1-type
Markov chain, and then obtains the boundary probabilities, up to a multiplicative constant,
as the steady-state distribution of the embedded Markov chain at visits to the boundary
states. Sengupta [12] and Miyazawa and Takada [?] study the fluid model with downward
jumps; they show that the steady-state joint distribution of the buffer content and state of
the environment has a matrix-exponential form, where the exponent matrix is the solution
of a non-linear matrix integral equation.

2 The Model

Consider a general stochastic fluid model with a single infinite capacity buffer where the
buffer content X (t) can increase continuously as well as by instantaneous jumps. The
change of the fluid in the buffer depends on the state of an external random environ-
ment process {I(t),t > 0} which is taken to be a stochastic process with a finite state
space S = {1,...,N}. While I(t) = i the buffer content increases continuously with rate
r; € (—00,00). The process {I(t),t > 0} jumps to any state j € S (not necessarily different
from ¢) with probability p;;. In state i € S it will make a jump after an exponential amount
of time with mean 1/¢;. When the I(t) process jumps from state i to state j the amount
of fluid in the buffer can increase by a lump-sum non-negative random amount with a given



c.d.f. Gij(y), y > 0 and mean m;;. Thus, the bivariate Markov process {(X(¢),(t)), t > 0}
can jump from state (z,7) to state (z + v, j) with rate ¢;p;;dGy;(y), y > 0.
Let R denote the diagonal N x N matrix with the net input rates r; along the diagonal

R := diag[rq,...,rn],
and also define
Qii(z) == ¢ipiiGii(x) —q;, >0, i€ 8. (2.2)

Note that {I(t),t > 0} itself is a CTMC on S with rate matrix @) = Q(00). We assume that
{I(t),t > 0} is irreducible. Let m; := Jim P(I(t) = 1) be the limiting distribution of the I(t)
process. The following results states that the system is stable if the mean net input rate in
steady state is negative (cf. Loynes [?]).

Theorem 2.1 The system is stable if
N N
Zm(ri -+ Z qipijmz-j) < 0. (23)
i=1 j=1

Proof: Consider the sampled chain at jumps of the I(t) process to state 1. Let X,, denote
the buffer content at the n-th jump to state 1. Then it is readily verified that

1 N N
lim B(X, 1| X, =z) =2+ —Y m(ri + > aipiymij).

200 T i =
Hence, by virtue of (2.3), there exist positive constants €, b, K such that for all z > 0,
E(Xn+1|Xn = ZK) — X S —€+ bl[ach]a

where 1;; is the indicator function. From Foster’s criterion (see e.g. Meyn and Tweedie
[?]) we can now conclude that the sampled chain is stable. Since the times elapsing between
successive jumps to state 1 are iid with finite mean, the result follows for the original chain. <

Define the matrix I' = [I';;] by
Lij = qipigmi;.

Then the stability condition (2.3) can be written in matrix form as follows
T(R+T)e<0.

We shall assume from now on that this stability condition holds.
Now, denote
Fi(t,z) = P(X(t) <z, I(t)=1), ,t >0, i €S,



and
Fi(x) := Jim P(X(t) <z, I(t)=1), >0, i €S.

The next theorem shows that Fj(x) is differentiable for x > 0 and gives the differential
equations satisfied by Fj(z). First we introduce the following notation:

F(zx) = [Fi(x),...,Fn(x)],
dF dFy dFy
ar [dxdx]
S_. = {ieS:r@i)<0}, N_:=|5_|,
So = {ieS:r()=0}, No:=|S|,
Sy = {ieS:r()>0}, Np:=|[S4|

Theorem 2.2 The limiting distribution F(x) satisfies

dF

—R=FxQ(x). (2.4)

The boundary conditions are given by
E(O) = 07 S S+> (25)

F(0)Q;(0) =0, j € So, (2.6)
where @ ;(0) is the j-th column of Q(0).

Proof: First, consider F(t,z), x > 0,75 € S and condition on a small time interval of length
h > 0 so that

N z—r;h
Fitt,r) = S j/ CUP(X(t—h) S @ —rih— 2 (= b) = )aphdGiy(2)
i=1"%=

+ (1 —=qh)P(X(t—h) <z —rjh,I(t—h)=7)+o(h)

N x—r;h
- hZ/ Fi(t — hy o — b — 2)qipiydGii(2) + (1 — q;h)Fi(t — by — ;1) + o(h).
i—1 z=0—"
Now let ¢ — oo and rearrange the last equation so that

- Fi(x — rih — 2)qipi;dGij(2) — ¢; Fj(x —r;h) +

Fij(z) = Fj(x —rjh) &~ forit o(h)
/ = (27)

i=17%=0"

From the definition of Q(z) in (2.1) we have

dQi;j(z) = ¢;pi;dGi;(z), x>0,4,5€S8, i#7].



and from (2.2),
dQ“(Z‘) = qu”dG”<$>, x>0,1€ S.

Since @;;(0—) = G;;(0—) = 0 we obtain for the jump of Q;(z) at x = 0,
dQii(0) = Qii(0) = ¢ipidGii(0) — qi, i€ S.
Now, we can write Eq. (??) in the following nice form:

F.

j(@) — Fj(z - v=rih o(h)
h Z/Z o- Fi(r —rh — 2)dQi;(2) + T

After we let h — 0 we get

T dx = Z/i (z — 2)dQi;(2) ZF * Qi (), (2.8)

which in matrix form becomes Eq. (2.7), that is,

leFR FxQ(x).

It remains to establish the boundary conditions. From the definition of F;(z) we have
F;(0) = tlirgo P(X(t)=0,1(t)=1), 1€ 8.

Therefore, for states i € Sy with positive net input rates the long-run probabilities F;(0) are
zero. Thus, the first set of boundary conditions (2.8) is given by

F(0) =0, i€ S,.

To get the second set of boundary conditions (2.9) we can again apply conditioning on a
small time interval of length h > 0, for x =0, 5 € Sy, as above to obtain

(=rih .
Z/Z o (—Tih)+ — Z)qlp”th”(Z) + (]. — (bh)F}(t — h, 0) = F’](t, 0), ] - S(),

where (-)* = max(-,0). After letting ¢ — oo and using the notation dQ;;(z) we get

Z [ Bl = a0u(:) =0, j € S,

Now, as h — 0 the boundary conditions (2.9) are obtained

N

> F(0)Q45(0) =0, j € So.

=1
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Remark: Equations (2.7)-(2.9) have a simple rate interpretation. For example, if r; > 0,
then the rate out of the set of states {(y,7),0 <y <z} is equal to
dF;(z)
r.
T dx

— Fj* Qj;(x)

and the rate into that set,

> Fix Qijlw).

i
Equating the two rates yields Eq. (2.12).

We solve the differential equations (2.7) of the above theorem using Laplace Stieltjes
Transforms (LST). By Egs. (2.1) and (2.2), The LST of Q(x) is given by

Qij(5) = qipijGij(s), i,j € S, i #j, (2.9)
sz(s) = Qipiiéii(s) —qi, 1 €S, (2.10)
where the LSTs are defined as usual, i.e.

Qi]’(S) = /Ooo e*SIinj(SL‘), éij(S) = /Oo €7sxdGij(l'), Z,j € S

0

Note that one needs to account for the jump of Q;(r) at x = 0 in deriving Eq. (2.14).
The Egs. (2.13) and (2.14) imply that Q(0) = @ is the generator matrix of the CTMC
{I(t),t > 0}. Taking the LST of both sides of Eq. (2.7) we get

F(s)(sR — Q(s)) = sF(0)R. (2.11)

Thus, in order to find the LST F(s) we need to know F(0) = [F1(0),..., Fx(0)]. From the
boundary conditions (2.8) we have that N, components of F'(0) are zero and Ny components
can be expressed in terms of the remaining N_ from the second set of boundary conditions

(2.9). The next theorem is used to determine the remaining N_ = N — N, — Ny components
of F(0) (cf. Theorem 5 in Loynes [6]).

Theorem 2.3 Assume Condition (2.3) holds. Then the generalized eigenvalue problem

(sR —Q(s))6 =0 (2.12)
has exactly N_ solutions (s1, 1), ..., (Sn_, dn_), with s1 =0, Re(s;) >0, i =2,...,N_ and
¢; # 0. Furthermore, these zeros si,...,Sn_ lie on or inside the circle in the complex plane

with center at A = max _4 and radius \.
2T 7”1



Proof: is given in the Appendix. &

The next theorem is the main result of this paper. It summarizes the entire set of equations

satisfied by F(0).

Theorem 2.4 Assume Condition (2.3) holds. Then the LST row vector F(s) satisfies
F(s)(sR - Q(s)) = sF(0)R, (2.13)

where the unknowns F(0) = [F1(0), F»(0), ..., Fx(0)] are given by the unique solution to the
N equations

F(0)=0, i € Sy, (2.14)
F(0)Q.:(0) =0, i € S,

F(0)R$; =0, fori=2,...,N_, (2.15)

F(0)Re =7m(R+1T)e. (2.16)

Proof: The equation for F(s) is as derived above, Eq. (2.15). Also, recall the first two sets
of equations for Fj(0) when i € S, or i € Sy, given in Theorem 2.1, Egs. (2.8) and (2.9).
Since F'(s) is analytic for Re(s) > 0, it must be the case that for every i,

F(si)(s:R — Q(s:))¢ = 5,F (0)Rey = 0.
However, for s; = 0 the last equation is trivially satisfied and we need one additional condi-
tion to determine F'(0). Thus, we get Eqgs. (2.20). Now, let
M(s) == sR — Q(s)

and M’(s) be the derivative of M(s). To derive the normalization equation (2.21) first recall
that from (2.17) we have .
F(s)M(s) = sF(0)R. (2.17)

After differentiating equation (2.23) and setting s = 0 we get
EF(0)M'(0) + F'(0)M(0) = F(0)R.
Post-multiplying by e and noting that M (0)e = —Q(0)e = 0, yields

F(0)Re = F(0)M'(0)e.

Since F(0) = F(c0) = m and M'(0) = R+ I, we get Eq. (2.21). The uniqueness of the
solution follows from the assumed stability and by following similar arguments as in the
proof of Theorem 3 of Galil et al. [?]. &

Remark: Theorem 2.3 characterizes the LST F(s) as the solution to Eq. (2.17), where the
boundary vector F'(0) is determined by the solutions to the generalized eigenvalue problem
2.16 through the Eqgs. (?77?)-(2.21). The equivalent result to Theorem 2.3 is given in Takada
[?], Proposition 2.1, where, as already mentioned in the Introduction, the boundary vector
F(0) is determined through the fundamental matrix.
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3 Examples

We illustrate the above methodology with the help of several examples.

3.1 The M|G|1 Queue.

Consider a standard M|G|1 queue with arrival rate A and service time distribution G with
mean 7. Let X(¢) be the work content in this system at time ¢. The {X(t),t > 0} process
decreases at rate 1 and jumps up by a random amount with cdf G whenever an arrival occurs.
If X(t) becomes zero, it stays zero until an upward jump occurs. Thus we can model this
as a fluid process with jumps with a single state environment process. The parameters are
as follows: S ={1}, s =\, p11=1,G11 =G, myy =7, r = —1. Hence m; =1, and the
condition of stability (2.3) reduces to —1 + A7 < 0, or p = A\ < 1. This is the standard
condition of stability for the M|G|1 queue. We get Q(s) = A(G(s) — 1), and Equation (2.17)
reduces to the scalar equation

F(s)(s — M1 —G(s))) = sF(0).

There is only one boundary condition, given by Eq. (2.21). It reduces to F'(0) =1 — A1 =
1 — p. Using that we get
- s(1—p)

o= a—cmy

This matches the LST of the queueing time in an M|G|1 queue, as it must.

3.2 The BMAP|G|1 Queue.

Consider a single server queue whose arrival process is given by a BM AP defined by the
sequence { Dy, k > 0}. Here Dy has negative diagonal elements and nonnegative off-diagonal
elements, Dy, k > 1, are nonnegative, and D, defined as

D= Z Dk7
k=0

is the generator an irreducible CTMC on state space S = {1,2, ..., N}. Transitions according
to Dy, correspond to batch arrivals of size k. The service times are iid random variables with
cdf G and mean 7. Let I(¢) be the phase of the arrival process at time ¢. It is a CTMC on
S with generator matrix D. Let 7w be the limiting distribution of I(¢).

Let X (t) be the work content in the system at time ¢. The {X(¢),t > 0} process decreases
at rate 1 and jumps up by a random amount with cdf G** whenever a batch arrival of size k
occurs. If X () becomes zero, it stays zero until an upward jump occurs. Thus we can model
the work content process as a fluid process with jumps with the following parameters: The
state space of the environment process (the phase of the arrival process) is S = {1,2,..., N}.
We get

Q(s) = Y_ DyG"(s) = D(G(5)),

k=0



where

D(z) =Y Dy2", |z| < 1.
k=0
We also have R = —1, since the net rate is —1 in every state. The condition of stability is

T Z kDper < 1.
k=1

Since S_ = S, Theorem 2.2 implies that there are N (eigenvalue, eigenvector) pairs (s;, ¢;)
(1=1,2,...,N) satisfying

(s + D(G(s)))¢ = 0,

with s; = 0 and Re(s;) > 0 for ¢ = 2,3,..., N. Finally, Theorem 2.3 yields the following
result for the LST of F" . .
F(s) = sF(0)(sI + D(G(s)))™ ", (3.18)

where the unknown vector F'(0) is obtained from the N equations:

F(0)¢; =0, i=2,3,..,N.

F(0)e=1—m>»_ kDyer.

k=1

This matches with the known results; see Eq. (44) in Lucantoni [7].

3.3 The PH|G|1 Queue.

The PH arrival process with parameters (o, T') is a special case of the BM AP. Here Dy =T,
Dy, = —Tea and Dy, = 0 for all kK > 1, where T' = [¢; ;]; j=12,.. .~ is an invertible generator
matrix with non-positive row sums of an irreducible CTMC on state space S = {1,2,..., N},
and « = a1, Qg, ..., ay] is a non-negative vector whose elements add up to one. Eq. (3.25)
for the LST of F' now simplifies to

F(s) = sF(0)(sI +T — TeaG(s)) ™,

which matches with Eq. (5.2.4), p. 257 of Neuts [10].

3.4 The M|G|1 Queue with an Up-Down Server.

Consider the queueing system of the first example, with the following modification: The
server can be up or down. The up times are Exp(3) random variables, and the down times
are Exp(«) random variables. Let I(t) be the state of the server (1 if up, and 0 if down) at
time t. Thus {/(¢),t > 0} is a CTMC. Let X () be the work content at time ¢ in this system.
We model {(X(t),I(t)),t > 0} as a fluid queue with jumps with the following parameters:

o=A+o, g =A+p

9



« B A B 15} A
7&%—)\’p00_7a+)\’p10_)\+ﬁ’p11 )\+

Goi(z) = Go(w) =1, Goo(z) = Gu(r) = G(x)

Po1 =

so that
| —(a+ A1 -G(x))) a

ow = | 5 ~(BHA1-C)) | (319

and .
e[ ]
This implies that Sop = {0} and S_ = {1}. The stability condition is given by
p=AT < Tﬁ = .

We have ( N G( ")

~ | e+ Al =G(s «

Q(s) = [ 5 (B4 AL G(s) (3.20)

Theorem 2.3 yields the following result for the LST of F(z) = [Fy(x), Fi(x))]:

F(s) = sF(0)(sR — Q(s))™"

The boundary conditions yield the following explicit expression for F'(0) = [F(0), F1(0)]:

Fy(0) = 2 (O‘ —p),ﬂ(m: “ .,

a+A\a+f a+p

This can be simplified to get

FO(S) _ 35(771 ) :
af — (a+ A1 —G(s)(B+ A1 —G(s) — s)
Fi(s) = s(m — )(a+>\(1 —G(s))

af = (a+ A1 = G())(B+ A1 = G(s)) = 5)
This matches the results in Gaver [3]. As a special case, when = 0, the server is perma-

nently up, and we get the standard queue of the first example. The results match for this
special case.
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3.5 An Inventory Model

Consider the following inventory model. Demand occurs continuously at rate . A machine
produces continuously at rate r > p. It is subject to failures and repairs; the up times are
Exp(f3) random variables and the down times Exp(«) random variables. In addition, an
external supplier delivers the product according to a compound Poisson process with batch
arrival rate A and batch size distribution G with mean 7 < co. All unsatisfied demand is lost.

Let X (¢) be the inventory at time ¢ and let /() be the state of the machine at time ¢ (1 if
up, and 0 if down). Then {(X(¢),I(t)),t > 0} is a fluid model with jumps with ro = —pu < 0
and ry = r—p > 0. Clearly, S_ = {0} and S = {1}; so in this example we have a non-empty
S;. The parameters ¢;, p;j, Gij(z), i,j = 0,1, are the same as in Example ??. Hence the
matrices Q(z) and Q(s) are as in Eq. (??) and Eq. (??) respectively. The system is stable
when

)\T<M—a+ﬁ7“.

By Theorem 2.3, F1(0) = 0 from Eq.(??) and Fy(0) is determined from Eq.(2.21)

= aaTBT — AT
R0) = L=
and the LST is
F(s) = sEO)sR - O() ™ = L2 (s )+ 51 A1 - G(s), ),

A

where

A =det(sR—Q(s)) = (—sp+a+ M1 —G(5)(s(r — ) + B4+ A1 = G(s))) — af.

4 Appendix

Proof of Theorem 2.2: We follow the method used in a similar proof in [1]. Note that it
follows from Egs. (2.13) and (2.14) that we can rewrite the matrix Q(s) in the form

Q(s) = Q(5) = Qu,

where B )
Q(s) := [qipijGi;(s)], and Qq = diag[qy, . .., qn].
Then Eq. (2.16) has a solution with ¢ # 0 if

det(Q(s) — Qq — sR) =0,

which is equivalent to

det(Qy'Q(s) —sQz 'R — 1) = 0.

11



We first assume that for some € > 0 the transformations G;;(s) are analytic for all s with
Re(s) > —e. For example, this holds for distributions with an exponential tail or distribu-
tions with finite support.

Let A
A = max (_%) ,
1770 T

Cs:={s:|s— A =X+d},
denote the circle with center at A and radius A + 9, where 0 < 6 < e. Next, we show that
for 0 <wu <1 and small § > 0,
det(uQ;'Q(s) — sQ;'R—1) #0, s € Cs. (4.21)

First, in the case s € Cs with Re(s) > 0 we prove that the matrix uQ;'Q(s) —sQ;'R—1I
is diagonally dominant (with strict dominance in at least one row). This, plus the fact that
P = [p;;] is irreducible, imply (see [13]) that it has a non-zero determinant.

and let

1. Let i : r; # 0 and denote by \; := ~ % that A = m%ﬁ% A;. Clearly,
T; IR
- ST - s s ~
|upiiGii(s) — “ 1| = |lupuGi(s) + N 1| > N 1' — up;;Gi;i(0).

e i :7; <0 orequivalently 7 : \; > 0
Then we have

5_1’: ls — N > [s— Al _ [A+4| > |Ai + 0 :1+£’
i A Ai i i Ai
and therefore
. : 5 - . -
|upiiGii<3) - SZ - 1| > 1+ )\7 - upiiGii(O) > UGiz‘(O) - upiiGii(O) = Z Uup;;
; i j#i
> Y |upijéij<3)|‘
J#i

e ¢ :1; >0 or equivalently i : \; <0
Then it is clear that for Re(s) > 0 and s € Cj

S
——1>1
R
and therefore
|upuézz<5) - Squ -1 > 1- Upném(o) > Uém(o) - upzzézz<0) = Zupij
i G
> Y |upyGi(s)|-

J#i
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2. Leti:7r; =0.
Then

|upmézz(s> —1>1- Upméu(o) > Uén(o) — upném(o) = Zupij > Z |upijéz’j(5)|~
J#i JFi

Note that the stability condition (2.3) implies that at least one of the rates r; < 0. Thus we
have strict dominance in at least one row. Further, the arguments above apply to any circle
Cs with § > 0. This implies that the determinant in (4.31) has no zeros in the right half
plane outside Cj.

Next, consider the case s € Cs with Re(s) < 0. Note that the determinant of (4.31) is
nonzero if and only if 0 is not an eigenvalue. Therefore, next we study the eigenvalues of
uQ;'Q(s) — sQ; 'R — I in a neighborhood of s = 0. If we write

uQ;'Q(s) —sQ'R—1=P—1—-5Q;'R+ (u—1)Q;'Q(s) + Q;'Q(s) — P,

we can see that the above matrix is a perturbation of P—1I when (s, u) is close to (0,1). Since
P is assumed to be irreducible, P — I has a simple eigenvalue 0. Thus, in a neighborhood of
(0,1), there exist differentiable z(s,u) and p(s,u) such that

(UQEIQ(S) - SQJIR - I)ZL‘(S, u) = M(S,U)ZL’(S, u)’ :U’(O’ 1) =0, ‘T(07 1) =€

Differentiating the last equation with respect to s and setting s = 0, u = 1 in the result
gives the following:

9, 0
':C(()? 1) - %M(Oa 1)6,

(QﬁdQ(O) QfR) et (P =1I)5

ds

After pre-multiplying this equation by 7Qq4, where m := [my,...,7n], ™ = tlim P(I(t) =1)

we get B o
dQ(0) 0 0
— 7 P—-1)— 1) = — 1 )
. ( o R) e+ 7QuP — 1) 2a(0.1) = (0. 1)7Que
Note that 7 is the solution to
WQd(P — I) = O,

and also from the definition of Q(s) above we have

dQ(s) _ [ dGyl(s)
ds = [QZij ds ] )

and therefore

= [—C]ipijmij} = —QqP - M,

13



where P - M denotes the Hadamard matrix multiplication. Hence we have

7 (—QuP - M — R)e aa 110, )7 Qqe. (4.22)

In a similar way differentiation with respect to u leads to the following:

TQqePe = 2

au,u(O? 1)7TQd67
and since
N N N
1QaPe =Y maqpy; =Y miq; = 1Qqe,
i=1j=1 j=1
we have
2 0,1) =1
aul"L 9 - .

Therefore, by Taylor series expansion of u(s,u) in a neighbourhood of (0,1) from the last
equation and Eq. (4.42) it follows

From the stability condition (2.3) we have

7 (—QuP - M — R)e >0,

so we can conclude that (s, u) # 0 for small §, s € C5 with Re( ) < 0, and u close to 1, say
1-6<u<1 For0<u<1-04,it can be shown that uQ;'Q(s) — sQ; 'R — I is diagonally
dominant (with strict dominance in at least one row) for s € Cs with Re(s) < 0, provided
that ¢ is taken small enough so that

1-— 9 > (1 —5)maXGU( J).

For 7 : r; < 0 we have as before
s ’ 5 s 5 s
|upiiGii(3) _ 1| > 1+ . - upiiGii<S) >1-— iV - upiiGii(S) >
q; i i
> (1-9) max Gij(—06) — upuéu(s) >
i,
> umax Gij(—é) up” max ng Z |uplj i (
irj

J#i

For 7 : r; > 0 it is obvious that

- : - )
|upiiGii(3) S 1| >1- upiiGii(S) >1-— )\* - UpnGn‘(S)a
qi i
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and the rest of the argument is the same as above. This completes the proof of (4.31).

Let f(u) denote the number of zeros of det(uQ;'Q(s) — sQ;' R — I) inside the circle Cs.
Then from the Cauchy Theorem of Complex Analysis we have

1 Rdet(u@y'Q(s) — sQy R — 1)
" 2miJoy det(uQ;Q(s) — sQ; TR — 1)

f(u) ds.

It is clear that f(0) = N_, since

—1 N ST
det(—sQ;'R—1)=—]] q—+1 :
i=1 i

and therefore the zeros are s; = —%Z r; # 0 and exactly N_ of them have Re(s) > 0 and thus

i’

are inside the circle Cs. Since f(u) is an integer-valued continuous function on [0, 1] it follows
that it is constant. Hence, f(1) = N_. As § — 0, we can conclude that det(sR — Q(s)) has
exactly N_ zeros inside or on Cj.

It is clear that s = 0 satisfies
det(sR — Q(s)) = 0.

It can be shown that s = 0 is a simple root of this equation using the irreducibility of P and
the stability condition (2.3). The arguments are the same as in [1] and therefore we skip them.

To finally complete the proof of Theorem 2.2 we have to remove the initial assumption
that for some € > 0 the transforms é,-j(s) are analytic for all s with Re(s) > —e. To this end,
first consider the truncated distributions G5 (z) defined as GJ(z) = Gyj(x) for 0 <z < K
and G5 (z) = 1 for # > K. Then Theorem 2.2 holds for the distributions G5 (x); by letting
K tend to infinity, the result also follows for the original distributions.
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