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1. INTRODUCTION

The dominant transport protocol for the Internet is T@Bnsmission control pro-
tocol). The applications using this protocol range from simple e-mail exchanges to
Web browsing and live audio or video streamifgproximately 90% of the data
carried by the Internet are governed by TCEP provides an end-to-efapplication-
to-application service that ensures the reliajle-order and unduplicated delivery
of bytes flowing from a sender to a receiv&@he mechanismé&equence numbers
explicitly acknowledged by the receivelelivery timersand retransmissionsised
in TCP for providing this reliable data transport also provide a basis for end-to-end
flow- and congestion-control mechanism$ow control is necessary to ensure that
the sending application does not send data at a rate exceeding the rate at which the
receiving application can process@ongestion control is necessary to ensure that
the sending application does not send data at a rate exceeding the currently available
transmission capacity along the network path from the sender to the receiver
Engineering experience has shown that the vast majority of lost data occurs
because finite-capacity buffers overflow and arriving data are discarded at inter-
mediate routing nodes in the Intern€CRP, thereforetreats the detection of lost data
as a signal of congestion along the Internet path from the sender to the receiver
Buffer overflows mean that the arrival rate of in-bound data at a router destined for
one of its out-bound links exceeds the transmission rate of thatTim& overload
may be a transient condition caused by bursty traffic demands or a persistent con-
dition caused by poor network capacity plannig response to lost data as an
indication of congestiorthe TCP at the sender reduces the maximum rate at which
the application can send da¥&hen there is no indication of congestjdiCP allows
the sending rate to increase so it can accommodate the nominal rate used by the
application
Both flow and congestion controls are accomplished with a window-based trans-
mission mechanisn “window” is simply an amount of data the sender is allowed
to have in transit in the networlsent but not yet acknowledged by the recejar
any pointin time and the window can be increased or decreased to govern the send-
er's transmission rat& he multibyte data transmission unit created by TCP is called
a segment and window size is often expressed as a number of maximum-size TCP
segmentsFor flow control the receiving TCP explicitly informs the sending TCP
how much additional data beyond the segment being acknowledged it has buffers
available to holdThis amount is the receiver-advertised windéwecond window
the congestion windoyis regulated in response to indications of congest@mo
congestion At any time the TCP sender is restricted to the minimum of the receiver-
advertised window and the congestion windd\e explicit increase and decrease
algorithms used by TCP to adjust these windows are described in Section 3
Because TCP is the dominant mechanism controlling the flow of data in the
Internet there has been intense research interest in producing good models of its
dynamic window-adjustment behaviof@nd therefore its control of transmission
rates and application throughput$hese behaviors can be extremely complex de-
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pending on the specific network conditiodsbrief review of this research is given
in Section 2 The practical applications for a model of TCP behavior have become
more numerous in the recent paBCP congestion-control mechanisms have been
successful in allowing the Internet to handle an unanticipated scale of growth with-
out suffering collapse in periods of congestitithas thereforebecome the de facto
standard for evaluating other congestion-control mechanisrparticulay the other
transport protocol for the Interndt DP (user datagram protogodoes not provide
any mechanisms for reliable data delivery or congestion caritrislup to applica-
tions that use UDmotably those having multimedia data streams that require peri-
odic real-time data deliveryo provide their own response to congestion conditions
There is considerable concern in the Internet engineering community that UDP
applications do not meet the de facto standard set by TCP for controlling congestion
and that growth in their usage will lead to congestion collapse in the Intérhist
has led to various proposalag., [18]) for monitoring and policing UDP flows to
ensure that they provide an effective level of congestion carithe basic notion is
that routers can monitor their link queues to determine the rate of discarded data and
can compare the data arrival rate from UDP flows with the result from a model of
TCP throughput at the same loss rdfehe UDP flow persistently sends data at a
higher rate the router can subject it to a “penalty hbin which a much higher
fraction of its data is discarded related application for a TCP model is where a
UDP application monitors its own rate of dropped datath feedback from the
receiver about those that do not arpieed adjusts its sending rate to that determined
by a model of TCP at the same loss r@eso-called “TCP-friendly” behavior called
“equation-based” congestion contfdl9], where the equation is an analytic TCP
mode). Recently it was proposed ifi22] to use a model of TCP performance at a
certain loss rate to write contractual service agreements between an Internet service
provider and its customers

2. LITERATURE REVIEW

The large number of publications on modeling TCP behavior is a statement both
about the difficulty of constructing a robust model of such complex behavior and the
importance of TCP congestion control to the Interdets impossible for space
reasons to comment on all of these mogblg we do review the most prominent
examples from several approaches ugdidof the models described here consider
the dynamic behavior of a single TCP connection as it would respond to loss events
as indicators of link congestiot a high leve] the models are distinguished by
three characteristicshe model of loss eventéndependent versus correlajethe
aspects of TCP mechanisms assumed to have negligible influence on the results and
not considered in the modednd whether the analysis computes expected values
(e.g., the TCP window size or throughpuir produces a probability distribution of
window sizesAn excellent discussion of many important issues in TCP model con-
struction and validation can be found[ibl].

The important distinctions between our model and the ones reviewed below are
that it avoids certain common simplifying assumpti¢as., an unbounded window
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size or loss rates independent of window $iaed it gives the probability distribu-
tion of window sizes

2.1. Models with Independent Losses

An early derivation of a simple stochastic model of steady-state TCP behavior in its
congestion-avoidance mode is presente3i2] and explained in more detail in
Section 3 This model produced the well-known result that the mean TCP window
size isC/\p, wherep is the probability that an arbitrary segment will be indepen-
dently dropped in the network ar@is a constant term that reflects details of the
TCP acknowledgment algorithgC = 1.22 if every segment is acknowledged and
C=0.87 if at least every other segment is acknowledg&iven this mean window
size estimatethroughput is bounded bfMSS/RTT) * (C/\p), where MSS is the
maximum segment size and RTT is the mean round-trip time of the connethisn
model is often called the “periodic-drop” model because the underlying analysis
assumes that a constantly sending TCP source epipisements between segment
dropsAn even earlier model derivation that is closely related can be foulrija0].

The form of the model is to compute the mean window size based on its evo-
lution as a series of discrete segment-by-segment evEmésmodel only captures
TCP window adjustments associated with TCP’s congestion-avoidance phase and
only for segment drops that can be recovered without a time-out by reacting to three
duplicate acknowledgment&ey elements of TCP behavior not considered in this
model are the effects of time-out period@s which throughput is zeng the TCP
connection-establishment latentye time TCP spends in its slow-start mdaéso
explained in Section)3 either following connection establishment or after a loss
recovered by time-oumultiple losses in a single window of segmefitsat typi-
cally results in a time-out unless selective acknowledgrif®AE€K) is used, through-
put limits imposed by the size of the receiver’s advertised windmovd delayed
acknowledgmentsBecause these elements are not considettesl duration(la-
tency) of the connection cannot be derived for a given size of data transfer

Reference$27,28] present an analysis of the mean throughput of a TCP con-
nection that was developed concurrently witnd apparently independently )of
[32,37]. Two cases are modelgthe first is one in which losses are not random but
instead caused when the connection’s window grows to a point that causes a segment
to be lost because the capacity of the buffer at the bottleneck link is excéasied
suming only the one connection is using the )inkhis analysis considers both
slow-start and congestion-avoidance phashs second case considers both losses
from overflow at the bottleneck buffer and random log$esn other causgswhere
the loss events are independent with fixed per-segment proba®itity congestion-
avoidance with fast retransmissigmo recovery with time-oujss considered in this
analysisIn both casesconnection establishmemeceiver window limitstime-out
intervals(zero throughpyt and delayed acknowledgments are not modeReder-
ence 29] extends the analysis[27,28] to include asymmetric delays and congestion-
induced loss on the “forward’tlatg and “reverse’{acknowledgmentpaths



TCP WINDOW SIZE 115

Referencé¢l] builds on the model and analysis fr¢@¥] to include loss models
fori.i.d. losses and also a two-stdtess no losg first-order Markov model for the
per-segment error process to include effects of correlated Tbesmodel also ac-
counts for the effects of loss recovery by time-olinluding exponential back-off
of the interval time). Otherwisg it has the same assumptions and limitations as
[27]. Referencd?2] gives an earlier version of this model that considers omlg. i
losses

Reference26] describes a Markov renewal-reward process model assuming
independent segment loss&he model takes into account the explicit details of
several versions of TCPTahog Reng NewRen9 along with factors such as time-
out values and their granularjiyeceiver window sizeand the number of duplicate
acknowledgments used to infer lo§$e detailed evolution of the window size for
each TCP version is examined to determine the probability that multiple losses can
be recovered without a time-out and the probability of recovery by time-BRetfs
erencd49] presents a modeling approach similaf26] but using a two-statdoss
no losg first-order Markov model for the per-segment error process to include ef-
fects of correlated loss

Referencef38,39] cover the most widely cited and influential of the early TCP
models The new considerations in this model account for the effects of error recov-
ery by retransmission after a time-digiven a mean time-out duratifarthe limits
imposed by the maximum receiver’s windgassumed to be constant at the value
advertised at connection establishmeand the number of segments covered by an
acknowledgmenirhe model of segment loss defines a probabitifyhat a segment
is lost given that no preceding segment from the window is(iost the probability
that a given segment becomes the first loss within a windbass in one window
is assumed independent of loss in any other windaapproximate the effects of
correlated losse#f one segment from a window is lqsll following segments are
considered lost alsdwo assumptions also made explicit are that RTT and window
size are independefite., window size does not influence queuing delégsthat
RTT consists only of propagation dela};sand that the time to transmit all segments
in a window is less than the RTT

Construction of the model {i89] proceeds from a detailed segment-by-segment
analysis for the evolution of the TCP window as a stochastic praddaskov re-
generative process with rewayd¥he result is an expression for the long-term ex-
pected value of throughput in segmehisit time, B, expressed a@s(Y)/E(A), where
Y is the number of segments sent in intervals of titAgbetween loss events of
different types using the mean RTT as a measure of.tirhe model equation in-
cludes a term that expresses @e/p relationship between mean window size and
loss ratge.g., the models 0f32,37] are special cases of this mogélhey note also
that for larger values gf, TCP window behavior is better approximated®ip than
by C/+p. The validity of this model is established with extensive empirical mea-
surements of TCP connection throughputs along with the loss rates experienced

In[22], the model 0f39] is revised and extende@ihe primary motivation was
to express the loss model in terms of independent randoriBesaoulli) model with
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intensity p, which can be determined from conventional router-maintained counters
Using this modelthe authors derive an expression for the probabilityitsagments
will be lost from window of sizé/V given independent lossggplacing the assump-
tion that all segments following the first loss in a window are also (astapproxi-
mation to correlated logd~rom this they also derive a new estimate of the probability
of atime-outAfurther refinementis to model the fact that the window size following
loss events depends on the number of losses occurring in a window of/size
placing the assumption {189] that the window is reduced /2. Other than these
two refinementsthe model has the same assumptions and limitatiof3%s

Referenc¢l13] significantly extends the model [88] to consider the effects of
TCP connection establishme(iricluding the possibility of segment lgsshrough-
put during the initial slow-start phagbut not slow start following a time-out for a
loss event, and the timing effects of delayed acknowledgmeBecause the model
is an extension of38], the same assumptions and parameters are. ésexther
novel aspect of this model is that it is expressed in terms of expected values for
connection latency given a size of data trangfiemm which a throughput rate over
the entire latency interval can also be calculatébbte that this allows the model to
be accurate for transfers of any sizecluding those that are quite shdrtever
encounter a loss or leave slow sjafthis model is validated through comparison
with network simulatof NS) simulations and live Internet measurements

The models presented jA4,45] are based on the same assumptions and some
of the analysis and equatiofisuch as approximations for correlated logsesm
[13,38]. Their analysis and model differs from those earlier models because it is
based on determining how many segments fronNesegment transfer are trans-
mitted in each of the slow-start phas@mth the initial one and following a loss
event indicated by time-opbr in the congestion-avoidance phase as a function of
the number of loss event$he approach in their analysis is somewhat similar to
[26], in which the detailed evolution of the window size is examined to determine if
multiple losses can be recovered without a time-dhey also develop a more re-
fined model of the slow-start phase that accounts for effects of the delayed-
acknowledgment timein [45], the analysis is refined to include specific details that
reflect differences among TCP Tahé&®enqg and SACK algorithmsThey claim this
model is more accurate for estimating total latef@yd throughpytthan[13] for
short transfers but found little difference for transfers of more thg@UMbytes
Results of empirical measuremefib®th new measurements and thosg38)]) are
presented to support this claim

Referencd47] presents a generalization of the mode[39] to include two
additional parametera andg, wherec is the rate of increase in the winddmea-
sured in segmenksvhen there is no loss inan RTT af@dk the fraction of the current
window that exists following a los$n all other aspectgheir model is identical to
[39] and requires the same assumptions and has the same limitations related to ele-
ments of behavior not reflected in the model

Referencé¢34] presents a model of steady-state TCP throughihe new result
is a model of window size behavior as a Poisson—Counter-driven stochastic differ-
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ential equation where the loss events are treated as a Poisson stream of arrivals with
rate\ at the sourcéinstead of modeling segments as being sent out but lost with a
given fixed probability and the window size is approximated as a flgidth con-
tinuous changesLike [39], the model accounts for time-outeceiver window
size and number of segments covered by an acknowledgfhentot connection
establishmentinitial slow start and delays in returning acknowledgmentbhe
result is an expression for the expected values of TCP window size and throughput
as functions of the arrival rates of time-outs and duplicate-acknowledgment loss
events RTT, the mean time-out delagnd the maximum window siz&here is no
C/~p term in this modelbut it was shown that the model includes those su¢B2ls
as a special cas@he model was also shown to produce results comparable to or
better tharf39] when compared to the same empirical measurements

Stochastic differential equation models for TCP throughput have also been con-
sidered i 25]. The authors consider a network with multiple resources and .users
The throughput rate for theth user increases additively in the absence of loss sig-
nals and decreases multiplicatively at a rate proportional to the stream of feedback
signals received from the various resourddse stream of feedback signals is mod-
eled either via a Poisson procesgith a stochastic rate functigror a diffusion
processThe rate of the Poisson process the governing parameters in the diffu-
sion), for a given resourcalepends on the load on the resouloehat respecthe
model is quite similar to the model studied in the current artictavevey the au-
thors do not take into account the finiteness of the receiver window size or time-outs
Furthermorethey do not obtain the asymptotic distribution of the window size or
throughput rate

Referencd 36] used simulations to explore the implications of some assump-
tions common to a number of the analytical modédss modelno lost acknowl-
edgmentsetc). The authors examined the distribution of latencies for transfers of a
given number of segmentl, and found that the shape of the distribution function
was largely invariant for difference scenarios but was shifted or scaled by linear
transformationsThey suggested that this indicates that analytic models can be ex-
tended to compute distributions of latengieset just first and second moments

2.2. Models with Correlated Losses

The emphasis if3] is on improving the realism of the loss moddtsparticular the
expressions derived include a term for the correlation function of the interloss times
in addition to the usual parameters for the loss,rRTET, number of segments per
acknowledgmenthe maximum receiver windawhe mean time-oytind the win-

dow increasgdecrease rates resulting from losses indicated by duplicate acknowl-
edgments or time-outkoss processes can then be varied in the models by specifying
the correlation function of interloss timds terms of the elements of TCP behavior
representedhis model is equivalent t(84,38]. It is also shown that for.ii.d. ran-

dom lossesthe C/+/p result is a special cas@n extensive set of empirical mea-
surement is used to show that a variety of loss models are necessary to capture the
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effects found on real Internet paths and that the proposed model produces good
results for different patterns of loss actually obser@tther aspects of their work on
TCP performance with correlated losses can be found,5].

Referencd 8] uses a two-statéloss no loss first-order Markov model for
the per-segment error process to include effects of correlatedHoss versions
of TCP algorithms(from Tahoe to SACK are modeled during steady-state data
transfersThe TCP elements not considered are the initial connection-establishment
phase and exponential back-off of the time-out value for multiple consecutive
losses The detailed analysis considers the number of segments sent as a “train”
during each interval during the evolution of the TCP wind@w both slow-start
and congestion-avoidance phaskstween loss-recovery events and produces an
expression for the expected value of throughput

2.3. Models with a Distribution of Window Sizes

The computation of the stationary distribution of the window size has not received
as much attention in the literature as the expected window Bieeearly model in
[37] (apparently never publishgds the first use of a fluid approximation to the
discrete TCP window-evolution procedsassumes that segment losses are inde-
pendent events with probabilipy In addition to the use of a fluid approximatighe
other novel contribution is to give the stationary distribution functiactually the
complementary .cl.f.) for the window size proces§he mean of the window-
evolution process is derived from this distribution with the final result b&lyrdp
with a slightly different value o€ = 1.31. The same elements of TCP behavior not
considered if32] are also not considered in this model

Referencd33] presents a generalization of the model frf87] to consider
segment loss probability that varies as a nondecreasing function of the TCP window
size instead of being a constant probalhilliige effects of delayed acknowledgments
are also modeledut, otherwise this model omits all the same elements of TCP
behavior a$32,37], especially the limits imposed by the receiver’s window and the
impact of time-outsAs in [37], the result is expressed in terms of computing the
cumulative distribution function of the TCP window size in number of TCP seg-
ments No throughput results are givglout they can presumably be computed from
the distribution of window sizes given round-trip tim@$e results of computing
window sizes with the model are shown to compare favorably with results from NS
simulations

The models described [14,15] are closely related t85,37] and mostly con-
sider only those aspects of TCP behavior modele@®). Specifically they con-
sider only idealized TCP steady-state behavior in the congestion-avoidance mode
with independent segment losses of constant probability and no timetbetp dq
howevermodel the effects of the limitations imposed by the receiver’s windma
the increasgdecrease ratios are parameterized 44 1. The major contribution of
these works is to provide convergence results for the distribution of window sizes
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(and throughpytfor small loss probabilitieép — 0). A subset of the limit results for
certain special cases is given[itd].

In[15,33], the authors show that a time and space scaled version of the window-
size process converges in distribution to a Markov praogbgh can then be ana-
lyzed by the standard methods to obtain the limiting distribufidre general nature
of the loss function if33] forces them to write the limiting distribution as an infinite
sum of increasing dimensional multiple integtalgich can be evaluated numeri-
cally. The analysis if15] is closer to our analysighey derive the limiting distri-
bution as an infinite sum of hypoexponential probability density functiprsf.’s),
whereas we get finite sums of simpler functiombeir approach seems to hide the
interesting features of the limiting distributipsuch as the atom at zerand dis-
continuities in the ml.f., that we have illustrated in this article

Our model is described in more detail in Sectioiit3akes into account recov-
ery from packet losses with both fast recovery and time;dgsgndary behavior at
zero and maximum window sizand slow start after time-outas far as we know
ours is the first model that accounts for all these aspects of TCP and also provides a
distribution of window sizes

2.4. Network-Level Models of TCP

In addition to research on models that yield the throughput of a single TCP connec-
tion for a particular packet loss procefisere is also an active line of research on
models that include more of the factors that influence TCP behavior directly in the
model The approaches that fall in this category generally consider multiple TCP
connections that share network resourdas capacity router bufferg and model

their effects on each other’s performance and on the utilization of the network re-
sourcesMany of these models also include queuing effects, angarticular the
behavior of the queue management algorithms at routers that ultimately determine
how segments are dropped when link congestion oc&xamples of models that
consider elements of the entire network when modeling TCP connections are given
in[6,7,9,10,21,23,24,30,31,35,41,43]. We do not discuss these further because our
work presented here falls in the category of single TCP connection models

3. TCP DYNAMICS

We consider a single application instance sending data over the Internet using one
TCP connectionWe briefly describe the features of TCP that are relevant to the
models developed heréCP implements window-based protocols that control the
rate at which segments are transmitted by the sender to the red&verach con-
nection TCP maintains two variablesongestion window size and receiver window
size Both are specified in bytebut because we assume that all segments have mean
sizeB, we assume that the window sizes are in number of segments dB.site
minimum of the two window sizes is called the effective TCP window,sizgust
window size
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Let W (1) be the congestion window sizim number of segmenisit timet, let
Wk(t) be the receiver’s window size at tinteand let RTT be the mean round-trip
time (in secondsfor the TCP connectiamhe receiver’s window size is the number
of segments the receiver has space for and is typically a fixed qudatityrarely
changesdue to the high speed at which the receiver’s buffer can be emptied as
compared to the speed at which the segments are rec&8iradarly, the round-trip
time and the segment sizes may vary over the duration of the conndatiome will
use their mean values in the analysis and ddias the mean segment size and RTT
as the mean round-trip time over the connection durafitle TCP window size is
given by

W(t) = min{W(t), Wx(t)} = min{W (1), K}.

The TCP congestion control has two phasésw start and congestion-avoidance
In the congestion-avoidance phaseSP behaves roughly as followst time t, the
sender transmit®V(t) number of segments back to baéts soon as the receiver
receives a segmeran acknowledgment for that segment is sent back to the sender
(We ignore the batching of acknowledgments that is done by some TCP veysions
Thus by timet + RTT, the sender receivé&/(t) acknowledgmentsf there are no
problems in transmission and delivery of the segments

If the segment is error-free and is in the correct sequeheaeceiver sends an
acknowledgment for the highest sequence number received cortéatlgegment
has unrecoverable errors or is out of sequetite receiver continues to send the
highest sequence number received correctly in its acknowledgisemds a dupli-
cate acknowledgmentA loss is indicated if the sender receives three duplicate
acknowledgments or if the time-out period for a segment expires without an ac-
knowledgment for its sequence number

The congestion window\-(t) changes dynamically at every instant an ac-
knowledgment is receivedn the absence of any loss indicatigtise window size
increases by one every round-trip tintean acknowledgment is received that is a
third duplicate acknowledgmeriindicating a segment logsthe window is re-
duced to(1 — a)W(t) + 1 (typically @ = 0.5), and the TCP protocol continues in
the congestion-avoidance phadéis operation is called fast recoveiye use
(1 — @)W(t) + 1 in place of the customar{l — a)W(t) for two reasonsTCP’s
congestion window is never reduced below one segment and increasing the win-
dow slightly is an approximation to account for the segments sent during fast
recovery before the window is reduced to its final vallie time-out occursthe
window size is reduced to onéfter time-out the TCP protocol switches to the
slow-start phase and rapidly increases the window size to one(plusw) frac-
tion of the prevailing window size just before the time-out occurégghin, there
are many variations of TGRve will analyze this oneNote that the response to a
segment loss is determined By(t), not Wc(t).

We will study the dynamics of the window size procg®g(t),t = O} in two
steps In the next sectionwe assume that there are no time-outs and develop the
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probabilistic analysis of the window size process in steady .stat8ection 4 we
extend this analysis to include the time-auts

4. TCP MODEL WITH NO TIME-OUTS

As afirst step toward the analysis of the complete TCP dynamie$®egin with the
assumption that there are no time-odisus once the TCP gets out of the slow-start
phaseit stays in the congestion-avoidance phase forév&ume that each return-
ing acknowledgment indicates a segment loss with probaljliimdependent of
anything elselLet X(t) be the number of acknowledgments received duting+
RTT) that indicate segment loss&#ith the assumption of independeneee see
thatX(t) is a binomial(W(t), p) random variableWe assume thdi is sufficiently
small so that we can ignore the possibility tifdt) = 2, and thus X(t) can be taken
to be a Bernoulli random variable with

P(X(t) = 1) =pW(t),  P(X(t)=0)=1-pW(t).

Thus in effect we assume that there is at most one segment loss perNROW as
long as 0< Wi(t) < K, we haveW(t) = Wc(t), and the dynamics of the TCP
protocol can be approximated as

W(t+ RTT) = (W(t) +1)(1— X(t)) + (1 + (1 — a)W(t))X(t).
Rearrangingwe get
W(t + RTT) — W(t) = 1 — aW(t)X(t). (4.1)
Hence we get

W(t + RTT) — W(t) = %T RTT — aW(t)X(t)

= (f)RTT — aW(t)X(1), (4.2)
where

1

f=—.
RTT

Now, we approximate the distribution of(t) by that ofN(t + RTT) — N(t), where
{N(t), t=0} is a Poisson process with a time-varying stochastic rate funpli¢n),
wherep = f/RTT. Thus Eq. (4.2) can be written as

W(t + RTT) — W(t) = (f)RTT — aW(t)(N(t + RTT) — N(t)).

The above equation can be thought of as the finite-difference version of the follow-
ing stochastic differential equation fOW(t),t = 0}:

dW(t) = fdt— aW(t) dN(),  0< W(t) <K. (4.3)
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Next, we modify the above equation to account for the boundary behawti(igt=

K. OnceW(t) reacheK, W:(t) may keep changindout W(t) stays atk until a
segment loss occurg/e incorporate this condition by modifying the stochastic dif-
ferential equatiori4.3) as follows

The above stochastic differential implies that Werocess increases continuously
at a constant ratieas long as it is less thdfand there are no events in tNg@rocess
When it hits the upper limiK, it stays atk. When an event occurs in tiNeprocess
theW process jumps down by a factor-la. Figure 1 shows a typical sample path
of theW process

5. LIMITING BEHAVIOR OF W WITH NO TIME-OUTS

In this sectionwe study the limiting behavior of the TCP window sizssuming
that it evolves as described in the previous sectibat is we obtain the limiting
distribution of the solution to Eq4.4) ast — co. Let

F(x) = lim P(W(t)=x), 0=x=K,
t—oo

be the limiting distribution of th&V(-) processThe sample path of thé/ process
shows that the limiting distribution diV has a probability massc atx = K and a
probability densityu(x) (defined as the left derivative &) overx € [0,K). Thus

Welt) =

>

W(t)

FiGure 1. Sample paths dfV andW, processes in the absence of time-outs
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X
F(x)=f u(y) dy, 0=x<K,
0]

F(K)=f0 u(y)dy+ ok = 1.

The following theorem givesx anduf(-).

THEOREM 5.1: The density (x), 0 < x < K, is given by
u(x) = aoZ n—r Br 9 (X), X & (K(l_a)n+1, Kl-a)"),n=0, (5.1)
r=0

where g is a normalizing constant,

—px?
g (x) = exp{m}, x=0,r=0, (5.2)
and the constantsy; } and{g;} are
0 d r+1 (1_a)2r+2_1 rs = Y% .
ag =1,
4= Kl—a) (G(K(1—a)) = (1+ B1)0(K(1— a))),

U= KA—a)) j;oaj(ﬁrﬂ' g (K(1—a)™?)
—Bri1jG+1(K(A— a)h) (5.4)

for r > 0. The probability mass is given by

B fu(K—)

Finally, the normalizing constantsds chosen so that

K
f u(y)dy+uvx = 1.
[0]

Proor: BecauséV is an irreducible Markov process ¢8,K |, it has a stationary
distributionF. Let W(0) have distributior=. Then W(t) has distributiorF for all
t=0. Then for 0 < x < K,
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F(x) = P(W(h) =x)

_ J[ POV = XIW(0) =) dF(y)

= phf[oymm@lxa)v")]

= phf[ogm"« . K>] ydF(y) + F(x —fh) — + phJ y dF(y) + o(h).

o) [0, x—fh]

yaFy)+ [ @- phydr(y) + o

[0, x—fh]

Thus we have that

]de(y) + 0(1).

[0, x—fh

F(x) — F(x—fh)
=p y ydF(y) —p
n J-[O’mi”(< K)]

1-a)’

Taking the limit ash — 0, we have that

f“(x):pf[o,mm( ) K>]de(y)—pf[o’x)de(y), xE QK] (56)

In particular we have that
fU(K—) = pKUK7

which yields Eq(5.5).
Consider now the case wheie |o= (K(1— «),K). Then from (5.6), it follows
that

fu(x) =p ydr(y) —p |  ydR(y).
[0,K] [0,%)
Differentiating we have that
fu’'(x) = —pxu(x),
and solving the above equatiome get
u(x) = apgo(X),

wherea, is some constanfThus we have showr(5.1) for the casen = 0. We
will prove (5.1) for a generaln via induction Now, suppose that5.1) holds
for n = 0,1,...,j. We begin by observing that frortb.6), it follows that for
X € [0,K(1 — a)),

L pX X X
U(X)_pf(l—a)2u<l—a> ; u(x). (5.7)
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Thus from the induction hypothesist follows that for x € (K(1 — a)i™?
K(1—a)i*h),

(%) = p—— {aoza, rﬂrgr< X >}—pxu(x>.
(1—a)? -

We can solve the above differential equation to get

pag
(1-a)?

u(x) =

e (P20 2 aj— rBergr<

) eP</2 dx + aj,, e~ (P72

X
1-a)

r=0

do J (1— a)?*2 i
T 1-a)2 > a4 Br 9r+1(X)<(1_a)T_1 + ag, e (P20

j
= Qo E [ Br19r+1(X) + aj+lBOQO(X)7 (5.8)
r=0
wherea; . ; is some constant
In order to determing;. ,, we now consider the casps 0 andj = 1 separately
Case 1: j= 0: In this casewe have from(5.6) that

PKuk

uKl-a)+t) =uK@l—-a)-) + ;

Using this observatiarthe induction hypothesisand(5.8), we now have that

pKuk

A B101(K(1l—a)) + a;9o(K(1— @) = ag0o(K(1— a)) —

Thus solving fora,, we get

_ &
Oo(K(1— a))

= aoal.

= (G(K(1l—a)) = (B +1Da(K(1—a)))

Case 2: j= 1. Next, note that from(5.6), it follows thatu(-) is continuous on
(0,K(1— @)); thusif j =1, thenu(K(1— a)™1+) = u(K(1— a)™*—). Using this
observation(5.8), and the induction hypothesiwe have that

i
dg 2 @ Bri19r+1(K(1— a)ltt) + &11B000(K(1— a)ltt)
r=0

i
= Qo Zoa’jfr Br 9 (K(1— a)j+l)-
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u(x) ﬂ 4w

1 i
K(l1-o)? K(1-o) * K

FIGURE 2. Typical graph of the density andu™ of the window size

Solving fora; . ; and rearranging the termse now have that

Qo
a; =
T go(K(1 - )it

J
X Zoar{lgjfr gjfr(K(l - a)j+1) — Bj+lfr gj+17r(|((1 _ a)”l)}
= Qo t1-

Substituting the above observations(f8), we have(5.1) for the casen = j + 1.
This proves the result u

The typical form of the limiting distribution is shown by the upper graph in
Figure 2 Note thatu(-) has a jump discontinuity at= K(1 — «) and its derivative
has a jump discontinuity at= K(1 — «)2 The lower graph shows', the limiting
density of the window size in the presence of time-pwtsich is studied in the next
section

6. TCP MODEL WITH TIME-OUTS

The above analysis does not account for the response of TCP for lost segments that
will be detected by time-out3ypically, such events are accompanied by intervals of
zero throughput for a random amount of tirfiée reason is that the sender at some
point reaches the limit of its current effective winddwt the lost segment’s time-

out interval(which depends on an estimated RTT and thus behaves like a random
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variable has not occurred to initiate recovery and start sending agémake the
assumption that a fixed fractianof the events in th&l process are time-outand

the remaining - c fraction of the events are fast-recovery eve¥s assume that

the effective window size jumps down to zero in the event of a time-out and it stays
zero for an exponential duration with meafulthe expected duration of the time-
out interval We assume that after this zero window-size intertle¢ window size
jumps instantaneously {d — «)W ™, whereW ~ is the window size when the time-
out occurredIn other wordswe approximate the rapid exponential increase in the
window size during the slow-start phase by an instantaneous jump at the end of the
time-out periodThe window size then begins to evolve according to@gt) until

the next loss event is encounter®é denote the window-size process in the pres-
ence of time-outs bYW T(t), t = 0}, to distinguish it from the window size process
{W(t),t = 0} without the time-outsFigure 3 shows the sample pathswf (t) and
Wc(t) and their relation to each othermking into account the fast recoveihe
time-out events and the boundary behavidf and zerolt is clear the sample paths

of theWT process can be thought of as the sample paths ditipeocesswhere
periods of zero window size are inserted after a fractiohthe downward jumps in
theW process in a completely random fashidhis observation implies that there is

a very close relation between the limitinglé. of theW process and that of tha/' T
processThis relation is made clear in Theoreni6

We(t) m

>

Wi(t)

Ficure 3. Sample paths df\-(t) andW(t) in the presence of time-outs
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The sample path of thé&/ T process shows that the limiting distribution\ef"
has a probability mass atx = 0 andv; atx = K, and a probability density'(x),
0 < x<K. Let

FT(x) = lim P(WT(t) = x), 0=x=K,
t—oo

be the limiting distribution of th&VT(.) process
Theorem 6l givesvd, vg, anduT(-) in terms of the quantitiesx andu(-) of
Theorem 51 and

K
m= f yu(y) dy + Koy.
0

THEOREM 6.1: We have

mpc
g = A

Vo IJ+ mpC’ (6 )
u™(x) = (1—vd)u(x), 0<x<K, (6.2)
vp = 1—ovd)wk. (6.3)

ProoF: Let
FT(x) = t||_)r‘2]o P(WT(t) =x), 0=x=K.
Since the window size is zero when the time-out is in prognesssee that
tli“r; P(WT(t) = x| Time-out is in progress at timg = 1, 0=x=K.
Also,
!Lngo P(WT(t) = x| Time-out is not in progress at tin¢ = F(x), 0=x=K,

whereF (x) is from Theorem 3.
It is clear thaty{ is the fraction of the time the/ T process is in the time-out
period Hence conditioning on whether the time-out is in progress or, ma get

FT(x) =vd + (1 —0vd)F(x).

Equations(6.2) and (6.3) immediately follow from this We thus need to derive
Egq. (6.1) to complete the prooNote that the rate at which th&/™ process leaves
state 0 in steady statedg | The rate at which it enters state 0 is given by

fdeT(y)pc=(l—vJ)f dF(y)pc= (1—vg)mpc
0 0

Equating these twave get Eq (6.1). This completes the proof u



TCP WINDOW SIZE 129

Figure 2 shows the typical shape of the density functibnit also shows the
two probability massesg and .. The fact thatu™(0) = 0 is the result of our
approximation of the exponential growth of window size in the slow-start phase
by an instantaneous jumfm the next sectioywe validate the analytical results of
this section by simulation using N&s expectedwe find that the empirical p.f.
of the window size near zero is indeed not zeko extension of the analytical
technique to better account for the slow-start growth is complicdtedit is un-
der consideration

7. VALIDATION BY SIMULATION

To evaluate the effectiveness of this model at representing TCP behagicom-
pared the results from the analytic model with the results from simulations using the
NS simulatol{12]. This simulator is widely used in networking research and has a
very detailed model of TCP error recovery and congestion-control mecharitsms
has been subjected to careful validations and is regarded as a standard tool for TCP
researchThe simulated environment we chose for evaluating the model emphasizes
the role of link-level congestion as the dominant factor that causes segment losses
For our experimentsve constructed a model of an enterprise or campus network
having a single wide-area link to an upstream Internet service proUi8ey. The
high-level view of the simulations is that a singt®ntinuous TCP flow sending at
the maximum rate it can achieve shares a bottleneck link with a large number of TCP
flows used for Web-like trafficThe motivation for choosing Web-like traffic to
share the link was the assumption that this traffic would exhibit highly variable and
bursty demands on the lirkpecifically a self-similar segment arrival procgsEhe
empirical data used to generate our Web trdffi6] had heavy-tailed distributions
for both “think” (OFF) times and response siz®N) times which would lead to
self-similar traffic from the aggregation of sourdd$]. This segment arrival pro-
cess entering the fixed capacity queue in the router serving the congested link pro-
vides a realistic simulation of the loss processes found in the Internet when router
buffers overflowThus the simulation does not assume a particular loss m@alel
dependentorrelatedetc), but, insteadthe loss process is a direct result of running
the simulation with different levels of load from self-similar Web traffic

We study the dynamics of the single continuously sending TCP flow when it
shares this congested link with many other TCP flows carrying Web-like tratfie
simulated Web clientgbrowser$ are all located on the enterprise or campus net-
work and all of their requests are satisfied by Web servers located somewhere on the
Internet beyond the ISP linKhe traffic model that drives the simulation is based on
a contemporary model of Web browsing reportedi]. This model is an application-
level description of the critical elements that characterize how HT.DRrotocol is
used It is based on empirical data and is intended for use in generating synthetic
Web workloadsBecause response sizes are much larger than requests in this traffic
mode] the load on the network link that carries traffic from the servers to the brows-
ers will be much greater than on the link carrying traffic in the opposite direction that
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is basically uncongestedhe continuously sending TCP flow also sends its seg-
ments along the congested path carrying Web traffic from servers to clients

The load generated by the Web-like flows at the bottleneck link was varied in
different runs of the simulation from 40% to 98% of a link capacity that was fixed
at 10000,000 bits per second he continuous TCP flow attempted to send at the
maximum rate it could sustaigiven the competing load from the Web traffic on
the shared linkFor exampleat a 40% load for Web traffiche continuous flow
was able to send at a rate equivalent to nearly 60% of the link caphicitg that
because the continuous TCP flow can use all of link bandwidth the web traffic is
not using the link is congested in all case&s the load from the Web traffic is
increasedthe continuously sending TCP flow will experience greater segment
loss and lower throughput

The version of TCP simulated is TCP Reno and the delayed-acknowledgments
option was turned offThe continuous TCP flow had a maximum receiver’s window
size of 45 segments of 1460 bytdhe buffer size in the router was 60 of these
maximum size segments

Each simulation was run for 60 min of simulated time and data from the first
10 min was discarded to eliminate transient start-up eff&uspts for running the
NS simulations which also show various parameter settings can be fo{f@.iin
each simulation runwe recorded for the continuous TCP flptie number of seg-
ments transmittedhe number of three-duplicate-acknowledgment loss eyérgs
number of time-out loss eventhie mean round-trip timehe mean throughpuand
the effective size of the TCP window sampled every 10Tie frequencies of loss
events experienced by the continuous TCP flow in the simulations were used as loss
probabilities in the analytic TCP model for a comparison of restitis mean round-
trip time (including transmissiarpropagationand queuing delaygor the contin-
uous TCP flow in the simulations was used as the mean RTT in the analytic model
The estimates gb, ¢, and RTT(in milliseconds are given in Table 1 for the seven
differentload conditionsThey are also shown in Figures 5 andr&ure 5 shows the
values ofpl = p(1 — c¢) andp2 = pc; Figure 6 shows the plot of the mean RTif
milliseconds for the seven runs

In the NS simulation of TCRhe effective size of the TCP window is not reset
to its minimum sizgone segmentuntil the end of a time-out perigavhereas the

TABLE 1. Estimates op, ¢, and RTT for the Seven Runs

Load

40% 50% 60% 70% 80% 90% 98%

0.0007 00010 00026 00042 00090 Q0135 00195
c 0.3675 03316 03023 02760 04338 05332 06350
RTT 747 761 77.8 795 810 0.0843 882

©
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analytic model considers the effective window to be minimzero segmenjgor

a random interval during the time-out pericthe TCP window sizes sampled at
10-ms intervals during the simulations were adjusted to match this definition by
setting the sample value to zero if the sample was taken during a time-out.gériod
the sample was not taken during a time-out pertbd sample value was recorded
without change

8. COMPARISON OF ANALYTIC AND SIMULATION RESULTS

Figure 4 compares the throughput for the continuous TCP flow observed in the
simulation with the throughput predicted by the analytic mode¢é line labeled
“theory” in the plo for several link loads generated by background Web trafte
loss probabilities used in the analytic model for each load were those values ob-
served in the corresponding simulation as given in Figufeos exampleat a load
of 70% Web traffi¢ the simulation results for the continuous TCP flow showed a
per-packet probability of a loss indicated by three duplicate acknowledgments of
0.003 and per-packet probability of a loss indicated by a time-out@¥12 The
mean RTT used in the analytic model for each load were those values observed in the
corresponding simulation as given in Figuré-6r exampleat a 70% loadthe mean
RTT for the continuous TCP flow was 79 ms

The analytic model predicts slightly lower throughput only at the lowest loads
At all higher loads where the TCP connection experienced more loss and queuing
delays the simulation and analytic models produce essentially the same results
Thus for a single TCP connectigthe model presented here can be expected to give

=0~ Theory
-9~ NS Simulations

5 il

Average Throughput (bps)
W
T

40 50 60 70 80 90 " 100
Load Level (% of 10 Mbps)

F1GURrE 4. Throughput comparison



132
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Per—Packet Loss Probability

0.014
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-O- pi=pc (Duplicate Acks)
=0~ p2=p(1-c) (Timeouts)

50 60 70 80 90
Load Level (% of 10 Mbps)

FIGURE 5. Loss rates in NS simulations

100

85

= = Propagation Delay
== Round Trip Time

55
40

70
Load Level (% of 10 Mops)

FIGURE 6. Mean RTTs in NS simulations

100
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an excellent prediction of throughput for given probabilities of fast recovery and
time-out events and a mean RTT

Figures 7-9 compare thedd. of effective TCP window size computed with the
analytic model“theory”) with histograms of window size observed in the NS sim-
ulations for different loads of background Web traffitie plots on the left of each
figure show a full range of probability density values onyfais whereas the plots
on the right show more detail for densities in the raf@®.2]. All related plots are
shown with a uniform scale for ease of comparisbar the analytic resulighe
computed probability mass at window sizes of zero Krate plotted with special
symbols

In general the analytic model matches well with the distribution of effective
window sizes from the simulation and also shows mass peak¥agabd at lower
loads K/2 (resulting from halving the maximum window sjzé&lote that the ana-
lytic model treats the minimum effective window size as zero and the simulated TCP
correctly uses a minimum window size of ofiéae theoretical l.f. of window sizes
differs from the simulation results mainly for small window sizéssignificant
factor contributing to thisespecially at the higher loads that the model approx-
imates slow start after a time-out event by an instantaneous jump in the window size
to the initial window for congestion avoidance and enters that phasee simula-
tion, the window is advanced from one segment through some number of small
values before reaching the congestion-avoidance phase

9. SUMMARY AND CONCLUSIONS

We have described a new analytic model for the dynamic behavior of TCP windows
as they respond to congestion indicated by data loss in the netioikmodel is
based on stochastic differential equations and allows us to compute throughput as
well as the complete.g.f. for effective window sizesThe results computed from

this model have been compared with NS simulations of TCP behavior in a realistic
network environment and were found to produce comparable results

References begin on 39
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