Math 522 - Spring 09
Selected solutions.

Please note: When the question “why” appears, that indicates a detail you should think
through carefully.

1. pl193, #13.
This nice and simple solution was suggested by a student in the class:

We have
(1) d,f(a) =lim

where the second equality holds since the first limit exists by assumption. Since f has a
maximum at a

(2)

so the limit is < 0 (why?).//

fla+tn) = f(a)

; < 0 for t > 0 small,

2. p. 193, #10.

Note: To be consistent with the definition on p. 189, the problem should have included the
assumption that f is continuous at a (yet the problem makes sense without that assumption).

Suppose f : RY — RM is tangent at a € RY to a “linear” (really affine) function L : RY —
RM asin #12 on p. 193. We have L = (L, ..., Lys) and f = (fi, ..., far), where all components
are real valued functions. Then given € > 0 there exists § > 0 such that
(3) dy(f(z), L(x)) < edy(z,a) = €|lx — al for 0 < |z — a| < 0.

This implies that lim, ., f(x) = L(a), since L is continuous at a. (If we assume f is continuous
at a, this implies f(a) = L(a). Otherwise, redefine f at a to be f(a) = L(a); now f is
continuous at a. In either case the limit defining “tangency” makes sense.) Now (3) implies
(4) |fi(x) — Li(z)| < ed(z,a) for 0 < |x — a|] < § and for all i. (why?)

Thus, L; is tangent to f; at a and we can apply Theorem 7.9 to see that the L; are unique.
Hence, L is unique.//

Aside: Quick proof of Theorem 7.9 (the case M = 1): Suppose L; = b+ ¢ (z — a) and
Ly = d+e-(x —a) are both tangent to f at a (here b and d belong to R, while ¢ and e belong
to RY). We showed above that L;(a) = La(a) = f(a), so b = d. L, and Ly are tangent to
each other at a (why?), so given € > 0 there exists a § > 0 such that

(5) |Li(x) — Lo(z)| = [(c —€) - (x — a)| < €|z — a| when |z —a| <.
Choose x — a = dey, where e, = (0,...0,1,0,...0) (with 1 in the kth slot). Then (5) gives

(6) [(ck — ex)d] < €.
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Since € is arbitrary, ¢, = ex. Since k is arbitrary, ¢ = e and hence L; = Ly.//

3. Page 188, #10, proof of Thm. 7.8 (c). (Part (c) is slightly misstated. The
assumption should have been that Q(h) has a positive max and a negative min on SV-1
Equivalently, () changes sign on R".)

There exist vectors b; and by such that Q(b;) > 0 and Q(bg) < 0. We have for t € R

fla+tby) = f(a) = Vf(a) - thy + Q(th1) + Z (D*f(&) — D f(a)) (tby)
jal=2 ¢ |

7)
=2 [ Qo)+ 3 (D) — D" F@) ()" |

ol
|ar|=2
where ¢ lies on the segment (a,a+tb;). Since f is C? the sum inside parentheses in the second
line approaches 0 as t — 0, so for |t| # 0 and small enough

(8) fla+1tby) = f(a) > 12Q(by)/2 > 0.
Similarly, for |t| # 0 and small enough
(9) fla+th) — f(a) <t2Q(b)/2 < 0.

4. p. 178, #2. H is a “double composition” so we must apply the chain rule twice. Let
f have argument y = (yy,...,yn) and let g = (g*,...,¢") have argument z = (2, ..., z)).
Set h = (h',...,hM). Then H = f o (goh). We have

) = Z Oy f (9 0 1()) s, (9" 0 1) () =

> 0, flgoh(x <Zazjg )8, (2 ))

5. p. 188 #3. We have

(10)

(11) f1(0,22) = lim fh, z2) - fOz) __, (check).

So f12(0,0) = —1. Similarly, fa(x1,0) = 1, so f21(0,0) = 1. Note that the product and
quotient rules should not be used in this problem.

6. HW4 - #1 S is linear so it suffices to prove continuity at 0 (why?). We will show:
given € > 0 there exists § > 0 such that if |a, b, c,d| < 0 then |A|| < ¢, where A = <Z b>.

d
We have for |z| <1,
(12)

|[Az| = |(azy + baa, cx1 + das)| < [(la] + [0, e + [d))] < /]af? +[b]2 + |cf2 + [d|* + 2|alb] + 2]c[|d]

< \/§\a,b, ¢, d|.



Thus, given €, choose § < €/v/2.
S~ is linear so it suffices to prove continuity at 0. We will show: given € > 0 there exists
d > 0 such that if ||A]| < 0 then |a,b,c,d| < ¢, for A as above. ||A]| < 0 implies

|A<(1)>|—|a,c|<5

" A ((1)) | = |b,d| < 5.

So for a given € > 0 take 0 < e/\/§

7. HW4 - #2. To show continuity at x we must show: given € > 0 there exists § > 0
such that |z —y| < ¢ implies ||df (z) — df (y)|| < e. Since f = (f!, f?) is C, there exists § > 0
such that |z — y| < ¢ implies |V f1(x) — Vf(y), Vf2(z) — V2(y)| < ¢/v/2. By the previous
problem we conclude |z — y| < § implies ||df (z) — df (y)|| < € (why?).

8. HW5- p335 #7. First we must check that g(z) = f(z) + 2 = % + 335 — %xg‘ maps [
to I. Note that g(0) = 1, g(1) =22 and ¢'(z) >0on I, s0 g : [ — I. We have

=1 =0
(14)

3 1 3 1
l9(2) = 9| = 17 (@ —y) = ;5= =) = [7 (@ —y) = le —p)@* + 2%y + 2" + 2y’ + )]
3 1 3
= |z —ylly - " + 2%y + 2% + 2y’ + ) < Sl -y
since § > (2t + 2%y + 22y® + 2y® + y*) > 0 for z € I, y € I. By the CMT g() has a fixed
+, 3] (why?). So compute, for

point in I, so f(x) has a zero in I. The fixed point must lie in |
1
29

example, xo = 3, ¥1 = g(¥o), T2 = g(71).

9. HW p. 443, #12 Let A, B be points in D and suppose fy(t), fi(t), t € [a,b] are paths
in D joining A to B starting at A and ending at B.

(a) A homotopy (as in the definition on p. 440) is given by f(¢,s) = (1 — s)fo(t) + sfi(t),
s €[0,1], t € [a,b]. The convexity of D implies f(¢,s) € D for all (¢,s).

(b) A theorem of Brouwer on “invariance of domain” says that a 1-1, continuous map
defined on open subset of R™ is actually a homeomorphism onto its image; so h is actually a
homeomorphism of D onto D; (openness is part of the text’s definition of “domain”). The
author could not assume that you know Brouwer’s theorem, so the problem should have stated
that h is a homeomorphism.

Given paths fy, fi as above, but now in Dy, let go, g1 be the paths in D given by g¢;(t) =
h=Y(fi(t)). Let g(t,s) be a homotopy of these paths in D. Then f(t,s) := h(g(t,s)) is a
homotopy of the paths in D;.

Thanks to Bevin Maultsby for pointing out Brouwer’s theorem.

Important Observation: A continuous 1-1 map need not in general be a homeomorphism
onto its range. That is, it need not have a continuous inverse. Consider the example: f :
0,27) — S* given by f(#) = (cos,sinf). Here f is a continuous and 1-1 map onto the circle,
but the inverse is not continuous (why?). Thanks to Matt Hernandez for pointing out this
example.



10. Curve straightening problem, HW 6. Choose a vector ¢ € R? such that the 3 x 3
matrix

Vi (a)
(15) Vs(a)

C

has nonzero determinant. This can be done, e.g., by taking ¢ to be the cross product of the
first two rows (why?). Define

(16) (u,v,w) = P(x) == (¢1(), $2(2), ¢ - (z — a)).

Then ¥ (a) = 0 and di)(a) is the matrix (15). By the inverse function theorem there exist
neighborhoods U containing a and V' containing 0 such that ¢ : U — V is 1 — 1, onto, and
C! with C! inverse. In addition we have

(17) CNU={zeU:u(x)=uv(x)=0},
(18) v(CNU) = {(u,v,w) €V :u=v=0}

11. Clarification of proof given in class that: curl v =0 in a simply connected
region implies line integrals of v are independent of path.

Suppose v : O — R? is a C! vector field in a connected and simply connected open set O
such that curl v = 0 in O. Fix any two points A and B in O and consider two oriented C*!
paths €} and (5 in O starting at A and ending at B. We want to show

(19) /U-dT:/U'dT
Cl C’2

by applying Green’s theorem to the closed path C; — Cy. Let the region in R? enclosed by
C1 — (5 be called D. We would like to say that Green’s Theorem implies

(20) / v‘dr:/curlvdA:O.
C1—C> D

To say this we need to know that curl v = 0 in D. This is true because O is simply connected
and therefore D C O. Since curl v =0 in O, we have curl v =0 in D. If O were not simply
connected, some points in D (which was defined as the subset of R? enclosed by the curves,
not the subset of O enclosed by the curves!) might not lie in O, and for such points we could
not assert that curl v = 0.

The following example shows what can happen if O is not simply connected. Consider

(21) v = ( o n ) e CL(0)

b
22 + 22 22 + 22

where O = {x € R? : x # 0}. Note curl v =0 in O but line integrals are not independent of
path, since if C' is a circle of radius one centered at (0,0) oriented counterclockwise,

(22) /C v dr = 2.
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Note that if C} is the constant path at (1,0) and if Cy = C (starting and ending at (1,0)),
the region D in this case is {x : |z] < 1} and D is not a subset of O. (Other choices of C; and
(5 lying on C' can be made here; for example, both can start at (0, —1) and end at (0,1)).

12. HW9, #3. Fix € > 0. It is enough to show that there exists a subdivision A of the
cube C' such that

(23) S+(f7A)_S—(f7A) <€
There exists M > 0 such that |f(z)| < M on C. Choose a finite number of disjoint open cubes
{C1,Cs, ..., Ck} contained in the interior of C', whose union contains all the discontinuities

of f, and such that the volume of the union is < ;3;.

The function f is uniformly continuous on the set D := C'\ UL, C; (why?). Thus, there
exists 0 > 0 such that for z,y € D, |z —y| < = |f(z) — f(y)| < vy Let {Cki1,...,Cu}
be a subdivision of D of mesh < ¢ and set

(24) A:{Cla"'70K70K+17"'7CM}'
We have
K M
Sy(f,A) =S = (M —mp)V(C) + Y (M;—my)V(Cy)
J=1 j=K+1
(25) 5 X e
= j=K+1
€ €
— + — =¢€. (why?).
<3 + 5 =€ (why?)

13. HW10, #9b. Define f,(z) = max(f(z),0) and f_(z) = max(—f(z),0). Note that

(26) fl=fr+fosf=1e—[-
It suffices to show that fi are both integrable (why?).

Fix € > 0. To show f, is integrable we show that there exists a subdivision A’ of F' such
that

(27) S—l—(f-l-)A,) _S—(f-HA,) <€
Since f is integrable there exists a subdivision A = {Fy,..., Fx} such that S, (f, A) —
S_(f,A) < e. We claim that we can take A’ = A in (27). Let

M; = sup f, m; = inf f

F.
2 7
(28) Mi; =sup fi, my; =inf f,
and note that for all 7, My; — my; < M; —m; (why? : consider the three cases f > 0 on Fj,
f <0 on F;, f takes both positive and negative values on F;). This gives (27) with A’ = A.
The argument for f_ is similar. (The decompositions in (26) are often used for other purposes

as well.)



