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A class of supersaturated designs called k-circulant designs is explored. These designs are constructed
from cyclic generators by cycling k elements at a time. The class of designs includes many Esz—optimal
designs, some of which are already known and some of which are more efficient than known designs for
model estimation under factor sparsity. Generators for the most efficient designs are listed, and projection
properties of some of the designs are explored. We also illustrate that some k-circulant supersaturated
designs can be augmented with interaction columns to produce efficient designs for a larger number of

factors or for estimating interactions.
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1. INTRODUCTION

In the early stages of industrial experimentation on a prod-
uct or process, numerous factors may have been identified as
possibly having an influence on the response. It is quite com-
mon, however, that only a few of these actually have a substan-
tial effect—a situation known as factor sparsity (see Box and
Meyer 1986). The small number of active, or influential, factors
can often be identified through a screening experiment. Various
design strategies have been proposed for screening under factor
sparsity. These strategies include search designs (see Srivastava
1975; Ghosh 1996; Li and Nachtsheim 2000), group screen-
ing (e.g., Watson 1961; Kleijnen 1987; Morris 1987; Lewis and
Dean 2001), and supersaturated designs (e.g., Booth and Cox
1962;Lin 1993a,1995; Wu 1993;Nguyen 1996; Liu and Zhang
2000; Butler, Mead, Eskridge, and Gilmour 2001; Eskridge,
Gilmour, Mead, Butler, and Travnicek 2001; Bulutoglu and
Cheng 2002).

Supersaturated designs are used mainly for the estimation of
main effects, althoughin some designs, it is possible to estimate
a small number of interactions also. Supersaturated designs re-
quire very few observations in comparison with the number of
factors being investigated. The small number of observations
results in least squares estimates of some pairs of main effects
being correlated, and this can sometimes lead to erroneous con-
clusions being drawn about which factor effects are nonzero
(see Abraham, Chipman, and Vijayan 1999). However, super-
saturated designs have been advocated when the proportion of
active factors is small, when the active factors have large main
effects, and when interactions are negligible (see, e.g., Chen and
Lin 1998). Methods of analysis that have been investigated for
supersaturated designs include forward selection in regression
(Westfall, Young, and Lin 1998), all-subsets selection (Abra-
hametal., 1999) and various Bayesian methods (e.g., Chipman,
Hamada, and Wu 1997; Beattie, Fong, and Lin 2002).

A number of different methods of construction of supersatu-
rated designs have been proposed in the literature. Lin (1993a)
constructed supersaturated designs for m = 2n — 1 factors in
n runs by selecting half the rows of a Hadamard matrix with
2n — 1 columns and 2n rows according to the values in a
“branching column.” Wu (1993) obtained designs with up to
66 factors in 12 runs and up to 124 factors in 20 runs by ap-
pending interaction columns to a Hadamard matrix. The de-
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signs of Tang and Wu (1997) are formed by adjoining the
columns of distinct Hadamard matrices. Design search by com-
puter algorithm was done by Lin (1995), Nguyen (1996), and
Li and Wu (1997). The designs obtained by these authors are
optimal or highly efficient under the Es? criterion (defined in
Sec. 2). A method proposed by Nguyen (1996) of construct-
ing Es®-optimal supersaturated designs was to adjoin the in-
cidence matrices of pairs of cyclic balanced incomplete block
designs (BIBDs). A more thorough investigation of optimal or
near-optimal designs obtained by a generalization of this type of
construction was given by Liu and Zhang (2000) and Eskridge
etal. (2001).

In this article we show that optimal or efficient supersatu-
rated designs with n runs for m = k(n — 1) factors, each hav-
ing two levels, can be constructed very simply by the cyclic
development of a generator. Our method is a generalizaton of
that of Plackett and Burman (1946), who introduced the use of
cyclic generators for constructing orthogonal saturated main ef-
fect plans for m = n — 1 factors in n runs, when n = Omod4.
This type of construction was also used by Dean and Draper
(1999) and Crosier (2000) for constructing saturated designs
when n =2 mod4. The cyclic generation method of obtaining a
design matrix is very flexible in that a large number of distinct
designs with varied properties can be obtained.

Our class of designs, which we call k-circulant supersatu-
rated designs, include the cyclic BIBD-based supersaturated
designs of Nguyen (1996) and Liu and Zhang (2000) and the
cyclic BIBD or regular graph-based supersaturated designs of
Eskridge et al. (2001) as special cases (see Sec. 3). The class
also includes alternative designs that are better than previously
known designs under at least one of the optimality criteria de-
fined in Section 2.

In Section 3 we present generators for efficient k-circulant
designs with factors at two levels, called the “high” and “low”
levels. We consider only “balanced” designs in which each fac-
tor is observed the same number of times at the high and low
levels so that the columns of the design matrix form the main
effect contrasts and are independentof the mean. Because of the
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numerous uses of the word “balanced” in the literature, we call
such a design mean-orthogonal. Our k-circulant designs have
an even number, n = 2¢ runs (observations), and m = k(2t — 1)
factors, for positive integer t. We give generators for k-circulant
supersaturated designs with parameters in the range m < 55,
n<22,and 2 < k < 6. For k even, or for kK odd and ¢ even, all
but one of the designs listed are Es® optimal. For k and ¢ both
odd, our listed designs are at least 97.8% efficient relative to the
lower bound for Es? derived by Bulutoglu and Cheng (2002).
We discuss projection efficiencies of these designs in Section 4.
In Section 5 we investigate the addition of interaction columns
to basic k-circulant designs. Such columns can be used either
to measure interactions or to extend a design so that the main
effects of a larger number of factors can be examined in the
same number of runs. It is also possible to obtain efficient su-
persaturated designs by deleting columns sequentially from a
k-circulant design; we will communicate these details in a fu-
ture article.

2. OPTIMALITY OF SUPERSATURATED DESIGNS

A supersaturated design, d, can be represented by a “design
matrix” or “treatment matrix,” T, whose rows represent the
n treatment combinations to be observed and whose columns
designate the m factors to be examined. The (i,f)th element
of T determines the level at which factor f is to be observed in
the ith treatment combination. We code the high and low levels
of the factors as +1 and —1 in T. Before the observations are
taken, the rows of T should be randomly ordered.

The (m+1)x n “model matrix,” X, is formed from the design
matrix, T, by appending a column of 1’s as the first column.
This first column measures the mean and, in a mean-orthogonal
design, column (f 4 1) is a contrast that measures the main
effect of factorf, (f =1, ..., m). The model is

Y=X® +e,

where Y and € are the vectors of responses and random error
variables, and ® is the vector of the mean and the factorial main
effect contrasts of the m factors.

If all pairs of columns of the model matrix X are orthogonal,
then the estimators of the main effects of all pairs of factors are
uncorrelated, and the design is optimal under all criteria (such
as D and A optimality) in which no preference is given to any
factor. In a supersaturated design, it is not possible to achieve
complete orthogonality,and some of the main-effect estimators
are correlated. To minimize errors in identifying the active fac-
tors, the number of orthogonal pairs of columns should be max-
imized or the maximum correlation and the average correlation
between nonorthogonal pairs of columns should be minimized
(see, e.g., Booth and Cox 1962; Lin 1993a). If interactions are
also to be measured, then interaction columns, whose elements
are products of the elements in the corresponding main-effects
columns, would be added to the model matrix.

The foregoing considerations lead to the following optimal-
ity criteria, which are generally used to compare supersatu-
rated designs for factors at two levels. The most commonly
used criterion is the minimum Es? [or Ave(sz)] criterion, which
was first suggested by Booth and Cox (1962) and is defined

as follows. Let s;; be the element in the ith row and jth col-
umnof T'T (i,j =1, ...,m). Then, s;j = ) _\_; twi x t,j, where
twj is the element in row w and column j of T. A supersat-
urated design is Es® optimal if it has the minimum value of
Es® = Disj si/(g’) among all competing designs of the same
size. In a mean-orthogonal design, the mean and standard de-
viation of the elements in each column are 0 and 1.0, so Es?
is n? times the average squared correlation between pairs of
columns. Although minimizing Es®> (which depends on the en-
tries of T'T) is not identical to the criterion of minimizing the
average correlation between the contrast estimators (which de-
pends on the entries of [X'X] "), it does lead to highly efficient
designs under this latter criterion, provided that the designs
are mean-orthogonal. Note that when a design is not mean-
orthogonal or when the factors have more than two levels, the
contrast estimators are not identical to the columns of the design
matrix T (see, e.g., Dean and Draper 1999; Wu and Hamada
2000, sec. 5.6), and the calculations in this article would need
to be modified accordingly.

For a mean-orthogonal design with m factors at two levels
each and n runs, Nguyen (1996) and Tang and Wu (1997) inde-
pendently derived a lower bound,

nPm—n+1)/n—1)(m—1) (1)

for Es2. Necessary (but not sufficient) conditions for this bound
to be attained are that m = k(n— 1), n is even, and nk is divisible
by 4. Nguyen (1996) further showed that the Es* lower bound is
attained if and only if TT is of the form (m — x)I,, +xJ,, where
x=—m/(n — 1), I, is the identity matrix and J, is a matrix
of 1’s, both of order n. Equivalently, Es? can attain its minimum
if and only if a BIBD with n — 1 treatments and k(n — 1) blocks
of size (n/2) — 1 exists (see Cheng 1997).

Liu and Zhang (2000, thm. 2.1) have given lower bounds
for Esz, applicable for m = g(n — 1) + r factors, where g is a
positive integer, n is even, ng is a multiple of 4, and |r| < 2.
Bounds for the case |r| < n/2 were derived by Butler et al.
(2001, thm. 1). Further bounds for Es’> have been given by
Bulutoglu and Cheng (2002, thm 3.1) with no restriction on 7.
Where the parameter values match, these coincide with the
bounds given by Liu and Zhang (2000) and Butler et al. (2001).
Otherwise, their bounds are new. We use special cases of the
bound (1) for n = Omod4 and of the bound of Bulutoglu and
Cheng (2002, thm. 3.1.3) for n =2 mod4 to assess our designs
in Sections 3-5.

An alternative to Es® is the criterion of maximizing the
percentage of pairs of main effects that can be estimated in-
dependently of each other; that is, the percentage (f)o of un-
correlated pairs of columns of T. This criterion (cf. Booth and
Cox 1962; Wang and Wu 1992) maximizes the percentage of
zero off-diagonal elements of T'T. When the number of runs
is not a multiple of 4, no pair of columns can be orthogonal,
so (f)o = 0, and instead we maximize (f)2, the percentage of
off-diagonal elements of T'T whose absolute values are equal
to 2. For a finer comparison of designs, other (f); can be com-
pared, where (f); is the percentage of off-diagonal elements of
T'T with absolute value i.

Because it is desirable to control the maximum correlation
between any pair of main-effect estimators, a third criterion
is the minimization of rmax = Smax/n, where Smax = max |s;;|.
Rarely will a single supersaturated design be optimal under all
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of these criteria, and it may be possible to compromise by mini-
mizing Es? or maximizing (f)o or (f), under the restriction that
Smax < ¢ or rmax < c¢/n, for some specified constant c.

The foregoing criteria not only aim to reduce the number of
errors made in the identification of correct active factors, but
also aim to increase the projection efficiency; that is, they aim
to increase the efficiency of a design for estimating any model
containing a small number of potentially active factors. Pro-
jection efficiencies (as defined in Lin 1993b) are examined in
Section 4.

In general, if there is no information concerning which fac-
tors are more likely to be important than others, then it is advis-
ible to select an Es? -optimal design with low rmax. However, if
it is thought that certain factors are more likely than others to
be active, then it may be preferable to select a design with large
(f)o or (f)2 and assign the potentially more important factors
in such a way that the projection designs involving these fac-
tors are the more efficient.

3. CONSTRUCTION AND EFFICIENCY OF
k-CIRCULANT DESIGNS

Plackett and Burman (1946) introduced the use of cyclic gen-
erators for constructing orthogonal saturated main-effects plans
for m = n — 1 two-level factors in n runs, when n = O mod4.
Dean and Draper (1999) and Crosier (2000) showed that effi-
cient (nonorthogonal) saturated main-effects plans can also be
obtained by this method when n = 2mod4. In these articles,
the listed generator for each design provides the first row of the
design matrix T. Each remaining row of T is obtained from the
previous row by cycling the elements one column to the right
and moving the last element to the first column so that T is a
circulant matrix. A row of +1’s is added to the design to give
n runs in total.

To accommodate the large numbers of factors of a supersat-
urated design, we propose cycling the elements of a generator
k elements at a time (which is equivalent to selecting rows 1,
k+1,...,m—k++ 1 from a circulant saturated design matrix).
We call such a design a k-circulant design. In this notation,
the saturated designs of the foregoing three references are all
1-circulant designs. The following example illustrates the con-
struction of a 3-circulant design.

Example 1. An Es-optimal 3-circulant design for m = 21
factors in n = 8 runs can be obtained from the generator

-1 -1-1-1-1-1-11
l1-1-1-11-1111-1111

by repeatedly cycling elements k = 3 positions to the right and
moving the last three elements to the first three positions. The
generator provides the first row of the design matrix and, after
cycling three elements to the right, the second row is

a11-1-1-1-1-1-1-11
1 -1-1-11-1111-1).

Five more rows can be obtained in this manner before the first
row is reached again. This gives the first seven rows of the de-
sign matrix. An eighth row of +1’s is then added to give the
design as shown in Table 1. Note that each column contains
four +1°s and four —1°s, so that the design is mean-orthogonal.

Among the 210 choices of pairs of columns from Table 1,
126 pairs contain orthogonal columns (e.g., column pairs 1, 6;
2,7; and 3, 8), so (f)p = 60%. The other 84 pairs of columns
have [s;j| =4, so (f)4 =40%. Also, Smax = 4, so that the maxi-
mum correlation between two columns is rmax = 4/8 = .5. The
design achieves the Es? lower bound (1) of 6.4.

As mentioned in Section 1, not all of our designs are new. In
particular, the supersaturated designs constructed from k cyclic
BIBDs or & cyclic regular graph designs discussed by Nguyen
(1996), Liu and Zhang (2000), and Eskridge et al. (2001) all be-
long to the k-circulant class, as does, in fact, any design based
on a set of k cyclic incomplete block designs. (Note that super-
saturated designs based on noncyclically generated incomplete
block designs are not part of this class.) The general construc-
tion techniqueused by the aforementioned authors for obtaining
a supersaturated design with m = k(n — 1) factors and » runs is
as follows. A set of k > 2 initial blocks is selected, each of size
(n —2)/2, which together form a set of cyclic generating blocks
for a BIBD or regular graph design with n — 1 treatments.
If the hth generating block (1 < & < k) contains treatment i
(1 <i <n—1), then there is a “+1” in position i of column
n(h — 1) + 1 of the corresponding supersaturated design. All
other positions in this column are filled with —1. Each of the
k columns generates a total of n — 1 columns (including itself)
by cycling the elements downward and moving the last element
to position 1. This gives m = k(n — 1) columns of lengthn — 1.
It can be verified that each of the sets of 7 — 1 columns can also
be generated row-wise. Then, if the columns are reordered so
that the k generating columns become columns 1, .. ., k and the
columns are cycled simultaneously, it is straightforward to see
that the resulting design is a k-circulant design. Thus, for ex-
ample, the supersaturated design for m = 21 factors and n = 8
runs given by Liu and Zhang (2000, table 1) and based on the
three cyclic BIBDs with seven treatments and generating blocks
(0,1,2),(0,1,4),and (0, 2, 4) is identical to the 3-circulant su-
persaturated design of Example 1 after rearranging columns.

Table 1. A 3-Circulant Design With 21 Factors and 8 Runs

Factors

Run 1 2 3 4 5 6 7 8 9 10

117 12 13 14 15 16 17 18 19 20 21

e e e
AR TR T R e e e
T 1 =1 1 1 1 - -1 -1
1T =1 1 1 1 1 1 11—
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The following theorem, the proof of which is given in the
Appendix, gives necessary and sufficient conditions on n, m,
and in order, for a k-circulant supersaturated design to be mean-
orthogonal.

Theorem 1. Letd be a k-circulant supersaturated design with
n runs and m factors each having two levels, coded +1 and
—1. Suppose that the rows of design d are obtained from the
generator (g1, 82, - -, 8&m) by cycling k elements at each step
and adding a row of +1’s. Necessary and sufficient conditions
for d to be mean-orthogonal are

(a) n=2t, m = (2t — 1)k, for some positive integer ¢;

(b) the generator contains exactly kt elements equal to —1
and (kt — k) elements equal to +1;

© Yl eu+j+1=0foreachj=1,2,...,k.

Using Theorem 1(a), the Es? lower bound (1) for mean-
orthogonal k-circulant designs with nk = 0 mod 4 becomes

n?(k—1)/(nk—k—1). )

In the case of mean-orthogonal k-circulant designs with n =
2 mod 4 and k odd, the Es? lower bound of Bulutoglu and
Cheng (2002, thm. 3.1.3) becomes

max {4, [k(k — 1)(n— Dn*+2n(n—2)]/[k(n— 1) (kn—k — D]}.
3)

For selecting of good mean-orthogonal designs, we use ei-
ther the criterion of minimizing Es* or that of maximizing
(f)o and (f)2, under the restriction that ryax is reasonably small.

The elements s;; of T'T are needed for evaluating these crite-
ria, and these can be calculated directly from the design gen-
erator without calculating the T'T matrix itself, as shown in
Theorem 2. Theorem 2 can be easily proved by identifying the
elements in the columns of T exactly as in the proof of Theo-
rem 1(b).

Theorem 2. Suppose that the m elements in the generator of
a mean-orthogonal k-circulant supersaturated design are

81,825 -5 8k> k+15 -5 82k -+ '1gk(21—2)+17 . "7g(21—1)k7

which satisfy the requirements of Theorem 1. Then the follow-
ing apply:
a. The (i, j)th element s;; of the matrix T'T can be expressed
in terms of the generator elements as
22

sij = Z (8gk+ix &qk+j) + 1,
q=0

ij=1,2,...

,m.

b. T'T is circulant, with

Sqk+i,qk+j = Sij>

ij=1,2,....m, q=1,2,...,02t—2),

where, if gk 41 > m, it is replaced by gk + i — m.

Tables 2-6 list a selection of generators for k-circulant de-
signs for all values of m factors, n runs, and cycle sizes k over
therangem < 55,n <22,and 2 < k < 6, plus one example with

Table 2. Generators for Es2-Optimal 2-Circulant Designs With n Runs and m Factors

(n m) (f); 'max Generator
(6 10)*# (100.0)» 3-1-1-1-1-1 1 1 -1 1
(8 14)*# (69.2 30.8)9 5111111 1 1-1 1 1-1 1 A1
10 18)*# (94.1 5.9)» 6 -1 -1-1-1-1-1-1 1 -1 1 1 -1-1 1 1 1 A1
(12 22) (71423848 67-1 -1 -1-1-1-111-1 1-1 1 1-1-1 1 1-1 1-1 1 1
12 22)*# (57.1 42.9)9 33-1 -1 -1 -1 -1 -1-1 1 -1 1 -1 -1 11 1 1-1 1 1
(14 26) 960040, 71 -1-1-1-1-1-1-11-1-11-1 1 1-1 1 1-1-1 11111 1 1
(14 26)*# (88.0 12.0)» 43 -1 -1 -1 -1 -1 -1 -1 1 i1 111 1 1 111 1 1-1 1 1 1 A1
(16 30) (65.2 414 34)g 5 -1 -1 -1 -1 -1 -1 —1 -1 i 111 1 11 1 1 -1-1-1 1 1 1 1 -1
i1 1 1
(16 30)*# (44.8 55.2)¢ 251111111 111 11 1 1 -1 1 1 1-1-1 1-1 1 1 1 -1
-1 1 1 A1
(18 34) 8799130, 56-1-1-1-1-1-1-1-1-11-1 1 1-1 1-1-1 11 1 1-1-1 1 1-1
-1 1 11 1 1 1 A1
18 34)*# (81.8 18.2)» 3-1-1-1-1-1 1111 11 1 11 11 1 1-1 1 1-1-1 1 11
i 1 -1 -1 1 1 1 1
(20 38)* (6.8 35.181)g 4 -1 -1 -1 -1 -1 -1-1-1-1 1 1-1-1-11 11 1-1 1-1-1 1-1 1 1
111 1 1 1 -1 1 -1 1 1
(20 38) (486 460549 4 1 -1 -1 -1-1-1-1-1-11-1-1 11 1-141-11-1 1 1-1 1 1 1-1
-1 -1 1 1 -1 1 1 -1 1 1 1
(20 38) (405568279 4 -1 -1-1-1-1-1-1-1-111-1 1-14-1 1 1-1 1 1 1 1-1 1-1-1
i1 1111 1 1-1 1 1 A1
(20 38)%*  (32.4 67.6); 2 —1 —1 —1 -1 -1 —1 —1 —1 121 11 1 1-1-1 1 1 1 1-1-1-11 1
121 41 -1-1 1 111 1 1
(22 42) (87.8 980 24), .64 -1 -1 -1 -1 -1 —1 -1 —1 i 1111 1 1 -1 1 1-1 1 1 1 1 1 A1
-1 1 1 111 1 -1 -1-1-1 1 1 1 1 1
(22 42) 8539849, 46 -1 -1-1-1-1-1-1-1-11-1 1 1-1-11 1 1 1-1-1-1 1-1-1 1
11 1 1 1 1 -1 1 -1 -1 -1 1 1 1 1
(22 42) (805171 24), 46 -1 -1-1-1-1-1-1-1-1-11 1-1-111-1-1-1 11 1 1-1 11
-1 1 -1-1 1-1 1 A1 -1 -1 1 1 1 1 1
(22 42)*#+ (75.6 24.4)5 211 -1 -1 -1 11111 1 11 1 1 -1 1 1 1-1-1 1 1 1 1-1
1 1

1 1 -1 -1 -1

1-1-1-1 1 1

NOTE: Designs marked “*” and “#7 have the same (f); vector as the BIBD-based designs of Nguyen (1996) and Liu and Zhang (2000). The designs marked &> and “*” are better than those of

Nguyen (1996) and Eskridge et al. (2001) under the rmax criterion.
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Table 3. Generators for Es2-Optimal or Near-Optimal 3-Circulant Designs With n Runs and m Factors

(n m) Es? (f)i 'max Generator
(8 21)# 6.40 (60.0 40.0)g .5 -1 111111 1 1111 1-1 1 1 1-1 1 1 A1
(10 27)@ 8.10 (87.2 12.8)» .6 -1 11111t 1 1111 1 1 11411 1 1-1-1 1 1
1 1 1 1
12 33)# 9.00 (56.2 396 42 67 -1 -1 -1-1-1-1-1-1-1-1-11 1 1-1-14-11 1 1 1-1 1
-1 1 -1 -1 1 1 1 1 1 1
(12 33) 9.00 (50.0 479 21) 67 -1 -1 -1-1-1-1-1-1-1-1-11 1 1-1-11-11-1 1-1 1
i 111 1 1 1 1 1 A1
(12 33)* 9.00 (43.8 56.2)¢ 3 11 -1 -1 -1 1111111 1 1-1-1 1 1 1-1 1-1 1
-1 1 1 -1 1 -1 1 1 1 1
(14 39)@ 10.74 (86.0 10535, .71 -1 -1 -1 -1-1-1-1-1-1-1-1-1-1 11 1-1 1-1 1-1 1-1
-1 1 1 1 1 1 1 111 1 1 1 1 1 1
(14 39)@ 10.74 82515817) 71 -1 -1 -1 -1 -1-1-1-1-14-141-14-141-1 11 1-14-141-1 11 1-1
i 111 11111 1 1 1 1 1 1 1
(14 39)@ 10.74 (79.0 21.0)» 43 1 -1 -1 -1 -1 -1 -1 -1 -1 -1 111 1 1 1 -1-1 1-1 1-1 1
-1 11 1 -1 -1 1 1 1 -1 1 1 1 1 1 1
(16 45) 11.64 (54.5 36.49.1) .5 -1 11111t 1 111111 1 1 1-14-1-1 1 1 1-1
i 11 -1 11T 11 1 11 1 -1 111 1 1 1 1 1 A1
(16 45) 11.64 (50.0 42.4 7.6)9 .5 -1 11111t 1 111111 1 1 1-14-1-1 1 1 1-1
i 1111 11 1 1 111 1 1 -1-1 1 1 1 1 1 A1
(16 45)# 11.64 (45.4 485 6.1)g .5 -1 111111 111111 1 1 111 1-1 1-1 1
-1 11 1+ 1+ 1111 11 1 1 111 1 1 1 1 1 1
(16 45) 11.64 (40.9 54.6 4.5); .5 -1 11111t 1 111111 1 1 111 1-1 1 1 A1
-1 11 11 11 1 -1 1 1 1 1 -1-~1-1 1 1 1 1 1 1
(18 51)@ 1339 (814 13358), 56 -1 -1 -1-1-1-1-1-1-1-1-1-1-1-1-11 1 1-1-1 1 11
-1t 1 1 1111 1+ 1+ 11 1 1 11111 1-1 1 1
i1 1 1 1
(18 51)@ 13.39 (78.7 173 40)» 56 -1 -1 -1 -1-1-1-1-1-1-1-1-1-1-1-1-1 11 1 1 1 1-1
-1t 1 1 111 1+ 1 1 11 11 11 1 1-1-1-1 1 1
i1 1 1 1
(18 51)@ 13.39 (76021327, 5% -1 -1-1-1-1-1-1-1-1-1-1-1-1-1-1 1 1 1-1-1-1 11
i1 1 1 111 11 1 1 1 -1 -1 1 -1 -1 - 1
i1 1 1 1
(18 51)@ 1339 (734 253183), 56 -1 -1-1-1-1-1-1-1-1-1-1-1-1-1-11 1 1-1-1 1 11
-1t 11 11 1+ 1111 1 1+ 1 1 1-1 11 1-1 1 1
i1 1 1 1
(18 51)@+ 13.39 (70.7 29.3)» 33 11 -1 -1 -1 1111111111 1 1 1-1-1 1 1 1

1 -1
11 1 1 1

1-1 1 1 1 11 -1-1 1 1 1-1 1 A1

NOTE: Designs marked “#7 have the same (f) vector as Liuand Zhang’s (2000) BIBD-based designs. The near-optimal designs marked “@~ have the same Es? values as the cyclic supersaturated
designsdescribed by Eskridge et al. (2001) and efficiency at least 0.978 relative to the bound (3). The designs marked “+ are betterthan the cyclic supersaturated designs of Eskridge et al. (2001)

and Liu and Zhang (2000) underthe rmax criterion.

a larger number of factors (m = 66 and n = 12). The designs
are grouped by the value of k =m/(n — 1). The listed gener-
ators have been selected via a complete search of all possible
cyclic generators and, with the possible exception of the de-
signs in Table 6, the listed designs are the best available within
the k-circulant class.

For larger m, a complete search is not currently feasible be-
cause of time constraints, but a partial search can yield a wide
variety of efficient designs, as illustrated for m = 66 factors in
n = 12 runs in Table 6. When m is not a multiple of (n — 1),
efficient designs often can be found by appending interaction
columns (see Sec. 5) to a basic k-circulant design, or by delet-
ing columns from the design. We note the result of Cheng
(1997) that, when m = k(n — 1) £ 1, any mean-orthogonal col-
umn can be added to, or deleted from, an Es? -optimal design,
and the optimality is preserved. Cheng (1997) also proved that
when m = k(n — 1) £ 2 and n = 0 mod 4, the optimality is pre-
served when any pair of mutually orthogonal mean-orthogonal
columns are added to, or deleted from, an Es? optimal design.
When m = k(n — 1) £ 2 and n =2 mod 4, the pair of columns
added or deleted must contain (1, 1) and (—1, —1) a total of
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(n+ 2)/4 times and (1, —1) and (—1, 1) a total of (n —2)/4
times to preserve Es®> optimality. In all of these cases, added
columns must be distinct from those already in the design.

For the k-circulant designs in Tables 2-6, the maximum
correlation between pairs of columns is listed under rmax.
When n = 0 mod 4, the possible values of the correlation are
0,4/n,8/n,...,1.0 and when n = 2 mod 4, the possible val-
ues are 2/n,6/n,10/n,...,1.0. The percentages of pairs of
columns with correlations i/n, (i+4)/n, (i+8)/n, ... are listed
in the column labeled (f);, where i is O or 2. For example, the
entry (71.4,23.8, 4.8)¢ in the fourth row of Table 2 denotes that
the corresponding design has 71.4% of pairs of columns with
sij =0, 23.8% of pairs of columns with s;; = 4, and 4.8% of
pairs of columns with s;; = 8. Thus rmax = 8/n = 8/12. Simi-
larly, the design in the third row of Table 2 has 94.1% of pairs of
columns with s;; = 2 and 5.9% of pairs of columns with s;; = 6,
yielding rmax = 6/10. In a supersaturated design, it is not pos-
sible to have rmax = 0, so those designs that have rma,x = 4/n
and n =0 mod 4 are rmax optimal in the entire class of super-
saturated designs.

Most of the listed designs are Es®> optimal in the entire
class of supersaturated designs; the few nonoptimal designs
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Table 4. Generators for Es2-Optimal or Near-Optimal 4-Circulant Designs With n Runs and m Factors

(n m) Es? (f); max Generator

(8 28)* 8.57 (55.6 44.4), 5 4+ -1-1-1-1-1-1-1-1-1 1 11 1-1-1 1-1-1 1 1 1 11
11 1 1

(10 36)* 711  (85.7 14.3), 6 -1t-1-1-1-1-1-1-1-1-1-1-1-1 1 1 1 1-1-1-1 1-1 1 1
-1 11 1 1 1 1-1 1 1 1 A1

(12 44) 10.05 (54.7 39558), 67 -1 -1 -1 -1-1-1-1-1-1-1-1-1-1-1 1 1-1 1-1-1 11 11
i1 1 11 111 1-1-1 1 1 1 11 1 1 1 A1

(12 44) 10.05 (561.2 442 46)g 67 -1 -1 -1 -1 -1-1-1-1-1-1-1-1-1-1 1 1-1 1-1-11 1 11
1111 1 1 1-1-1-1 1-1 1 11 1 1 1 1 A1

(12 44) 10.05 (47.7 488 35)g 67 -1 -1 -1 -1 -1-1-1-1-1-1-1-1-1-1 1 1-1 1-1-1 11 1 1
111 1-1 1 11 1-1 1-1 1 1-1 1 1 1 1 A1

(12 44)* 10.05 (442 535 23); 67 —1 -1 -1 -1 =1 -1 =1 =1 =1 =1 =1 =1 =1 =1 1 1 -1 1 -1 1 1 -1 1 —1
i 11 11 1 11 1-1-1-1 1 1 1 1 1 1 1 A1

(12 44@ 10.42  (34.9 65.1) 383 1-1-1-1-1-1-1-1-1-1-1-1-1-11 1 1 11 1-1 1-1-1
i1 111 1 1 1 1-1 1-1 1-1-1 1 1 1 1 A1

(14 52) 1153 (843 11839, .71 -1 -1 -1 -1-1-1-1-1-1-1-1-1-1-1-1-111 1 1-1-1 11
i1 111 1 1 1 1-1 1 1 111111 1-1 1 1-1 1
11 1 1

(14 52) 11.53 (82.4 147 2.9 .71 —1 —1 -1 -1 -1 -1 -1 -1 -1 =1 =1 =1 -1 -1 — 1 - 11 -1 1-1 1
1T -1 -1 1-1 1 1 1 1 -1 -1 —1 —1 1 1 —-1-1 1 1 1 A1
11 1 1

(14 52) 11.53 (80.4 176 2.0)» .71 -1 —1 -1 -1 -1 -1 -1 -1 -1 -1 =1 =1 =1 =1 -1 -1 1 A 1 -1 -1 -1 1
-1 1 1 -1 11 1-1 1 1-1 1-1-1 1 1 1 -1 - 11 1 1
11 1 1

(14 52)% 11.53 (78.4 20.6 1.0), .71 —1 —1 =1 =1 —1 -1 =1 =1 -1 =1 =1 —1 -1 =1 =1 -1 1 A 1 -1 -1 -1 1
i1 111 1 11 1-1 1 1-1 1-1 1 1 1-1- 1 -1 1 1
11 1 1

(14 52)* 1153 (76.5 23.5), 43 1 -1 -1 -1-1-1-1-1-1-1-1-1-1-1-1-1 1 1 1 1-1-1 1 1
i 1111 11 1 1-1 1 1-1 1 111 1 1-1 1-1-1 1
11 1 1

NOTE: Designs marked “#> have the same (f); vector as Liu and Zhang’s (2000) BIBD-based designs. The Es?-optimal design marked “1” is better than the cyclic supersaturated design of

Eskridge et al. (2001) and Liu and Zhang (2000) under the rmax criterion. The design marked “@ has smaller max than the Es?-optimal designs and has efficiency .964 under the Es? criterion

relative to the bound (2).

are marked “©@”

and have efficiency of at least .978 relative to
the bound (3). For example, generators are listed in Table 4
for five different 4-circulant designs with m = 44 factors in
n = 12 runs. The first four of these designs are Es® optimal
with Es> = 10.047 and attain bound (2). The first of the four

designs has the largest value of (f)o, with 54.7% of its 946 pairs

of columns orthogonal. The fifth design (marked with “©”

) is
rmax optimal and nearly Es? optimal. The cost of reducing rmax
from 8/12 to 4/12 is a slight increase in Es?, from 10.047 to
10.419, and a large decrease in (f)o from 54.7% to 34.9%. De-
signs 2, 3 and 4 are less good than design 5 with respect to

rmax but better with respect to (f)o and (f)4. These designs are

Table 5. Generators for Es2-Optimal or Near-Optimal 5-Circulant Designs With n Runs and m Factors

(n m) Es? (f); Imax Generator

@ 35 753 (529 47.1)9 5 1 -1 -1 -1 -1 -1 -1-1-4-1-1-1-14 1 1-1 1 1-1-1 1-1 1-1
11 1.1 11 1 1 1 1 1

(10 45@ 924 (836 16.4)y 6 1 -1 -1 1 -1 -1 1 1 -1 -1 -1-1-1-1-1-1-1 11 1 1 1-1-1
I R I e e B I R R R B IR B

(12 55)  10.67 (53.3 40.0 6.7)g 67 —1 —1 1 —1 —1 —1 —1 =1 1 —1 1 =1 =1 -1 1 1 ~1 -1 1 1 -1 1 1 -1
N R T I R IR T S R R S B B
T 1 1 1 1 1 1

(12 55)  10.67 (51.1 43.0 59)g 67 —1 —1 1 —1 —1 —1 —1 —1 —1 —1 —1 =1 —1 —1 —1 —1 -1 —1 11 11—
T T I S R I T S R RO R R B
T 1 1 1 1 1 1

(12 55)  10.67 (48.9 459 52)g 67 —1 —1 1 1 1 —1 —1 —1 1 1 1 =1 1 1 1 1 ~1 -1 1 1 -1 1 1 -1
N T T T R R S I S S RO R R B
T 1 1 1 1 1 1

(12 55)* 10.67 (46.7 48.9 4.4); 67 —1 —1 —1 —1 —1 —1 —1 —1 —1 —1 —1 1 —1 —1 —1 —1 —1 —1 11—
1114 1 14 14 1-1-14-4-1 111 1 1-1-1- 11
1T-1 1 1 1 1 A1

(12 55)* 10.67 (333 66.7)9 33 —1 -1 -1 1 -1 1 1 -1 1 -1 1-1 1-1-1-1 1-1-1 1-1 1 11
1211 1 -1 -1 1 -1 N T R B O R R B B T R
I

NOTE: Designs marked “#2 have the same (f); vector as Liu and Zhang's (2000) BIBD-based designs. The Es?-optimal design marked “t is better than the cyclic supersaturated design of
Eskridge et al. (2001) and Liu and Zhang (2000) under the rmax criterion. The design marked “@ has the same Es? value as the cyclic supersaturated design described by Eskridge et al. (2001)

and efficiency .993 relative to the bound (3).
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Table 6. Generators for Es?-Optimal 6-Circulant Designs With n Runs and m Factors

(n m) Es? (f); Imax Generator

(10 54)* 9.43 (83.0 17.0), .6 11 -1-1-1-1-1-1-1-1-1-1-1-1-1-1-1 1-1-1 1 1 1-1
i 1111 11 1-1 1 11 11 11 1-1 1 1 1 1-1 A1
11 1 1 1 1

(12 66) 11.08 (53838577 67 -1 -1 -1-1 1-1 1 1 1 -1 1-1 1 1-1 1-1-1 1-1 1-1-1 1
111t 11 1 111 11111 1 11 1-1 1-1-1 1-1
11 11 1 1-1-1-1 1-1 1-1 1-1-1 1-1

(12 66) 11.08 (49.2 446 6.2)g 67 -1 -1 -1-1 1 -1 1 1 1 -1 1-1 1 1-1 1-1-1 -1 1 -1 -1 1
111t 11 1 111 1-1-1-1 1-1 1 1 1= 1 -1 -1 -1 1
1111 111 1 1-1-1-1 111 1 1 1

(12 66)* 11.08 (43.1 528 4.1)yg 67 —-1 -1 -1 -1 1 -1 1 1 1 -1 1-1 1 1-1 1-1-1 1-1 1-1-1 1
111t 11 1 111 1111 11 1 1 11 1 1 1-1-1
11 11 1 1-1-1-1-1 1-1-1 1-1-1-1 1

(12 66) 11.08 (369 61.021)g 67 -1 -1 -1 -1 1 -1 1 1 1 -1 1-1 1 11 1-1-1 1-1 1-1-1 1
111t 11 1 111 1111 11 1 1 1-1-1 1 1 1 1
1T 111 1-1-1-1 1-1-1-1-1 1-1-1-1 1

(12 66)* 11.08 (3086929 33 -1 -1 -1-1 1-1 1 1 1 -1 1-1 1 1-1 1-1-1 1-1 1-1-1 {1
111t 11 1 111 1111 11 1 1 1-1-1 1 1 1-1
1111 1 1-1 1 1-1-1-1-1 1-1-1-1 1

NOTE: Designs marked “#7 have the same (f); vector as Liu and Zhang’s (2000) BIBD-based designs. The Es?-optimal design marked “T" is better than the cyclic supersaturated design of Liu
and Zhang (2000) under the rmax criterion. There are many different 6-circulant Es®-optimal designs with m = 66 ; the designs given in this table are only a sample.

less good than design 1 with respect to (f)o and (f)4, but they
have fewer pairs of columns with maximum correlation .67. If
the factors most likely to be important can be identified in ad-
vance, then design 1 may be preferred, because the orthogonal
pairs of columns can be allocated to the more important pairs of
factors. Otherwise, one might wish to minimize the maximum
correlation between pairs of columns, and thus design 5, which
has (f)s = 0%, might be a better choice. On the other hand,
design 3 has many more orthogonal pairs of columns than de-
sign 5 and fewer pairs of columns with s;; = 8 (correlation.667)
than design 1, and so may provide an attractive compromise.

The Es?-optimal 2-circulant designs in Table 2 marked with
“*” have the same (f); values as the designs of Nguyen (1996),
and the designs in Tables 3—6 marked with “*”” have the same
(f); values as the designs of Liu and Zhang (2000). The design
marked “%” in Table 2 is better than Nguyen’s design under
the rmax criterion. The designs marked “*” in Tables 2-6 have
smaller rpyax than the designs of Liu and Zhang (2000) and Es-
kridgeet al. (2001).

As an alternative to combinatorial construction, a search al-
gorithm, such as that of Li and Wu (1997), may be used. Search
algorithms have the advantage of flexibility of choice of para-
meter values and so they can handle, for example, m # k(n —1),
but they may be susceptible to local maxima. We have com-
pared the performance of our designs with designs obtained
from runs of the algorithms of Li and Wu (1997) for the fol-
lowing parameter values: n =8, m =18,25,34;n =12, m =
33,44,55,66; n =20, m = 38; and n = 22, m = 42. One of
their algorithms selects the designs with the best value of (Es?,
rmax), Whereas the second algorithm selects designs with the
best values of (Esz, (f)o). We have not done an extensive eval-
uation of the Li and Wu algorithms, but we selected the best
designs that we found from a few runs of both algorithms with
random starting designs. For n = §, the algorithm gave designs
with identical values of Es2, (f)o, and rmax. But for n = 12,20
and 22, the resulting Es? values were a little higher than ours,
and the rmax value tended to be considerably higher, in some
cases reaching rmax = 1. We anticipate that the algorithm might
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perform better by combining all three criteria, Esz, Fmax, and
(f)o, as suggested by Li and Wu (1997) and by running it with
a larger number of starting designs. The algorithm would be
useful for parameter values not considered in this article.

4. PROJECTION EFFICIENCIES OF
2-CIRCULANT DESIGNS

The purpose of a supersaturated design is to screen out in-
active factors from consideration in further experimentation.
A good design not only should be able to do this with few er-
rors, but also should be able to estimate with accuracy the main
effects of the p factors that turn out to be active. Because neither
this set of p factors, nor the value of p, is known in advance, the
design should be efficient when projected onto every set of p
factors for the most likely values of p. Projection properties of
Plackett and Burman designs have been discussed by a num-
ber of different authors, including Lin and Draper (1992), Wang
and Wu (1995), Box and Tyssedal (1996) and Cheng (1998). Ef-
ficiencies of nonorthogonalsaturated main-effects designs pro-
jected into p factors were discussed by Lin (1993b), Dean and
Draper (1999), and Crosier (2000). In similar vein, we now ex-
amine and compare the projection D efficiencies of k-circulant
designs.

For a main-effects model and any given projection of design
d into p < n — 1 of its factors, we calculate the D efficiency of
the projected design as

Ep.ap=n""[det(X)X,)]7T.
Here X, is the model matrix containing columns for the mean
and the main-effects contrasts of the p selected factors. We note
in passing that Ep 4, < 1.0, because the maximum value of
det(Xl’,Xp) is n”*1, and this maximum is achieved by a projec-
tion design with orthogonal columns.

In an Es’-optimal design, the average “nonorthogonality”
among the columns of the design is minimized. However,
Es? optimal designs of the same size are not necessarily equiv-
alent in terms of the D efficiencies of their projected designs.
Therefore, the distribution of values of Ep 4, for each design d
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needs to be examined in order to compare the performances
of different designs in terms of their ability to estimate models
containing any subset of p factors. We define Eg,d,p to be the
100gth percentile of the distribution of Ep 4, for prOJecnons
of design d into p factors. When g = 0, we define ED dp O be
the minimum value of Ep 4 p. Ideally, Ep 4 p should be as close
to 1.0 as possible for all projected designs. Thus design d; is
better than design d> for detecting all sets of p active factors if
Eg dip = EDq,dz’p for all g, and with strict inequality for at least
one value of g.

In general, there are m!/p!(m — p)! possible projections into
p dimensions for a supersaturated design with m factors. How-
ever, as we show later, the number of possible projection de-
signs that need to be examined for a k-circulant design can be
reduced dramatically because of the cyclic nature of the design.
First, label the columns of the design matrix of design d as
T ={c1,c2,...,cm}. Suppose that d;, is a particular projection
of d into the p factors u, i, ..., i (u < iz <---<ip), so that the
correspondingdesign matrix of d[‘; isT, ={cu,ciyy .-, cip}, and
where 1 <u <k, ak < iy, < (a+ 1)k, for some 0 <a <2t—2.
Thus, the first column of T}, is one of the first k columns of T
and the last column of T, lies in the previously specified range
of columns of T. Designs obtained by cycling the column num-
bers by a multiple of k all have the same projection D effi-
ciency;thatis, projected designs dl‘fr’k (r=0,1,...,2t—a—-2)
with columns {Cyyrk, Ciy4rks - - - » c,~p+rk} all have the same value
of Ep 4. Consequently, we need only calculate Ep 4, for the
designs d[‘;, u=1,...,k and i, = ak, ..., (@ + 1)k for each
value of a =0, ...,2r — 2, and each of these designs rep-
resents a total of (2t — a — 1) projection designs. For each
value of a and u, the number of such designs is equal to the
number of ways of selecting iz, ...i, from column numbers
u+1,...,(a+ 1)k, and this number is

(a+1Dk—u ak—u
( p—1 )_<P—1)' @

Thus the total number of projection designs that need to be eval-
uated is

i%((uﬂ-l)k—u) (ak—u):i<m—u) )
p—1 p—1)
u=1a u=1
For example, instead of examining the D-efficiency values for
all 861 two-dimensional projections of a 2-circulant design d
with m = 42 factors and n = 22 runs, we need only examine
41 + 40 = 81 projection designs, d),, where the first column of
each is either column u = 1 or column u = 2 of d and each
represents (21 — a) projection designs, where a is determined
by the position of the last column of d[‘; as described earlier.
Table 7 listes the minimum and maximum values of Ep 4 as
well as the 25th, 50th, and 75th percentiles of the Ep g4, distri-
bution for the Es?-optimal 2-circulant designs listed in Table 2
with m = 30, 34, 38, and 42. As an example, consider the two
2-circulant designs, di and d», listed for m = 30 factors, both
of which are Es® optimal. Design d> has the same frequency
vector (f); as the BIBD-based design of Nguyen (1996) and
is better than dj under the rmax criterion. However, design d
has (f)o = 55.2% of the 435 pairs of contrast columns orthog-
onal, whereas d> has only 44.8% of these. If two of the 30 fac-
tors turn out to be active, then the efficiency of the correspond-
ing p = 2-dimensional projection design will need to be high.

The minimum projection efficiency E%, 4.2 1s higher for d, than
for di (.979 compared with .909), reflecting the lower maxi-
mum correlation, rmax. However, more than 50% of projections
of d; into two factors are fully efficient, whereas the best 50%
of projections of d, have efficiencies in the range .979-1.00,
reflecting the smaller (f)o.

As a second example, four generators are listed for m = 38 in
Table 2, resulting in designs ds—dg in Table 7 that have slightly
different properties. Design ds has the same frequency vec-
tor (f); as the BIBD-based design of Nguyen (1996). If three
factors turn out to be active, then one of the projections into

= 3 dimensions will need to be efficient. Design dg has the
hlghest minimum efficiency (EY, D.d3= =.964), reflecting the low-
est rmax. The other three designs all have rmax = .4 but differ-
ent minimum Eg’d’3 values (i.e., .871 for ds5, .908 for dg, and
.924 for d7). Design ds has the largest percentage of orthogonal
columns [(f)o = 56.8%], and more than 50% of its projections
into p = 3 factors have efficiency .990-1.00, as compared with
.979-1.00 for the other three designs.

To save space, we have not listed the projection properties
for all our designs, but in general the foregoing patterns can be
expected. Designs with the lowest rpax will yield the highest
minimum projection efficiency Eg’d,p. Designs with larger (f)o
will have a larger proportion of projection designs with effi-
ciency 1.0. For a large number of factors, there is an extremely
small possibility that a projection design is disconnected. For
example, the four 5-circulant designs with n = 12, m = 55 and
rmax = .67 in Table 5 have a small probability (< .0015) of
yielding a disconnected projectiondesign in four or five dimen-
sions.

5. INTERACTION COLUMNS

Most methods described in the literature for constructing effi-
cient supersaturated designs are restricted to limited sets of val-
ues of m and n. Therefore few authors have considered adding
extra columns to, or deleting columns from, a basic supersatu-
rated design. For example, Cheng (1997) obtained Es*-optimal
designs for n = 8 runs and m =38, ..., 35 factors by adding or
deleting columns from k cyclic BIBD-based supersaturated de-
signs (k=1,...,5). Wu (1993) suggested an alternative ap-
proach of appending interaction columns to saturated designs
obtained from Hadamard matrices.

In general, an interaction column can be used either to repre-
sent an additional factor or to measure the interaction between
two factors. In the latter setting, the definition of projection effi-
ciency would need to be modified so that each projectiondesign
contains only interaction columns that represent the interaction
between those factors present in the projection. Nevertheless,
Es? can still be used to give a measure of orthogonality be-
tween the columns of the entire design. In this section, we in-
vestigate the addition of interactioncolumns to basic k-circulant
designs. We approach this from two perspectives: first, from
the standpoint of measuring interactions between the original
m = k(n— 1) factors, and second, from the standpointof enlarg-
ing the range of possible factors so that m = k(n — 1) 4 r factors
can be accommodated in 7 runs for some r =1,2,...,n — 2.
In either case, the first task is to ascertain which interaction
columns can be added to the design.
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Table 7. Comparison of Projection Properties of Es2-Optimal 2-Circulant Designs of Table 2

Design n m (f); max p Ep® Ep'/* Epl'? ER34  Ep!
ds 16 30 (55241434 5 2 909 979 1.000 1.000 1.000
New 3 866  .967 984 984 1.000
4 822 937 959 974 1.000
5 772 913 942 956 1.000
d> 16 30 (44.8 55.2), 25 2 979 979 979 1.000 1.000
Nguyen 3 940 967 967  .984 1.000
4 866 944 960  .960 1.000
5 836  .926 935  .949 1.000
ds 18 34 (8799130, .56 2 .884 996 996  .996  .996
New 3 852 966  .990  .991  .991
4 795 949 966 985  .987
5 755 919 956  .965  .983
dy 18 34 (81.8 18.2), 33 2 961 996  .996 996  .996
Nguyen 3 928 962 990 991  .991
4 883 946 963 982 987
5 837 929 945 960 .983
ds 20 38 (56.8 351 81) .4 2 944 986 1.000 1.000 1.000
Nguyen 3 871 973 990  .990 1.000
4 842 948 971 983 1.000
5 805 .934 950 971 1.000
ds 20 38 (486 46.0 54), .4 2 944 986  .986 1.000 1.000
New 3 908 979 979 990 1.000
4 829 954 970 983 1.000
5 807 .936 955 968  .993
ds 20 38 (4556827, .4 2 944 986  .986 1.000 1.000
New 3 924 973 979 990 1.000
4 883 958 970 975 1.000
5 855 938 953 963  .993
dg 20 38 (32.4 67.6), 2 2 986 .98  .986 1.000 1.000
New 3 964 973 979 979 1.000
4 929 958 966 975 1.000
5 864 944 950 958  .993
dy 22 42 (87.89.8024), .64 2 841 997 997 997  .997
New 3 833 978 994 994 994
4 764 973 977 990  .991
5 752 948 972 978 988
dio 22 42 (85398 4.9), .46 2 926  .997 997 997  .997
New 3 858 975 994 994 994
4 780 949 976 990  .991
5 732 938  .961 975  .988
di1 22 42 (85171 24), .46 2 926 997 997 997  .997
New 3 911 975 993 993  .993
4 864 958 976 989  .991
5 828  .941 960 974 988
dio 22 42 (75.6 24.4), 27 2 975 997 997 997  .997
Nguyen 3 926 975 978 994 994
4 872 959 975 978  .991
5 833 947 957 966  .988

We denote the ith column of the design matrix T by
¢i = (t1j, i, ..., tw), and the interaction column is formed
from the elementwise product of columns ¢; and ¢; as ¢;j =
(t1i x tij,toi x 1, ..., Iyj % t,,j)’. We use the term augmented
k-circulant design to denote a basic design with one or more
interaction columns appended. To ensure that the augmented
design is mean-orthogonal, we require that Z:L:l twi x byj = 0.
This means that we may append only interaction columns
formed from products of orthogonal (uncorrelated) main-
effects columns. For a k-circulant design with m = (2t — 1)k
factors, no orthogonal columns exist when ¢ is odd. Con-
sequently, mean-orthogonal interaction columns can be ap-
pended only to k-circulant designs that have run sizes n = 0
mod 4. A second consideration is that interaction column c¢;.

TECHNOMETRICS, FEBRUARY 2004, VOL. 46, NO. 1

(1 <i <j<m) can be appended only to a basic or augmented
k-circulant design if it is distinct from the columns already
present. So we must have ¢;.; # ¢, for columns ¢y, already in the
design, or, equivalently, the elementwise product of columns
¢;.j and ¢, shouldnot be a column of 1’s. For ascertaining which
interaction columns satisfy both conditions, we need only in-
vestigate Zf;l (m —1) = k(2m — k — 1)/2 interactions among
the m(m — 1) /2 possibilities. This is a consequenceof the cyclic
structure of the design matrix, which is summarized in Theo-
rem 3. A third consideration is that the interaction columns to
be added must also be distinct from each other.

Theorem 3. If column ¢;; (i=1,...,k;j=1,...,m) satis-
fies the conditions for being mean-orthogonal and distinct from
the columns in a basic or augmented k-circulant design d, then
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the columns in the cyclically generated set {€(jyz).(j+zk); 2=
1,...,2t— 2} also satisfy these conditions. If column ¢;; is not
mean-orthogonal, then neither are any of the columns in the
cyclically generated set. Similarly, if column ¢; ; repeats one of
the columns in d, then each column in the cyclically generated
set repeats a column in d.

5.1 Measuring Interactions

In the case of a saturated design with n = 0 mod 4 con-
structed from a Hadamard matrix, all interactions can be mea-
sured by appending all interaction columns ¢;.; (cf. Wu 1993).
However, not all interactions can be measured for the factors in
a k-circulant design, as discussed earlier. Because a supersatu-
rated design is used only in the presence of factor sparsity, this
is not a problem provided that one can assess the most likely in-
teractions in advance and assign the factor labels to the design
accordingly.

Example 2. Suppose that we want to ascertain which inter-
action columns ¢;.; can be appended to the basic 2-circulant de-
sign in Table 2 with m = 14 factors and n = 8 runs. Theorem 3
implies that we need only check the k2m — k — 1)/2 = 25
interactions ¢1.2, ¢1.;, and ¢2;, j = 3,4,...,14, among the
91 possibilities. From these 25, we need to screen out the in-
teraction columns that are not mean-orthognal and those that
duplicate columns already present. Column 1 is not orthogo-
nal to columns 2, 4, 6, and 12, and column 2 is not orthog-
onal to columns 1, 5, 11, and 13. Consequently, the seven
columns c¢j.2, €1.4, €1.6, €1.12, €2.5, €2.11, and ¢2.13, and their
cyclically generated sets of columns, would not be orthogo-
nal to the mean and cannot be added to the design matrix.
Further, each of the columnwise products, (¢; x €3 x €11),
(e1x €5x €7), (€1 x €9 x €13), (€2 x €4 x €8), (€2 x €6 x C14),
and (e2x €10x €12), producesa columnof all 1’s. Consequently,
interaction columns ¢;.3, €1.11, €1.5, €1.7, €1.9, €1.13, €2.4, €2.8,

€2.6, €2.14, €2.10, and €2.12, and their cyclically generated sets of
columns, cannot be appended to the 2-circulantdesign, because
they are already present in the basic k-circulant design.

As aresult, we conclude that among the 25 interactions ¢j.2,
cij,and e2; (j=3,4,...,14),only cy.3, €1.10, €1.14, €23, €2.7,
and ¢2.9, and their cyclically generated sets of columns, can be
added to the basic 2-circulant design, provided that the corre-
sponding cyclically generated sets of columns are distinct. The
six cyclic sets are

{c2.9; €4.11; €613}
{c2.7; e4.9; €6.11; €8.13}
{c2.3; €4.5; €6.7; €8.9; €10-115 €12-13}.

{c1.8; €3.10; €5.12; €7.14}
{c1.10; €3.12; €5.14}
{c1.14}

All of these columns are distinct, and so any of the cor-
responding interactions can be measured. Following Cheng
(1997), the addition of any one of these interaction columns
to the basic Es? optimal k-circulant design still results in an
Es?-optimal design, as does the addition of any orthogonal pair,
such as ¢12.13 and ¢;.11. Examples of Es? -optimal designs for
the addition of up to six interaction columns are shown in the
top part of Table 8.

The middle part of Table 8 shows Es?-optimal designs for
the addition of up to six interaction columns to the Es* opti-
mal 3-circulant design of Table 3 with 21 factors and 8 runs.
Similarly, the bottom part of Table 8 shows Es?-optimal de-
signs for the addition of up to seven interaction columns to the
4-circulant design of Table 4 with 28 factors and 8 runs.

5.2 Enlarging the Number of Factors

Cheng (1997) showed how to obtain Es?-optimal designs by
addition and deletion of one, two, or three columns with par-
ticular properties from k cyclic BIBD-based supersaturated de-
signs (which form a subset of the k-circulant class). Cheng gave
a complete solution for Es®-optimal designs for m =8, ..., 35
factors in n = 8 runs. The designs listed in Table 8 form an al-

Table 8. Es?-Optimal Designs for n= 8 Constructed by Adding Interaction Columns From The k-Circulant Supersaturated Design in Tables 2—4

m Interaction columns (f)o I'max Es?

14 (69.2 3.8) 5 4.923
15 C12.13 (65.7 34.3), 5 5.486
16 C12.13,C10.11 (63.3 36.7)g 5 5.867
17 C12.13:-€10.11-C8.13 (61.8 38.2)g 5 6.118
18 C12.13,€10.11,€8.13, C2.7 (6.8 39.2) 5 6.275
19 C6.135C5.14,C8.13,C2.3,C4.5 (6.2 39.8)g 5 6.363
20 C€2.9,C5.13:C5.145C6.11:C1.14,C2.3 (60 40)q 5 6.400
21 (60 40)g 5 6.400
22 Co.16 (58.4 41.6) 5 6.649
23 Co.165C3.16 (567.3 42.7)g 5 6.830
24 C9.16>C3.16>C13.21 (56.5 43.5)g 5 6.957
25 C9.16+ €316, €13.215 €10.18 (56 44)9 5 7.040
26 C9.165C3.16,C13.21:€10.18:C7.15 (565.7 44.3)g 5 7.089
27 C9.165C3.167C13.21:€10.18:C7.15,C4.12 (55.6 44.4)q 5 7111
28 (55.6 44.4)g 5 7.111
29 C7.05 (54.7 45.3), 5 7.251
30 C7.05,C3.21 (54 46)q 5 7.356
31 C7.25,C3.21,C17.27 (53.5 46.5)¢ 5 7.432
32 C7.05,C3.21,C17.27,C13.23 (53.2 46.8)¢ 5 7.484
33 C7.25,C3.21,C17.27,C13.23,Cg.19 (53 47)g 5 7.515
34 C7.25,C3.21,C17.27,€13.23,C9.19, C5.15 (52.9 47.1)g 5 7.529
35 C7.05,C€3.21,C17.27,€13.23,C9.19, C5.15, C{.11 (52.9 47.1)g 5 7.529

NOTE: The choices of interaction columns are not unique; the interaction columns in the table are only one example. Our Es® optimality comes from the comparision with the improved bound

formula given by Butler et al. (2001).
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ternative solution obtained by addition of columns only.

Designs form =k(n—1)+r factors (r =1, ...,n—2) canbe
constructed in a similar way for other values of n, by appending
linearly independentinteraction columns to a basic k-circulant
design. If the basic k-circulant design is Es® optimal and two
orthogonal interaction columns are appended, then Cheng’s
(1997) result guarantees that the design for m = k(n — 1) 4 2
factors is also Es? optimal. In future work we will investigate
the deletion of columns from k-circulant designs.

6. CONCLUSION

In this article, we have defined a class of k-circulant super-
saturated designs that are constructed by cycling a generator
k elements at a time. We have presented generators that lead
to designs that are either Es? optimal and near rmax optimal or
Fmax optimal and near Es? optimal. We have shown that Es? op-
timal 2-circulant designs differ in terms of their projection ef-
ficiencies and have listed a selection of designs with different
properties. We have also shown that certain interaction columns
can be added to k-circulant designs that have orthogonal pairs
of columns and we have shown by example that the extended
design is efficient under the Es? criterion. Further results on in-
teraction columns will be discussed in a future article.

ACKNOWLEDGMENTS

The first author was supported by an Ohio State Statistics De-
partment Research Fellowship. The authors thank the referees
for helpful comments.

APPENDIX: PROOF OF THEOREM 1
Necessity

(a) The first row of the design matrix T of design d con-
tains the same elements as the generator. Each of the succeeding
n — 2 rows of T is obtained from the previous row by cycling
k elements to the right. The nth row consists of +1’s. Since the
first row of T is identical to the generator, the first k elements
in the generatorbecome elements k+ 1, k42, ..., 2k of row 2,
elements 2k + 1,2k 42, ..., 3k of row 3, and so on, and finally
becomeelements (n—2)k+1, ..., (n—1)kinthe (n — 1)st row.
Thus m = (n — 1)k. The design is mean-orthogonalif and only
if each factor is observed the same number ¢ of times at each of
its two levels; that is, if and only if n = 2¢ and m = (2t — 1)k.

(b) The first column of the design matrix T, which cor-
responds to the first factor, has last element 1 (due the last
row of all 1’s). The other n — 1 elements are elements g1,
8k+1,--->82—2)k+1 of the generator. For the first column to
have an equal number of +1 and —1, there must be one more
—1 than +1 among these elements of the generator. Simi-
larly, the first (n — 1) elements of columnj (2 <j <k) of T
consist of elements g;, gk+j, ---,&@2—2)k+; of the generator.
Thus these also must include one more —1 than +1. Columns
k+j,2k+j,..., (2t — 2)k 4 j consist of cyclic permutations
of the elements in column j and do not place additional re-
quirements on the generator. Therefore, the design is mean-
orthogonal if and only if there are k more elements —1 than
+1 among the m = (2t — 1)k elements in the generator.
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(c) In a mean-orthogonal design, the sum of the elements
in each column of T is 0. The result follows from the proof
of (b), because the sum of elements in column j (1 <j <k) is
Zitz_oz guk+j + 1 and each remaining column of T contains a
permutation of elements of one of the first k columns.

Sufficiency

From (a), and the construction of a k-circulant design, the

Jjth column of T must be (g}, gj+« - - - » &+2—2)k> 1) (with any
Jj + rk > m replaced by j + rk — m). From (c), Zi:oz 8uk+j
+ 1 =0, so the jth column contains an equal number of

+1 and —1, so that the design is mean-orthogonal.

[Received November 2001. Revised January 2003.]

REFERENCES

Abraham, B., Chipman, H., and Vijayan, K. (1999), “Some Risks in the
Construction and Analysis of Supersaturated Designs,” Technometrics, 41,
135-141.

Beattie, S. D., Fong,D. K. H., and Lin, D. K. J. (2002), “A Two-Stage Bayesian
Model Selection Strategy for Supersaturated Designs,” Technometrics, 44,
55-63.

Booth, K. H. V., and Cox, D. R. (1962), “Some Systematic Supersaturated De-
signs,” Technometrics, 4, 489-495.

Box, G. E. P.,, and Meyer, D. (1986), “An Analysis for Unreplicated Fractional
Factorials,” Technometrics, 28, 11-18.

Box, G. E. P, and Tyssedal, J. (1996), “Projective Properties of Certain Orthog-
onal Arrays,” Biometrika, 83, 950-955.

Bulutoglu, D. A., and Cheng, C. S. (2002), “Construction of E(sz)—Optimal
Supersaturated Designs,” The Annals of Statistics, in press.

Butler, N. A., Mead, R., Eskridge, K. M., and Gilmour, S. G. (2001), “A General
Method of Constructing E (s2)-0ptimal Supersaturated Designs,” Journal of
the Royal Statistical Society, Ser. B, 63, 621-632.

Chen, J., and Lin, D. K. J. (1998), “On the Identifiability of a Supersaturated
Design,” Journal of Statistical Planning and Inference, 72,99-107.

Cheng, C.-S. (1997), “E(sz)—Optimality of Supersaturated Designs,” Statistica
Sinica, 7, 929-939.

(1998), “Some Hidden Projection Properties of Orthogonal Arrays,”
Biometrika, 85, 491-495.

Chipman, H., Hamada, M., and Wu, C. F. J. (1997), “A Bayesian Variable-
Selection Approach for Analyzing Designed Experiments With Complex
Aliasing,” Technometrics, 39, 372-381.

Crosier, R. B. (2000), “Some New Two-Level Saturated Designs,” Journal of
Quality Technology, 32, 103-111.

Dean, A. M., and Draper, N. R. (1999), “Saturated Main-Effect Designs for
Factorial Experiments,” Statistics and Computing, 9, 179-185.

Eskridge, K. M., Gilmour, S. G., Mead, R., Butler, N., and Travnicek, D. A.
(2001), “Cyclic Supersaturated Designs,” Journal of Statistical Computation
and Simulation, in press.

Ghosh, S. (1996), “Sequential Assembly of Fractions in Factorial Experi-
ments,” in Handbook of Statistics, Vol. 13, eds. S. Ghosh, and C. R. Rao,
Amsterdam: Elsevier Science, pp. 407-435.

Kleijnen, J. P. C. (1987), “Review of Random and Group-Screening Designs,”
Communications in Statistics, Part A—Theory and Methods, 16, 2885-2900.

Lewis, S. M., and Dean, A. M. (2001), “Detection of Interactions in Experi-
ments on Large Numbers of Factors,” Journal of the Royal Statistical Society,
Ser. B, 63, 633-672.

Li, W., and Nachtsheim, J. (2000), “Model-Robust Factorial Designs,” Techno-
metrics, 42, 345-352.

Li, W., and Wu, C. F. J. (1997), “Columnwise-Pairwise Algorithms With Appli-
cations to the Construction of Supersaturated Designs,” Technometrics, 39,
171-179.

Lin, D. K.J. (1993a), “A New Class of Supersaturated Designs,” Technometrics,
35,28-31.

(1993b), “Another Look at First-Order Saturated Designs: The

p-Efficient Designs,” Technometrics, 35, 284-292.

(1995), “Generating Systematic Supersaturated Designs,” Technomet-

rics, 37,213-225.



http://www.ingentaconnect.com/content/external-references?article=/0040-1706^28^2941L.135[aid=1543936]
http://www.ingentaconnect.com/content/external-references?article=/0040-1706^28^2944L.55[aid=3452761]
http://www.ingentaconnect.com/content/external-references?article=/0040-1706^28^294L.489[aid=577327]
http://www.ingentaconnect.com/content/external-references?article=/0040-1706^28^2928L.11[aid=593979]
http://www.ingentaconnect.com/content/external-references?article=/0006-3444^28^2983L.950[aid=1598525]
http://www.ingentaconnect.com/content/external-references?article=/0378-3758^28^2972L.99[aid=5524104]
http://www.ingentaconnect.com/content/external-references?article=/0006-3444^28^2985L.491[aid=5524106]
http://www.ingentaconnect.com/content/external-references?article=/0040-1706^28^2939L.372[aid=366172]
http://www.ingentaconnect.com/content/external-references?article=/0960-3174^28^299L.179[aid=5524108]
http://www.ingentaconnect.com/content/external-references?article=/0040-1706^28^2942L.345[aid=5524110]
http://www.ingentaconnect.com/content/external-references?article=/0040-1706^28^2939L.171[aid=215900]
http://www.ingentaconnect.com/content/external-references?article=/0040-1706^28^2935L.28[aid=1789987]
http://www.ingentaconnect.com/content/external-references?article=/0040-1706^28^2935L.284[aid=3111024]
http://www.ingentaconnect.com/content/external-references?article=/0040-1706^28^2937L.213[aid=1789988]
http://www.ingentaconnect.com/content/external-references?article=/0040-1706^28^2941L.135[aid=1543936]
http://www.ingentaconnect.com/content/external-references?article=/0040-1706^28^2944L.55[aid=3452761]
http://www.ingentaconnect.com/content/external-references?article=/0040-1706^28^2942L.345[aid=5524110]
http://www.ingentaconnect.com/content/external-references?article=/0040-1706^28^2939L.171[aid=215900]
http://www.ingentaconnect.com/content/external-references?article=/0040-1706^28^2935L.28[aid=1789987]
http://www.ingentaconnect.com/content/external-references?article=/0040-1706^28^2937L.213[aid=1789988]

k-CIRCULANT SUPERSATURATED DESIGNS 43

Lin, D. K. J., and Draper, N. R. (1992), “Projection Properties of Plackett and
Burman Designs,” Technometrics, 34, 423-428.

Liu, M., and Zhang, R. (2000), “Construction of E (s2) Optimal Supersaturated
Designs Using Cyclic BIBDs,” Journal of Statistical Planning and Inference,
91, 139-150.

Morris, M. D. (1987), “Two-Stage Factor Screening Procedures Using Multiple
Grouping Assignments,” Communications in Statistics, Part A—Theory and
Methods, 16,3051-3067.

Nguyen, N.-K. (1996), “An Algorithmic Approach to Constructing Supersatu-
rated Designs,” Technometrics, 38, 69-73.

Plackett, R. L., and Burman, J. P. (1946), “The Design of Optimum Multifacto-
rial Experiments,” Biometrika, 33, 305-325.

Srivastava, J. N. (1975), “Designs for Searching for Non-Negligible Effects,”
in A Survey of Statistical Design and Linear Models, ed. J. N. Srivastava,
Amsterdam: North-Holland, pp. 507-519.

Tang, B., and Wu, C. F. J. (1997), “A Method for Constructing Supersatu-
rated Designs and Its Es? Optimality,” Canadian Journal of Statistics, 25,
191-201.

Wang, J. C., and Wu, C. F. J. (1992), “Nearly Orthogonal Arrays With Mixed
Levels and Small Runs,” Technometrics, 34, 409-422.

(1995), “A Hidden Projection Property of Plackett-Burman and Re-
lated Designs,” Statistica Sinica, 5, 235-250.

Watson, G. S. (1961), “A Study of the Group Screening Method,” Technomet-
rics, 3,371-388.

Westfall, P. H., Young, S. S., and Lin, D. K. J. (1998), “Forward Selection
Error Control in the Analysis of Supersaturated Designs,” Statistica Sinica,
8,101-117.

Wu, C. F.J. (1993), “Construction of Supersaturated Designs Through Partially
Aliased Interactions,” Biometrika, 80, 661-669.

Wu, C. F. J,, and Hamada, M. (2000), Experiments: Planning, Analysis, and
Parameter Design Optimization, New York: Wiley.

TECHNOMETRICS, FEBRUARY 2004, VOL. 46, NO. 1


http://www.ingentaconnect.com/content/external-references?article=/0040-1706^28^2934L.423[aid=2308705]
http://www.ingentaconnect.com/content/external-references?article=/0378-3758^28^2991L.139[aid=5524111]
http://www.ingentaconnect.com/content/external-references?article=/0040-1706^28^2938L.69[aid=3111027]
http://www.ingentaconnect.com/content/external-references?article=/0006-3444^28^2933L.305[aid=1980081]
http://www.ingentaconnect.com/content/external-references?article=/0040-1706^28^2934L.409[aid=1790076]
http://www.ingentaconnect.com/content/external-references?article=/1017-0405^28^295L.235[aid=2308709]
http://www.ingentaconnect.com/content/external-references?article=/0040-1706^28^293L.371[aid=577334]
http://www.ingentaconnect.com/content/external-references?article=/1017-0405^28^298L.101[aid=1925620]
http://www.ingentaconnect.com/content/external-references?article=/0006-3444^28^2980L.661[aid=3452769]
http://www.ingentaconnect.com/content/external-references?article=/0378-3758^28^2991L.139[aid=5524111]
http://www.ingentaconnect.com/content/external-references?article=/0040-1706^28^293L.371[aid=577334]
http://www.ingentaconnect.com/content/external-references?article=/1017-0405^28^298L.101[aid=1925620]

