Multicategory -Learning and Support Vector
Machine: Computational Tools

Yufeng Liu, Xiaotong SHEN, and Hani Doss

Many margin-based binary classification techniques such as support vector machine
(SVM) and v-learning deliver high performance. An earlier article proposed a new multicat-
egory 1-learning methodology that shows great promise in generalization ability. However,
1-learning is computationally difficult because it requires handling a nonconvex mini-
mization problem. In this article, we propose two computational tools for multicategory
1-learning. The first one is based on d.c. algorithms and solved by sequential quadratic
programming, while the second one uses the outer approximation method, which yields
the global minimizer via sequential concave minimization. Numerical examples show the
proposed algorithms perform well.
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1. INTRODUCTION

There has been considerable interest in margin-based classification techniques recently.
Examples include support vector machine (SVM, Boser, Guyon, and Vapnik 1992; Mason,
Bartlett, and Baxter 2000), distance weighted discrimination (Marron and Todd 2002), and
1-learning (Shen, Tseng, Zhang, and Wong 2003; Liu and Shen 2004), among others.

SVM, a powerful classification tool, has gained its popularity and attracted tremen-
dous interest due to its theoretical merits and successes in real applications, ranging from
cancer genomics classification from gene expression data to text classification and hand-
written character recognition; see Vapnik (1998). Shen et al. (2003) proposed a new learning
methodology, called v)-learning, and showed that it has significant advantages over SVM
in terms of generalization. Recently, Liu and Shen (2004) generalized v-learning and SVM
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from the binary case to the multicategory case, and showed the generalization retains the
interpretation of margins as well as desirable properties of the binary case.

The practical use of )-learning is difficult without good computational heuristics,
because the optimization involved in v-learning is nonconvex. To make the multicategory
methodology more useful, we use state-of-the-art technology in global optimization to
develop computational tools for v-learning. Particularly, we propose two computational
tools. The first one uses the difference convex algorithms (DCA) of An and Tao (1997),
which solves nonconvex minimization via sequential quadratic programming. As a trivial
consequence, we solve the convex minimization problem of multicategory SVM of Liu
and Shen (2004) via quadratic programming. The second one uses the outer approximation
method for d.c. optimization proposed by Blanquero and Carrizosa (2000), yielding an
e-global minimizer of i-learning through sequential concave minimization obtained by
vertex enumeration. Our numerical experience indicates that the proposed computational
algorithms perform well.

This article is organized as follows. Section 2 reviews multicategory 1-learning and
SVM. Sections 3 and 4 are devoted to their computational developments. Numerical results
are presented in Section 5, followed by a discussion. The appendix collects proofs of the
theoretical results.

2. MULTICATEGORY ¢-LEARNING AND
SUPPORT VECTOR MACHINE

For k-class classification, a training sample {(x;,y;); ¢ = 1,...,n} is distributed
according to an unknown probability distribution P(x,y). Here x; € R% i =1,...,n, are
input vectors, and we code the class label y; € {1,. .., k}. For any given new input vector
x € S, a decision function vector f = (fi,..., fr), one function representing each class,
mapping from S C R? to R, is employed to estimate the value of its label via a decision
rule: argmax;_; ; fj(x). In short, x € S is assigned to a class with the highest value of
fi(x);7 =1,..., k. Inour context, each f; may not be a probability, although this decision
rule mimics the maximum probability decision rule.

We now define notations to be used before introducing multicategory 1)-learning and
SVM. In the sequel, vectors are column vectors. Denote the ith element of vector e to be
e(i), and 0,, and 1,, to be an m-dimensional vector of 0 and 1, respectively. Denote the
ijth element of an m; x my matrix M to be M (i, 7), its transpose by M7, and its ith row
by M. Let vec(M) be an m;m,-dimensional vector with its m; (i, — 1) + 4;th element
to be M (iy,iz), which converts the matrix M to a vector. Denote I, and O,,, x.m, to be
the m x m identity matrix and an m; X m; matrix of 0, respectively. Let (-, -) be an inner
product in the corresponding Euclidean space, @ be the Kronecker product, and A be the
minimum operator.

For a linear problem in which f;(x) = (w;,x)+b;; w; € R%, b; € R,isahyperplane,
let b = (by,...,bp)T € R*, w = vec(wy,...,wi) € RF, &, = [5777] € Rt

j=1,...,k and W = vec(W1,..., W) € R*4tD_ According to Liu and Shen (2004),
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the multicategory 1-learning aims to solve the minimization problem:

—_—

k
min 5; W, W;) +C;¢ i),Yi))

=

subject to Z filx)=0; ¥vxeS. (2.1)

Here C' (C' > 0) is the tuning parameter, g(f(x),y) = (fy(x) — fi(x),..., fy(x) —
Jy—1(%), fy(x) = fyr1(x), ..., fy(x) = fr(x))T is a (k — 1)-dimensional vector, which
is used to perform multiple comparison of class y against other classes, and )(u) = 0
if Umin = min{uy,...,up—1} > 1, 2 if umn < 0, and 2(1 — wpy,) otherwise, where
u = (u1,...,ux—1). Problem (2.1) involves nonconvex minimization. As pointed out by
Shen et al. (2003) and Liu and Shen (2004), the method is not implementable without good
computational heuristics.

The sum-to-zero constraint Z?:l fj(x) = 01in (2.1) involves all values of x € S. We
therefore need to reduce the infinite constraints to finite constraints. Theorem 1 provides
such a result.

Theorem 1. The constraint Zj: \ [(x) = 0Vx € S is equivalent to the constraint
XZ?ZIWj =0, where X = [1,,X] = (X1,...,%,)  isan n x (d + 1) matrix, X =
(X1, ..., %) T is the n x d design matrix, and X; = Lﬂ is a (d + 1)-dimensional vector;
i=1,...,n

By Theorem 1, (2.1) reduces to

k n k
mv_ivn % §<Wj,wj> +C ; (g(f(xi),v:)) subject to ; (2.2)
In contrast to (2.1), (2.2) involves only finitely many constraints.

For a nonlinear problem, each decision function f;(x) is represented as h;(x) + b,
with h; € H areproducing kernel Hilbert space (RKHS). Here the kernel K (-, -) mapping
S x S to R is a positive definite function. By the representer theorem of Kimeldorf and
Wahba (1971) (also see Wahba 1998), the nonlinear problem can be reduced to finding finite
dimensional coefficients and h;(x) = >\ v;; K (x;,x);j = 1, ..., k. Using an argument
similar to that of the linear case, nonlinear multicategory v-learning then becomes

k k
. 1 .
min | > Zl<vj, Kv;)+C Zl (g(f(x:),yi)) subject to Z (2.3)
J 7 7=1
where K = [1,,K], K is an n x n matrix whose i;ith entry is K (x;,,X;,), v; =
(1, vn)T € R, ¥ = [z—ﬂ € R, v = vec(vy,...,vi) € R, and ¥ =

vec(Vy,...,Vy) € REOVHD,
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With the above formulation in place, the multicategory SVM can be obtained by re-
placing 1) by v in (2.2) and (2.3), where 1; (1) = 0 if Uy, > 1 and 2(1 — uy;y) otherwise.
Then, linear SVM solves the following minimization problem:

k n k
(1 . > -
min | 5 jE:1<Wj7Wj> +C g U1(g(f(x:),4:)) subject to X]E:l w,; =0. (24

i=1

Analogous to nonlinear 1-learning, nonlinear SVM becomes

k n k
.1 . - -
min | > Z;<Vj7 Kv;)+C lel (g(f(xi),v:)) subjectto K Zlvj =0. (2.5)
J= 1= j=

Finally, the classifier of ¢-learning or SVM is defined as argmax,_, fj (x), where
fi(x) = (W;,x) +b; and f;(x) = 31, 9;:K(x;,x) + bj, respectively, for linear and
nonlinear problems, defined by the minimizers w and ¥ of (2.2) and (2.3) or (2.4) and (2.5).

3. D.C. OPTIMIZATION ALGORITHMS

The minimization involved in (2.2) and (2.3) is nonconvex. To handle nonconvex mini-
mization, we use a global optimization technique called difference convex (d.c.) algorithms
(DCA, An and Tao 1997) in particular the simplified DCA. To this end, we construct a d.c.
decomposition of our cost function into a difference of two convex functions, or a sum of
convex and concave functions.

For simplicity, we focus our discussion on (2.2) because (2.3) can be treated similarly.
To solve (2.2), we first decompose v into | + 1, with ¥, defined immediately above (2.4)
and v, being 0 if Uy, > 0 and 2up, otherwise. Figure 1 depicts the decomposition of
1) = 1 + 1, in the binary case. This thus yields a d.c. decomposition of s = s + s,
where s (W) = %Z§:1<Wjawj> + CY " i(g(f(xi),:)) is convex while s,(W) =
C Yo ¥a(g(f(xi),y;)) is concave in W. Then (2.2) becomes

b1

k
min s(W) = s1(W) + s2(W) subject to X Z ; =0. 3.1
w o

This d.c. decomposition has a nice interpretation in that s; in (3.1) is the convex cost function
of the multicategory SVM in (2.4) and s; in (3.1) can be treated as a bias correction for
generalization due to imposed convexity to s;.

The basic idea of DCA is to construct a sequence of subproblems defined by the affine
minorization s1(W) + s (W') + (Vs (W), % — ®!) of s(W) and solve them iteratively,
where Vs,(W') is the subgradient of s,(W) at %'. Given the solution of the /th subproblem,
the (I + 1)th subproblem can be solved by minimizing s; (W) + (Vs (%!), %) with respect
to W after ignoring the constant term. By concavity of s;, DCA yields a sequence of
nonincreasing convex upper approximations s (W) + sy(W!) + (Vsy(%!), % — &!) to
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Figure 1.  Plot of the v-function and a d.c. decomposition of 1 = 11 + 1, in the binary case.

We now give technical details of the DCA. The subgradient V(s(W)) of s, can
be expressed as C' Y. | Vi (g(f(x;),y:)), where Vi, is the subgradient of 1, and
Vi, = (Viha, ..., Vi) with V4, being the subgradient of 1, with respect to W ;;
7 =1,..., k. By definition, the subgradient here is not unique. For convenience, we choose
Vi (g(f(xi), yi)) = 2%; if j = yi and mine 1w\ i (X7 (Wy, — W)} < 0; 2%,
if j 7/: y; and ilT(Wyl - V~Vj> < O0OA minme{l _____ k}\{y“j}{izﬂ(wm - Wm)}; and 044
otherwise.

At the (I + 1)th iteration, the Ith subproblem is solved to yield '™

n k
<Wj’wj> + Czw1<g(f(xi)7yi)) - Z<VW§’WJ> - <V bl7 b> )

1 i=1 j=1

. 1
min -
w 2 4

k
j=

k
subjectto X > w; =0, (3.2)
j=1

where (Vs (W), %) = — Zle (Vwl, w;)—(V bl, b). Toapply quadratic programming
to (3.2), we introduce n nonnegative slack variables &; for ¢ (g(f(x;),v:));i = 1,...,n,
which yields the following primal problem:

k n k
1

minLp = 3 S wiwi) +CY &= (Vwhw) — (Vb b),  (33)
’ j=1 i=1 j=I
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subject to
& >0; i=1,...,n, (3.4)
2(1 =% (Wy, —W;)) <& i=1,....n, j=1,....k j+u, (3.5)
k
XD w; =0, (3.6)

where € = (&),...,&.)7.

The primal problem (3.3) will be solved via its dual form, which we obtain by employing
the Lagrange multipliers and solve via quadratic programming. After some calculations,
we derive the dual problem in the following form.

Theorem 2. The dual problem of (3.3) is equivalent to
min %ﬁTHﬂ +g'B, (3.7)
subject to
17Q;8=Vbl; j=1,....,k, AB<C1,, and — BB < 0,34_1).

This yields solution w of (3.3): Wé»-H = Vwé - XTQ;B";j=1,...,k where 3" is the
solution of (3.7).

In Theorem 2, 3 is an nk-dimensional vector corresponding to nk Lagrange multipliers,
obtained from n(k -+ 1)-dimensional vector 3° = vec(avi, . . ., a, §) by removing the r;th
element of BO, where r; = (y; — 1)n+ ;4 = 1,...,n, correspond to the n redundant
multipliers in 3°. Moreover, H = Z§:1 Q?X XTQ; is an nk x nk matrix and g =
a— Zf: 1 QJTX Vwé- is an nk-dimensional vector, where a is an nk-dimensional vector
with a(m) = —2form = 1,...,n(k — 1) and O for m = n(k — 1) + 1,...,nk, and
Q; is an n x nk matrix obtained from Qg = 2U; — 2V;U + Uj4 by removing the r;th
column of QY with U, = I}, @ I, U = Z?:l U; = (1T,0)®I,,,and V; beingann x n
diagonal matrix with its diagonal elementbeing I (y; = j);m = 1,...,k+1,5=1,...,k,

i=1,...,n. Finally, B = [I,(4—1), Op(k—1)xn]) is an n(k — 1) x nk matrix and A is an
n x nk matrix obtained from A° = [I,, — Vi,..., I, — Vi, O,x,] by removing the 7;th
columnof A% i=1,...,n.

After w!*! is obtained, b'*! is determined by the Karush-Kuhn-Tucker (KKT) comple-
mentary conditions. Specifically, by Equations (A.1), (A.2), and (A.5), the KKT conditions
can be reduced to a set of equations

(by,. —bj=) =1 —x (whil —wlth) with i*,j*  satisfying

0< > i < C, 0 < e <C. (3.8
je{la'“vk}\{yi*}

Then b'*! may be obtained by solving the set of linear Equations (3.8). Alternatively, after
substituting w by w'*!, we can obtain b'*! from (3.2) via linear programming. For linear
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programming, we introduce n nonnegative slack variables 7; and obtain b*! by solving
the following problem:

m1n (CZm Vbé-, b)) , (3.9

subject to

n; > 0; 1=1,...,n,

Yi J

where n = (n1,...,m.)%.
Algorithm 1 solves (3.2), and thus yields a (possibly local) solution of (3.1).

Algorithm 1 (Linear):

0 0

Step 1: Initial value. Compute the SVM solution W° = vec(W?,...,W?). Specifically,
obtain w” and b® by solving (3.7) and (3.9) with ij =0 and ng =075 =

1,...,k, respectively.
Atiteration [ + 1 (I > 0), for given W' = vec(W!, ... W!):
Step 2: Iteration. Solve (3.7) to yield w'*! = vec(w!*! ... wi™) and (3.8) or (3.9) to
obtain b'*! after substituting w by w!*! in (3.2). Flnally, Wt = vec(w!t!, ...,
Wit
W)

Step 3: Stopping rule. Stop if [s(W!T!) — s(W!)| < e for prespecified ¢ > 0. The final
solution is then W = argming_, ., s(W").
For a nonlinear problem, (2.3) can be solved in a similar manner as that of (2.2) with
W being replaced by ¥. In particular, at the (I + 1)th iteration, the following subproblem is
solved to yield ¥/ *!:

k n k
= 5 (v Kvy) + 0D di(g(E(x),90) — D (Vv v;) = (Vb b),

i=1 =1 j=1

mm S

l\)M—‘

subject to =0, (3.10)

X
11
<

<

where Zle (Vvh,vj) + (Vb', b) is the affine minorization of —C Y " | (g
(f(x;),;)) for given ¥ after removing the constant term.
Algorithm 2 solves (3.10), and thus yields a (possibly local) solution of (2.3).

Algorithm 2 (Nonlinear):

Step 1: Initial value. Compute the SVM solution ¥ by minimizing (2.5).
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Atiteration [ + 1 (I > 0), for given ¥ = vec(¥},...,¥!):

Step 2: Iteration. Solve (3.7) with H = Z;Ll QJ-TKQJ- and g = a — 25:1 Q?Vvl»
to obtain solution B* and (3.10) to yield b*! after substituting v by v/t! =

(viT ..., vt in (3.10) using the formula vé‘“ = K'W, -Q;8j =
1,..., k. Finally, ¥/t = vec(¥{*!, ... ¥4t

Step 3: Stopping rule. Stop if |s(¥'*!) — s(¥')| < € for prespecified e > 0. The final
solution is then argming;, <, s(¥").

Remark: Algorithm 2 involves the inverse of the kernel matrix K, as defined in (2.3),
for Kvé."’1 = Vvé- — KQ;3", which may be ill-posed for example because of numerical
errors when the training size n is large. To overcome this difficulty, we may solve for
K-! Vvé directly to avoid the inverse operation, based on an observation that K~ va =
—201,if j = yand minj,_y g npy, {Ki(¥y, —9})} < 0,201, if j # y; and K;(¥y, —
Vé) < OAmMIN,_y g hety, ;,,#{KZ-(\?; — \"/lh)}, and 0,, otherwise, where K; is the ith
row of matrix K = [1,,, K].

Theorem 3. Algorithm 1 terminates finitely and generates a sequence W' such that
s(W') is nonincreasing with respect to , limy_, .o s(W') > mings(W), and limy_, o ||[W'*! —
W!|| = 0. Algorithm 2 continues to share the same convergence properties as Algorithm 1
with W replaced by ¥ when K1 exists.

Theorem 3 says that Algorithm 1 or 2 terminates finitely, and may yield the global
solution although it can not guarantee so. Furthermore, as suggested by our simulations,
Algorithms 1 and 2 converge fast and usually stop within 20 iterations. Consequently, the
algorithms are suited for large-scale problems. The complexity of Algorithms 1 and 2 is
roughly O(n?k*p) when quadratic programming solver LOQO is applied (Vanderbei 1994),
where p, the number of iterations, is determined by the error bound € > 0 and is usually
small.

As defined by Liu and Shen (2004), “support vectors” (SVs) are instances in the training
dataset with y = j satisfying min(g(x,j)) < 1;5 = 1,..., k. Lemma 1 shows that the
classifiers yielded by Algorithm 1 or 2 only depend on SVs. Therefore, sparsity of the
solutions is achieved if the number of SVs is small.

4. OUTER APPROXIMATION METHOD

Algorithms 1 and 2 implement the d.c. optimization by solving a sequence of quadratic
programming problems. In particular, they solve the nonconvex optimization problem by
minimizing a sequence of convex upper approximations of the objective function. In this
section, we develop a different global optimization technique using the outer approximation
method for d.c. optimization. Our technique will be implemented via an outer approxima-
tion construction (Blanquero and Carrizosa 2000) and an improved version of the reverse
vertex enumeration method (Avis 2000). This technique solves a d.c. minimization prob-
lem via minimizing a sequence of its lower envelopes, and solves a sequence of concave
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minimization via vertex enumeration. As a result, it yields an e-global optimizer.

We now describe the outer approximation method for (3.1) in detail. The construction
of the lower envelope E'(W) of s(W) = s(W) + s2(W) proceeds as follows. At iteration
l+1 El( )—max1<z<lL ( ) whereL ( )IS 81( ) <VS1(€V1),W—Wi>+82(‘7V)
with Vs;(W?") being the subgradient of s (W) at W' and W*; i = 0,...,, are obtained
from the previous steps. Then W't! = argming, E' (%) deﬁnes Lip1 (W) = s(W!H!) +
(Vs (W), W — ®!T1) + 5,(W), thus yielding E'*! (W) = max(L;; (W), E'(W)). By
construction, we have s(W) > E'*1(W) > EY(W) > --- > EY(W).

To obtain the minimizer w'*! at iteration I + 1, we solve the following concave mini-
mization problem subject to linear constraints:

min ¢+ s,(%), 4.1
(t,w)eB!
where B! = {(t,W) : t > s1(%')+ (Vs (W), W—W'),i=1,...,1; XYF  W; =0}
is a polyhedron. This amounts to minimizing a concave function in (4.1) over the polyhedron
B!. To avoid degenerate polyhedrons, we may begin with a bounded polyhedron B, called
polytope, where B is constructed by 2(k(d + 1) + 1) linear constraints defined by the
initial bounds of (¢, W). Because s1(W) > 0 holds, ¢ > 0 is used as a lower bound of ¢.

By concavity, the minimizer w'*! is attained at a vertex of the polytope, defined by the
[ linear constraints in B°. Equivalently, minimization (4.1) reduces to a problem of finding
new vertices of a polytope when a new linear constraint is added. The new linear constraint
generated from iteration [ + 1 yields B!+ C B!, thus new vertices for iteration [ + 2.

Any value W inside B° can be chosen as an initial value. In fact, this technique is
insensitive to the choice of initial values because the final solution is an e-global minimizer
if it is contained in B°. But a good initial value may expedite convergence.

Algorithm 3:

Step 1: Initialization. Set up initial polytope B° using the bounds of (, %). Choose initial
value % = W and set 5 = s(W"), where %? is the SVM solution.

At iteration [ + 1 (I > 0), for given W', i = 0,...,[:

Step 2: Vertex enumeration and discrete minimization. Construct E'(W) based on W';
i=1,...,1. Set s = ming E'(W) = E'(%'T!), where w'*! is the solution of
(4.1), obtained as follows. First, seek all new vertices when a new constraint ¢ >
s1(W!) + (Vs (W!), W — W) is added, which is performed via vertex enumeration.
Then, find the minimizer (¢!, W!*!) of t+ s, (W) among these new (¢, W)-vertices.

Step 3: Redundant constraints. Drop any inactive constraints.

Step 4: Stopping rule. If 5—s< e for prespecified € > 0, then stop and set w = w't!.

Otherwise, construct E'T! (%) from E'(W). If s(W!*!) < 5, then set 5 = s(W'*!)
and go to iteration [ + 2.

Theorem 4. Algorithm 3 yields an e-global minimizer in the sense that the difference
between the function value of the minimizer and the global minimizer is no greater than a
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prespecified tolerance bound ¢, provided that B contains the global minimizer (¥, ch)

The choice of B appears important for the speed of convergence of Algorithm 3. If
the region of BY is too large, the algorithm converges slowly. On the other hand, B° should
be sufficiently large to contain an e-global minimizer. In practice, we choose B° based on
consideration of computational cost and prior knowledge about (7, w).

Algorithm 3 has an attractive feature in that it yields a global optimum (e-global min-
imizer). However, vertex enumeration is computationally intensive and is infeasible for
large-scale problems. Although the solutions of Algorithms 1 and 2 may not be global,
they yield global solutions with probability normally exceeding 60%, as suggested by An
and Tao (1997). Most importantly, Algorithms 1 and 2 improve the generalization ability
of SVM by correcting the bias introduced by the imposed convexity to s;, when the SVM
solution is used as an initial value, even though they may not reach an e-global minimizer.
In practice, Algorithms 1 and 2 are preferable based on the consideration of computational
cost.

5. NUMERICAL EXAMPLES

5.1 SIMULATIONS

In this section, we investigate the performance of Algorithms 1-3 in four simulated
examples. Example 1 examines globality of the solution of Algorithm 1 via Algorithm 3,
while Examples 2 and 3 compare t-learning with SVM for linear problems, where the
solution of t-learning is computed via Algorithm 1. Example 4 is nonlinear and solved by
Algorithm 2. In what is to follow, the amount of improvement of ¢/-learning over SVM is
measured by

(T(SVM) — T'(¢))/(T(SVM) — Bayes error), (5.1

where T'(-) denotes the testing error of a given method. The testing and Bayes errors
are computed via independent testing samples of size 100,000, generated from the same
mechanism as its corresponding training sample.

Example 1: Linear. A random sample of size n = 100 is generated as follows. First,
class label y is generated with probability of 1/3 for each class. Second, for a given y =
1,2, 3, z is sampled from Beta(«, 3), where (o, 5) = (1,5),(2,2), (5, 1). Figure 2 displays
P(Y = j|X = x); j = 1,2, 3. The estimated Bayes error is .2553.

To maximize the performance of the proposed method, we perform a grid search to
choose the tuning parameter C' In this example, C' = 1,000 is obtained by a grid search for
1-learning. For comparison, the SVM solution with the same C' is chosen to be an initial
value for both Algorithms 1 and 3, where its cost function value, as defined in (2.2) on
the training dataset, is 91355.6 with training error .29 and testing error .2595. Algorithm 1
terminates after 3 iterations with a cost function value of 57418.8, training error .26, and
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Figure 2. Plot of the conditional probabilities as described in Example 1, represented by solid, dotted, and dashed
lines for classes 1-3, respectively. The marginal distribution of Y has probability 1/3 for each class and the
conditional distribution of X given'Y = j follows Beta(c, 3) with (v, 8) = (1, 5), (2, 2), (5, 1) forj=1, 2, 3,
respectively.

testing error .2576. Algorithm 3 terminates after 117 iterations, yielding the global minimum
57265.3 of the cost function in (2.2) with training error .26 and testing error .2564. Figure
3 displays the plot of the estimated max(fi, f>, f3) of 1-learning using Algorithms 1 and
3. In this example, although Algorithm 1 did not attain the global minimum, its solution is
close to the global minimizer obtained by Algorithm 3.

This example reinforces our view that an improvement over SVM can be usually made
even when Algorithm 1 or 2 could not reach the global minimum.

Example 2: Linear. Random samples of size n = 100 are generated as follows.
First, generate (¢, ;) from the standard bivariate ¢-distribution with degrees of freedom
v, where v = 1, 3 in Cases 1 and 2, respectively. Second, randomly assign {1,2,3,4} to
its label index for each (¢, t,). Third, generate (z1, z;) as follows: x; = ¢, /4.5 + a; and
Ty = t /4.5 + ap with four different values of (a;,a2) = (0,.5), (.5,1), (1,.5), (.5,0)
for classes 1-4, respectively. We perform a grid search to choose C' in order to eliminate
the dependence of the performances of the methods on C.

The results are obtained by averaging 100 repeated simulations for each case and are
reported in Table 1, which indicate that v-learning has a smaller testing error thus better
generalization ability. In addition, ¢)-learning has better data reduction ability than SVM.
Finally, Figure 4 illustrates how SVM and )-learning perform on one random training
sample of size 100. Indeed, 1-learning yields a better decision boundary than SVM.
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Figure 3. Plot of max(f1, f2, f3) estimated by Algorithms I and 3 in Example 1, represented by solid and dotted
lines, respectively, with n = 100 and C = 1,000. Here, the cost function values of 1-learning are 57418.8 and
57265.3, obtained from Algorithms 1 and 3, respectively.

Example 3: Linear. Random samples of size n = 100 are generated as follows. First,
generate (21, 2,) according to the uniform distribution over [0, 1]2. Assign {1,2,3,4} to
its label index for each (x,x,) when it belongs respectively to one of the four regions:
Region 1 {x; > z1, 2 < (1 — 21)}, Region 2 {z, > x, z» > (1 — 1)}, Region 3
{z2 < zy, v > (1 —21)}, and Region 4 {z2 < 1, 22 < (1 — z;)}. Second, randomly
select v instances and flip their label indices to the remaining three classes with equal
probabilities, where v = 10%, 20% for Cases 1 and 2, respectively. Outliers occur due to
random flipping. We perform 100 repeated simulations for both cases and the results are
reported in Table 2. The results show that ¢-learning does much better than SVM and its
performance is closer to the Bayes rule. This confirms our view that ¢)-learning is more

Table 1. Testing, Training Errors, and Number of SVs of SVM and ¢-Learning Using the Best C in
Example 2 with n = 100, Averaged Over 100 Simulation Replications and Their Standard
Errors in Parenthesis. In Case 1, df = 1, the Bayes error is .3015 with the improvement of -
learning over SVM 33.48%. In Case 2, df = 3, the Bayes error is .1937 with the improvement
of ¢)-learning over SVM 21.65%.

Case  Method Training (s.e.) Testing (s.e.) No. SV(s.e.)

dfi=1 SVM 4567(.1260)  .5082(.1071)  96.35(6.34)
vl .3839(.1094)  .4390(.0965) 57.17(12.09)
df=3 SVM 1799(.0392)  .2034(.0140)  68.13(11.07)

W-L 1763(.0367)  .2013(.0102)  47.05(15.19)
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Figure 4. The true, SVM, and )-learning decision boundaries for one training set in Example 2 are represented
by solid, dotted, and dashed lines, respectively. The parameter C' is tuned independently for each method. Here
Bayes error is .1937. For SVM, the training error is .19 with testing error of .2079. For 1-learning, the training
error is .16 with testing error of .1987.

robust to outliers than SVM. To view the effects of outliers on both methods, we plot the
decision boundaries for one random training sample of size 100 in Figure 5. As expected,
1)-learning is more robust than SVM to outliers.

Example 4: Nonlinear. A random sample of size n = 100 is generated as follows.
First, obtain (¢;,t,) as in Example 2. Second, randomly assign {1, 2,3} to the label index
foreach (¢, t;). Third, generate (1, x,) as follows: x; = t;/4.5+a; and x, = t,/4.5+ay,
where (a1,a;) = (.5,1), (.5,0) for classes 2 and 3, respectively, (a1, az) is (0, .5) or (1, .5)
with probability 1/2 for class 1. This generates a three-class nonlinear problem with class 1

Table 2. Testing, Training Errors, and Number of SVs of SVM and i-Learning Using the Best C in
Example 3 With n = 100, Averaged Over 100 Simulation Replications and Their Standard
Errors in Parenthesis. In Case 1 with 10% flipping, the Bayes error is .1 with the improvement
of v-learning over SVM 48.29%. In Case 2 with 20% flipping, the Bayes error is .2 with the
improvement of v-learning over SVM 75.23%.

Case Method Training (s.e.) Testing (s.e.) No. SV (s.e.)

10%  SVM 1298(.0333)  .1615(.0256) 57.92(11.68)
WL 1005(.0282)  .1318(.0211)  22.99(9.13)
20% SVM 2267(.0444)  .2646(.0339)  76.77(9.12)

YL 1819(.0349)  .2160(.0227)  33.16(10.05)
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Figure 5. The true, SVM, and 1)-learning decision boundaries for one training set in Example 3 are represented
by solid, dotted, and dashed lines, respectively. The parameter C is tuned independently for each method. Here
Bayes error is .10. For SVM, the training error is .14 with testing error of .1743. For 1)-learning, training error is
.09 with testing error of .1242.

from a mixture of ¢ distributions. Figure 6 displays the results of SVM and v-learning with
Gaussian kernel K (s,t) = exp(—2||s — t||*), where C and o are chosen via a 20 x 20
grid search for each method to maximize its performance. Algorithm 2 converges in four
iterations.

As suggested by Figure 6, Algorithm 2 performs well for this nonlinear problem.

In summary, Algorithms 1 and 2 are effective, and v-learning outperforms SVM in the
linear cases, with the amount of improvements over SVM ranging from 21.65% to 75.23%
in Examples 2 and 3, respectively. In addition, the average number of SVs for ¢-learning is
much smaller than that for SVM. Therefore, comparing to SVM, v-learning yields a more
sparse solution. Moreover, 1-learning is insensitive to extreme observations while SVM
seems quite sensitive. Finally, ¥-learning performs well in the nonlinear case as shown in
Example 4 although the choice of C' and ¢ becomes more critical in such cases.

5.2 APPLICATION

In this section, we study the performance of DCA on the leukemia dataset of Golub
et al. (1999). This dataset summarizes a study of gene expression of 7,129 genes in two
types of acute leukemias, acute lymphoblastic leukemia (ALL), and acute myeloid leukemia
(AML). ALL can be further divided into ALL-B or ALL-T corresponding to B-cell or T-cell
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Figure 6. The true, SVM, and -learning decision boundaries in Example 4 are represented by solid, dotted,
and dashed lines, respectively. Parameters C and o are tuned independently for each method. Here Bayes error
is .176. For SVM, the training error is .15 with testing error of .1914. For 1)-learning, training error is .13 with
testing error of .1857.

lineage. The dataset consists of a training set of size 38 (19 ALL-B, 8 ALL-T, and 11 AML)
and a testing set of size 34 (19 ALL-B, 1 ALL-T, and 14 AML).

First, we standardize each sample across genes. Because many genes are nearly constant
across tumor samples, we apply the gene selection method proposed by Dudoit, Fridlyand,
and Speed (2002), that is, prescreen genes by choosing those genes with largest between-
group to within-group sums of squares. For illustration, we choose d = 50 genes to apply
Algorithm 1 on the training dataset with k& = 3. To remove the effect of tuning parameter
C, we seek the best performance of ¢)-learning and SVM with respect to a set of discretized
C-values in [1073, 10%]. It turns out that the classifier for 1-learning (yielded by Algorithm
1) has one misclassified tumor (Number 67: classify ALL-T as AML), which is smaller than
that of SVM with two misclassified tumors (Number 66: classify AML as ALL-B; Number
67: classify ALL-T as AML).

We also applied Algorithm 1 to other number of preselected genes (between 40 and
100) and the results do not alter much. In general, since the complexity of Algorithm 1 or
2 only depends on n and k, the computational cost is roughly the same for different d’s.

6. DISCUSSION

This article is devoted to computational developments of multicategory -learning as
well as SVM. For multicategory -learning, because its cost function to be minimized
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is nonconvex and multiple categories are involved, the computational task becomes chal-
lenging. Two computational tools are proposed here via d.c. programming, and are based,
respectively, on DCA and the outer approximation method. The first one reduces to sequen-
tial quadratic programming, while the second one yields the global minimizer via sequential
concave minimization. For multicategory SVM, the optimization is performed via quadratic
programming as in the binary case.

Although our computational tools perform well in simulations, further investigation
is necessary before these tools become applicable in practice, especially for large-scale
problems where both the computational complexity and storage are of concern from a
computational point of view.

APPENDIX

Lemma A.1. The classifiers of multicategory -learning (2.2) or (2.3) yielded by
Algorithms 1 or 2 and SVM (2.4) or (2.5) depend only on the “support vectors.”

Proof:  Without loss of generality, we only prove the linear case. To treat (2.2), we
consider the Karush-Kuhn-Tucker (KKT) complementary conditions

Y& = 0; i=1,...,n, (A.1)
a1 —x] (Wy, = wj) = (by, = b;) = &/2]=0; j=1,....k j#u. (A2

These equations, together with (A.5), imply that the slack variable &; is nonzero only when
2ol k() Qij = C.Itthenfollows from (A.2)that 3.y 1\ g0y @i (fy: — f5) <
C, equivalently, min(g(x;,y;)) < 1. This is to say that instance (x;,y;) falls outside of
polyhedron D,,. On the other hand, instances with 0 < >~ (1 b\ {ys} @ig < Clieonthe
boundary of polyhedron D,, because &; = 0, hence that min(g(x;, y;)) > 1. Note that the
equality min(g(x;,y;)) = 1 holds following the fact that there existsa jo € {1,...,k}\{v:}

such that i, > 0 and f,, — fj, = L. O
Instances falling inside polyhedron D,, satisfy > Ge{l kI \fys} Mg = 0 and slack
variable £ = 0. Thus, these instances are not SVs by definition with a;; = 0; j €

{1,...,E}\{w:}, Vo (g(f(x:),y:)) = O, thus do not affect the solutions. The desired
result then follows.

Proof of Theorem 1: 1t suffices to show that Z] o[ (x) = Zj B+ (w))Tx = 0 for
vx € S if (b%, w?) is the minimizer of (2.2). To prove this, suppose ZJ —o fO( *) # 0 for
some x* € S. Now, define new decision functions f}(x) = b} + (w})"x = (b5 — %) +
(W) —w9)Tx;j=1,...,k where b’ = Z " b)/kand w0 = ijl W?-/k. Clearly, both
f;’(x) and f]( X);j = 1 , ..., k, satisfy the constraint in (2.2), in addition that they give
the same values of C' Y~ | ¥ (g(f(x:),:)). On the other hand, after substituting f;(x);

j =1,...,k, into the norm part of the cost function, we obtain that Zkf, (W) — w0, w)—
_ k _ - k 0 -
W) = Y (wl W) =23 (WO, W)+ k(WO W0) = SN (W, w) — k(W0 w0) <

Zj 1<w w0> The inequality holds because Z =0 fo( *) # 0 for some x* € S. Thus,
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(b!, w!) yields a smaller value of the cost function than that of (b®, w). This contradicts
the assumption that (b®, w?) is the minimizer of (2.2), hence yields the desired result. O

Proof of Theorem 2: To derive its dual problem of (3.3), we introduce Lagrange
multipliers y; > 0, a; = (a1, ...,0p,) € R" witha;; > 0,and 6 € R" ;i =1,...,n,

7 = 1,...,k, respectively, for (3.4), (3.5), and (3.6). Then, the primal problem (3.3) is
equivalent to the following dual problem:

k

(Wi, wi) +CY &= (Vwh w;)

1 i=1 j=1

1
max Lp = =
¥,2,6 24

k
Jj=

k
—(Vb, b) + 67 (b1, + Xw;)

j=1
n n k
=D Gy D 20l —x{ (wy, —wy) = (by, — by) — &/2),
i=l1 i=1 j=1,j#yi
(A3)
subject to
au(l—I(yZ:j))ZO,]:l,,k, ’%ZO, z:l,,n, (A4)
k
oL ) .
a;’ = C—mi—Y oy(1-I(gi=j) =0 i=1..n, (A.5)
1 ]:l
oL n n k
P = Wy VWY aux — Y I(yi =) Y200+ XT6=0, (A6)
J i=1 i=1 u=1
oL n n k
abD = VB4 204 Iyi=4)) 204+ 671, =0; j=1,... .k
J i=1 i=1 u=1

(A7)

After substituting (A.5)-(A.7) into (A.3), we simplify Lp as f% Z?:l (wj,wj)+ 30",
Z?Zl a;;(1 — I(y; = j)). Clearly, cv;;’s become redundant when y; = j; i =1,...,n,
7 = 1,..., k. For simplicity, we retain redundant multipliers and remove them later. By
definition, we have o; = U; 3°, Z?Zl a;=Up%and § = U1 B%j =1,...,k
Using (A.6) and relations Q? =2U; — 2V;U + U4, we have w; = Vwé- - XT@v 8%
J =1,..., k. After some calculations, (A.3) reduces tomings Lp = %ﬁOTHO B+ g7 8"
with O = 5% | QIXXTQand g* = Y5 (—2UF (I, — Vj)1,) — S5, QP X Vwh,.
Because the 7, th element of 3° corresponds to the redundant «;; satisfying j(n — 1) +¢ =
T'm, we then remove the redundant Lagrange multipliers by deleting the r,,, th element of a°,
the r,,th column of Q? and the r,,,th element of g°; m = 1,...,n. Hence, (A.3) reduces
to ming Lp = % BTH B+ gT . Similarly, (A.5) becomes the inequality constraint
AB < C'1,, after removing the nonnegative Lagrange multipliers v;; ¢ = 1,...,n, (A.7)
and (A.4) reduce to 1£Qjﬁ =Vbl;j=1,....k and BB > 0,,(x—1), respectively.
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Moreover, (A.6) yields that w; = Vw’ — XTQ; 8 j = 1,..., k. The desired result then
follows. O

Proof of Theorem 3: Because the cost function s satisfies0 < C' Y7 ¥(g(f(x;),vi))
< 2n(C, the minimum of s is finite. The result then follows from Theorem 6 of An and Tao
(1997). O

Proof of Theorem 4: The result follows from the nondecreasing lower approximations
as well as the nonincreasing upper bounds of the objective function. O
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