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Abstract

We prove a lower bound on the optimal price for a fairly large class of blocking systems with general
arrival and service processes, determine optimal price expressions for M/M/1/m and M/GI/s/s systems,
and investigate how optimal prices change with changes in the size of the waiting room and service
capacity.
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1 Introduction

This paper investigates the best price to charge customers in blocking systems and the effect blocking has on
these best prices. By “best,” we mean the price that maximizes long run average profit per unit time. We
consider G/GI/s/m queues and its special cases and we restrict attention to the simplest pricing strategy:
one fixed, static price for all customers. We assume that customers are not delay sensitive; however, m < oo
ensures an upper bound on the mean waiting time. We assume that each arriving customer has her own
cut-off point for how much she is willing to pay for service. If the price charged is more than the amount
the customer is willing to pay, the customer will not purchase service. If the advertised price is less than or
equal to a customer’s cut-off point and if there are less than m in the system as the customer arrives, the
customer joins the system.

For G/GI/s/m queues, we cannot determine optimal prices since we cannot determine the blocking
probability. However, under fairly general conditions, Proposition 3.1 gives a lower bound on optimal prices.
The lower bound can be thought of as the optimal price in the corresponding G/GI/co system. For M/M/1/m
queues, Proposition 4.1 determines the optimal prices under a certain price elasticity assumption (IPE).
Proposition 4.2 shows that these optimal prices are monotonic in m. However, whether they are increasing or
decreasing depends on whether the offered load is above or below a certain critical threshold. For the Erlang
loss system M/GI/s/s, Proposition 5.1 gives the optimal prices under the same price elasticity assumption.
Proposition 5.2 shows that the optimal price decreases as the number of servers s increases.

Although there is vast literature on pricing for queueing control, pricing of blocking systems has received
relatively little attention. Courcoubetis and Reiman [1] analyze optimal static pricing decisions for a loss
system in an asymptotic regime where the capacity and the potential load of the system go to infinity. For
a similar loss model, Paschalidis and Tsitsiklis [8] show that (analytically and numerically) suitably chosen
static pricing policies perform almost as well as optimal dynamic policies. Paschalidis and Liu [9] and Lin
and Shroff [4] generalize some of these results in a network setting. Low [5] proves structural results on
optimal dynamic policies for M/M/1/m systems. Miller and Buckman [7] investigate optimal transfer prices
for a service department modelled as an M/M/s/s queueing system. Sumita, Masuda, and Yamakawa [10]

analyze loss externalities and find optimal transfer prices for a finite buffer system.



2 Model Description and Notation

We consider a G/GI/s/m system where the arrival rate depends on the price. For the arrival process, define
N(t) to be the random number of customer arrivals during (0, t] where 0 < N(t) < oo; we assume that N(t)/t
converges to a strictly positive finite number A, the maximal arrival rate. Our objective is to maximize the
long run average profit. We assume that the total cost to serve a group of customers is simply a linear
function of the number of customers served, and we let = denote the variable cost per customer. Let y
denote the mark-up over the variable cost x per customer; hence, the price is z + y, the sum of the mark-up
y and the variable cost . For simplicity in this paper and without loss of generality, we assume that z =0
so that the mark-up y can also be called the price.

The amounts that customers are willing to pay for are assumed to be independent, identically distributed
non-negative random variables. Let F(y) denote the proportion of customers willing to pay a price of at
most y. We call F(-) the willingness-to-pay distribution and we assume that it has a finite mean and is
absolutely continuous with density f(-). Define o = inf{¢|F(¢t) > 0} and 8 = sup{¢|F(t) < 1}. Note that
0<a<f<ocand0< F(y) <1foralye (a,3). Let F(y) =1— F(y). Since there is no need to consider
other prices, we restrict y to the interval y € [a, 3). The hazard rate function for F(-) will be denoted by
r(y) = f(y)/F(y) for y € [a, 3). Since F is continuous, the probability that an arriving customer is willing
to join the system at an advertised price y is F(y). If we let A(y) denote the arrival rate of customers at a

price y, then

Note that A(0) = A. The price elasticity function e(y) is defined as
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For us, this simplifies to e(y) = yr(y) for y € [a, B). Often, we will be able to show the existence of a unique
optimal price by assuming increasing price elasticity (IPE), which is defined as e(y) being strictly increasing
over [inf{y : e(y) > 1},8). As Lariviere and Porteus [3] indicate, IPE is satisfied by many continuous
distributions (e.g., gamma and Weibull).

Service times are assumed to be i.i.d. random variables with c.d.f. G(-) and mean p~!, 0 < pu < oo. For



simplicity, assume that the queue discipline is first come, first served. The service process, arrival process,
and willingness-to-pay amounts are assumed to be mutually independent.

For any given price y > 0, we assume that the long-run fraction of customers blocked, which we refer
to as the blocking probability, is a constant B(A(y),s,m). More precisely, let N(y,t) be the number of
customers who are willing to pay at least y and arrive during (0,¢], and let me(y,t) be the number of

blocked customers during (0, ¢] among the customers who are willing to pay the price y. We assume that
Jim N7 (y,1)/N(y,t) = B(A(y), s,m) a.s.

When the arrival process is stationary and ergodic, a sufficient condition for the blocking probability
B(A(y), s,m) to exist is that with probability 1 at most one customer departs at any time and the de-
parture time of a served customer does not coincide with an arrival; see Franken et. al. [2].

Fix the arrival process N, willingness-to-pay distribution F(-), service time distribution G(-), and let
R(y, s,m) be the long-run average revenue per unit time for the system with price y, number of servers s,
and system capacity m. Under the assumption that the blocking probability exists, it is straightforward to

show that R(y, s, m) exists and can be expressed as

R(y,s,m) = yA(y)[l — B(A(y), s, m)]. (1)

Let Y*(s,m) denote the set of optimal prices that maximize (1), and when there is a unique optimal
price, let y*(s,m) denote this unique optimal price. The total offered load is A/ = A(0)/p, and the offered
load at price y is p(y) = My)/w, which is non-increasing in y. Let y° = sup{y : p(y) = 1} be the highest

price at which the offered load is one.

3 A Lower Bound on the Optimal Price in a G/GI/s/m system

In general, our objective function (1) for the G/GI/s/m system cannot be evaluated since we cannot com-
pute the system’s blocking probability B(:). However, y% = inf{y : e(y) > 1} will be a lower bound on
optimal prices. In addition, y% can be computed since the price elasticity function e(-) only depends on
the willingness-to-pay distribution F—not on B(-). Note that, if the corresponding G/GI/co system has a

unique optimal price, then that optimal price would be yZ .



Proposition 3.1 In the G/GI/s/m system, y% is a lower bound on optimal prices; that is, y%, < inf Y*(s,m).

If the blocking probability B(A(y), s, m) is left-continuous in y, then optimal prices exist.

Proof: To prove the lower bound, we need only consider the case Y*(s,m) # (); otherwise, the result holds
trivially since inf ) = co. Assume the opposite; that is, assume there exists y*(s,m) € Y*(s,m) such that

y*(s,m) < yX,. Using (1) and the optimality of y*(s,m), we have

1—-B\s):5m)  _ y(s,m)Ay*(s,m))
1= B(A(y*(s,m)),s,m) ~ vEAYs)

(2)

From [11], we know that B(A(y), s, m) is non-increasing in y, which means that the Lh.s. of (2) is greater
than or equal to 1. Since a < y*(s,m) < y%, and yA(y) is strictly increasing over [a, yZ ), the r.h.s. is strictly
less than one, which is a contradiction.

To prove that optimal prices exist when the blocking probability is left-continuous, note that the objective
function R(y, s, m) is a non-negative function of y and can only jump downwards at discontinuities. To com-
plete the proof, we need only show that lim,_g R(y, s,m) = 0. Note that R(y,s,m) < yA(y) <A fyﬁ 2f(2)dz

and the last expression converges to zero as y goes to infinity since the mean of F' is finite. O

4 Single Server System with Exponential Interarrival and Service
Times - M/M/1/m

When arrivals are Poisson and service times are exponentially distributed, we have an expression for the
blocking probability. Under certain conditions, this allows us to derive expressions for the optimal prices

and prove some structural results. (The proofs are in the appendix.)
Proposition 4.1 Under IPE, the M/M/1/m system has a unique optimal price
y*(1,m) = inf{y : e(y)ym(y) > 1}

where
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It turns out that the optimal price y*(1,m) is monotone in the waiting room capacity m. Interestingly,
whether the optimal prices are increasing or decreasing in m depends on whether the total offered load A/u
is bigger or smaller than a certain critical load p¢ = 1/F(y¢) where y¢ = inf{y : e(y) > 2}, i.e., it depends

on whether p(y°) is bigger or smaller than 1. Clearly, y% < y°.
Proposition 4.2 Under IPE, the optimal prices in an M/M/1/m system satisfy:
ye <y (Lm) <y*(Lm+1) <y’ = lim y*(1,m) if Afp > p*,
y© >y (1L,m) > y*(1,m+ 1) > max(y5,,y°) = n}iinooy*(l,m) if A < p°.

Given the offered load, there are two factors that determine the utilization of the server: the waiting
room capacity and the price. Pricing is a more effective tool when the waiting room capacity is large since
there is less blocking. When the offered load is high, as the waiting room capacity increases, the optimal
price also increases since the system will be admitting higher paying customers while still managing to keep
a high utilization level. However, when the offered load is low, high utilization levels come at the expense of
very low prices especially when the waiting room capacity is small. As the capacity gets larger, it becomes
easier to increase the utilization levels and this results in lower prices.

We have counterexamples showing that the optimal prices are not monotonic in m for the M/GI/1/m

and M/M/s/m systems.

5 Erlang Loss System - M/GI/s/s

In this section, we give an expression for the optimal price in the M/GI/s/s system and prove that the optimal
price decreases with the number of servers. The proof of Proposition 5.1 is similar to that of Proposition 4.1

and therefore is omitted. The proof of Proposition 5.2 is given in the Appendix.

Proposition 5.1 Under IPE, the M/GI/s/s system has a unique optimal price

Y™ (s,5) = infly : e(y)ds(y) > 1]

where

(p(y))°/s!

0s(y) = 1+ p(y)[(B(My), s,5) — B(Ay),s — 1,5 — 1))] and B(A\(y),s,s) = S (o))



Note the similarity of the expressions for y*(1,m) (given in Proposition 4.1) and y*(s, s). In both cases, we
have a product of the price elasticity function and some function of the parameters of the queueing system

that only depend on F' and the price y through A(y).

Proposition 5.2 Under IPE, the optimal prices in an M/GI/s/s system are ordered as follows: y*(s,s) >

y*(s+1,s+1) for s > 1.

The fundamental difference between the monotonicity result given in Proposition 4.2 and the monotonicity
result given in Proposition 5.2 is that while the former is about the effects of changes in the waiting room
capacity alone, with no change in the service capacity, the latter concerns the changes in the service capacity.
Increasing the service capacity increases the customer arrival rate that the system can efficiently handle,
which results in a lower optimal price.

Acknowledgment: The authors would like to thank the referee for comments and suggestions that have
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A Appendix
Lemma A.1 The function v, (y) is strictly decreasing in p(y) and non-decreasing in y. Furthermore,
p(y) > (<)(=)1 = ym(y) > (<)(=) Ymr1(y)- (4)

Proof First, note that

(2) = 1+mzmH — (m+1)zm
ImlE) = Ay (1 — 2t

is a strictly decreasing function of z for z > 0. Since v, (y) = gm(p(y)), the first statement of the lemma
holds. The remaining results easily follow after establishing that g,,+1(2z) — gm(2) is strictly positive for

0 < z < 1, and strictly negative for z > 1. O

Proof of Proposition 4.1: The steady state solution for the M/M/1/m queueing system gives an explicit

expression for the blocking probability B(A(y), 1,m). Using the expression, we can show that

dR(y,1,m)

iy <0 = ey)imly) > (S)(< L



We know from Proposition 3.1 that y*(1,m) € [y%,3). From IPE and Lemma A.1, e(y)ym(y) is strictly
increasing over [yZ, (). Since there exist prices with positive rewards and since limyg R(y,1,m) = 0,

R(y,1,m) has a unique global maximum at y*(1,m) = inf{y : e(y)ym(y) > 1}. O

Proof of Proposition 4.2: Let yo(y) = 1/2 for all y. Notice that (4) also holds for m = 0 and the new

variable y*(1,0) = y°. From (3) and (4), we have

Ym+1 (Y7 (L,m)) > (=)(<) ym(y™(1,m)) <= p(y*(1,m)) < (=)(>)1. ()
Notice that v,,(y°) = 1/2 for m =0,1,2,... and that
Ap>(2)p° = e(y’) 2 ()2 <= e(y)m(y’) > ()1
=y’ 2 (9y(,m) < ply"(1,m)) = ()1 (6)

where we use the fact that IPE implies that e(y)v, (y) is strictly increasing over [y%, 3), the interval where
y*(1,m) lies and that when y° > ¢ , y° is the unique y for which p(y) = 1. Proposition 4.1, together with
(5) and (6) establish monotonicity. To prove the limit, first note that for any y > max(y%,y°), we have
e(y) > 1 and p(y) < 1. Then, it follows that lim,, . ¥m(y) = 1 and therefore, there exists K such that

e(y)ym(y) > 1 for all m > K. Hence,

lim y*(1,m) < inf{y : y > max(yZ,,y°)} = max(ys,, y°)- (7)

Now, for any y < max(y%,,4°), we have e(y) < 1 or p(y) > 1 (strict inequality follows since IPE implies that
y° is the unique y for which p(y) = 1 when y° > y%). If p(y) > 1, then lim,, o ¥m(y) = 0 and therefore,
there exists K such that e(y)ym(y) < 1 for all m > K. On the other hand, if e(y) < 1, then e(y)ym(y) < 1

for all m since v, (y) < 1 for all m. Hence, regardless of whether e(y) < 1 or p(y) > 1, we have

lim y*(1,m) > sup{y : y < max(y5,,y°)} = max(ys,,y°). (8)

It follows from (7) and (8) that lim,, . y*(1,m) = max(y%,y°). Note that for the case of A/u > p°,

max(yk,,y°) = y° from Proposition 3.1 and the fact that y° > y*(1,m) for all m. O

Proof of Proposition 5.2: It is known that B(A(y),s,s) is convex in s for fixed y (see [6]). From
Proposition 5.1, this implies that e(y)ds+1(y) > e(y)ds(y). Finally, it follows from Proposition 5.1 that

Yy (s+1,s+1) <y*(s,s). O
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