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Abstract

This paper investigates optimal pricing policies for a service facility modeled as a
queueing system. Arriving customers are accepted if they are willing to pay the price
charged by the service provider and if there is room in the waiting area. The capacity
of the waiting area can be either finite or infinite. We determine expressions for the
optimal prices that maximize the service provider’s long-run average profit, and we
prove some structural results on the optimal policies exploring their relationships with
the customers’ willingness to pay and system parameters such as service speed and
waiting room capacity. We show that the optimal price is not necessarily higher for
systems where customers are willing to pay more, and the relationship between the op-
timal price and waiting room capacity depends on customer demand and other system
parameters. Under certain assumptions, we give necessary and sufficient conditions
for the optimal price to be an increasing or decreasing function of the waiting room
capacity.



1 Introduction

The goal of this paper is to determine the best price to charge customers in a service facility
and to investigate how the best price changes as assumptions about the system change.
By “best,” we mean the price that maximizes long run average profit per unit time. Our
“system” is assumed to be a single server queue, and each customer has her own cut-off point
for how much she is willing to pay for service. If the price charged is more than the amount
the customer is willing to pay, the customer will not purchase service. If the advertised price
is less than or equal to a customer’s cut-off point and there is room in the waiting area when
the customer arrives, the customer joins the queue.

We restrict attention to the simplest pricing strategy in which there is one fixed, static
price for all customers. Clearly, there is a trade-off. A higher price yields more revenue
per customer, but fewer customers purchase service. Surprisingly, even if all customers are
willing to pay more, it may be optimal to charge less; see the example in Section 6. We do
prove a result that agrees with the conventional wisdom of charging more to customers who
are willing to pay more, but the result requires that an additional condition holds.

The primary contribution of this paper is the analysis of optimal pricing decisions for
finite waiting room capacity systems. In the literature, there is significant amount of work
on pricing in queueing systems; however, pricing for blocking systems (where the waiting
room capacity is finite) has not received much attention. We review some of this literature
below.

In most of the earlier work, although there is no external restriction, the number of
customers waiting is bounded due to delay sensitivity of the customers. In contrast, in our
model, the service provider puts a bound on the number of customers waiting in the system
(or there is a physical constraint that limits the number of customers). Customers are not
delay sensitive; however, the restriction on the number of waiting customers guarantees a
certain service level for the customers.

Our interests are also different from the work in the literature. The earlier work mostly
concentrates on congestion control, using prices to achieve social optimality, the effects of
waiting costs on the optimal policies etc. On the other hand, our objective is to investigate
the effects of changes in the system parameters (e.g. waiting room capacity) and customers’
willingness-to-pay on the optimal prices that maximize the service provider’s profits. One
of the important results of this paper is on the relationship between the optimal price and
waiting room capacity. Under certain conditions, we show that optimal price is increasing or
decreasing in the waiting room capacity depending on the customer demand for the system.

Even though we are mainly interested in finite capacity systems, as it is shown in the
following sections, pricing decision for infinite capacity systems and pricing decision for finite
capacity systems are closely related. More precisely, optimal prices for infinite capacity
systems provide bounds on the optimal prices for finite capacity systems. Therefore, we also
include infinite capacity systems in our analysis.

To our knowledge, Naor [22] is the first to analyze the use of price as a regulatory
tool with quantitative arguments. There is significant amount of work that follows Naor’s
paper extending and generalizing the basic principles and ideas which are first pointed out
quantitatively in his paper. The fundamental conclusion/idea of this body of research is
that in the presence of waiting costs, if the arriving customers are interested in maximizing



their own benefits, the customer arrival rate is suboptimal for the organization as a whole;
however, prices can be used to induce the self-optimizing customers to act in a socially
optimal way. Some examples of this avenue of work are Yechiali [30], Knudsen [12], Edelson
and Hildebrand [6] and Lippman and Stidham [16].

Another important paper is by Mendelson [19]. Mendelson analyzed a queueing system
within a microeconomic framework. In Mendelson’s model, capacity (the term capacity
is used to refer to service capacity) is a long term decision variable. The author studies
the effects of queueing costs on the pricing and capacity policies. See also Dewan and
Mendelson [5], Stidham [27], Ha [9], and Mendelson and Whang [20] for work that follows
Mendelson [19].

There is also significant amount of work on dynamic pricing policies for queueing sys-
tems. Some examples are Low [17], [18], Johansen [10], Lippman [15], and Paschalidis and
Tsitsiklis [23]. The paper by Paschalidis and Tsitsiklis is particularly relevant. The authors
show that in some cases static pricing policies are asymptotically optimal and provide com-
putational results showing that optimal static prices can perform almost as well as optimal
dynamic policies.

Almost all the work mentioned so far (except [17] and [23]) considers models where there
is no external restriction on the number of customers waiting. Courcoubetis and Reiman [4]
analyze optimal pricing decisions for a loss system in an asymptotic regime where the capacity
and the potential load of the system go to infinity. Their results are in agreement with
some of the results given in our paper. Miller and Buckman [21] are interested in optimal
transfer prices for a service department modelled as an M/M/s/s queueing system. Sumita,
Masuda, and Yamakawa [28] analyze loss externalities and find optimal transfer prices for
a finite buffer system. There is also some work that considers optimal pricing policies for
loss networks with QoS (Quality of Service) guarantees. For examples, see Kelly [11], Wang,
Peha, and Sirbu [29], and Lanning, Massey, Rider, and Wang [14].

The remainder of the paper is organized as follows. Section 2 describes the model in
more detail and introduces notation. In Section 3, we derive expressions for the expected
profit per unit time. In Section 4, we discuss the existence of the optimal prices and compare
the optimal prices for infinite capacity systems with the optimal prices for finite capacity
systems. In Section 5, we give expressions for optimal prices under certain assumptions.
Section 6 discusses the relationships between the optimal prices and customers’ willingness-
to-pay. In Section 7, we investigate how the optimal price changes as the customer demand
rate or the service rate changes. Section 8 contains our results on the relationships between
optimal prices and waiting room capacity. Section 9 contains concluding remarks. Proofs of
our results are given in the Appendix.

2 Model Description

We consider a single server service system. The queue may have either a finite or infinite
capacity waiting area, and we let m < oo denote the maximum number of customers in the
system at any time. Customers who arrive when the system is full are lost.

The arrival process is allowed to be quite general. We simply let N(¢) be the random
number of customer arrivals during (0, ¢] where 0 < N(t) < oo, and assume that N(t)/t



converges to a strictly positive finite number A, almost surely. We call A, the maximum
arrival rate. (If the reader would like a particular example to keep in mind, a Poisson
process with rate A is a good choice.)

Since the objective is to maximize long run average profit, we need some assumptions on
the cost to serve customers. We assume that the total cost to serve a group of customers
is simply a linear function of the number of customers served, and we let ¢ denote the
variable cost per customer. The amounts that customers are willing to pay for are assumed
to be independent, identically distributed non-negative random variables. Let y denote the
mark-up over the variable cost ¢ per customer; hence, the price would be the sum of the
mark-up and the variable cost c¢. Let F(y) denote the proportion of customers willing to pay
a mark-up of at most y. The cumulative distribution function F'(-) will be referred to as the
willingness-to-pay distribution. Also, let F'(y) be defined as

F(y) zlaifgl — F(y—e).
Then, the probability that an arriving customer is willing to join the system is F(y) where
y is the mark-up. Note that when F(-) is a continuous function, F(y) = 1 — F(y) for all .
The distribution F'(-) is assumed to be absolutely continuous with density f(-) and sup-
port (o, 3) with 0 < a < f < 00 and F(y) < 1 for all y < (3. The hazard rate function for
F(+) will be denoted by r(y) = f(y)/F(y) for y € [o,3). Unless otherwise stated, the mean
of F(-) is assumed to be finite. Henceforth, we only consider mark-ups y that satisfy

a<y<p. (1)

Let N(y,t) be the number of customers who are willing to pay (a mark-up of) at least y and
arrive during (0,t]. If we let A(y) denote the arrival rate of customers willing to pay y or
more, then

Ay) = AF(y). (2)
Note that A(0) = A, and we are assuming that all arrivals are willing to pay at least the
variable cost ¢ (or, equivalently, that we ignore all customers who would not pay a price
of at least ¢). In this paper, without loss of generality, we assume that ¢ = 0 so that the
mark-up y is also the price. However, all the results given in the following sections can easily
be generalized to the case with strictly positive service costs (¢ > 0).

Service times are assumed to be i.i.d. random variables with c.d.f. G(-) and mean p~'.
Thus, the service rate is u, and we assume that 0 < p < oco. Service protocol is assumed
to be First-Come-First-Served (FCFS) although most of our results hold for more general
service disciplines. The service process, arrival process, and amounts that the customers are
willing to pay are assumed to be mutually independent.

To avoid complications in the construction of the queue length process, we make a certain
assumption on the order of events occurring at some time ¢. We assume that at any time
point t, first all scheduled departures are allowed to occur. Then, new arrivals are allowed
to enter the system. If any of these new arrivals have zero service time and are next to be
serviced, they are allowed to depart allowing for more arrivals. Continuing in this way, all
events that can occur at time ¢ are allowed to occur. Note that this “event order” assumption
we make is the same as in Sonderman [26].



For each price y > 0, the number of customers in the system forms a G/GI/1/m queue
with arrival rate A(y), service distribution G(-) with mean !, capacity m < oo, and traffic
intensity p(y) = A(y)/p. Furthermore, when m < oo and the price is y, we assume that the
long-run fraction of customers blocked - which we refer to as the blocking probability - is
a constant By(\(y),m). More precisely, let NZ(y,t) be the number of blocked customers
during (0,t] among the customers who are willing to pay at least the price y. We assume
that

lim N (y,t)/N(y.t) = By(A(y),m) a.s. (3)

Note that the subscript N is to indicate that the blocking probability is a function of the
arrival process. The blocking probability depends upon the price y through the arrival
rate A(y). Under our assumptions, setting a price y corresponds to randomly deleting each
potential customer from the arrival process N with probability 1 — A(y)/A. When the
arrival process is stationary and ergodic, a sufficient condition for the blocking probability
(Bn(A(y),m)) to exist is that with probability 1 at most one customer departs at any time
and departure time of a served customer does not coincide with an arrival; see Franken et.
al. [8].

We consider two different alternatives for collecting payments:
e All customers pay upon joining the system (payment at acceptance points),
e All customers pay upon service completion (payment at departure points).

Fix the arrival process N, willingness-to-pay distribution F'(-), service time distribution G(-),
and let R,(y,m) be the long-run average revenue per unit time with price y and system
capacity m < oo assuming customers pay upon acceptance into the system. Similarly, define
R4(y, m) except that customers pay upon completing service. For m < oo, it turns out that
Ra(y,m) = R,(y,m) so we will simply write R(y,m). The objective is to determine the
price y that maximizes R4(y,m) for each m and also the price y that maximizes R,(y, m)
for each m.

We let V¥ be the set of optimal prices when the system capacity is m < 0o, Y,* be the set
of optimal prices when the capacity is infinite and customers pay at acceptance points, and
Y, be the set of optimal prices when the capacity is infinite and customers pay at departure
points. When the optimal prices are unique, we use v, y» and y; to denote the respective
unique optimal prices.

Finally, we let y° = sup{y : p(y) = 1}. In other words, y° is the largest price for which
the arrival rate is equal to the service rate when such a price exists. Note that if A/u < 1
then no such price exists and y° = —oo. On the other hand, if A/ > 1, then y° exists and
lies in the support of F(+).

3 Objective Functions

In this section, we derive expressions for R,(y,00), R4(y,o0), and R(y,m), the objective
functions for the three different models we are interested in.



3.1 When m = oo and payments at acceptance points—R,(y, co)

For the infinite capacity system and under the assumption that customers pay at acceptance
points, the objective function is easy to derive. Since every customer who is willing to pay
at least y is accepted to the system and each customer pays y, we have:
. yN(y,1)
Ra(ya OO) = lim T7 = y)‘(y) (4)

t—o0

Obviously, in this setting, assumptions on the service times are irrelevant.

3.2 When m = oo and payments at departure points—R,(y, o0)

Under the assumption that customers pay at departures and m = oo, the objective function
can be expressed in two parts depending on the value of p(y). Since the customers pay as
they leave the system, we are interested in the departure rate from the system. Let N%(y,t)
denote the total number of customers who departed (and therefore paid for their service)
from the system until time ¢. Then, it can be shown that (see Sigman [25])

Ne(y,t) :{ pooifply) >1
Ay) ifply) <1

Thus, the objective function can be defined as

lim
t—o00 t

_Jyp ifp(y) =21
Rt ={ oy ithi <1 ®)

3.3 When m < co and payments at either acceptance or departure
points—R(y, m)

If the capacity m is finite, the long run average reward per unit time is the same regardless
of whether payments occur at acceptance points or at departure points since the difference
in the amount of revenue under the two schemes at any time is smaller than my. This
means that while deriving the objective function, we can assume either payment alternative.
We derive two different expressions for R(y,m) by considering the two different payment
schemes, and we will use both expressions. First, by considering payments at acceptance
points,

y(N(y,t)=NE (y,1))

t
. N(y,t) N(y,t)—NB(y,
= ylim oo (iyt) (yt}[(y’t) (1)

R(y,m) = lim;

Thus, using (3), we have

Ry, m) = yA(y)[1 — Bx(A(y), m)]. (6)

We now derive a second expression for R(y, m) by assuming that customers pay as they
leave the system. Let S(y,t) be the total time the server is busy until time ¢ and let S,
denote the service time for the nth customer. We use N¢(y,t) to denote the total number
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of customers departed (completed service) until time t given that the capacity is m and
price is y. Note that lim,_ o NZ(y,t)/t exists since N(y,t) — NB(y,t) —m < Ni(y,t) <
N(y,t) — NZ(y,t). Thus, we have

S8 < Sy 1)< TS,

n=1

N& (yt N& (y,t)+1
o™ S Swh) o Lam "t Su N (y)+1
Nd(yt) — Nyt — N (yt)+1  Ng(yt) -~

From the strong law of large numbers,

: S(yut) -1
PN "

Then, we can derive R(y, m) as follows:

N, Sy, t
R(y,m) = lim =—™=—— =y lim M
t—o00 t—o00 t
Since we know the last limit exists, define mo(y, m) = 1 — (lim;_ S(y,t)/t), which is the
long run proportion of time that the system is empty; hence 1 — my(y, m) is the long run
proportion of time that the server is working, and we have our second expression

R(y,m) = yu[l — mo(y, m)]. (8)

4 Existence of Optimal Prices and Infinite Capacity
vs. Finite Capacity Systems

In this section, we will be concerned with the existence of optimal prices and we will give an
ordering result for the optimal prices for finite and infinite capacity systems. As it will be
shown in the following, optimal prices may not exist in some cases. However, the assumptions
on F(-) given in Section 2 ensure that optimal prices exist for the infinite capacity systems.
For the finite capacity systems, the optimal prices exist if By(A(y),m) (or mo(y,m)) is a
continuous function of y.

Proposition 4.1 states that for the infinite capacity systems, the optimal prices exist, and
if there is a unique optimal price for the infinite capacity system with customers paying at
acceptance points, then this optimal price is a lower bound on any optimal price for any
finite capacity system.

Proposition 4.1 For the infinite capacity systems, optimal prices exist (Y # 0 and Y,f # ().
Furthermore, if an optimal price also exists for a system with capacity m < oo (Y2 # ()
and y: € Y is the unique optimal price for the infinite capacity system under payments at
acceptance points, then any optimal price for the m capacity system is at least as large as y;
(i <inf{y:y €Y} for any m < o0).

The key to the proof of Proposition 4.1 is the fact By (A(y), m) is non-increasing in y, which
follows from the main result of Ziya, Ayhan and Foley [32]. If the blocking term By (A(y), m)
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is strictly decreasing in y, it can be shown that Proposition 4.1 holds even when there is
more than one optimal price for the infinite capacity system. In that case, the result holds
for any optimal price of R,(y,o0).

The blocking term By (A(y),m) is not known in general, which makes it impossible to
find the optimal prices for finite capacity systems in most cases. However, Proposition 4.1
suggests that even if it is not possible to find an optimal price for the finite capacity system,
the facility manager can at least find a lower bound on any of the optimal prices by solving
the infinite capacity problem.

The proof of Proposition 4.1 uses the assumption that F'(-) has a finite mean to prove
the existence of the optimal price for the infinite capacity systems. If F'(-) has an infinite
mean, then the optimal price either exists and is finite, or it does not exist. As an example,
consider the distribution function F(y) = 1 — y—}rg for 0 <1 —¢ <y < oo, which has an
infinite mean. It can be shown that if ¢ < 0, then y =1 —¢. On the other hand, if € > 0,
then the optimal price does not exist, since for any price y, there is always a better price
which is greater than y and y = oo is not optimal. Note that for ¢ = 0, any y € [1,00) is
optimal.

5 Optimal Price Expressions

In this section, we are interested in deriving conditions and expressions for unique optimal
prices. To ensure uniqueness, we will make an assumption on the function

e(y) = yr(y) for y € [o, B).

Assumption IPE (Increasing Price Elasticity): e(y) is strictly increasing for y €
[inf{y : e(y) = 1}, ).
It turns out that the function e(y) = yr(y) is the price elasticity of the demand A(y) =

AF(y). To be more precise,
/\(y+A(y))—/\(y)
_ Ay
ely) = Algl,rgo Ay
y

Hence, having e(y) increasing is equivalent to having the price elasticity function increas-
ing. Then, assumption IPE is equivalent to the assumption that price elasticity is increasing
over the range of prices for which demand is elastic. (We say that demand is elastic for a
certain price if the price elasticity for that price is at least 1.) Under IPE then, demand is
inelastic for low prices and elastic for higher prices.

According to the terminology of Lariviere and Porteus [13|, IPE is the same as the
distribution function F(-) having an IGFR (increasing generalized failure rate). As Lariviere
and Porteus indicate this assumption is satisfied by many widely used continuous distribution
functions. It is obviously satisfied for distributions with a non-decreasing failure rate r(-)
but also for many other distributions due to the factor y in yr(y) (e.g. uniform and Weibull
distributions).

Under IPE, we can show that there are unique optimal prices for infinite capacity systems
and also for finite capacity systems under exponentially distributed interarrival and service
times.



Proposition 5.1

(i) Under IPE, R,(y,00) and R;(y,o0) both have unique optimal prices. That is Y = {y’}
and Y} = {y}}, where

ye =infly:e(y) > 1],
. o if A <1
Yo = maz{ys, v} ifAp>1

For NJp > 1, max{y:,y°} = y° ife(y®) > 1 (orif p(yk) > 1); otherwise, max{y},y°} =
Ya-

(ii) Suppose that R(y,m) has a unique local maximum and my(y, m) is differentiable in y.
Then, the optimal price, y;, can be defined as

ymy(y, m)
1 - 7TO<y7 m)

*

Y = infly : > 1]

where 7y(y, m) is the derivative of mo(y, m) w.r.t. y.

(iii) Suppose that interarrival and service times have exponential distributions. Then, under
IPE, R(y,m) has a unique optimal price; that is, Y5 = {y’ }. Furthermore,

Y, = infly 1 e(y)ym(y) > 1]

where

1+m mtl_(m41 m .
() = 1+<1—(6§?£>m+1)El—iﬁ(%% Foly) 71
3 if ply) =1
We have used Assumption IPE for proving uniqueness. This assumption ensures that the
revenue rate function yA(y) is quasi-concave over the interval where it is strictly positive. In
the pricing and revenue management literature, several other assumptions are made on this
“revenue function” in order to have analytically tractable models. A common property of
these assumptions is that each ensures that the “revenue function” is quasi-concave. These
various assumptions are compared in Ziya, Ayhan and Foley [31].

6 Optimal Prices and Stochastic Ordering

In this section, we try to answer the following question: Should customers who are willing to
pay more be charged more? Although the answer to this question might appear to be yes,
we will show that it is not always true. This section contains an example of two identical
systems A and B except that the nth arrival to B is always willing to pay more than the
corresponding arrival to A. Even though it might appear that higher prices should be set in
System B, we will give an example where A should have the higher price.

First, if Fp(y) < Fa(y) for all y € (—o0, 00) then Fj is smaller than Fp with respect to
stochastic dominance, i.e. F4 <y Fp (see Shaked and Shanthikumar [24]).
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Example: Let Fu(y) = 5% for y € [0,2.2] and Fp(y) = In(y) for y € [1,¢]. One
can check to see that Fx <y Fp, and the corresponding functions e4(y) and ep(y) are
strictly increasing, which implies that IPE holds. Let Uy, Us, ... be iid uniform (0, 1) random
variables, and suppose that the nth customer to A is willing to pay FA_l(Un) while the nth
customer to B is willing to pay Fz'(U,). Since F5'(U,) > F;*(U,), the nth customer to B
is willing to pay more than the nth customer to A. However, using Proposition 5.1, it can
be shown that in System A y* = 1.1 whereas in System B y = 1.

If we turn our attention to the optimal price when customers pay at departure, the
relationship between y; for the two systems depends on the value of A/u. There exists some
r such that if A/u > (<)k, then yj for System B is strictly larger (smaller) than in A. It
can be shown in this example that x is roughly 1.10535. Similarly, the relationship between
the optimal prices for the finite capacity system also depends upon the value of A/u. As
an example, let m = 1. Then, it can be shown that if A/u > (<)0, then yj in System B
is strictly greater (smaller) than the one in System A. For this example, 6 is approximately
equal to 0.18294.

This counter-intuitive result shows that it is not always better to charge higher prices
to customers who are willing to pay more when by “pay more” we mean stochastic domi-
nance. However, if by “pay more”, we mean that willingness-to-pay distribution functions
are stochastically ordered with respect to hazard rate, then it is possible to prove that the
optimal prices will also be ordered in the same direction. This result is given in Proposition
6.1 but first, we define hazard rate ordering.

Consider two distribution functions F'y and Fg. If F4 and Fp are both defined over
non-negative sets, absolutely continuous, with hazard rate functions r4 and rg, respectively,
and r4(y) > rp(y) for y > 0 then F4 is smaller than Fp with respect to the hazard rate
ordering, i.e. Fq <, Fp (see Shaked and Shanthikumar [24]).

Proposition 6.1 Consider two systems with willingness-to-pay distribution functions F4 and
Fg, respectively where Fy <p,. Fg. Then, under IPE, y! (y) in System A is less than or
equal to y: (yh) in System B. Furthermore, if interarrival and service times are exponentially
distributed, the same holds for y, for m < oco.

From Proposition 6.1, we know that having hazard rate order between the willingness-
to-pay distributions suffices to ensure that optimal prices are ordered in the same direction
for infinite capacity systems and also for finite capacity systems if interarrival and service
times are exponentially distributed. The counterexample we provided at the beginning of
this section shows that usual stochastic order is not sufficient. However, one might wonder
whether some additional conditions would imply such an order. For example, suppose that
all the customers are willing to pay an additional s dollars. Would that imply that optimal
price also increases by s dollars, or at least increases? The following proposition answers
these questions.

Proposition 6.2 Consider two systems with willingness-to-pay distribution functions Fy
and Fg, respectively where Fa(y) = Fp(y + s) for an <y < (4. Then, under IPE, y* (y3)
in System B is greater than or equal to y! (y;) and less than or equal to y: + s (y + s) in
System A. Furthermore, if interarrival and service times are exponentially distributed, the
same holds for y;, for m < oco.
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According to Proposition 6.2, if the customers are willing to pay an additional s dollars,
then the optimal price is also higher. Furthermore, the new optimal price is at most s
dollars higher. To show that the optimal price may increase by something other than s
dollars, consider the following example. Suppose that we have infinite capacity, customers
pay at acceptance times and the willingness-to-pay distribution is Uniform (0, 100). Then,
the optimal price is $50. If each customer were willing to pay $10 more, then the willingness-
to-pay distribution would be Uniform (10, 110), and the optimal price would be $55. Note
that even though each customer is willing to pay $10 more, the optimal price only increases
by $5.

7 Optimal Prices, Customer Arrival Rate and Service
Rate

In this section, we are interested in how the optimal prices change as the customer demand
rate A and service rate pu change. Having a stochastically larger willingness-to-pay distribu-
tion function implies that customer demand for each price is also higher. However, as shown
in the previous section, this does not imply that the optimal price is also higher. Another
way to have a demand function larger for each price is to have a larger customer arrival rate
A. One might wonder if a larger A implies a larger optimal price. Similarly, suppose that
the current server is replaced by a faster one. How are the optimal prices influenced by such
a change? One would expect A and u to have opposite effects on the optimal price, and this
is indeed the case.

We know from Proposition 5.1 (i) that y is not a function of A and p. Therefore, changes
in these rates have no effect on y’. However, y§ and v, (for exponential interarrival and
service times) are functions of both A and p. To be more precise, they are functions of A/pu
and as stated in Proposition 7.1, they are non-decreasing in A/pu.

Proposition 7.1 Consider two systems with demand rates Aax and Ag, service rates fia
and pp, respectively. Suppose that Ag/up > Aa/pa and IPE holds. Then, y; in System A
is less than or equal to y in System B. Furthermore, if interarrival and service times are
exponentially distributed, the same holds for vy, for m < oo.

Assuming that the service speed remains the same, the scenario considered in Proposition
7.1 corresponds to a case where the customer population increases in such a way that the
proportion of customers at different valuation levels remain the same (i.e., willingness-to-pay
distribution does not change). Hence, if customers’ heterogeneity in their valuations do not
change as a result of new customers, then the optimal prices either remain the same or they
are higher.

8 Optimal Prices and Waiting Room Capacity

In this section, we first consider the optimal price y;, as m goes to infinity. Then, we
will investigate more closely how the optimal price changes as the capacity m increases or
decreases.

12



8.1 Optimal Price as the Capacity Converges to Infinity

For finite capacity systems with general service and interarrival times, it is not possible to
find expressions for optimal prices since we do not have expressions for By(-) or mo(-) for
such general systems. Therefore, one would be interested in approximations to the optimal
price. In this section, we show that as the capacity converges to infinity, the optimal price
for the finite capacity system converges to the optimal price for the infinite capacity system
(when payments are made at departures) under certain conditions. This means that for
sufficiently large capacity, the optimal price can be approximated with yj, which has the
simple expression given in Proposition 5.1.
In the proof of this limit result, a key assumption is the following:

nll_rgo mo(y, m) = 0 for p(y) > 1.

We believe that this assumption holds under quite general conditions if not always.
One might be more skeptical whether it holds for p(y) = 1. However, using the two
equivalent expressions of R(y,m), one can show that for p(y) = 1, lim,, . mo(y,m) =
lim,, 00 BN(A(y), m). Then, if one limit is strictly positive so is the other and this is a good
reason to believe that the assumption holds under quite general conditions. Note that it can
be easily shown that it holds if interarrival and service times are exponentially distributed.

We now give two lemmas. These lemmas are used in the proof of Proposition 8.1, but
they are given here since they have some independent interest.

Lemma 8.1 Form > 1, By(Ay),m + 1) < By(A(y),m) and mo(y,m + 1) < mo(y, m).
Therefore, R(y, m + 1) > R(y,m) for any y.

Lemma 8.2 Suppose that lim,, . mo(y,m) = 0 for p(y) > 1. Then, R(y,m) converges to
Ri(y,00) as m converges to infinity.

Lemma 8.1 states the intuitive result that for any price y, it is always better to have higher
capacity, and Lemma 8.2 states that the objective function for the finite capacity system
converges to the objective function for the infinite capacity system under the assumption that
customers pay at departure times. Using these lemmas, we prove the following proposition.

Proposition 8.1 Let {y*,} for m = 1,2,--- be a sequence of optimal prices for R(y,m),
and suppose that lim,, . mo(y,m) = 0 for p(y) > 1. Then, under IPE, y!, converges to vy
as m converges to oo.

If p(yk) < 1, then y, converges to y* by Propositions 5.1 and 8.1. On the other hand
if p(y¥) > 1, then y, converges to y°. In other words, as the capacity converges to infinity,
the optimal price always converges to a price under which the arrival rate of the customers
is at most equal to the service rate. Note that Courcoubetis and Reiman [4] prove a similar
result under a different formulation. They conclude that as the capacity converges to infinity,
under the asymptotically optimal prices, the system is either unloaded (i.e., arrival rate is
less than service rate) or critically loaded (i.e., arrival rate is equal to service rate).
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8.2 Monotonicity of the Optimal Price in the Waiting Room Ca-
pacity

In this section, we look more closely at how the optimal price for the finite capacity system vy,
changes with the capacity m. An initial guess would be that the optimal price is monotone
increasing or monotone decreasing in the capacity. However, it turns out that in general
optimal price is not monotone as the following example shows.

Example: Suppose that arrivals are Poisson and service times are deterministic. Let
the willingness-to-pay distribution F(-) be Uniform(0,10), maximum arrival rate A = 2.9
and service rate ;t = 1. Then, it can be shown that yj ~ 6.638, y5 ~ 6.522 and y; >~ 6.546.
Hence, the optimal price decreases as the capacity is increased from 1 to 2, but increases as
the capacity is increased from 2 to 3.

However, if we assume that interarrival and service times are exponentially distributed,
then we can show that the optimal price is monotone in the capacity. Interestingly, whether
it is monotone non-decreasing or monotone non-increasing depends on the value of A/pu.
This monotonicity result is given in Proposition 8.2 along with other ordering relations.

Proposition 8.2 Let p¢ = 1/F(y°) where

e | inf{y:e(y) > 2} if there exists y < oo s.t. e(y) > 2
Y71 « otherwise,

and suppose that interarrival and service times are exponentially distributed. Then, under
IPE:

(1) If A/ = p® then y; <y, = y° = y° =y for m < oo.
(i) IFA/p>p°thenyy <y <yi <ys < <yp <Ypmp < < yp=9°

(i) IfA/p < p® theny; <yh < --- <wyh . <yh <--- < w3 <y <y°. Furthermore, if
1< A/u < p®, then y° <y for m < occ.

As it can be seen from Proposition 8.2, the ordering relations depend on whether the
value of A/u is equal to, greater than or smaller than p°. Because of this property we call
p¢ the “critical traffic intensity” and corresponding price y¢ the “critical price”. The ex-
pression A/pu gives the maximum traffic intensity the service facility can observe. Hence, it
is a measure of the level of “relative demand” for the service (“relative” in the sense that
demand is normalized by the service capacity of the system) and we call it the “offered
load”. If the offered load is at some critical level p°, the optimal price is the same whatever
the capacity is. If the load is high, the optimal price increases with the waiting room ca-
pacity; on the other hand, if the load is low, the optimal price decreases with the waiting
room capacity. Note that since p¢ and y° only depend on the willingness-to-pay distribu-
tion function, whether the offered load is low or high is also determined by the customers’
willingness-to-pay distribution.

The expression A/ is the offered load for the system; however, it is not the load observed
by the server. There are two mechanisms that control the arrival rate seen by the server.
One is the waiting room capacity and the other is the price. For fixed price, systems with
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smaller capacities see lower arrival rates since they lose more customers. As we increase the
waiting room capacity, the effect of the waiting room capacity on the arrival rate decreases,
and pricing becomes a more effective decision. If the offered load is high, the service provider
can set relatively high prices while keeping the server utilization high. In this case, as the
waiting room capacity increases, the service provider can increase the price to take advantage
of the increased “effective” demand caused by the additional waiting space. However, if the
offered load is low, the service provider is not as powerful. Charging high prices would result
in having low utilization levels. In this case, the service provider does not view an increase
in the waiting room capacity as an opportunity to increase the prices, but rather as an
opportunity to induce more demand by lowering prices. When the capacity is small, since
many customers are lost even if they are willing to pay the price, the service provider finds
it more profitable to charge a higher price.

A more technical explanation for this monotonicity is as follows: First, note that if
A/p > p°, we have p(y;,) > 1 for all m < co. This means that even though the optimal price
increases as m increases (hence p(y¥,) decreases), still for any m, the customer arrival rate
for price y;, is more than the service rate. Therefore, as the capacity increases, the service
provider sets the price so that each served customer pays more, but not so much as to cause
the server to become idle frequently due to the smaller arrival rate induced by the increase
in price. Note that, for small capacity, there is a higher chance for the server to be idle.
Therefore, lower prices (hence higher arrival rates) are set in such cases. On the other hand,
if A/p < p¢, we have p(y),) <1 for all m < co. In other words, the server will be idle quite
often whatever the capacity is. Arguing in the same way as in the previous case, we might
be tempted to believe that for small capacity, the price should be decreased (hence arrival
rate is increased) so as to decrease the idleness. However, in this case that is a quite costly
alternative, since that would cause each customer to pay extremely low prices due to the low
demand. In general, what we have here is a trade-off between the idleness and the revenue
obtained from each served customer, and the relationship between the two depends on the
offered demand for the service (A/p).

9 Conclusions

The majority of the work on the optimal pricing for queueing systems considers models with
infinite waiting room capacity, which are in general easier to analyze compared to systems
with finite waiting room capacity. The difficulty in the analysis of the finite capacity systems
arises due to the presence of the blocking term (in our model, the term By (A(y),m)) in the
objective functions. In fact, in many cases, it is impossible to find expressions for the optimal
price since we do not have an expression for By (A(y), m) under general arrival and service
processes. However, optimal prices for infinite capacity systems can be used to make more
informed decisions for finite capacity systems as well. Under the assumption that customers
pay at acceptance times, the optimal price for the infinite capacity model is a lower bound on
any optimal price for any finite capacity system. Furthermore, for large capacity, the optimal
price is close to the optimal price for the infinite capacity model under the assumption that
customers pay as they leave.

As stated in Proposition 8.2, the relationship between the price and the waiting room
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capacity depends on the offered load. The service provider has two conflicting objectives:
billing many customers, which is equivalent to keeping the server busy, and billing a large
amount for each customer. As the waiting room size decreases, the service provider might
also decrease the price so that the server will have less idle time. This is exactly what
happens when the offered load is high. On the other hand, when the offered load is low, the
service provider is not as powerful, and the relationship between the optimal price and the
capacity is reversed. As the capacity gets smaller, charging lower prices to raise the arrival
rate is a costly strategy. Instead, the service provider chooses to get paid more for each
accepted customer. The trade-off between the price and arrival rate works in two different
ways depending on the offered load being low or high.

Changes in customers’ willingness-to-pay might have some counter-intuitive effects on the
optimal prices. There are some cases where increases in each customer’s willingness-to-pay
decrease the optimal price. In other words, if there is a shift in the customers’ willingness-
to-pay distribution function and this shift results in having a larger distribution in the usual
stochastic sense, the new optimal price is not necessarily higher. However, if the shift causes
the new distribution to be larger in the hazard rate order, then the new optimal price is
higher.

A Appendix

In this section, we provide the proofs of the results given in the previous sections and also
give the lemmas which are needed to prove some of our results.

The proof of the following lemma is omitted since it is straightforward but requires tedious
algebra.

Lemma A.1 Let m > 1 be a finite integer. Then:

1+mzm+1 (m+1) m
(1) 1 zm 1 szrl)

1s a decreasing function of z for z > 0.

I+ (mA1)z" T2~ (m42)zm D 14me™ —(mt1)2™
(11) 1 Zm+1)(1 Zm+2) - (1*27")(172:7”‘*'1) < 0 fOT z > ].

1+(m+1)2m+2 —(m+4-2)zm+1 1+mz™ T —(m+1)2™
(iii) = Zmﬂ)(l_zmH) — Ty 0 for0<z<1.

The following corollary follows from Lemma A.1. Part (i) follows from Lemma A.1(i)
and part (ii) follows from Lemma A.1(ii) and from Lemma A.1(iii).

Corollary A.1 Let v,,(y) be defined as in Proposition 5.1 (iii). Then, we have
(1) vm(y) is strictly decreasing in p(y) and non-decreasing in y,
(i) If p(y) > (<)(=)L, then Y (y) < () (=)vm(y)-

Proof of Proposition 4.1:
We first prove that Y* # (). Since F(-) is assumed to be absolutely continuous and A > 0,
yA(y) is a continuous non-negative function of y. Since a < 3, there exists a < y < 3 such
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that yA(y) > 0. If B < oo, we have SA(S) = 0. If B = oo, it follows from the finite mean
assumption on F'(-) that lim, .. yA(y) = 0 (see Chung [3]). Since the function yA(y) is
continuous, we conclude that there exists a finite value of y for which the function yA(y) is
maximized. Hence, Y* # ().

If A/p < 1, then it follows immediately from (5) that Y # (. If A/u > 1, then we have
the same result from (5) and the fact that y° < co.

Suppose that Y* £ (). Let y* be the unique element of Y;* and let y*, € Y*. Tt is sufficient
to show that if y # v, then y¥ < y* . Since y, is optimal for the m-capacity system,

R(yy,,m) > R(ys, m).
Using (6), we get

YA W) o 1= Bv(A(ya), m)

vaMys) — 1= Bn(Ay;,),m)
Note that the numerator and denominator on the left hand side are the expected long run
average revenue expressions for the infinite capacity system (under “payments at acceptance
points”) with prices ¥, and y?, respectively. Then, since y* is the unique optimal price for
the infinite capacity system,

Y Ar) <1
YA vs)

This implies
11— BN<)‘(yZ>7 m)

T By (M) om)
Therefore,
Bn(Ayz),m) > By (Ayp,), m).
Finally, the result follows from the main result of Ziya, Ayhan and Foley [32]. O

Proof of Proposition 5.1:

(i) Note that if R,(y,o00) is differentiable at y € [«,3), then %ﬁ’/”m) > (<)0 if and
only if e(y) = yr(y) < (>)1. We know from the proof of Proposition 4.1 that there exists
a < y < [ for which R,(y,0c0) is strictly positive. We also know that if § < oo then
R,(8,00) = 0; if § = oo, then lim, .3 R,(y,00) = 0. It follows that, since R,(y,o0) is
continuous, there exists y € (a,3) such that e(y) > 1. Then, since e(y) is increasing for
y > infly : e(y) > 1], R,(y, 00) is decreasing for any y > inf[y : e(y) > 1] for which R,(y, o)
is differentiable. Similarly, R,(y,o0) is increasing for y < inf[y : e(y) > 1]. Finally, since
F(-) is absolutely continuous, R,(y,o0) is differentiable a.e., continuous, and we conclude
that v = inf[y : e(y) > 1].

If A/u <1, then p(y) < 1 for all y and by (5) R4(y,00) = Ry(y,o0). Thus, yj = y.

Suppose that A/pu > 1. Then, there exists y such that p(y) = 1 and we can rewrite (5)

as
yp ity <y’

Ry(y,00) = . o - 9

d(y ) {y)\(y) 1fy>y ( )

From the definition of y° and continuity of F'(y), we have \(y°) = p, and thus Ry(y, 00) is
continuous. Note that it follows immediately from (9) that the best price in the set {y : y <
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y°} is y°. If there exists € > 0 such that e(y® +¢) < 1, then using the arguments of part (i),
we conclude that the best price in the set {y : y > y°} is ¢y and yZA\(y¥) > y°A(y°) = yu.
Thus, v = v = max{y},y°}. If there exists no € > 0 such that e(y® + ¢) < 1, then once
again using the arguments of part (i), we conclude that the best price in the set {y : y > y°}
is no better than y° and y! < y°. Hence, v} = y° = max{y},y°}.

Using similar arguments, we can also show that if y°r(y°) > (<)1, then y* < (>)y°.
Similarly, if p(y}) > (<)1, then y* < (>)y° where we also make use of the fact that p(y°) = 1.

(ii) Using the expression of R(y, m) given in (8) and taking its derivative, it can be shown
that %ﬁ/’m) > (<)0 if

mo(y, m)
—— < (>)1. 10
1 — mo(y, m) >) 1o
Since R(y,m) is assumed to have a unique local maximum, it follows that y% = infly :
1-mo(y,m) — ’

(iii) Since the system is an M/M/1/m queueing system, we have an explicit expression

for mo(y, m),
L=ply)
Wo(y, m) — { ]_7p(y)m+1 lf p(y) % 1

5 if p(y) =1
Suppose that R(y,m) is differentiable at y. Then, we know from the proof of part (ii)
dR(y,m . wh(y,m wh(y,m
that % > ()0 if y% < (>)1. Tt can be shown that y% = yr(y)ym(y) =

e(y)¥m(y). It can also be shown that my(y, m) is differentiable a.e. and continuous. Thus,
R(y,m) is also differentiable a.e. and continuous. We know from Proposition 4.1 that
yr € [inf{y : e(y) > 1}, ), and since we are assuming IPE, we know that e(y) is strictly
increasing in the same interval. Finally, from Corollary A.1 (i), we conclude that e(y)ym(y)
is also strictly increasing over [inf{y : e(y) > 1},5). Hence, R(y,m) has a unique local
maximum (and therefore a unique global maximum) and we conclude that

Yy, = infly : e(y)ym(y) > 1].

Proof of Proposition 6.1:

Note that in this proof, we add A and B as subscripts to our original notation to indicate
systems A and B.

Now, there are three different settings.

(i) Suppose that the capacity is infinite and customers pay at arrivals. Then, y!; =
inf{y : eg(y) > 1} and therefore, from assumption IPE, eg(yfz +¢) > 1 for any € > 0 such
that (yig +¢) < B. Since Fp >p, Fa, rp(y) < ra(y). This implies that es(yiz +¢) > 1.
Finally, since y}, = inf{y : ea(y) > 1} we conclude that y, < y’p.

(ii) Suppose that the capacity is infinite and customers pay at departures. If A/u < 1,
then the result immediately follows from part (i) and Proposition 5.1 (i). If A/u > 1, using
Proposition 5.1 (i), it is sufficient to show that y% > y%. However, this immediately follows
from the definitions of y% and 9, and using the fact that Fg >, F4 implies that Fg >4 Fa.

(iii) Suppose that interarrival and service times are exponentially distributed and there
is a finite capacity, m. Then, v} 5z = inf[y : eg(y)ymp(y) > 1]. Let ¢ > 0 be such that
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yr g+ < B. Then, from assumption IPE and Corollary A.1 (i) (note that interval [inf{y :
ea(y) > 1}, 3) contains y,, by Proposition 4.1), ep(yi5 + €)Vmp(yi,s +€) > 1. Since
Fg >p Fa, r5(y) < ra(y). Moreover, pg(y) > pa(y) since Fg >y, Fa implies Fg >4 Fa.
Then, from Corollary A.1 (i), it follows that ea(y),5 + €)Vma(yl,z + ) > 1. Finally, since
yroa = infly : ea(y)yma(y) > 1], we conclude that v 4 < v’ 5. O

Proof of Proposition 6.2:

The proof is similar to the proof of Proposition 6.1. We add A and B as subscripts to our
original notation to indicate systems A and B. It can easily be shown that yrg(y) = yra(y—s)
for ap < y < Bp. Suppose that the capacity is infinite. Then, the result immediately follows
if the payments are made at acceptance times. If the payments are made at departure times,
then the result follows from yrg(y) = yra(y — s) in addition to the fact that y% = y4 + s. If
the capacity is finite, the result follows from yrg(y) = yra(y — s) and pp(y) = pa(y — s) for
as <y < (4 in addition to Corollary A.1 (i). O

Proof of Proposition 7.1:

Note that in this proof, we add A and B as subscripts to our original notation to indicate
systems A and B.

Suppose that there is infinite capacity and customers pay at departures. Since Ag/up >
Aa/pa, we have y% > y9. We know from Proposition 5.1 (i) that ¢’z = y’,. Then, it again
follows from Proposition 5.1 (i) that yj, < yjp.

Suppose that interarrival and service times are exponentially distributed and there is a
finite capacity, m. Then, v} 5 = infly : e(y)ymp(y) > 1]. Let € > 0 be such that y¥ 5 +¢ < (.
Then, from IPE and Corollary A.1 (i) (note that interval [inf{y : e(y) > 1}, 5) contains y;, 4
by Proposition 4.1), e(y’, 5+ €)VYmp (Vg +€) > 1. Since pp(y) > pa(y), from Corollary A.1
(i), it follows that e(yr, 5 + €)Vma(yis +€) > 1. Since yf, 4, = inf[y : e(y)yma(y) > 1], we
conclude that y' 4 <y’ 5. O

Proof of Lemma 8.1:

Proof is based on a coupling argument. Consider two systems, System 1 and System 2.
Suppose that System 1 has a capacity of m and System 2 has a capacity of m + 1. Let T"
denote the arrival time of the nth customer who is willing to pay y but who may not be
able to enter the system (both System 1 and System 2) due to waiting room capacity and
S™ denote the service time for the nth customer serviced (in both System 1 and System 2).
We further define the following:

A;(t): Number of customers accepted to System ¢ until (and including) time ¢.

D;(t): Number of customers departed from System 7 until (and including) time t.

I;(t): Idle time for server (System) ¢ until time ¢.

We will show that for ¢t > 0,

Ay (1)
Di(t)
t)

11 ) (1)
I(

VA IA

Let 7 be defined as
T =1inf{t : A;(t) > As(t)}
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and suppose for contradiction that 7 < co. Then, we know that
Aq(t) < Ay(t) for t € [0, 7). (12)
Since service time for some nth customer is the same for both systems, this also implies that
Dy (t) < Do(t) for t € [0, 7). (13)

Let Ay(7) = k—1. Then, from the definition of 7, we conclude that after all the scheduled
events occur at time 7, System 2 is full and customer at the end of the queue is customer
k — 1. Customer k joins System 1 but not System 2. Then, Dy(7) = k — 2 — m. On the
other hand, since customer k joins System 1 at time 7, we have k — m < Dy(7).

Then, we conclude that D;(7)— Ds(7) > 2. This together with (13) imply that at time 7,
there has been at least one departure from System 1 such that service time for that customer
started earlier than the corresponding customer of System 1. Since service time for the nth
customer is the same in System 1 and System 2 for all n, this is a contradiction to (12) and
(13).

Thus, we conclude that (11) holds for all ¢ > 0. The fact that A;(¢) < Ay(t) implies that
Bn(AMy),m + 1) < By(A(y), m) and the fact that I;(t) > I5(t) implies that mo(y,m + 1) <
mo(y, m) for m > 1. Finally, R(y,m + 1) > R(y, m) follows from (6) and (8). O

Proof of Lemma 8.2:
Let g be such that p(y) = 1. Using (6) and (8), it can easily be shown that

Bn (A7), m) = mo(y,m).
From the limit assumption, we know that lim,, . mo(y, m) = 0. Then, we also have

lim By (A7), m) = 0.
From the main result of Ziya, Ayhan and Foley [32], we know that, By (A(y), m) < By (A(y), m)
for p(y) < 1. This implies that lim,, .. By(A(y),m) = 0 for p(y) < 1. Then, using (6), we
have lim,, . R(y,m) = y\(y) for p(y) < 1. Also, using (8) and the limit assumption again,
we conclude that lim,, .. R(y,m) = yu for p(y) > 1. Hence, lim,, ., R(y,m) = Ry(y, ).

O

Proof of Proposition 8.1:
It can be shown that R(y,m) is bounded using the fact that R(y,m) < R,(y,o0) and
the finite mean assumption for F'(-) implying that

limsup R, (y, o0) = 0.

Yy—00

From Lemma 8.1, we also know that R(y,m) is non-decreasing in m. Then, we have (see
Bartle and Sherbert [1] and Fischer [7]):

lim (sup R(y,m)) = sgp( lim R(y,m)).

m—0o0 y m—0o0
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We know from Lemma 8.2 that

m—00

Then, we have
lim (sup R(y,m)) = sup(Rq4(y, o0)),
y

m— 00
Y

which can also be written as (since we assume the existence of optimal prices)

lim R(y,, m) = Ra(yj, 00). (14)

m—0o0

Now, suppose for contradiction that ¥, does not converge to . Then there exists a
neighborhood of yj, V, such that if n is any natural number, then there is a natural number
k = k(n) > n such that y; ¢ V (see Bartle [2]). Let V ={y: y} — 01 <y <y} + Jo} where
51 > 0 and (52 > 0. Then,

R(y;, k) = sup R(y,k) < sup Ry(y,00) = max(Rq(y; — 61), Ra(y); + 02))
{yygV} {yyeV}

where the last equality follows from the fact that under IPE, R4(y, 00) has a unique local
maximum (it is either unimodal or decreasing) and y; is the unique optimal solution.
Let ¢ > 0 be defined such that R;(y, 00) — max(Ra(y; — 01), Ra(y} + 02)) = ¢. Then,

Ra(yg, 00) = R(yy, k) = Ra(yg, 00) — max(Ra(yg — 01), Ra(yg + 02)) =1 > 0.

Let 0 < ¢ < 1, then we know from (14) that there exists a natural number N(g) such
that for m > N(e) we have

0< Rd(y;7 OO) - R(y;wm) <E.
However, we also know that there exists k& > N(e) such that
Rd(y;7 OO) - R(%ﬁa k) > ¢
which is a contradiction. Hence, y;, converges to yj. O

Proof of Proposition 8.2:

The proof follows immediately from Lemmas A.2, A.3 and A4. In part (i), y© = y°
follows from the fact that IPE implies that F(y) is strictly increasing for y € [y, 3) which
in turn implies that y° is the only price for which p(y) = 1. The fact that vy} is a lower or
an upper bound follows from Proposition 8.1 and the fact that y} is always a lower bound
follows from Proposition 4.1. |

Lemma A.2 Let

e | inf{y:e(y) > 2} if there exists y < oo s.t. e(y) > 2
Y71 « otherwise,

¢ = 1/F(y°), and m < oo. Suppose that interarrival and service times are exponentially
distributed. Then, under IPE, we have:
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(i) If A/p > p°, then y° < yr,.
(i) If A/p < p¢, then yy, < y°.
(iii) If A/p = p°, then y;, = y°.

Proof First, suppose that there exists no y such that e(y) > 2. In such a case, y° = oo and
p° = oo. Then, since A is finite and p is strictly positive A/u < p¢. Hence, we conclude that
if there is no y such that e(y) > 2, then A/u < p% or, if A/ > p°, then there exists y such
that e(y) > 2. This means that in parts (i) and (iii) below, there exists y such that e(y) > 2.

(i) If A/u > p°, we have p(y©) > 1. Then, from Corollary A.1 (i), 7, (y°) < % We can
also write 7y, (y¢ —¢) < % for any € > 0 such that y© — ¢ > a. From the definition of y¢, we
have e(y® —¢) < 2. Thus, e(y® — €)ym(y° —€) < 1. Hence, it follows from Proposition 5.1
(iii) that y© < yz,.

(ii) Suppose that A/u < p¢. If there exists no y such that e(y) > 2, then y° = oo and
the result immediately follows. Now, suppose that there exists such y and y® < oco. Since
Ap < p¢, we have p(y°) < 1. Then, from Corollary A.1 (i), 7m(y©) > % We can also
write 7, (y° 4+ €) > 3 for any & > 0 such that y° + ¢ < (. Since there exists y such that
e(y) > 2, from the definition of y° and the assumption IPE, we have e(y® 4+ ¢) > 2. Then,
e(y® + €)vm(y® +¢) > 1, and finally Proposition 5.1 (iii) implies that y, < y°.

(iii) It follows from parts (i) and (ii) above. O

Lemma A.3 Let m,n < oo and n > m. Suppose that interarrival and service times are
exponentially distributed and IPE holds. Then:

() If pyy,) = 1, then y; > yy,.
(i) If plyn) < 1, then y; < yp,.

Proof (i) Suppose for contradiction that y? < y!. Then there exists 6 > 0 such that
yr 46 < y. By Proposition 5.1 (iii), we can write e(y 4+ &)y (v +J) < 1. Since p(y',) > 1,
it is also true that p(y: + J) > 1 and from Corollary A.1 (ii), we have

e(yp, + 0) vy, +6) < e(yy + 0)vm(y, +90) < 1.

This is a contradiction to the optimality of ¥, since y; satisfies

Y = infly = e(y)m(y) > 1.
Hence, y; > ;..
(ii)Let € > 0 be such that y, +¢ < §. Since p(y},) < 1, we also have p(y;, +¢) < 1.
Then from Corollary A.1 (ii), v, (v, +€) > Ym(y), + €). Hence, we have

e(yr, +e)mlys, +€) > e(ys, + &) vm (v, + ).

From Proposition 5.1 (iii) and Assumption IPE, we have e(y, + &)y (v, + ) > 1. This
implies that e(y}, + €)ya(y%, +¢) > 1 and we conclude that v <y +e. Taking the limit as
¢ approaches zero, we find y; <y, for all m < oc. |
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Lemma A.4 Suppose that interarrival and service times are exponentially distributed and
IPE holds. If e(y°) > (<)2, then y;, < (>)y°.

Proof 1f e(y°) > 2, then since v,,(y°) = £ we have e(y°)7,,(y°) > 1. Then, from Proposition

2

5.1 (iii), y}, < y°. Similarly, if e(y°) < 2, then e(y°)7m,(y°) < 1 and by Proposition 5.1 (iii),

we conclude that y;, > y°. |
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