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In many service systems, customers are not served in the order they arrive, but according
to a priority scheme that ranks them with respect to their relative “importance.” However,
it may not be an easy task to determine the importance level of customers, especially when
decisions need to be made under limited information. A typical example is from health
care: When triage nurses classify patients into different priority groups, they must promptly
determine each patients criticality levels with only partial information on their conditions.
We consider such a service system where customers are from one of two possible types.
The service time and waiting cost for a customer depends on the customer’s type. Customers’
type identities are not directly available to the service provider; however, each customer
provides a signal which is an imperfect indicator of the customer’s identity. The service
provider uses these signals to determine priority levels for the customers with the objective
of minimizing the long-run average waiting cost. In most of the paper, each customer’s
signal equals the probability that the customer belongs to the type that should have a
higher priority and customers incur waiting costs that are linear in time. We first show that
increasing the number of priority classes decreases costs and the policy that gives the highest
priority to the customer with the highest signal outperforms any finite-class priority policy.
We then focus on two-class priority policies and investigate how the optimal policy changes
with the system load. We also investigate the properties of “good” signals and find that
signals that are larger in convex ordering are more preferable. In a simulation study, we find
that when the waiting cost functions are non-decreasing, quadratic, and convex, the policy
that assigns the highest priority to the customer with the highest signal performs poorly
while the two-class priority policy and an extension of the generalized cu rule perform well.

1. Introduction

There are many service systems where customers are not served in the order they arrive
but according to some priority scheme. Such systems typically aim to give priority to their
“important” customers, who are more sensitive to delays than the others. However, in some

cases, it is not possible to identify these customers perfectly and thus, service providers try to



determine the relative importance of the customers based on the limited information about
them.

There are various settings where priority decisions have to be made under imperfect
information. Patients visiting emergency rooms or those who are injured in mass-casualty
incidents go through a triage process where a triage nurse assigns them a priority level
within a very short time based on limited information, mainly by checking basic signs and
mostly relying on his/her visual impression of the patients (Frykberg 2002). Similarly, 911
operators have the difficult job of determining the relative importance of different calls based
on the answers that the callers provide to some standard questions (Palumbo et al. 1996 and
Reilly 2006). In some countries, similar classification problems arise in managing waiting
lists for public sector services under budget limitations. For example, in Australia, because
of budget restrictions, patients cannot be given access to psychotherapy services as the
need arises, and therefore they are put on waiting lists and are given priority according to
their conditions (Walton and Grenyer 2002). The practice of giving priorities as opposed to
following the First-Come-First-Served (FCFS) policy is not exclusive to service systems in
the public sector. Many companies give preferential treatment to their “valuable” customers
or to those who show signs of dissatisfaction. For example, Charles Schwab Corporation’s
historically most profitable customers wait significantly less than the other customers for
their calls to get answered (Brady 2000). On the other hand, for call centers, companies
have been developing new tools, which monitor customers’ conversations with customer
representatives, detect deviations from the customers’ regular speech and alert supervisors
accordingly with the objective of identifying frustrated customers (or at least those who
show signs of anger) and possibly give them preferential treatment (Shin 2006).

All these examples share a common characteristic: decision makers involved have to
determine priorities under less-than-perfect information. Triage nurses do not know exactly
who the critical patients are, but they simply make their best educated guesses. Some
scoring systems have been proposed to help make triage decisions (e.g., the Trauma Score,
the CRAMS scale, and the Prehospital Index) but research has shown that these scoring
systems do not work well in practice (Baxt et al. 1989). Similarly, companies do not actually
know which customers are going to be more profitable in the future. Various metrics have
been developed and adopted by the companies to help make that decision. Some examples
are the Recency Frequency Monetary Value (RFM), Share of Wallet (SOW), Past Customer
Value (PCV), and Customer Lifetime Value (CLV). Among these metrics CLV has recently



become more popular since it is being regarded as being a more forward-looking metric as
it tries to predict customers’ future behavior and takes this prediction into account together
with any past information about the customers when determining customers’ value to the
company (Kumar 2008). Clearly, however, neither CLV nor any of the other metrics can
perfectly identify the profitable customers. Forgoing priorities altogether is always an option,
but in some cases is not “affordable.” When resources are severely limited, they need to be
rationed in some way even when classification errors are inevitable. In many cases for
example, there is no alternative but to triage patients even when there is a high risk of
making mistakes. For companies in the service sector, giving priorities may seem to be
a choice rather than a necessity, but it appears that some are willing to take the risk of
alienating some of their customers in order to keep the seemingly more valuable ones happy.

The objective of this paper is to provide some insights into this problem of assigning
priorities under imperfect information. There are several questions of interest. For example,
if we do not have perfect information on the customers, what kind of information about the
customers can we use to classify them and how should we use this information in order to at
least improve upon the standard FCF'S policy? What kind of information is more useful than
others? How do the “optimal” prioritization policies change with certain system parameters
such as the customer load?

To investigate these questions, we consider a queueing model where arriving customers
belong to one of two different types: type 1 customers are those who deserve to get the higher
priority and type 2 customers are the ones who are supposed to be given lower priority. Both
customer types have different service requirements and different delay sensitivities. Differing
from most of the literature, we assume that customers’ types are not directly observable.
However, each customer provides a signal, which is a quantified summary of the relevant
information about the customer. In most of the paper, the signal from each customer is the
probability that the customer is of type 1, which can be computed using the information
available. However, we also consider the possibility that even that information may not be
available, and the service provider may have to use less informative signals that do not reveal
the type probabilities, but a tendency to be of type 1 or type 2 in some stochastic sense.
Depending on the application, these signals can differ. For example, in patient triage, the
signal can be a criticality score computed based on the patients’ condition (similar to the
way the CRAMS scale and other existing triage scores are computed). In call centers, it can
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is an indicator of how valuable the customer is to the firm.

When each customer’s signal represents the probability of that customer being of type
1 and the waiting costs are linear in time, we show that increasing the number of priority
classes decreases the long-run average cost for the whole system and that the Highest-Signal-
First (HSF) policy, which gives higher priority to those with higher probabilities of being
type 1, outperforms any priority policy with a finite number of priority classes. (We show
in the paper that the HSF policy is in fact a generalization of the well-known cu rule for
priority queues.) Despite this result, however, policies with finite number of priority classes
are still of interest since they are commonly used (e.g., in patient triage) and might be more
practical in some cases. Furthermore, our numerical analysis suggests that switching from
a two-class policy to HSF may not bring much benefits. Therefore, we specifically analyze
two-class priority policies, which are easy to implement and whose simple structure makes it
easier to generate useful insights on the relationships between the optimal priority policies
and certain system parameters and also on the characteristics of “good” signals. We find
that the search for an optimal two-class policy can be reduced to a search for the optimal
threshold value on the customer signal, which separates high-priority customers from the
low-priority ones. Interestingly, it turns out that the optimal threshold value gets smaller as
the system load increases and converges to zero as the load converges to 1. This means that
as the load gets larger, more customers need to be classified as high priority, and for very
high levels of customer load, only those customers with a very small probability of being
type 1 are given lower priority.

The service provider can have alternative signals at her disposal, each computed using
different pieces of the available information or processing the same information differently.
The question then arises as to which one of these signals to use. Are there any characteristics
that “better” signals possess? We find that high variability is a desirable feature for a signal.
Although it is not true that signals with higher variance necessarily lead to lower costs, we
show that for two-class priority policies, the long-run average cost is lower under signals
that are larger in convex ordering (which implies higher variance). Our numerical analysis
suggests that the same insight holds for the HSF policy as well.

For systems where signals do not reveal customers’ type probabilities, but are “weaker”
indicators of type identities, we find conditions under which, signals can still be used to
determine priorities. First, we find that if signals coming from type 1 customers are larger
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imply higher probabilities of being type 1. Thus, even if the service provider does not
know type probabilities of the customers, she can still order them according to their type 1
probabilities by simply ordering them according to their signals. However, if the ordering
between the signals of the two types is weaker (e.g., only the hazard rate ordering or usual
stochastic ordering holds between signals), this is no longer true. Nevertheless, as long as
signals of type 1 customers dominate the signals of type 2 customers in the usual stochastic
sense, we can show that by giving priority to the customer with the highest signal, the service
provider cannot do worse than using FCF'S.

For all of the results discussed above, we assume that customers’ waiting cost functions
are linear in time. Using simulation, we test how some of our findings for the linear-cost
case change when customers incur non-linear costs. Our analysis suggests that when waiting
costs are non-decreasing, quadratic, and convex with respect to time, HSF performs very
poorly mainly because under HSF customers with low signals end up waiting for a very long
time, which is penalized significantly under the convex cost structure. On the other hand,
the optimal two-class priority policy performs surprisingly well under the non-linear cost
structure considered. This shows that the optimal two-class priority policy might be more
robust than HSF since its performance under the linear-cost structure is only slightly worse
than that of HSF. However, the “best” policy (among all considered), turns out to be an
extension of the generalized cu rule proposed by Van Mieghem (1995), which outperforms
all the other policies under the convex structure and reduces to HSF when costs are linear.

The rest of the paper is organized as follows. We first provide a review of the relevant
literature in Section 2 and continue with the model description in Section 3. In Section 4,
we characterize the structure of the optimal priority policies with finite number of classes
and show that the HSF policy outperforms any finite-class policy. We provide our results on
two-class priority policies in Section 5. We compare the performances of HSF and optimal
two-class priority policies in Section 6. Section 7 deals with the comparison of different
signals, i.e., identifying characteristics of useful signals, and Section 8 considers an alternative
signal formulation that assumes that signals do not reveal customers’ type probabilities and
investigates conditions under which such signals can be used to determine customer priorities.
In Section 9, we report our findings based on a simulation study of a system where customers’
waiting costs are convex in time. Finally, we provide our concluding remarks in Section 10.

Proofs of all our results are presented in the Online Appendix.



2. Review of Relevant Literature

Starting with Cobham (1954, 1955), priority queues have received significant attention. For a
single server queue with Poisson arrivals, where customers are classified into a finite number of
priority classes and given non-preemptive priority accordingly, Cobham derived expressions
for the expected waiting times for each priority class. Many researchers followed by analyzing
priority queues in various settings, and Cobham’s results have been widely used in the
literature, as we also do in this paper. Jaiswal (1968) is a good source for a review of early
work on priority queues.

The optimality of the so called “cu rule” for multi-class queues with Poisson arrivals
appears to have been first established by Cox and Smith (1961). According to the cu rule,
each customer class ¢ has a priority index calculated by c;u; where ¢; is the per unit time cost
of keeping class i customers wait and 1/p; is the mean service time for class ¢ customers, and
higher priority is given to customer classes with higher priority indices. Other researchers
have established the optimality of the cu rule under various conditions and analyzed its
extensions for more complex systems. Van Mieghem (1995) provides a review of this work
and also establishes the asymptotic optimality of a generalized version of the cu rule in a
model where waiting costs are not necessarily linear but are convex in time. A number of
papers have considered models where customers possibly differing in their delay sensitivities
and utility functions purchase priorities. For examples of such work, see Kleinrock (1967),
Balachandran (1972), Mendelson and Whang (1990), Rao and Petersen (1998), and Aféche
(2007), and for an extended review, see Hassin and Haviv (2003).

The implicit assumption underlying the work that deals with the cu rule and its var-
ious extensions is that customers’ type identities are perfectly observable. Not much has
appeared on priority systems when customers’ identities are not available. In fact, to our
knowledge, van der Zee and Theil (1961) is the only such work. In their paper, van der Zee
and Theil consider a standard single server queue with two priority classes with the addi-
tional feature that customers are possibly misclassified. They first assume that the arrival
rates of customers who are supposed to be in class 1 but end up in class 2 and the arrival
rate of customers who are supposed to be in class 2 but end up in class 1 are known, and
then determine a condition under which prioritizing one of the classes is superior than the
standard FCFS policy. Then, they carry out an approximate analysis (assuming very small
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general model where there are three priority classes, carry out another approximate analysis
for small values of misclassification rates, and based on their analysis, propose that customers
be classified to class 1, 2, or 3 depending on the probability that an arriving customer should
be classified as class 1. Our paper is fundamentally different from the work of van der Zee
and Theil. The main difference is that in our model, the service provider receives a signal
from each arriving customer (where the signal indicates the probability distribution of the
customer’s true class identity or more generally it represents the information available about
the customer) and assigns the customer a priority level depending on this signal. In the
model of van der Zee and Theil, on the other hand, this priority assignment process is not
modeled at all. They implicitly assume that the service provider classifies the customers
in some unspecified way and knows the associated misclassification probabilities. Explicit
modeling of the information about the customers allows us to generate various insights on
the relationships between the available information, different classification policies, and im-
provements that would be obtained over the standard FCFS policy. Furthermore, unlike our
analysis, the approximate analysis of van der Zee and Theil assumes very small misclassi-
fication rates and ignores the fact that the arrival rate of misclassified customers depends
on the classification procedure used. Although the authors suggest that similar analysis can
be carried out if misclassification rates are large, they do not discuss how the dependence
between the classification policy and error rates would be captured.

Within the general area of service operations, several authors have investigated systems
where customers are classified into different groups depending on the information available
about the customers and their service requirements. The questions that these authors pose
and investigate are different from ours, but our classification model shares some similarities
with theirs. Shumsky and Pinker (2003) are interested in systems where a gatekeeper makes
an initial diagnosis of each incoming customer and decides whether to serve the customer
herself or send him to a specialist. If the gatekeeper chooses to serve the customer herself,
she takes the risk of not serving the customer satisfactorily and as a result incurring a cost.
The gatekeeper can rank the customers according to the complexity of the service they
require and she knows that she can successfully serve a customer with a complexity level k
with probability f(k). (The complexity information in this model is in some sense similar
to customer signals in our model, where each signal corresponds to a certain probability
that the customer carrying the signal belongs to type 1.) Shumsky and Pinker (2003) are
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way that is optimal for the overall system when there is information asymmetry between
the gatekeeper and the firm. Although Shumsky and Pinker (2003) do not model queueing
effects explicitly, in a related paper, Hasija, Pinker, and Shumsky (2005) consider queueing
effects in a similar model, and investigate how optimal referral rates change with system
parameters.

Giineg and Aksin (2004) use queueing-based models to investigate value creation/service-
delivery design questions under congestion effects. In one of their models, each customer is
classified into one of two types (high and low) depending on whether the probability that
the customer will generate revenue when offered a high-level service is above a certain level
0 or not. The server then further decides whether to offer an extended or regular service
to the customers depending on their type identities. The authors investigate how the server
should determine the type of service each customer type receives and how the manager
should determine the value of § and what kind of incentive mechanisms she should offer to
the server so as to maximize long-run average profits.

Service level differentiation in various forms have received significant attention most re-
cently within the context of call centers. For some examples other than the above, see Gans
and Zhou (2003, 2007) and Gurvich, Armony, and Mandelbaum (2005). Also see Aksin,
Armony, and Mehrotra (2007) for a recent survey of work on call centers.

Finally, we would like to note that priority queues have been previously used with the
objective of prioritizing emergency calls, but with models that do not consider the possibility
of misclassification. For examples of such work, see Green (1984) and Schaack and Larson

(1986, 1989).

3. Model Description

We consider a service system, which can be modeled as a single server queue. Customers
arrive according to a Poisson process with rate A, and each customer is either of type 1 with
probability p; or type 2 with probability p; = 1 —p; independently of other customers’ types,
the arrival and service processes, and the system state. Service times of type i € {1,2}
customers are independent and identically distributed (i.i.d.) with finite first and second
moments given by a; and e;, respectively. We define p = A(p1a; + paaz) to be the system
load (or customer load) and we assume that p < 1 so that the system is stable. We use h; to

denote the per unit time cost of having a type i customer wait, and without loss of generality,



we assume that hy/a; > ha/as. We also assume that the service is non-preemptive, i.e., once
the service of a customer begins it cannot be interrupted. The performance measure of
interest is the long-run average expected waiting cost.

The cp rule assumes that customer types are perfectly observable, and for the system
described above the rule says that the optimal policy is to give priority to type 1 customers
whenever there is at least one such customer in the system at the end of a service. In our
model, however, types of customers are not directly observable. Instead, the service provider
has some partial information about each customer, and can use this information to determine
the probability that the customer belongs to type 1 (or equivalently the probability that the
customer belongs to type 2). We refer to this probability as the customer signal. Thus, the
signal is an imperfect measure of the customer’s “importance,” i.e., a probabilistic indicator
of whether the customer is of type 1 or type 2, and can be computed using historical data as
well as specific information about the customer. For example, call centers can identify the
purchasing habits of their premium (“valuable”) customers based on historical data, and can
use this information along with the available data on each individual customer to determine
the probability that the customer is a premium customer or not. One common method that
can be used to estimate the probability of a customer’s type identity is logistic regression
(see, e.g., Hosmer and Lemeshow 2000 and Hastie, Tibshirani, and Friedman 2001).

For each arriving customer, the signal, i.e., the probability that the customer belongs to
type 1, is a random variable and we assume that it is i.i.d. for all customers with a probability
density function b(-) and a strictly increasing cumulative distribution function B(-). Note
that B(-) is the probability distribution of the probability of an arbitrary customer belonging
to type 1, and thus B(z) is the probability that an arriving customer has less than 100z

percent chance of being type 1. By definition, we also have

= /0 Cb()de and py— /0 (1~ 2)b(a)de.

The signal distribution B(-) can be estimated by taking a random sample of customers and
fitting a distribution to the estimated type 1 probabilities of these customers. Alternatively,
one can first estimate the probability distributions of the covariates in the logistic regression
(which is used to estimate type 1 probabilities), which can in turn be used to estimate the
probability distribution of the signal.

In Sections 4 through 7, we use the model described above to obtain insights on “good”

priority policies and also signals that yield the smallest long-run average cost. Later in



Sections 8 and 9, we relax the assumption of availability of the distribution of probability of

being a type 1 customer and the assumption of linear waiting costs, respectively.

4. Grouping Customers into Priority Classes and the
Highest-Signal-First Policy

Consider a policy which prioritizes customers so that customers with higher signals have
priority over customers with lower signals. In other words, whenever the server is available,
the server picks up the customer with the highest signal among those waiting for service.
We call this policy the Highest-Signal-First (HSF) policy. The HSF policy is in some sense
a generalization of the cu rule since giving higher priority to customers with higher signals
is actually the same as giving higher priority to customers with higher “expected cu” values,
since using our notation, the expected cu value for a customer with signal = equals x(h /a;)+
(1 —1z)(ha/asz), which increases with z.! Tt is thus reasonable to expect HSF to perform well.
Indeed, as we demonstrate in this section, HSF outperforms all finite-class priority policies.
Towards that end, we first give a precise description of finite-class policies, prove some
structural properties of optimal finite-class policies, and investigate how the performances
of these policies change as the number of classes increases.

An N-class priority policy m (where 1 < N < o) can be characterized by a partitioning of
the interval [0, 1] into N subintervals I; ., j € {1,..., N}. (The case with N = 1 corresponds
to the FCFS policy.) To be more precise, an N-class priority policy 7 can be described by a
set of signal sets {I; r, Iox,...,INx}, where I C [0,1] for j € {1,2,... ., N}; [, NI =0
for any 5,k € {1,2,...,N}, j # k; Uﬁvzl I;» = [0,1]; and where customers whose signals
belong to set I; , are put into priority class j and have higher priority than customers from
any class k > j. Let IIy denote the class of all such policies for fixed N. Let also W .
denote the steady-state expected queueing time of customers in priority class j under policy
7 € Ily. Then, using results on non-preemptive priority queues (see, e.g., Cobham 1954 or

Section 10.2 in Wolff 1989), we have

W, — A(prer + paeso)
(1= A T (=AY D)

'The reader can check that HSF is equivalent to implementing the expected cy rule also by computing

the expected cu values after computing the expected cost and the expected service time individually. This
. zhi+(1—x)h
gives maiJr(lf:E)az

, for j=1,2,..., N, (1)

as the index value of a customer with a signal of x.
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where I'y, » = fIk (xa;+(1—x)az)b(z)dx for k =1,..., N. Now, define C; to be the long-run

average cost under policy w € Ily. Then,

Cr =S Wi / (hz + ha(1 — 2))b(x)da. @)

Using (1) and (2), we next obtain a result that partially characterizes an optimal policy
within IIy. (The proofs of all our results are provided in the Online Appendix.) First,
define Iy to be the set of policies for which there exists a sequence of N + 1 real numbers
to > t1 >ty > -+ > ty_y >ty such that I , = [t1,t0], L;r = [t;,tj-1), for j =2,..., N,
to =1, and ty = 0. Note that I ~ C Il and each policy in I ~ is completely characterized
by N — 1 “thresholds,” i.e., t1,to, ..., tn_1.

Theorem 1 For fited N > 2, there exists a policy ©* in Iy that provides the smallest long-
run average cost among all policies in Iy . In other words, there exists an optimal policy in
Iy for which signal interval [0, 1] is partitioned into N disjoint intervals by N — 1 threshold
values so that customers whose signals fall into intervals with higher signals have higher

priority than customers whose signals fall into intervals with lower signals.

Theorem 1 simplifies the search for an optimal policy since it gives a characterization of a
class of policies (i.e., IIy) which contains at least one optimal policy (if not the only one)
and is much smaller than IIy. The theorem says that it is sufficient to search for optimal
values of N — 1 thresholds that will separate the signal interval for one priority level from
that of the next priority level.

Next, we investigate the effects of increasing the number of classes on the long-run average

cost.

Theorem 2 Let w be any N-class policy in fIN characterized by thresholds ti,ts, ..., tny_1.
Also let w be an (N + 1)-class policy in fIN+1 obtained from m by partitioning one of its
class intervals [t,, tm_1) into two subintervals [t,,,t) and [t,t,_1), where t € (t,,,tm_1) and
m=1,2,...,N, such that customers with signals in [t,t,,_1) receive a higher priority than
those with signals in [t,,,t) while all other priority relations remain the same as in 7. Then,

the long-run average cost under @ is at most the same as that under m.

Corollary 1 For every N-class priority policy in Il (where N > 1), there exists an (N+1)-

class priority policy in Il 1 under which the long-run average cost is at most the same.
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Corollary 2 The long-run average cost under any N -class priority policy in Iy for N > 2

1s at most the same as that under the FCFS policy.

Theorem 2 says that any N-class priority policy in Iy can be improved by adding a new
class by arbitrarily partitioning the signal interval corresponding to any one of the classes
into two and thereby creating an (N + 1)-class policy (while still enforcing that customers
whose signals fall into intervals with higher signals have higher priorities). Note that the
theorem does not say that any (N +1)-class policy is better than any N-class policy, which is
not correct even if the policies are restricted to be in policy sets IIy4; and Iy, respectively.
However, as Corollary 1 directly implies, the optimal (IV + 1)-class policy is better than the
optimal N-class policy. We also know that any N-class policy in ITy is better than FCFS as
stated in Corollary 2.

Now, consider the HSF policy. This policy can in fact also be considered as a priority
policy with infinite number of classes since each customer can be seen as belonging to a
different class. Corollary 1 says that any finite-class priority policy can be improved by
adding another class, and Theorem 1 says that customers with lower signals should not have
higher priorities than those with higher signals. These two findings lead to the following

result, which is formally proven in the Online Appendix.

Theorem 3 The long-run average cost under the non-preemptive policy that gives higher
priority to customers with higher signals (i.e., the HSF policy) is at most as large as the

long-run average cost under any finite-class priority policy.

Findings of this section suggest the following: When waiting costs change linearly in time,
use HSF preferably, if not, offer as many priority classes as possible. Note however that these
findings ignore the “cost” associated with implementing different priority policies. One can
imagine that implementation of a priority policy can become more difficult as the number of
priority classes increases, and thus the benefits of having additional priority classes might not
be sufficient to overcome the additional “costs.” (Our numerical analysis in Section 6 also
strongly supports this claim.) Thus, in many service systems, the number of priority classes
is not too large. For example, in patient triage, while different triage systems have different
numbers of priority classes, this number typically does not exceed six. In the following
section, we focus on two-class priority policies. Relatively simpler structure of this class of
policies allows us to give a complete characterization of the optimal policy and derive insights

regarding the relationships between the optimal policy and certain system parameters.
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5. Priority Policies with Two Classes

Suppose that the service provider is employing a two-class priority policy. Then, we know
from Theorem 1 that there exists an optimal policy that is completely characterized by a
single threshold value t € [0,1]. Those with signals ¢ or above are classified as class 1 while
those with signals below t are classified as class 2 and class 1 customers have non-preemptive
priority over class 2 customers.

Define W;(t) to be the expected waiting time of class ¢ customers under threshold t.

Then, from (1), we have

A(pre1 + pae2)
W) - 1 )
2 (1 — A [ (1@ + az(1 — x))b(m)dm)
and
Wale) = 1Y, ()

Let C(t) denote the long-run average cost when the threshold level is set to ¢ € [0, 1]. Then,

we have
C(t) = AW\ (1) /l(hlx + ho(1 — x))b(x)dx + AWs(t) /t(hlx + ho(1 — x))b(x)dz. (5)

Our objective is to minimize C(t) with respect to the threshold ¢. (Note that when ¢t = 1,
there are no class 1 customers and therefore no customer experiences (3) as the expected
waiting time and similarly when ¢t = 0, there are no class 2 customers and as a result no
customer experiences (4) as the expected waiting time.)

We next show that C(t) is a unimodal function of ¢ and provide an expression for the

optimal threshold value using the first order condition. We first define

and
E(t) = / (1 —2)b(z)dz, for t €0, 1]. (7)

Proposition 1 Let t* be the unique solution to g(p,t*) = 0, where
9lp.t) = t(p2 — pE(t)) — (1 = t)(p1 — pE(1)). (8)
Then, t* is the unique optimal threshold that minimizes C(-).

13



Proposition 1 provides several insights on the optimal threshold ¢*. Given the assumption
that hi/a; > ha/ag, t* is independent of hy and hy. In other words, the optimal threshold
does not depend on how much more “costly” it is to keep higher priority customers waiting.
On the other hand, if h;/a; < hy/as, this implies that priority is not given to the right
customers. In that case, t* as defined in Proposition 1 maximizes (5). Another interesting
observation is that the optimal threshold depends on customer arrival rate A and mean
service times a; and ay through the system load p only. Furthermore, higher moments of
service times have absolutely no effect on the optimal threshold t*.

We next investigate the effect of the system load on t*.

Proposition 2 Fiz p, € [0,1]. Then the optimal threshold t* decreases as the system load
p increases. Furthermore, t* converges to p; as the system load p approaches to 0, and t*

converges to 0 as the system load p approaches to 1.

Proposition 2 states that as the system load increases, the optimal decision calls for
classifying a higher percentage of customers as class 1. Also, in the limit, as p converges to
1, t* converges to 0. Therefore, under heavy traffic, policies that classify a small percentage
of customers as class 2 are more desirable. On the other hand, as p converges to 0, t*
converges to p; meaning that ¢* < p; (or equivalently 1 — ¢* > p,) for any p > 0. Thus,
for any level of customer load, for a customer to be classified as class 2 under the optimal
classification policy, the probability of that customer being of type 2 has to be larger than
the fraction of type 2 customers in the whole customer population.

Although Proposition 2 may seem surprising at first, it has an intuitive explanation.
As the customer load increases, all customers experience longer waiting times, but this is
especially the case for those customers who are in class 2. With increasing load, the “cost”
of a misclassified type 1 customer becomes even higher. However, if the threshold is set at
a very low level and thus the probability of a customer being classified as class 2 is very
small, even though customers will still experience longer waiting times with increasing load
it is very unlikely that a type 1 customer will have to bear a significantly longer waiting
time due to misclassification since only those customers who are very likely to be of type 2
are classified as class 2. Thus, with increasing customer load, the policies that classify fewer
customers as class 2 become increasingly more preferable.

Next, we provide a lower bound on the magnitude of improvement brought by the optimal

two-class policy over the FCFS policy. We then use this lower bound to identify conditions
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under which the optimal two-class priority policy does not bring significant benefits.

Proposition 3 We have

pa(t"/(1 —1%))h1 + pahy < C(t)

< <1,
p1h1 + paho Crers

where Cpops is the long-run average cost under the FCFS policy and equals C(0).

Corollary 3 When either p converges to 0 while py is fized or py converges to 0 while p is

fized, the fraction C(t*)/Crcrs approaches to 1.

Corollary 3 implies that for low values of the system load, benefits from the priority
policy will be very small. This is intuitive since when the system load is low, customers’
queueing time will be low as well regardless of their priority level. Hence, there is not much to
gain from giving priorities. Corollary 3 also suggests that the benefit of the priority system
is insignificant when the fraction of type 2 customers is much higher than that of type 1
customers. In the following section, we give a more detailed discussion on the benefits of

using priority policies by means of a numerical analysis.

6. A Numerical Study on the Performance of HSF and
Two-Class Priority Policies

As we have established in Section 4, increasing the number of priority classes increases the
performance of the optimal priority policy. We do not know, however, how much improve-
ment is possible and how it depends on system characteristics such as the customer load and
ratio of type 1 and type 2 customers. The objective of this section is to shed some light on
these questions by reporting our findings based on a numerical study.

We first obtain an expression for C'ygpr, which denotes the long-run average cost under

the HSF policy. We use this expression in our numerical results:

Clrrsw = A /0 (e 4 ha(1— )W (@)b(a)de,

where W (z) is the steady-state expected queueing time of a customer with signal = under

the HSF rule. In the following proposition, we obtain an expression for W (x). Proposition
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4 generalizes Theorem 1 of Kleinrock (1967), which provides an expression for W(x) when

there is a single customer type.2

Proposition 4 Under the HSF rule, the expected waiting time for a customer with signal

x € (0,1] is given by

W(z) = A(prer + paez) ' 9)

2 (1A [ (yar + (1~ p)az)blw)dy)

In our numerical study, we considered various scenarios by assigning different values for
system parameters such as hy, hs, a1, as, and A. We observed some common characteristics
that these different scenarios exhibited. Here, we report these observations over a represen-
tative example. For this example, the holding cost rates are given by hy = 4 and hy = 1,
service times are exponentially distributed for both types with the same mean of one unit,
and signals are uniformly distributed over the interval [p; — 0.2, p; + 0.2].

We first observe the effect of changes in the customer load. In order to isolate the effects
of the customer load, we fix p;, the ratio of type 1 customers to all customers, to one of
{0.2,0.4,0.6,0.8} in turn, and for each fixed ratio, we let A (and equivalently traffic load p)
change from 0.01 to 0.99. Figure 1 shows the percentage improvement in costs that would
be obtained using HSF and the optimal two-class priority policies over the standard FCFS
policy.

We observe that under both priority policies, improvements in cost increase with customer
load. In particular, regardless of the value of p;, the percentage improvement appears to
be an increasing convex function of customer load p, which takes substantially large values
under heavy customer load. This finding may sound contradictory to Proposition 2 which
states that as the system load p approaches to 1, t* converges to 0, implying that the optimal
two-class priority policy becomes similar to the FCFS policy. Note however that even under
a small threshold level, the priority policy will classify those customers who have a very high
chance of being type 2 as class 2 and thereby reduce the waiting time of type 1 customers,
which will result in substantial savings in a setting where the waiting times are already very

large due to heavy customer load.

2Kleinrock is interested in optimal bribing for queueing position in a single server queue. He assumes
that there is a probability distribution for customer bribes, and he derives an expression for the steady-state
expected waiting time of a customer with a bribe of z. Bribes in his model can be seen as signals in ours,
however he assumes that service times are independent of customer bribes, which does not hold for the
signals in our model.
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Figure 1: Percentage improvement over FCFS under HSF and optimal two-class priority
policies for different levels of customer load.

Figure 1 is also insightful in regard to how the performance of the optimal two-class pri-
ority policy compares with that of the HSF policy. Since we know that HSF outperforms any
finite-class priority policy, its performance constitutes an upper bound on the performance
of any finite-class priority policy for a given signal distribution. Interestingly, for almost
all levels of customer load, we observe that the optimal two-class priority policy captures
most of the potential improvement in costs. This suggests that classifying customers into
two priority classes can be a quite satisfactory alternative if keeping a strict ordering of the
customers with respect to their signals or using a finite-class priority policy with more than
two classes is impractical or costly. The performances of HSF and the optimal two-class
priority policies appear to be especially close when the customer load is either light or very
heavy. Relatively speaking, the advantage of using HSF over the two-class priority policy is
more significant for mid to high levels of customer load.

Next, we investigate the effect of the customer mix (more specifically the fraction of
type 1 customers, p;) on the percentage improvement over the FCFS policy. This time,

in order to isolate the effects of changes in the customer mix, we fix the arrival rate (and
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thus customer load p) to one of {0.1,0.3,0.7,0.9} in turn and for each fixed load, we let p;
change from 0.2 to 0.8. Note that since we assume that the signal distribution is uniform
over [p; — 0.2,p; + 0.2], the variance of the signal does not change as we change p;. This is
important in order to isolate the effect of change in the fraction of type 1 customers since as

we later discuss in Section 7, the effectiveness of a signal is closely related with its variability.
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Figure 2: Percentage improvement over FCFS under HSF and optimal two-class priority
policies for different levels of type 1 customer fraction.

Figure 2 shows the percentage improvement in costs that would be obtained using HSF
and the optimal two-class priority policies over the standard FCFS policy. For all values of
customer load p, the behavior of percentage improvement with respect to the fraction of type
1 customers appears to have a convex decreasing shape with more substantial improvements
when the fraction of type 1 customers is smaller. This observation makes intuitive sense.
When type 1 customers constitute a significantly large percentage of all the customers, since
type 1 customers are mostly inconvenienced by other type 1 customers anyway, the improve-
ments brought by the priority policies are relatively small. However, if type 1 customers
are in minority, they are mostly kept waiting by type 2 customers under the FCFS policy
and thus identifying these type 1 customers (to the extent that is possible) and giving them
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higher priority brings more significant benefits. Note that there are examples that show that
this insight is no longer true if the variance of the signal changes with the fraction of type 1
customers (unlike in our experimental setting where the variance is fixed at 1/75). Indeed,
Corollary 1 states that the improvements brought by priority policies become insignificant
as the fraction of type 1 customers approaches zero. This is not contradicting with the
numerical results that we present here because the fact that p; approaches zero implies that
the variance also approaches zero (since the second moment of the signal is always less than

or equal to p;) unlike the case in our numerical results.

7. Comparison of Signals

By using different pieces of the customer data available or processing the same data differ-
ently, the service provider can develop different ways of coming up with a signal, i.e., the
probability that a given customer is of type 1. In other words, there can be more than one
type of signal available for determining priorities of customers. Then, an interesting question
is which one of these signals would lead to the smallest long-run average cost.

To be more precise, suppose that we would like to compare two signals, signal Y and
signal Z with cumulative distribution functions By () and Bz(-), and probability density
functions by () and by(+), respectively. These two signal distributions are related by the fact

that they have the common mean py, i.e.,

1 1
D1 :/ xby (x)dx :/ xby(z)d.
0 0

Thus, we assume that both signals correctly estimate the true proportion of type 1 customers
and therefore it is fair to determine which signal is better by comparing the associated long-
run average costs.

We first make this comparison for a service provider that employs a two-class priority
policy in IT,. Define Ey () and Ez(-) asin (6), but for signals Y and Z, respectively. Similarly
define Ey () and E(-) as in (7), but for signals Y and Z, respectively. Let C;(t;) denote the
long-run average cost when threshold ¢; is used for signal 7, where ¢ € {Y, Z}. Then, we can

show that (see Online Appendix C)

N (prer + paea)(hias — hoay)v(ty, tz)

2(1 — p)(l — )\(alEy(ty) + agEy(ty)))(l — )\(alEz(tz) + agEz(tz)gié)

Cy(ty) — Cy(ty) =
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where

v(ty,tz) = (p2 — pEy (ty))(Ez(tz) — Ey(ty)) — (p1 — pEy (ty))(Ez(tz) — Ey(ty)). (11)

Since hy/a; > hs/ay, the sign of Cy(ty) — Cz(tz) is determined by the sign of v(ty,tz).
Hence, signal Y (when applied with threshold ty ) is better than signal Z (when applied with
threshold tz) if and only if v(ty,tz) < 0. Now suppose that we would like to compare the
performances when threshold values ¢y and ¢, are set optimally. Let ¢j. and ¢7, denote the
corresponding optimal values. Then from (11) and Proposition 1, after some algebra, we

obtain

(P — pEy (t)) (1 — pEz(t3)) (& — t3)
ptyty

which implies that v(t3,t}) < 0 (and thus signal Y is better than signal Z) if and only if

v(ty,tz) =

Y

ty < t3,. We can thus conclude the following:

Theorem 4 Suppose that the service provider decides to implement the optimal two-class
priority policy m € Il,, which is characterized by a single threshold value. Then, among
all available signals the one under which the optimal value of the threshold is the smallest

provides the smallest long-run average cost.

Theorem 4 provides an easy-to-use procedure for determining which signal to pick among
a finite set of alternatives: Calculate the optimal threshold value for each alternative first
and then use the signal under which the optimal threshold is the smallest. Theorem 4 is also
useful in obtaining insights on the characteristics of “good” signals. In particular, we can
identify conditions on signals under which the corresponding optimal threshold values are
guaranteed to be ordered. The following proposition gives one such condition. (See Online

Appendix A for a definition of convex ordering.)

Proposition 5 Suppose that signal Y is larger than signal Z in the convex order, i.e.,
By >.. Byz. Then, the optimal threshold for signal Y s smaller than the optimal threshold
for signal Z, i.e., t5, < t7,. Consequently, the minimum long-run average cost under signal Y
15 smaller than the minimum long-run average cost under signal Z when a two-class priority

policy s applied.

Proposition 5 says that the long-run average cost is smaller for signals that are larger in the

sense of convex ordering. Note that since we are also assuming that the expected values of the
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signals are the same, assuming convex ordering is in fact equivalent to assuming increasing
convex ordering (see Theorem 1.5.3. of Miiller and Stoyan 2002), which is easier to verify
than convex ordering.

Proposition 5 does not only give us a technical condition to compare signals, but also
provides some general insights since convex ordering is in fact closely related to the “vari-
ability” or “dispersion” of random variables. In particular, random variables that are larger
in convex order have larger variances (see Corollary 1.5.4 of Miiller and Stoyan 2002). Thus,
Proposition 5 points to a close relationship between the variability of the signal and its use-
fulness, which makes intuitive sense. If a signal distribution is not spread-out, then that
signal may not be very helpful. For example, consider the extreme case where the signal is
deterministic, which means that all arriving customers have the same probability of being
type 1. In such a case, there is no basis to differentiate the customers and thus the signal
is not helpful. On the other hand, if the signal distribution is well-spread, then customer
signals provide useful information. In the extreme case, for example, type 1 customers will
give signal 1, and type 2 customers will give signal 0, which leads to a priority policy in
which customers are perfectly classified according to their types.

Note that convex ordering is one of the weakest univariate variability orders. In particular,
it is weaker than the excess wealth ordering and dispersive ordering (see Equations (3.C.8)
and (3.C.9) in Shaked and Shanthikumar 2007). However, it is stronger than the ordering of
variances, and therefore, it is of interest to investigate whether a variance order without the
convex ordering would be sufficient to rank alternative signals. Although in general it might
be reasonable to believe that signals with higher variances will tend to be more useful, there
are examples that show that this is not always the case (see Online Appendix C).

Based on Theorem 4 and Proposition 5, it is reasonable to conjecture that when the
service provider uses signals that are larger in the convex order, the long-run average cost
will be smaller not only for two-class priority systems but also for systems with more than two
priority classes. While our numerical analysis on the HSF policy supported this conjecture,
proving it appears to be quite challenging. Similarly, as in the case of two-class priority
policies, we found that higher variance does not necessarily imply that long-run average cost
under the HSF policy will be smaller, but for many cases we observed that long-run average
cost is smaller with signals that have larger variance. We next discuss this numerical analysis
in more detail.

For our numerical analysis, we assumed that hy =4, ho =1, A = 0.8, a1 = ap = 1, and
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e1 = €3 = 2. We set py to one of the four different values from the set {0.2,0.4,0.6,0.8}. For
each fixed value of p;, we identified a number of probability distributions, each defined over a
subset of the interval [0, 1] with a mean of p; but with a different variance. We then computed
the long-run average cost under each distribution. In order to cover a wide range of variance
values for each fixed value of p;, we considered four different families of distributions. For
example, Family 1 is the set of distributions that are uniform over the interval [p; — s, p1 + ]
where 0 < s < min(p;,1 — p;) and distributions from this family are obtained by choosing
different values of s. Other families of distributions are obtained by modifying Family 1 in
various ways so as to obtain different variance values for each fixed value of p;. All these
distributions are uniform restricted to certain intervals but with possibly different uniform
rates for different intervals. (A complete description of these different families of distributions
are given in Online Appendix C.) For each fixed value of p;, Figure 3 gives a scatter plot of
the long-run average cost under the HSF policy with respect to the signal variance where
each variance value corresponds to a different distribution. (Note that, in Figure 3, there are
four types of markers each corresponding to a different family. Observations made for signal
distributions from the same family are indicated by the same type of marker.) As it can be
seen from Figure 3, overall the long-run average cost tends to decrease as variance increases,
but there are some exceptions. For example, in the lower left plot where p; = 0.6 one can see
that the distribution corresponding to the leftmost cross (x) marker has less variance than
the distribution corresponding to the rightmost triangle marker, but the long-run average
cost under the former distribution is lower than that under the latter. One can check to
see that convex order does not hold for any of such exceptions and therefore none of them

disproves our conjecture.

8. An Alternative Signal Formulation: When Signals
Do Not Reveal Type Probabilities

So far, in this paper we have assumed that each customer’s signal is equal to that customer’s
probability of being type 1. In this section, we consider the possibility that customer signals
are less informative. Our objective is to identify conditions under which these less informative
signals are still useful and describe how they can be used to assign priorities.

We first change our signal formulation in a way that will allow us to “weaken” the signals

that we have taken to be type 1 probabilities. Suppose now that each customer’s signal is
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Figure 3: Scatter plot of the long-run average cost with respect to the signal variance.

a quantified summary of the relevant information that the service provider has about the
customer. More precisely, it is an imperfect measure of the customers’ “importance,” i.e., an
imperfect indicator of whether the customer is of type 1 or type 2. For example, in patient
triage, the signal can be a criticality score computed based on the patients’ condition (similar
to the way the CRAMS scale and other existing triage scores are computed), while for call
centers it can be any information about the customers that is believed to be a good indicator
of the customer’s value to the firm (e.g., total purchases within the last year).

Specifically, we assume that signals from type ¢ customers are i.i.d. with a cumulative
distribution function F;(-) that has a finite mean and a differentiable probability density
function f;(-). Distributions Fi(-) and Fy(-) have the same support S = [¢,d] (or [c,d) if
d = 00), where ¢ < d. Therefore, given the signal of a customer, the service provider does
not know with certainty whether the customer is of type 1 or of type 2.

Suppose for now that the service provider knows the distributions F; and F,. Then,
given the customer signal, the service provider can actually compute the probability that
the customer is of type 1. Let p;(z) denote the probability that a customer belongs to type
1 given that the customer’s signal is x. Then, we have

pi(z) = pifi(z)
p1fi(z) + pafa(z)

fori=1,2, (12)
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where p; is the unconditional probability that a random customer belongs to type 7. So, if
the signal distributions are known, the service provider can simply transform the existing
signal = via (12), obtain p;(z), and then use the policies prescribed in the previous sections.

Now, what if the service provider does not have complete information on the signal
distributions F; and F»? What if the service provider only knows (or at least conjectures)
that there is some stochastic relationship between the signals of type 1 customers and signals
of type 2 customers? For example, it is known that past expenditures of a customer at a
firm might be a good predictor of the customer’s future value (see, e.g., Reinartz and Kumar
2003). Specifically, suppose that there is a firm which has a reason to believe that its
valuable customers of the future spend more than the other customers in the near past in
some stochastic sense and the firm wants to use the past spending amounts of the customers
(e.g., the amounts spent in the last three months) to determine whether each customer should
receive a premium service or not. The firm may not be able to compute the probability that
each customer is of type 1 (given his/her spending amount within the last three months)
since that requires the complete distribution of the customer expenditure for each type.
But, as we discuss below, even without such detailed information, the firm can still use past
expenditures to assign priorities as long as certain stochastic ordering relations hold.

First, suppose that F] is larger than F} in likelihood ratio ordering. (See Online Appendix
A for definitions of stochastic orders that are used in this section.) The likelihood ratio
ordering is a strong stochastic order that implies hazard rate ordering, which in turn implies
usual stochastic ordering (see, e.g., Miiller and Stoyan 2002). In the following proposition,
we show that higher signals imply higher probabilities of being type 1 under the assumption

of likelihood ratio orders.

Proposition 6 p;(z) is non-decreasing in x if and only if signals from type 1 customers are

larger than signals from type 2 customers in likelihood ratio ordering, i.e., Fy > F3.

Proposition 6 implies that when there is likelihood ratio ordering between the signal distribu-
tions, ordering customers according to their signals is equivalent to ordering them according
to their probabilities of being type 1. Therefore, results of Section 4 continue to hold for
this alternative signal formulation. For example, the HSF policy, i.e., the policy that orders
customers according to their signals, still outperforms all finite-class priority policies.
Proposition 6 also implies that if there is no likelihood ratio ordering between signals but

a weaker stochastic order such as hazard rate ordering, then ordering customers according
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to their signals is not necessarily equivalent to ordering them according to their probabilities
of being type 1. Hence, in that case the HSF policy (where signals are as defined in this
section) is no longer guaranteed to be better than all finite-class priority policies. However,
the fact that the HSF policy is no longer better than other policies does not necessarily
mean that the service provider should avoid using it. If the firm does not know which policy
outperforms HSF (as it is the case in the absence of complete information on F; and F), it
can still be perfectly acceptable as long as it at least improves upon FCFS. To see whether
that would be the case, we first obtain expressions for C'ygr and Crorg, which denote the
long-run average costs under the HSF and FCFS policies, respectively. If customers are
served in a FCFS fashion, the resulting queueing system is a standard M/G/1 queue, for

which the expected waiting time Wrgeopg is known to be

A(p1e1 + paes)

Wrers = 201 = p) (13)
Then, it follows that
Crors = Mpihy + paho)Weers. (14)
For the HSF policy on the other hand, we obtain
d d
Cuse =y [ W) a)de +Apaha | W(a) o) (15)

where W (z) denotes the steady-state expected queueing time of a customer with signal x
under the HSF rule and as in the proof of Proposition 4, we can show that (see Online

Appendix B for the derivation)

W(x) = Alprcs 1 pocs) .. (16)
2(1 —p+ Aprar Fi(z) + Apeas Fy(z))

Now that we have expressions for the long-run average cost of HSF and FCFS policies,

we can compare these two costs to determine conditions under which the service provider

should give priorities to the customers with higher signals rather than employing the FCFS

discipline. It turns out that the usual stochastic ordering between signal distributions is in

fact sufficient.

Proposition 7 Suppose that signals from type 1 customers are stochastically larger than
signals from type 2 customers, i.e., Iy >4 Fy. Then, the long-run average cost under a
policy that gives higher priority to customers with higher signals is at most the same as the

long-run average cost under the FCFS policy, i.e., Cysr < Crors.
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In a way, Proposition 7 describes what would be an acceptable signal to use when deter-
mining priorities. The service provider might use different portions of the information about
the customers or process the information differently and come up with alternative ways of
obtaining customer signals that can be used in determining priorities. Proposition 7 suggests
that no matter what piece of information is used or how the signal is obtained from this in-
formation, in the end, if signals coming from type 1 customers dominate signals coming from
type 2 customers in the sense of usual stochastic orders, then this will ensure that HSF out-
performs FCFS. Note that (16) can be generalized to the case where there are more than two
customer types. Also, Proposition 7 continues to hold, as long as customer types 1,2,..., M
can be numbered such that F} >4 Fy >4 -+ >4 Fy and hy/ay > hofas > -+ > hy/ay,
where M denotes the number of customer types.

If the service provider prefers using a finite-class priority policy with N > 2 classes (as
in Section 5), then it turns out that under the usual stochastic ordering condition, it is also

easy to determine a policy that performs better than FCFS.

Proposition 8 Consider an N-class priority policy wp under which the signal support [c,d]
1s diwided into N non-overlapping and exhaustive intervals by a set of N — 1 thresholds
T = {t1,ta,...,tny_1} such that d =ty > t; >ty > -+ > ty_1 > ¢ = ty, and customers
whose signals fall into interval [t;,t;_1] are assigned to priority class i, where class i jobs
have higher priority than class j jobs for all 7 > i. Let Oy be the class of all such policies
for N > 2 and let C,, be the long-run average cost under policy mp € On. If Iy >4 Fy,
then Cr, < Crpcrs for any policy mp € Oy.

According to Proposition 8, if there is usual stochastic ordering between signal distribu-
tions, the service provider simply needs to pick N — 1 threshold values, which will determine
the N signal intervals for N priority classes, and give priority to customers whose signals
fall into intervals with higher signals. No matter how these threshold values are picked, this

policy improves upon FCFS.

9. Non-linear Waiting Costs

So far we assumed that customers’ waiting costs are linear in time. However, approximating
customers’ delay sensitivities with a linear function may not always be reasonable and thus it

is of interest to investigate whether or not (and how) our main findings change if customers
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experience non-linear waiting costs. When customers incur non-linear waiting costs, the
analysis becomes significantly more difficult. For finite-class priority policies, expressions
for any moment of steady state waiting times are known (see, e.g., Lu and Squillante 2004)
and thus it is possible to come up with an expression for the long-run average cost if the
waiting cost function is a polynomial. However, even if the cost function is simply h;z? for
customer type i (where h; is a constant and z is the time spent in the queue) and we are
interested in two-class priority policies, the long-run average cost is not a unimodal function
of the threshold and it is not possible to obtain an expression for the optimal threshold.
More research is needed to develop a better understanding of how the optimal threshold
changes with various system parameters, but it is not difficult to come up with examples
where the optimal threshold is not monotone in the traffic load p and thus Proposition 2
does not generalize to systems where customers’ waiting costs are non-linear. Under HSF,
the analysis is much more difficult mainly because it appears to be a significant challenge to
derive expressions for higher moments of customers’ steady-state waiting times. Nevertheless,
simulation is viable and therefore we carried out a simulation study to get insights into the
performances of various policies when customers incur non-linear waiting costs.

In our simulation study, we assumed that waiting cost for a type i customer with a waiting
time of z is given by H;(z) = h;2* where h; is a constant and z is the time the customer
spends in the queue. We studied a total of 18 scenarios generated by all combinations of
A €{0.3,0.7,0.9}, p; € {0.1,0.4,0.7}, and hy € {4,50}. We set hy =1 and a1 = as = 1 so
that the priority relations between the two types are clear (i.e., if type identities of customers
were available, among two customers of each type who have been in the system for the same
amount of time, the service provider would choose to serve the type 1 customer earlier).
Arrivals were assumed to be Poisson and service times were assumed to be exponentially
distributed. Finally, we assumed that the signal distribution is uniformly distributed over
[p1 — 0.1, p1 + 0.1].

We investigated the performances of four different policies: the FCFS policy, the HSF
policy, the optimal two-class priority policy®, and a new policy which we call the general-
ized expected cu (GE-cu) policy and is an extension of the generalized cu (G-cp) rule first
studied and proposed by Van Mieghem (1995). The G-cu rule assumes that customers’ type
identities are observable and whenever the server completes a service, it computes an index

Hj,\(21)/ai() for each customer n where H;(-) is the first derivative of H;(-), i(n) is the type

3The optimal threshold under each scenario is obtained numerically.
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of customer n and z, is the time that the customer spent in the system so far, and picks the
customer with the largest index value to service next. Van Mieghem (2005) proves that G-cu
rule is asymptotically optimal for large traffic intensities and under non-decreasing convex
waiting cost functions. The GE-cu policy carries the same idea to our setting. More specifi-
cally, the policy works exactly the same as the G-cu rule except that the index for customer
n is computed by z, H{(z,)/a1 + (1 — x,) H5(2,) /a2, where z,, is the signal of customer n.
We used Arena 10.0 simulation software and constructed 95% confidence intervals on
the long-run average waiting cost under each policy and each scenario. To obtain these
confidence intervals we used the batch means output analysis method with 30 batches each
having 32000, 80000, and 180000 customers per batch for the scenarios with A = 0.3, A = 0.7,
and A = 0.9, respectively. We have also deleted 100,000 initial observations from the runs
with A € {0.3,0.7} and 200,000 initial observations from the runs with A = 0.9 based on
a warm-up period analysis. Our results are presented in Tables 1 and 2. When comparing
confidence intervals for two policies in a row, if the intervals overlapped we conducted a
paired-t test and confirmed that there is a statistical difference between any such policies at
a significance level of 95% and the difference is in favor of the policy with the smaller mean
performance. Note however that for the scenarios where we report the exact same confidence
interval for the FCFS and optimal two-class policies, the two policies are exactly the same

since the optimal threshold for the two-class policy turns out to be zero.

H A \ j2 H GE-cu HSF \ Two-Class Priority \ FCFS
0.3]0.11 0.483+0.012 | 0.567 £0.015 0.501 +0.012 0.501 +0.012
0.3 0.4 0.82540.021 | 0.987 £ 0.027 0.828 + 0.021 0.828 + 0.021
0.3 0.7 | 1.158 £0.027 | 1.407 = 0.036 1.161 £ 0.027 1.161 £ 0.027
0.7] 0.1 | 14.21 £0.336 | 29.61 = 1.225 14.42 +0.343 14.42 +0.343
0.7 04 || 2429 £0.574 | 54.11 £ 2.163 24.43 +0.574 24.43 +0.574
0.7 | 0.7 || 34.37 +0.805 | 78.40 + 3.227 34.51 £+ 0.805 34.51 £ 0.805
0.9]0.1| 204.3£8.712 | 1098 + 72.18 207.9 £ 8.811 207.9 £ 8.811
09104 | 350.1 £14.94 | 2052 £131.4 351.9 £14.94 351.9 £14.94
0.9 0.7 | 495.0 £21.06 | 3015+ 195.3 496.8 £+ 21.15 496.8 + 21.15

Table 1: 95% confidence intervals on the long-run average holding costs when h; = 4.

From Tables 1 and 2, we observe that HSF is no longer the best policy. In fact, its
performance is the worst in most cases with significant margins particularly when system

load is high. This poor performance of HSF is not surprising. The convex waiting cost
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Il X[ p | GEcu | HSF | Two-Class Priority |  FCFS |
0.3]0.1] 1.992+0.078 | 2.136 & 0.087 2.055 £ 0.078 2.214 +0.078
0.3 ] 0.4 || 7.710 £0.198 | 9.000 % 0.288 8.040 £ 0.207 7.770 £ 0.204
0.3 0.7 13.1740.312 | 15.84 + 0.429 13.23 £0.315 13.23 +£0.315
0.7]0.11 49.914+1.204 | 67.97 £2.653 59.43 + 2.247 65.38 £ 1.673
0.7 | 0.4 || 224.7 4+ 5.236 | 469.0 + 18.06 228.9 4 5.341 228.9 + 5.341
0.7 | 0.7 || 390.6 +9.030 | 868.0 % 35.28 392.7 £9.100 392.7 £9.100
0.9 0.1 666.9+29.16 | 1584 & 89.82 948.6 £ 40.32 945.0 £ 39.33
0.9 0.4 | 3231 +£139.5 | 17190 + 1089 3294 + 140.4 3294 + 140.4
0.9 ] 0.7 | 5616 £239.4 | 32850 + 2106 5652 4 240.3 5652 % 240.3

Table 2: 95% confidence intervals on the long-run average holding costs when h; = 50.

function considered for this simulation study punishes long customer waits severely. Under
the HSF policy, however, especially when the system load is high customers with low signals
end up waiting for a long time. The average waiting time across all customers under HSF is
the same as that under the other policies but its variance (or its second moment) is higher. In
comparison, under FCFS and optimal two-class policies, customers experience much more
homogeneous waiting times. In the two-class policy, customers in class 2 will experience
longer waiting times but since the customers are ordered in a first-come-first-served fashion
within each class, no customer experiences as long waits as some under HSF. Therefore,
optimal two-class and FCFS policies perform much better than HSF in almost all scenarios.
Note that the optimal two-class policy and FCFS policy perform very similarly (or exactly
the same) except when A\ and p; are small.

The GE-cu policy is the best policy in all the scenarios considered. This policy helps
avoid long customer waits since customers are increasingly more likely to be picked up by
the server as they keep waiting. Among the four policies we tested, GE-cu is the only
policy that takes into account both the times that the customers have already spent in the
system and their signals, and therefore its good performance is not surprising. It is in fact
interesting that the performances of the optimal two-class and FCF'S policies are quite close
to that of GE-cu under many scenarios. However, GE-cu performs significantly better than
the optimal two-class and FCFS policies when there is a significant difference between the
waiting costs of type 1 and type 2 customers (hy and hy), fraction of type 1 customers p; is
small, and system load (p = A/p) is high. Note that this is consistent with our numerical

analysis for the linear cost case discussed in Section 6, where we found that priority policies
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are most beneficial when system load is high and fraction of type 1 customers is small.

10. Conclusions

Priority assignment decisions under imperfect information on customer type identities have
received almost no attention in the literature. In particular, to the best of our knowledge,
this is the first paper that explicitly considers imperfect customer information and priority
assignment decisions within the same model. The paper provides several insights on what
kind of information can be used to classify customers and how exactly that information
should be used, how the “optimal” classification policies depend on system characteristics,
and what kind of information would be more useful than others.

In our formulation, each customer belongs to one of two types. Type identities of the
customers are not available to the service provider but each arriving customer provides a
signal, a numerical score that is an imperfect indicator of the customer’s type. In most of the
paper, we assume that customers incur waiting costs that are linear in time and the signal
coming from a customer equals the probability that the customer is of type 1, which is the
type that should have the higher priority. We find that increasing the number of priority
classes decreases the long-run average waiting cost for the system and the Highest-Signal-
First (HSF) policy that gives priority to the customer with the highest signal outperforms
any finite-class priority policy.

Our analysis of two-class policies helped us generate insights on the structural properties
of the optimal policies and the comparison of different signals. In particular, we find that
if there are two different signals available, the long-run average cost is smaller if the service
provider uses the one that is larger in convex ordering. This result suggests that signals with
more spread-out distributions are more beneficial. Our numerical analysis suggests that such
signals are more preferable under the HSF policy as well.

When signals are less informative in the sense that they do not reveal the type probabili-
ties but the service provider knows (or at least strongly believes) that there is some stochastic
ordering relation between the signals coming from the two different types of customers, we
find that the HSF policy as well as any finite-class priority policy in which higher priority
customers have higher signals outperform the standard First-Come-First-Served policy if
type 1 customers’ signals are larger than those of type 2 customers in the usual stochastic

sense.
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Our numerical and simulation analysis provided insights on the performances of different
policies not only when waiting costs are linear in time but also when they are convex. Even
though HSF outperforms any finite-class policy when costs are linear, its performance is
surprisingly close to that of the optimal two-class policy. Furthermore, when the waiting
cost function is convex, HSF performs very poorly. The optimal two-class policy and FCFS
both perform much better than HSF. This suggests that optimal two-class policies are more
robust than HSF with respect to customers’ varying delay sensitivities. However, the best
choice appears to be the GE-cu policy, which is an extension of the generalized cu rule of
Van Mieghem (1995). When the waiting cost is a convex and quadratic function of time,
this policy performs clearly better than all other alternatives. On the other hand, when
waiting costs are linear in time, the policy reduces to the HSF policy, which is optimal. One
interesting avenue for future work would be to investigate whether this good performance
of the policy could be formalized, perhaps by establishing its asymptotic optimality in the
heavy traffic regime as Van Mieghem did for the generalized cu rule when type identities are
available. It is also of interest to investigate the performance of the GE-cu policy under cost
functions that are not convex.

One crucial assumption in our model is that there is a single server. In general, single-
server systems can provide useful insights for multi-server systems, which behave like single-
server queues under heavy loads. Nevertheless, the analysis of multiple server systems is of
interest at least to see whether or not and how the insights we obtained from the single-server
model would change. Unfortunately, however, analysis of multi-server systems is significantly
more challenging mainly due to lack of closed form expressions for the steady-state expected
waiting times for different priority classes. To our knowledge, the only exception is the
system with Poisson arrivals and exponential service times where customers’ service times
do not depend on their types. In this case, we can show that all of our analytical results
hold for the multi-server system operating under these conditions, see Online Appendix D.

Future work might concentrate on several ways that our model and results can be ex-
tended. One possibility is to investigate a model where customers renege from the system.
It would be also of interest to consider game theoretic models where customers have the
ability to influence their signals and can act strategically to maximize their own objectives.
In another direction, future work might investigate how to pick among a number of service
improvement alternatives. The service provider can take a variety of actions to improve

the quality of service provided to the customers. For example, she can develop policies that
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make better use of the available signals, she can identify and/or develop alternative customer
signals that are more informative, or she can expand the service capacity. Our analysis, in
this paper centered around the first two options assuming that the service capacity is fixed.
Future work might consider more complicated decisions, particularly those that consider

various service improvement opportunities simultaneously.

Acknowledgements

The authors would like to thank the associate editor and two anonymous referees for their
comments that significantly improved the paper. The work of the first author was supported
by the National Science Foundation under Grant No. CMMI- 0715020. The work of the
second author was supported by the National Science Foundation under Grant No. CMMI-
0620737.

References

Afeche, P. 2007. Incentive-Compatible Revenue Management in Queueing Systems: Optimal
Strategic Delay and Other Delay Tactics. Working Paper. Rotman School of Manage-

ment, University of Toronto, Ontario, Canada.

Aksin, O. Z., M. Armony, V. Mehrotra. 2007. The Modern Call-Center: A Multi-Disciplinary
Perspective on Operations Management Research. Forthcoming in Production and Op-

erations Management.

Balachandran, K. R. 1972. Purchasing Priorities in Queues. Management Science 18 319—
326.

Baxt, W. G., C. C. Berry, M. D. Epperson, V. Scalzitti. 1989. The Failure of Prehospital
Trauma Prediction Rules to Classify Trauma Patients Accurately. Annals of Emergency

Medicine 18 21-28.
Brady, D. 2000. Why Service Stinks. Business Week October 23, 2000.

Cobham, A. 1954. Priority Assignment in Waiting Line Problems. Journal of the Operational
Research Society of America 2 70-76.

Cobham, A. 1955. Priority Assignment - A Correction. Journal of the Operational Research
Society of America 3 547.

32



Cox, D. R., W. L. Smith. 1961. Queues, Methuen & Co., London, England.

Frykberg, E. R. 2002. Medical Management of Disasters and Mass Casualties from Terrorist
Bombings: How Can We Cope? Journal of Trauma 53 201-212.

Gans, N., Y-P. Zhou. 2003. A Call-Routing Problem with Service Level Constraints. Oper-
ations Research 51 255-271.

Gans, N., Y-P. Zhou. 2007. Call-Routing Schemes for Call-Center Outsourcing. Manufac-

turing and Service Operations Management 9 33-50.

Green, L. 1984. A Multiple Dispatch Queueing Model of Police Patrol Operations. Manage-
ment Science 30 653-664.

Gross, D., C. M. Harris. 1998. Fundamentals of Queueing Theory, Wiley, New York, New
York, U.S.A.

Gurvich, I.; M. Armony, A. Mandelbaum. 2005. Service Level Differentiation in Call Centers
with Fully Flexible Servers. Management Science 54 279-294.

Giinesg, E. D., O. Z. Akgin. 2004. Value Creation in Service Delivery: Relating Market
Segmentation, Incentives, and Operational Performance. Manufacturing and Service Op-

erations Management 6 338-357.

Hasija, S., E. J. Pinker, R. A. Shumsky. 2005. Staffing and Routing in a Two-tier Call

Center. International Journal of Operational Research 1 8-29.

Hassin, R., M. Haviv. 2003. To Queue or Not to Queue: Equilibrium Behavior in Queueing
Systems, Kluwer, Boston, MA, U.S.A.

Hastie, T., R. Tibshirani, J. Friedman. 2001. The Elements of Statistical Learning: Data
Mining, Inference, and Prediction, Springer, New York, NY, U.S.A.

Hosmer, D. W., S. Lemeshow. 2000. Applied Logistic Regression, Wiley, New York, NY,
U.S.A.

Jaiswal, N. K. 1968. Priority Queues, Academic Press, New York, New York, U.S.A.
Kleinrock, L. 1967. Optimum Bribing for Queue Position. Operations Research 15 304-318.

Kumar, V. 2008. Managing Customers for Profit: strategies to Increase Profits and Build
Loyalty, Wharton School Publishing, Upper Saddle River, New Jersey, U.S.A.

Lu, Y., M. S. Squillante. 2004. Scheduling to Minimize General Functions of the Mean
and Variance of Sojourn Times in Queueing Systems. IBM Research Report RC23415

33



(W0411-053).

Mendelson, H., S. Whang. 1990. Optimal Incentive-Compatible Priority Pricing for the
M/M/1 Queue. Operations Research 38 870-883.

Miiller, A., D. Stoyan. 2002. Comparison Methods for Stochastic Models and Risks, Wiley,
West Sussex, England.

Palumbo, L, J. Kubincanek, C. Emerman, N. Jouriles, R. Cydulka, B. Shade. 2002. Per-
formance of a System to Determine EMS Dispatch Priorities. The American Journal of

Emergency Medicine 14 388-390.

Petrushin, V. 1999. Emotion in Speech: Recognition and Application to Call Centers.
Proceedings of the 1999 Conference on Artificial Neural Networks in Engineering.

Rao, S., E. R. Petersen. 1998. Optimal Pricing of Priority Services. Operations Research
46 46-56.

Reilly, M. J. 2006. Accuracy of a Priority Medical Dispatch System in Dispatching Cardiac

Emergencies in a Suburban Community. Prehospital and Disaster Medicine 21 T7-81.

Reinartz, W. J.; V. Kumar. 2003. The Impact of Customer Relationship Characteristics on
Profitable Lifetime Duration. Journal of Marketing 67 77-99.

Schaack, C., R. C. Larson. 1986. An N-Server Cutoff Priority Queue Operations Research
34 257-266.

Schaack, C., R. C. Larson. 1989. An N Server Cutoff Priority Queue Where Arriving

Customers Request a Random Number of Servers. Management Science 35 614-634.
Shaked, M., J. G. Shanthikumar. 2007. Stochastic Orders. Springer, New York, NY, U.S.A.

Shin, A. 2006. What Customers Say and How They Say It. Washington Post October 18,
2006.

Shumsky, R. A., E. J. Pinker. 2003. Gatekeepers and Referrals in Services. Management
Science 49 839-856.

van der Zee, S. P.; H. Theil. 1961. Priority Assignment in Waiting-Line Problems under
Conditions of Misclassification. Operations Research 9 875-885.

Van Mieghem, J. 1995. Dynamic Scheduling with Convex Delay Costs. The Annals of
Applied Probability 5 809-833.

Walton, C. J., B. F. S. Grenyer. 2002. Prioritizing Access to Psychotherapy Services: The

34



Client Priority Rating Scale. Clinical Psychology and Psychotherapy 9 418-429.

Wolff, R. W. 1989. Stochastic Modeling and the Theory of Queues. Prentice-Hall, Upper
Saddle River, NJ, U.S.A.

35



Online Appendix

Appendix A - Definitions of Stochastic Orders Used in
the Paper

Suppose that X and Y are two non-negative continuous random variables having the same
support § with corresponding cumulative distribution functions Fx(-) and Fy (-), probability
density functions fx(-) and fy(-), and hazard rate functions rx(z) = fx(z)/(1— Fx(x)) and
ry(x) = fy(x)/(1 — Fy(x)), respectively. The following definitions are based on Miiller and
Stoyan (2002) and Shaked and Shanthikumar (2007).

Definition 1 Suppose that Fix(z) < Fy(z) for all z € S. Then, we say that Fx is greater
than Fy in the usual stochastic ordering (denoted by Fx >4 Fy).

Definition 2 If rx(z) < ry(z) for all x € S, then we say that Fy is greater than Fy in
hazard rate ordering (denoted by Fx >, Fy).

Definition 3 Suppose that the following condition holds:
P{X € A}P{Y € B} < P{X € B}P{Y € A} (17)

for all measurable sets A and B in § such that A < B, where A < B means that x € A

and y € B implies that x < y. Then, we say that Fx is greater than Fy in likelihood ratio

Ix(z)
fy ()

ordering (denoted by Fx >;. Fy). Condition (17) is equivalent to
S.

being increasing over

Definition 4 Suppose that X and Y both have finite means. If E[g(X)] > E[¢g(Y)] for all
real convex functions g(-) such that the expectations exist, then, we say that Fx is greater

than Fy in convex ordering (denoted by Fx >.. Fy).



Appendix B - Proofs of the Results

Proof of Theorem 1: Consider a policy m € IIy that does not satisfy the conditions of
policies described in Theorem 1. Then, there exists an interval [¢,u] C [0,1] and a real
number s with ¢ < s < u for which 7 classifies a customer with probability z of being type
lasclass mif ¢ < z < s and as class n if s < z < uw where m < n. We will show that
there exists a policy 7 € I, which is at least as good as m and which follows 7 except that
customers with a probability z of being type 1 are classified as class m if s < 2z < u and as
class n if £ < z < § for some § such that ¢ < § < u. (This will immediately imply the result,
since the following can be repeated for any interval such as [¢, u].)

Suppose that we pick s so that I', » =T',, «, i.e.,

/s(xal + (1 —x)ag)b(z)dr = /u(xal + (1 — x)az)b(z)dz,
L s

which can also be written as

min(s,3) u min(s,3) u
a (/ xb(x)dz —/ xb(x)dx) = —ay (/ (1 — x)b(z)dx —/ (1— x)b(w)dm) :
14 max(s,3) L max(s,3)

(18)
(Note that it is always possible to find such an § since I',, 7 is continuously increasing in §
and takes values in [0, [,"(zay 4 (1 — 2)az)b(2)dx] for £ < § < wu, and T, € [0, [,"(zay + (1 —
x)ag)b(z)dx].) The fact that I, , = ', 7 also implies that I',, , = I';;, 7 since I'), » + 'y e =
I’y #+I' #. Then, by the construction of policy 7, we have I'; = =I'; r forall j = 1,2,..., N,
and hence Wz =W, for all j =1,2,..., N, using (1). As we move from policy 7 to policy
7, the only change would be that some of the customers with probabilities in the interval
[0, u] will experience different costs of waiting. We will show that C > C5.

From (2), we have

Cr—Cz = A <Wm /S(xhl + (1 — 2)h9)b(x)dx + W, /u(xhl + (1 — x)he)b(x)dz

- Wm/g (xhy + (1 — x)ho)b(z)dx — Wn/g (xhy + (1 — l’)hg)b(l‘)dl‘) :

where W; = W, . = W, z for j = m,n. After a few algebraic manipulations, we find

min(s,3) u
Cr—Ciz = AW, —W,) <h1 (/ xb(x)dr — / xb(:z:)da:)
L max(s,5)

min(s,3) u
o (/z (1 = 2)b(z)dz — / La- x)b(:c)da:)) |
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Then, using (18), this difference further simplifies to

h h min(s,3) u
Cr— Ci = XWy, — W)y (—1 - —2) (/ xb(x)dr — / xb(x)d:v) :
ai az 14 max(s,3)

From (1) we know that W,, < W, since m < n, and by our modeling assumption, we have

hi/ay > ho/as. Hence, it is sufficient to show that fémin(s’g) ab(x)de > [° xb(x)dx.

ax(s,5)

Suppose for contradiction that

min(s,3) u
/ xzb(z)dr — / xb(z)dx > 0. (19)
¢

max(s,3)

This implies that
min(s, §)(B(min(s, §)) — B(¢)) — max(s, §)(B(w) — B(max(s, §))) > 0
from which it follows that
B(u) — B(min(s, §)) < B(max(s, 5)) — B(¢). (20)

Now, from (18) and (19), we have

u min(s,3)
/ (1 —2)b(z)dx — /z (1 —z)b(x)dz > 0.

max(s,3)

This implies that
(1 — max(s, 3))(B(u) — B(max(s, 3))) — (1 — min(s, §))(B(min(s, §)) — B(£)) > 0
from which it follows that
B(u) — B(min(s, §)) > B(max(s, 3)) — B((),

which is a contradiction to (20).

Hence, we conclude that C; > C;, which means that 7 performs at least as well as 7. O

Proof of Theorem 2: Consider an N-class policy = € IIy with corresponding threshold
values tg,t1,...,tny—_1,ty such that 1 =t > t; >ty > -+ > ty_1 > ty = 0. Now, let
m € {1,2,..., N} be any priority class and suppose that we obtain an (N + 1)-class policy
rell ~N+1 from 7 by partitioning the signal interval corresponding to the mth priority class
of m, i.e., [tm,tm_1), into two subintervals [t,,,?) and [¢,t,,_1) for some arbitrarily picked

t € (tm,tm—1) such that customers whose signals fall into interval [t,¢,,_1) (class m of )
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have a higher priority than those with signals in [t,,,t) (class m + 1 of 7) while all other
priority relations with other classes remain the same. Note that if m > 1, then customers
who belong to any class j < m according to policy 7 also belong to class 7 under policy
7, le, Lz = Ly = [t1,1] and ;3 = [; = [t;,tj_1), for j = 2,...,m. Customers who
belong to class m under policy 7 either belong to class m or class m + 1 under policy 7.
More specifically, I, = [t,tm-1) and L, 114 = [tm,t) so that I, 2 U Iy1 4 = L. Finally,
if m < N, then customers who belong to class 7 > m under policy 7 belong to class j + 1
under policy 7, i.e., Ijt14 =1 » = [tj,t;—1), for j=m+1,... N.

Using (1), we have
A (prer + paes)

2 (1A% ) (1 A )

where I'y » = Li’“’l(a:al + (1 — x)ag)b(x)dx. Similarly, we have

Wi

for j=1,2,...,N, (21)

A (pie1 + pae2)
2 (1= AL Ths ) (1 AEo Ter )
where I'y 7 = Ty r, for k=1,2,....om—1, 'z = ﬁm’l(mal + (1 — z)az)b(x)dz, Ty 72 =
ftin (zar+(1—x)a)b(x)dr, Ty 7 = L1 7, for k = m+2,..., N+1. Wealso have ', , = I, 7+

W, =

for j=1,2,...,N+1, (22)

I'yi1,# Then, one can verify that W,z = W, ., for j =1,2,...,m —1, and W,z = W;_1 »,
for j=m+2,...,N + 1. In other words, for j € {1,2,...,m — 1}, class j customers under
policy 7w are the same customers as class j customers under policy 7 and they experience the
same expected waiting times while for j € {m + 1,m +2,..., N}, class j customers under
policy m are the same as class j 4+ 1 customers under policy © and they experience the same
expected waiting times. Therefore the only difference between the two policies is in costs
incurred by class m customers under policy m and class m and class m + 1 customers under

policy 7. This gives us

tm—1
C—Ch = A [Wm / (haz + ha(1 — 2))b(x)dz
tm

tm—1 t
_Wm,ﬁ/ (hix + ho(1 — x))b(z)dx — Wm+1,7}/ (hix + ho(1 — x))b(x)dm] ,
t tm
which we can also write as

Co—Cr = A [ / T W — W) (e (1 — 2))b(a)de

+ /t t Wiz = Wingr2) (hay + hao(1 — y))b(y)dy] : (23)
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Now, from (21) and (22), we can show that

)\Ferlfr
me_Wmfr: e Wmfr 24
I k) 1 _ A Zkz:l F k] ( )
and
Al
Wimw = W1z = — el Wz 25
) +1, 1— )\ Zkzl Fk s ( )
Then, plugging (24) and (25) into (23), we find
AW - tm—1
—C. = Ll Ltz (B ho(1 — x))b(x)d
Co=Ce = g | [ Tonnathor + (1 = 2)pta)ie

_ /tt Ty (hay + ha(1 — ))b(y)dy

S 1 Azk T [/ / yar + (1= y)az)(haz + ho(1 = 2))b(y)b(w)dydz
_/t /t m’l(xal + (1 —x)az)(hiy + ho(1 — y))b(y)b(x)dxdy]

AW,z tme1 (T
T I Ths [/ /tm@‘“ + (1= y)az)(haz + ha(1 = 2))b(y)b(x) dyd

tm—1 t
[ [ o (= )ty + a1 - y>>b<y>b<x>dydx] |
t tm
which then further simplifies to

W, ~
C,—C, = mE_ (hyay—h - dyd
T-AS" Thn 1a2 — haay / / T (x)dydz.

We can now conclude that C; — C; > 0 since hjas — haa; > 0 and the integrand is non-

negative for all x and y values within the integral limits. Hence, the result follows. a

Proof of Corollary 1: Let m be any N-class policy. Then, we know from Theorem 1
that there exists a policy # € IIy under which the long-run average cost is at most the
same. From Theorem 2, we know that there exists an (N + 1)-class policy 7 under which

the long-run average cost is at most the same as that under 7. Hence, the result follows. O
Proof of Corollary 2: The result immediately follows from Theorem 2. ]

Proof of Theorem 3: Let 7 be an arbitrary policy in Iy with N < co. Then, we know
from Theorem 1 that there exists a policy ny € ﬁN for which C; > C;,. Now, consider

a sequence of policies m,, n = N, N +1,..., where 7, is obtained from an n class policy
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7, by dividing the longest interval (corresponding to a class) into two subintervals of equal
length and increasing the total number of classes to n + 1. (When determining the longest
interval, ties can be broken arbitrarily.) It then follows from Theorem 2 that the long-run
average cost under 7, is at most as large as the long-run average cost under =, for n > N.
Thus, as n increases, the performance of 7, can only improve. We will show that as n goes
to infinity, 7, converges to the HSF policy. Suppose that as n goes to infinity, m,, converges
to a policy that is not HSF, i.e., a policy under which there exists at least two signals s; and
s9 with s; > s5 and customers with signal s, have higher priority than customers with signal
s1. But this is a contradiction to the construction of the policies m, as n goes to infinity.
To see this, note that there exists an integer K such that for n > K, all the signal intervals
of policy 7, are at most of length s; — s5. Hence, a customer with signal s; must have
a (strictly) higher priority than a customer with signal s, under m, where n > K. Thus,

starting from 7y, it is not possible to converge to a policy that is not HSF. O

Proof of Proposition 1: In this proof, for any function ¢(-), we use ¢’(-) to denote the

first derivative of ¢(-). From (3), (4), and (5), it can be shown that

~ N(prer + paes)
O =""50=)

n(t), (26)

where B
hi(p1 — pE(t)) + hz(pzj pE(t))
1= XNa1E(t) + aE(t))
Then, after some algebraic manipulations, using the fact that E'(t) = —tb(t) and E'(t) =

—(1 —1t)b(t), we find

n(t) = (27)

A hias — h2a1)b(t)_¢(t)
(1= MNamE(t) + axE()))?’

n'(t) =
where
o(t) = t(ps — pE(t)) — (1 = t)(p1 — pE(t))

Note that ¢(0) = —pi(1 — p) <0, ¢(1) = pa(1 — p) > 0, and
¢'(t) = py — pE(t) +p1 — pE(t) =1 — p(1 — B(t)) > 0.

Then, since ¢(t) is a continuous function of ¢, we conclude that there exists a unique ¢ € (0, 1)
such that ¢(¢) = 0 and consequently since b(t) > 0 for ¢ € [0, 1], a unique ¢ € (0, 1) such that
n'(t) = 0. This implies that ¢ is the only candidate for a minimizer of C(¢). We next show
that ¢ is a minimizer. The sign of 7/(t) is the same as the sign of ¢(t) since hy/a; > ha/as
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and b(t) > 0. Hence, for ¢ such that ¢(¢) = 0, it is sufficient to show that ¢'(¢) > 0. Since
p<1,¢'()=1—p(1 —DB(t)) >0, and hence t is a minimizer of C(t). O

Proof of Proposition 2: From (8), we find that

dg(p,t)
dp

= /1(33 — t)b(z)dx > 0,

for all t € [0,1], which immediately implies that t* is a decreasing function of p since
g(p,0) <0, g(p,1) > 0, and there exists a unique ¢ for which g(p,t) = 0.

The facts that t* is monotone in p and is bounded imply that it has a limit as p converges
to 1 or 0. In order to prove that t* converges to p; as p approaches 0, it is sufficient to show
that for every ¢ > 0 there exists 0 < p°(¢) < 1 such that p; +& >t > p; —e for all p < p°(e).
(We changed the notation ¢* to ¢} in order to reflect its dependence on p.) Since the case
for e > py is trivial, we fix 0 < € < p;. Now, lim, o g(p,p1 — ) = —e < 0. Since g(p, 1)
is continuously increasing in p for fixed ¢, we conclude that there exists p°(¢) > 0 such that
g(p°(e),p1 —€) < 0, which implies that t%() = p1 — €. Then, since ¢}, decreases with p, we
have t¥ > p; —¢ for all p < p°(g). We know that lim,_o g(p, p1 +¢) = € > 0. Since g(p, p1 +¢)
is continuously increasing in p, we have g(p,p1 +¢) > 0 for any 0 < p < 1, which implies
that ), < p; +e. Thus, we conclude that ¢* converges to p; as p approaches 0.

Now, in order to prove that t* converges to zero as p approaches 1, it is sufficient to show
that for every € > 0, there exists 0 < p°(e) < 1 such that ¢; < ¢ for all p°(c) < p < 1. We
first fix ¢ > 0. Now, note that g(p,e) is a continuously increasing function of p from the
proof of the first part of the theorem. Furthermore, lim,_; g(p,e) = [; (¢ — 2)b(z)dz > 0.
This shows that there exists p°(e) such that 0 < p°(e) < 1 and g(p°(¢),e) > 0, and hence
t:o(s) < ¢ by Proposition 1. Then, since ¢} decreases with p, we have 7 < ¢ for all p > p°(e).

Thus, we conclude that t* converges to 0 as p approaches 1. O

Proof of Proposition 3: From the first-order optimality condition, we have

t"(p2 = pE(t")) = (1 = t*)(p1 — pE(t7)). (28)
Then, (27) and (28) yield

(t*) _ (t*hl + (1 - t*)h2>(p2 - pE(t*))
g 1 — (1 — Mar E(t") + an B(t"))
> pa(t*/(1 —t7))hy + poho,




where the inequality follows from the fact that E(t*) > p; E(t*)/ps, which can be shown by
using (28) and the fact that t* < p; (from Proposition 2). Now, noting that C(t*)/C(0) =
n(t*)/n(0) and n(0) = p1hy + pahe completes the proof. O

Proof of Corollary 3: Proposition 2 implies that t* converges to p; as p approaches 0.
Using this in Proposition 3, we see that the lower bound on C(t*)/Crcrs converges to 1.
For the second part of the corollary, note that ¢* < p; by Proposition 2. This implies that
as p; approaches 0, t* approaches to zero as well. Then, using Proposition 3, we conclude

that as p; nears zero, C'(t*)/Crcrs converges to 1. O

Proof of Proposition 4: In this proof, we follow a similar approach as in the proof of
Theorem 1 of Kleinrock (1967). Consider a “tagged” customer with signal z. This customer
will possibly wait for the service of the customer who is in service upon her arrival, the
service of customers who are already in queue when she arrived and whose signals are above
x, and the service of customers who arrive during her sojourn in the queue and whose signals
are above z. Let W, denote the expected remaining service time for the customer in service
when the tagged customer arrives. Then, we know that W, is equal to one half of the second
moment of the service time multiplied by the total arrival rate (see, e.g., Gross and Harris
1998), which gives us
A(pier + paes)

W, = 5 . (29)

By Little’s Law, the expected number of customers in queue with a signal in the interval

(y,y + Ay) is given by Ab(y)W (y)Ay as Ay approaches zero. Also, the expected number of
arrivals during the queueing time of the tagged customer is AW (z). Hence, we have

W(z) =W+ / AW (y)(yar + (1 — y)az)b(y)dy + / AW () (yar + (1 — y)az)b(y)dy

xT

It then follows that
_ Wo A S W(y)yar + (1 y)az)b(y)dy
L= [ (yar + (1 = y)az)b(y)dy

The proof then follows verifying the above equality by plugging in (9) above, and using (29)
together with the fact that

A/1 (yai + (1 — y)az)b(y) dy — 1
= (1— )\f;(zal + (1 — 2)az)b(2)dz)? 1-— )\f;(zal + (1 — 2)a2)b(z)dz

1, (30)



where z € [0, 1]. One can prove (30) by a change of variables in the integral on the left-hand
side of the equation. O

Proof of Proposition 5: First, we can rewrite (8) as follows.

t(pr — pE(t)) — (1 —t)(p1 — pE(t))
t(1 = p(1 = B(t))) — p1 + pE(t)
p(E(t) —t(1 = B(t)) +t—p

1
p | (x—t)b(x)dx +t—p
t

pE[max(0,S —t)] +t —p;

g(p;t)

where S is the generic random variable representing the customer signal. Let Sy and Sz
denote the generic signal random variables for signals Y and Z, respectively. Now, the
function max(0,s — t) is a convex function of s and therefore since By >. By we have
E[max(0, Sy —t)] > E[max(0, Sz —t)] (from the definition of convex ordering, see Appendix
A). Then, from Proposition 1, it follows that ¢} < t}, since g(p,t) is an increasing function

of t and g(p,t) = 0 has a unique solution. O

Proof of Proposition 6: In this proof, for any function ¢(-), we use ¢'(-) to denote the
first derivative of ¢(-).

Note that F} >, F» if and only if fi(z)/f2(z) is non-decreasing in x. Furthermore,
fi(z)/ f2(x) is non-decreasing in z if and only if f](z)fo(x) — fi(x)fy(x) > 0 for x € [0, 1].
Now, taking the derivative of p;(z) with respect to =, we find

P () = pip2(fi(z) fa(x) — fi(z) f3(2))
! (p1fi(x) + pafolz))? .

Hence, p;(z) is non-decreasing if and only if F} >, F5. O

Derivation of Equation (16): The proof follows as in the proof of Proposition 4, but is

provided for completeness. Following the arguments in the proof of Proposition 4, we obtain
d d
W) = Wt [ Wiy + [ W (gasfa(o)dy
a a
+/ Ap1W (x)ay f1(y)dy + / ApaW (z)as fo(y)dy

— Wo+an / W () u(y)dy + azApy / W () faly)dy
+ (a1 Ap1(1 — Fi(x)) + axAp2(1 — Fy(x))) W(z). (31)
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Letting g(y) = (a1 Ap1f1(y) + aaAp2f2(y))/p and

G(J:) _ /xg(y)dy _ alAplFl(l’) —I: CLQ)\])QFQ(I’)

, (32)

Equation (31) yields
_ Wotp [ W(w)g(y)dy
1—p+pG(x) '
The proof then follows verifying the above equality by plugging in (16) above, and using
(29) together with the fact that

T gy 1 B
p/w (1—p+pG(y)* 1-p+pGz) b (33)

where z € §. One can prove (33) by a change of variables in the integral on the left-hand
side of the equation. Kleinrock (1967) provides a proof of this equality for the case when

G(z) possibly has discontinuities over its support. O

Proof of Proposition 7: Using (14), (15), and (16), we have

Apier + Apge Ap1hy + Apoh
Crers — Cusrp = (pll p22>{p11 Do

d
> 2P i (1= p+ pG() P hle)da
_)\pth/ (1—P+/)G(:U))2f2(x)dx1 (34)

where G(-) is as defined in (32).
Equation (33) yields that

1 - d 1 )\alpl . )\(12])2 . .

Now plugging (35) in (34), we obtain

Crcrs — Cusr

[ Apier + Apaes ¢ 1 Aaipy Aazpa

I 1
- / (1= p+ pG(x))? (Aprha fi(z) + )\p2h2f2(x))dx]

[ Apier + Apaes ¢ AN’ pipa B B
- () [ (= pt pGl 2~ )l = A

by using p = A(ai1p; + asp2). Then, since F} >4 F» and (1 — p + ,OG(:zc))_2 is decreasing in

x, and also hy/a; > hy/as, we conclude that Croprs > Chysp. (Here, we use the fact for any
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two random variables Y and Z such that Y is larger than Z in the sense of usual stochastic
orders, we have E[q(Y)] > E[¢(Z)] for any increasing function ¢(-) when the expectations
exist. See, e.g., Miiller and Stoyan 2002.) |

Proof of Proposition 8: Let 7y € Oy. Then,

N 2
Crp = A Z Wi nr Zpihi(pi(tjfl) — Fi(t;))
j=1 i=1

where with a slight abuse of notation, W, ., denotes the expected waiting time for the
customers in priority class j, as in (1) but under the signal formulation of Section 8. Then,
as in (1), it follows from Cobham (1954) that

A(prer + pae2)
2(]1j_104j

ijﬂ-T =

)

where a; =1 — p+ AMap1 Fi(t;) + aspaFo(t;)) for j=0,1,..., N.

Now, define a cumulative distribution function G(-) as follows:

0, yStN:C7
a1p1Fi(tj)+aap2Fa(t; .

Gly)=4{ =~ Z(léfﬂiii 2B) <y <tigforj=1,2,...,N,
]_, t0:d<y,

Then, using Equation (10) of Kleinrock (1967) (for = = ¢), we find

al t] 1)_G(tj)
= TG (= pt G )

J=1

which we can also write as follows:

1 1 i arpr(Fi(tj—1) — Fi(t))) + aspa(Fa(tj1) — F2(tj))‘

(36)

L—=p  apr+azps = 10

Then, using (36) in (13), and using (14), we find
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Creps — C = )\2(17161 + paes) {(p1h1 +p2h2>

o 2 aipr + aspo
y ZN: arpr(Fi(tj—1) — Fi(t))) 4+ aspa(Fa(tj—1) — Fa(t)))
ey Q10
- i prha(Fy (1) = Fi(t)) + poha(Fa(ty 1) — Fa(t))) }
= Q10

_ N (pie1 + poea)pipa(hias — hoay) XN: Fy(tj_1) — Fa(ty) — Fi(tj—1) + Fi(t)

2(a1py + azpo) Qj_10;

2(a1p1 + azps) Q0G4 = Q10

0
Fy(to) — Filto)  Fa(ty) — Fi(tw)
QpOrq aN_10N

_ )\2(]9161 + paeg)pip2(hiaz — hoay)
2(a1p1 + asps)

(om0}

J

_ A (prer + paea)pipa(hiag — hoay) {N_l By(ty) — lty) ZN: Fy(ty) — Fi(ty) }

Now, the term outside the curly parenthesis is non-negative since hias — hoa; > 0.
The first two terms inside the curly parentheses is zero since Fi(ty) = Fy(tp) = 1 and
Fi(ty) = Fy(ty) = 0. Finally, the summation term inside the curly parentheses is non-

negative since Fy >4 F5 and o1 > ajy1. Hence, Cpops > Cr,. O
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Appendix C - Complementary Material for Section 7

Derivation of Equation (10): Using (26) and (27), we obtain

AN (prer + paes) <h1(p1 — pEy(ty)) + ha(p2 — pEy (ty))
2(1— p) 1 — Ma1Ey (ty) + asEy (ty))
_ha(pr — pEz(tz)) + ha(p2 — PEZ(tZ))>
1= XNa1Ez(tz) + asEz(t2))

Cy(ty) —Cyz(tz) =

Then, applying several algebraic manipulations, we obtain (10). O

Higher variance does not imply a more useful signal - an example: Suppose that
by (+) and byz(-) are given by
4375, 0<z<0.2,

by(x) =< 0, 0.2 <z <0.8,
0.625, 08 <z <1,

and
4.86111, 0 <z < 0.16,

by(z) =< 0, 0.16 < z < 0.24,
0.29240, 0.24 <z < 1.

It can be shown that signals Y and Z are not ordered in the sense of convex ordering, but
variance of Y (which is approximately 0.07333) is larger than the variance of Z (which is
approximately 0.06275) and their expected values both equal to 0.2. If we let hy = 4, hy = 1,
A =038, a; =ay =1, and e; = es = 2, we obtain that ¢, ~ 0.10448 while ¢7, ~ 0.10094 and
the long-run average cost with signal Y is 4.20302 while the long-run average cost with signal
Z is 4.16904, approximately. Thus, the long-run average cost is smaller with the signal that

has smaller variance.

Definition of signal distributions used in the numerical analysis of Section 7:
We considered four different families of distributions. In the following, let b°(-) denote the
probability density function and B*(-) denote the cumulative distribution function for the
signal distribution parameterized by s.

Family 1: The distribution B*(-) is Uniform over the interval [p; — s,p; + s| where s €
(0, min(py, 1 — p1)). In Figure 3, observations from this family of distributions are indicated

by markers of square shape.
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Family 2: For p; < 0.5, we have

O<$§p1_37

2(p1—s)’
s 0, pr—s<x<p+s,
b(w) = s~ 1—i—s<x<21
2(p1—s)’ D1 > 4P,
07 2]91 <x < 1,
while for p; > 0.5, we have
O’ O < xr S 2p1 - 1’
1
bs(m): 2(1—p1—s)’ 2pp—1<ax<p; —s,
0, pr—s<x<p+s,
2(1—;171_5): prts<xz<lI,

where s € (0, min(p;, 1 —p;)). In Figure 3, observations from this family of distributions are
indicated by markers of triangle shape.

Family 3: We have

1—-(p1—s)
329 (p1=3)’ 0<z<p—s,
b*(z) =4 0, P—s<z<p+s,
pLts pmt+s<az<l,

(142s)(1—p1—s)?’

where s € (0, min(p;, 1 —p1)). In Figure 3, observations from this family of distributions are
indicated by markers of diamond shape.

Family 4: We have

2p1—(2—s)

e 0<T<s
b¥(x) =< 0, s<x<1-—s,

ey, les<az <l

where s € (0, min(p;, 1 —p1)). In Figure 3, observations from this family of distributions are

indicated by markers of “x” shape.
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Appendix D - Sketches of Proofs for the Case with Mul-
tiple Servers

Assume that there are K > 2 servers in the system. If we assume that service times are
i.i.d. exponential random variables with mean 1/u for all customers regardless of their types,
then we can show that all of our analytical results in this paper still hold after some minor
modifications to our proofs. In the following, we provide an outline of these modifications.

Firstly, from Cobham (1954), our Equation (1) becomes

W,
Wj,ﬂ' - i—1 0 j ’ (37)
(1 — A Ek:l ka)(l - A Zk:l Fk,w)

where Uy = ([, b(x)dz)/(Kp) for k=1,...,N,

; (2)"
(U K—1 (M p) YOS
KUK (1 = p) (3075, BEE 4 i)

and p = A\/(Kp) < 1. Using this expression along with the condition that hy > ho, the
proofs of Theorems 1 and 2 follow as before, which in turn yields, Corollary 1, Corollary
2, and Theorem 3. Similarly, by using (37), we find that Proposition 1 also holds with the
same first-order condition. (Note that the only change in the first-order condition would
be that now p = A\/(Kp).) Since the expression for the optimal threshold does not change
with multiple servers, Propositions 2 and 3 as well as Corollary 3 continue to hold as well.
Similarly, it is possible to show that Theorem 4 is also valid.

We were also able to obtain an expression for W(x) as in Proposition 4 under the case
with multiple servers: -
W(z) = Wo

(1 =p+pB(z))

The proof of this result is very similar to the proof of Proposition 4 except that in sev-

eral places we replace a; and as with 1/(Kp) and also use the fact that service times are

exponentially distributed. Similarly, (16) can be also revised as

Wo
(1= p+ p(p1Fi(x) + paFa()))?’

for the multiple-server setting. Furthermore, the expression for the long-run average waiting

W(zx) =

time under the FCFS policy becomes Wrcrs = Wy /(1 — p), see, e.g., page 71 in Gross and

Harris (1998). Then, we use these two expressions to show that Proposition 7 also holds
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when there are multiple servers. Finally, our proof of Proposition 8 can be extended to the

multiple-server case by noting that the expression for Wj.,, 7 =1,2,..., N now becomes
Wiy = Wy
T (= pp(prFi(tia) + paFa(tin)) (1 —p+ p(prFi(ty) + peFa(ty)))
using (37). O
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